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So 'z boshi

Respublikamizda kadrlar tayyorlash Milliy dasturining birinchi
(1997-2001 vyillar) va ikkinchi bosgichlari (2001-2005 yillar) yakunlandi.
O’tgan vaqt mobaynida Respublika Oliy ta'limi tizimida katta o zgarishlar
bo'ldi, xususan, yangi Davlat ta'lim standartlari ishlab chiqgildi va
tasdiglandi. Ilm-fan jadal taraqgiy etayotgan, zamonaviy axborot-
kommunikatsiya tizimlari vositalari keng joriy etilgan jamiyatda turli fan
sohalarida bilimlarning tez yangilanib borishi, ta'lim oluvchilar oldiga
ularni jadal egallash bilan bir gatorda, muntazam va mustaqil ravishda
bilim olish vazifasini go ymoqda.

Qabul gilingan yangi Davlat ta'lim standartlarida ilg or chet el oliy
ta’lim muassasalarida keng qo’llaniladigan va yaxshi samara beradigan
mustaqil ta'lim olish usuliga asosiy e'tibor garatildi. Talabalarda o quv
adabiyotini mustaqil o’rganish va undan foydalana bilish malakalarini hosil
qgilish, mantigiy fikrlashni o’stirish va matematikaviy madaniyatning
umumiy saviyasini ko'tarish, tatbigiy masalalarni matematikaviy
tomondan tekshirish malakalarini hosil qilish va bu masalalarni
matematikaviy tilda ifodalashga o'rgatish magsadida o quv dasturlariga
matematik analiz fanidan mustaqil ishlar Kkiritildi va o quv rejasida ularga
mos soatlar ajratildi.

Ushbu qo'llanma matematik analiz fani chuqur organiladigan
universitetlarning talabalari tomonidan mustaqil ishlarni bajarishga
mo ljallangan bo’lib, u bakalavriatning «Matematika», «Tatbigiy
matematika va informatika» va «Mexanika» yo nalishlari Davlat ta'lim
standartlariga mos keladi.

Qo’llanma to qqiz paragrafdan iborat bo'lib, 1-§ da matematik analiz
fanidan mustagil ishlarni bajarish jarayonida kerak boladigan asosiy
formula va qoidalar keltirilgan. Qolgan paragraflarda esa «Ketma-ketlik va
funksiya limiti», «Funksiya hosilasi va differensiali, ularning tatbiqlari»,
«Anigmas va aniq integrallar, ularning tatbiqlari», «Ko'p 0 zgaruvchili
funksiyalary», «Sonli qatorlar», «Funksional ketma-ketliklar va qatorlar»,
«Xosmas va parametrga bog liq integrallary va «Karrali va egri chiziqli
integrallar, Sirt integrallari va maydonlar nazariyasi elementlari, Furye
gatorlari” mavzulari bo'yicha 8 ta mustaqil ish tavsiya etilgan. Har bir
mustaqil ishni berishdan avval shu mustagil ishni muvaffaqgiyatli bajarish
uchun lozim bo’ladigan asosiy tushuncha va tasdiglar keltirilgan (A
bo’lim). B bo'limda talaba bajarishi va keyin topshirishi lozim bo’lgan 21
ta variantdan iborat mustaqil ish vazifalari tavsiya gilingan. C bo'limda esa
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talabaning mustaqil ishni bajarishini va undagi materialni o zlashtirishini
yengillashtirish maqgsadida 1 ta variantdagi (21-variant) barcha misol va
masalalar to'lig yechib ko rsatilgan.

Qo llanmani tayyorlashda mualliflar tomonidan mavzularning oddiy
va sodda tilda, tushunarli va ravon bayon etilishiga, fagat zarur, lekin fanni
malakali tushunish uchun yetarli ma’lumotlarni berishga, Mirzo Ulug bek
nomidagi O zbekiston Milliy universiteti Mexanika-matematika fakultetida
matematik analiz fanining o qitilishi jarayonida yig'ilgan tajribalardan
imkon darajasida to’liq foydalanishga harakat gilindi. Shu munosabat bilan
mualliflar o"quv go'llanma talabalarda bilim olishga intilish hissi, mustaqil
fikrlash malakalarining shakllanishiga xizmat giladi, deb umid bildiradilar.



1-§. Asosiy formula va qoidalar.

1°. Qisga ko paytirish formulalari va Nyuton binomi
(a+b)* =a® +2ab +b?.
(a+b)’=a®+3a% +3ab® +b°.
(a + b)4 —a* +4a’b +6a%h® + 4ab® +b*.
=(a-b)Ya+b).
a’+b’=(a +b)(a 1ab+b2).

ok~ w0 D P

6. (a+b)" :Zcr'fa”"‘bk = ZH:C,'fakb”_k :

k=0 k=0

bu yerda C, ~ kiKY n=1-2-...-n va Ol=1.
n-1 n-1
7. a"-b"=(a-b)>a" b =(a-b)> ab"* =
k=0 k=0
—(a—h)-(a"* +a" 2 +a"%’ +...+ab"2 +b™) buyerda neN, n>1.

8. a"+b" = (a+b)(a”‘l —a"?b+a"’bh*—a""p’ +...+b“‘1), bu yerda n-1
dan katta bo'lgan ixtiyoriy tog natural son.

2°. Daraja va ildizning xossalari. Logarifmlar

a” . w1
l.a°=1, a"-a’ =a", =~ =a"", (ax)y:a"y, (a-b)=a*-b*, a™*=—
a a

z.rva*m:af,%:%.%ﬁ::ﬁ,(@k:ma&
(T -, Vo -Ya.

a, agar a=>0 bo'lsa, .

3. Na’™ =|a = : 2my—a =-2"Ja, agar a>0 bo’lsa;
—a, agar a<0 bo'lsa.

Wa <¥b, agar 0<a<b bo’lsa.

4. Ixtiyoriy x uchun a* >0;

a*=a’ o x=y



X >y, agar a>1 bo'lsa,

5.a*>a’
X<y, agar 0<a<1 bo'lsa.

6. (x>0, a>0, y>0, b>0). b=a""%", log x=1, log,1=0,
log, (xy) = log, x+log, y, Iogbgzlogbx—logby, log x™ :%Iogbx,

Iog—bx’ |Ogab

log, x = =
0g, a log, a

3°. Trigonometrik funksiyalar va trigonometriya formulalari.
1.  Trigonometrik funksiyalarning ishoralari

sinx COSX tgX ctgx
T + + + +
O<x<—
2
V4 + - - -
— < X<
2
3 - - + +
T< X< —
2
3 - + - -
7< X<27Z'

2. Trigonometrik funksiyalarning ba’zi bir burchaklardagi

giymatlari

Radianlar 0 z z z z T 3 27
6 4 3 2 2

Graduslar | 0% | 30° | 45° | 60° | 90° | 180° | 270° | 360°

sin X 0 1 V2| 3 1 0 -1 0
2 | 2 | 2

COSX 1 J3 J2 1 0 -1 0 1
2 | 2 |2

tgx 0 3 1 | f3 . 0 - 0
3




ctgx - J3 1 J3

3

3. Asosiy trigonometrik ayniyatlar

) 2., .
1. sin“ x+cos” x =1. 5 th:smx’ (x;«t%wzn].

COSX
COSX n
3. ctgx =——, (Xx=m). 4, tgx-ctgx =1, | x = — |.
ox == (x # m) gX - ctg ( 2)

5 1+tq2 1 dd 6. 14ctg?x= ( )
Cl+tgTX = ———, X#—+zn|. 6.1+ctg"x=—-—, (X=m),
COS” X 2 sin“ X

(nez).
4. Keltirish formulalari

y— zix TEX 3_7Zix 21+ X

_ 2
siny COSX Fsin x —COSX +sin X
COsy F sin x —COSX +5sin X COSX
tgy Fctgx + tgXx Ctgx + tgX
ctgy F tgx + ctgx tgx + ctgx

5. Burchak yig indisi va ayirmasi uchun formulalar

1. sin(x+ y)=sinx-cosy +cosx-siny. 3. tg(x+y) = tox + tgy
' 7 1Ftgx-tgy

2.cos(x+ y)=cosx-cosy Fsinx-siny 4. ctg(x+y)= ctgx - ctgy F1

ctgy £ ctgx

6. Ikkilangan va karrali burchak uchun formulalar

1. sin2x=2sin X-COSX = 2th2 .
1+tg-x

2.

_ 2
c0s2X = cos® x—sin? x =2¢cos? x—1=1—2sin? x=1 thX_
1+tg°x




2tgx 2 2y — —
3, tg2x = gx 4 CtgzX:ctg X 1:ctgx tgx.

1-tg2x ~ otgx—tgx 2ctgx 2
6. sin3x = 3sin x —4sin° x. 7. cos3x =4c0s® x—3cosxX.
8. tg3x = 3tgx tgg x. 8. ctg3x = ctg x2 3Cth.
1-3tg“°x 3ctgx -1
7. Yarim burchak uchun formulalar
1 sinizi 1—cosx. 3 tgzzi /1—cosx __sinx :1—_cosx.
2 2 2 1+cosx 1+cosx Sin X
5 coszzi 1+cosx. 4 ctgzzi /1+cosx _ SIn X :1+_cosx.
2 2 2 1-cosx 1-cosx Sin X

Izoh: Tengliklardagi «+» yoki «-» ishora g burchakning gaysi
chorakda joylashganligiga garab tanlanadi.
8. Trigonometrik funksiyalarning darajalari uchun formulalar

i 1—-cos2x 1+cos2x
1. sin?x="—"-72>"="2 2. Co8° x=—""2"2,
2
. 3sin x —sin 3x 3C0SX +C0S3X
3.sin*x = . 4. cos® x = .
4 4
9. Trigonometrik funksiyalarning yig'indi va ayirmalari uchun
formulalar
1. sinx+siny =2sin 7Y .cos XY 2. sinx—siny=2sin XY .cos XY
2 2 2 2
3. cosx+cosy:2cosx+y-cosx_y. 4. cos x—cosy =-2sin X*Y sin XY,
2 2 2 2
5. 6.
COS X £Sin X = \/Esin(%ix] = \/Ecos(%i xj. A-cosx_+Bsinx=vA? + B? sin(x+ y),
: A
bu yerda A*+B?=20, siny=——,
VA? +B?

cosy =

B
Jaz 4 B?
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sin(x + in(x
1. tgx £ tgy =—( y) . 8. Ctgxictgy:M.
cosx-cosy sinx-siny
9 cos(x—y) cos(x +y)
. tgx +ctgy = ————~ . 10. ctgx —tgy = ——>~.
cos x-siny sinx-cosy

10. Trigonometrik funksiyalarning ko paytmalari uchun formulalar

1. sinx-siny :%[cos(x— y)-cos(x+y)]. 2. cosx-cosy= %[cos(x— y)+cos(x +y)].

3. sinx-cosy = %[sin(x —y)+sin(x+y)]. 4. cosx-siny= %[sin(x +y)—sin(x—y)].

5. tgx.tgyzml 0. Ctgx.ctgyzwl
ctgx + ctgy tgX + tgy
7. sin(x+y)-sin(x—y)=cos® y —cos’ x. 8. cos(x—y)-cos(x+y)=cos® y—sin®x.

Izoh: Yuqgorida keltirilgan ayniyatlar va formulalar tenglikning har
ikkala tomoni ma 'noga ega bo lgan giymatlarida o rinli bo ladi.

4°. Teskari trigonometrik funksiyalar
1. y=arcsinx.

D(y) =[-1:1] E(y){—%;ﬂ f(- x)=—F (x).

2. y =arccosx.
D(y) =[-11]}, E(y)=[0;z] arccos(-x)= 7 —arccosx.

3. y =arctgx.
D(y)=(-ooit22) E(W)=[~5:2 | 1(-0)=-1(0)
4. y =arcctgx .

D(y) = (~oo;+00), E(y)=(0;7), arcctg(—x)=z—arcctgx .
5°. Trigonometrik tenglamalar

‘a‘>l:>Xe®

1. sinx:a:{ bu yerda keZ va

la] <1=> x=(~1) arcsina + 7k,

T . T
——<arcsina<—.
2 2
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\a\>1:>x6®
2. cosx=a= bu yerda 0<arccosa<r.
\a\31:>x:iarccosa+27zk,

3. tgx =a= x =arctga + 7k, bu yerda arctga e(—z;zj va aeR.

4. ctgx =a => x = arcctga + 7k, bu yerda arcctga € (0;7) va aeR.

6°. Eng sodda trigonometrik tenglamalar yechimlari jadvali (k  Z)

sinx=a cosx=a
X=7K x =" 47k
2
1 x:%+27zk X = 27K
- = 27K
. x:—%+2nk X=rmr
1 x=(=1) Z + 2 X=+2 427k
2 6
1 K= (1) 4k x=+2" 1 21k
2 6
V3 x=(-1)Z + X =+ 427K
2 3
V3 x=(-1)"*Z 4 7 x=+" L ok
2 3
V2 x=(-1) Z + 2 X=%" 4+ 27K
2 4
V2 x=(-1)"*Z 4 =% 4 2k
2 4 4
a tgx=a ctgx=a
0 X = 7K X:%sz
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1 x=" 4 7k x=" 4 7k
4 4
-1 x=—" 47k x=% 4 ik
4 4
V3 Xx=2 4+ 7k X="2 4 7k
3 6
-3 X=—" 4 7k x:5—7Z 7K
3
@ x=" 4 7k x=" 1 7k
3 6
_ﬁ x=—" 4 7k x:2—7z+7zk
3
7°. Giperbolik funksiyalar
1. shx=2 —° 2. chx=2"% "
3. thx= X _& ¢ A, cthx= X _& e
chx e*+e™* shx e*—e™
5. ch®x—sh?x =1. 6. sh2x = 2shx - chx.
7. ch2x=ch®x + sh®x. 8. thx - cthx =1.
8°. Arifmetik progressiya
{a,}:a,a,,...a,,... - arifmetik progressiya < VneN uchun
a,,=a,+d (d-ayirma).
1 a,,=a,+d. 2. an:an—l_;anﬂ (n>1).
3.a,=a+(n-1)d. 4. a,=a, +d-(n—k) L<k<n-1).
5. 8 = A A | (1gk§n—1). 6. a,+a,=a, +a,, agar
2 n+m=k+ p bo'lsa.

a+a, 2a1+d(n—1)_n.
2
9°. Geometrik progressiya

7.5, =a,+a,+...+a, =
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b,}:b,b,,....b,,... (b,#0) - geometrik progressiya < vneN
uchun b, , =b, -q (q-maxraj).

1. b,,, =b,-q. 2.b.°=b,,-b.,, n>1.
3.b,=b,-q"". 4.0, =b, -q"* (l<k<n-1).
5. bn :bn—k ‘qk, (1Sk£n—1) 6 bn+k:bn'qk'
7. b,>=by b, L<k<n-1). 8. b,-b,=bb,, agar n+m=k+p
bo’lsa.
bl_ll—qn:bnq—lbl, g1 10. szmsn:%, agar 0<g/<1
9.5, =b+h,+..b, = -a 4= .
bo’lsa.
b,-n, g=1

10°. Tenglamalar
1. Chiziqgli tenglama ax=b:

a) agar a=0 bo’lsa, yagona x =g yechimga ega;

b) agar a=0, b=0 bo'lsa, yechimga ega emas;

V) agar a=b=0 bo'lsa, cheksiz ko'p yechimga ega. Bu holda ixtiyoriy x
tenglamaning yechimi bo ladi.

2. Chiziqgli tenglamalar sistemasi

ax+by=c
a,X+h,y=c,

Aytaylik, A=ab, —a,b,, Ax=h,c, —b,c, va Ay =a,c, —a,c, boIsin.

a) agar A=0 bo'lsa, yagona x = %, y= % yechimga ega;

b) agar A=0 bo’lib, Ax va Ay lardan birortasi 0 dan fargli bo’lsa,
yechimga ega emas;
V) agar A=Ax=Ay =0 bo'lsa, cheksiz ko'p yechimga ega.

g) Geometrik talgini: ax+by=c tenglama tekislikda to'g'ri chizigni
aniglaydi. A=0 shart ikkita to'gri chizigning kesishishini va ularning
yagona umumiy nugtaga ega bo lishini bildiradi. b) dagi shart ikkita to g ri
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chiziglarning parallel bo’lib, ularning umumiy nugtaga ega bo Imasligini
anglatadi. Va nihoyat, A =Ax=Ay =0 shart ikkita to'g ri chizigning ustma-
ust tushishini va ularning cheksiz umumiy nugtaga ega bo lishini bildiradi.

3. Kvadrat tenglama ax* +bx+c=0: D=b? —4ac bo’lsin.

a) a=0 bo'lsa kvadrat tenglama yuqorida ko rilgan chizigli tenglamaga
aylanadi; a=0 bo’lib,

b) D=0 bo’lsa, yagona x:—% yechimga ega;

—b+D
a

V) D>0 bo’lsa, ikkita x, , = yechimga ega;

g) D<0 bo'lsa, yechimga ega emas.
4. Viyet teoremasi:
a) agar x, va x, lar x* + px+q=0 tenglamaning yechimi bo"lsa, unda
X +X, =—p
{Xlx2 =(
bo’ladi;
b) agar x,, x, va x; lar x®+ px*+qgx+r=0 tenglamaning yechimi bo’lsa,
unda
Xp + X, + X3 =—D,
X+ Xy +Xg - Xz + X, X3 =0
Xy Xy - Xg ==T
bo ladi.
5. a*=b, a>0 tenglama
a) b>0 bo’lganda x=1Ilog,b yechimga ega;
b) b<0 bo lganda yechimga ega emas.
6. log, x=b tenglama a >0 bo’lganda x=a" yechimga ega.
7. Trigonometrik tenglamalar:
n-ixtiyoriy butun son bo’lsin.
a) sinx=a tenglama [a]<1 bo’lganda x=(-1)"arcsina+nn yechimga ega,
la| >1 bo’lganda esa yechimga ega emas;
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b) cosx=a tenglama [aJ<1 bo'lganda x=z+arccosa+2nm Yyechimga ega,
|| >1 bo"lganda esa yechimga ega emas;
V) tgx=a tenglamaning yechimi x = arctga+nn bo’ladi.
g) ctgx=a tenglamaning yechimi x=arcctga+nr bo’ladi.
11°. Tengsizliklar
1. Tengsizliklarning xossalari:
a) a>b < ixtiyoriy ¢ uchun a+c>b+c;
b) a>bvac>d = a+c>b+d;
V) a>b vac>0 = ac>bhc;
g) a>b vac<0 = ac<bc.
2. Chiziqgli tengsizlik ax>b:
a) a=0 va b>0 bo'lsa, yechimga ega emas;
b) a=0 va b<0 bo’lsa, x e(—o0;+0) bo'ladi;

V) a>0 bolsa, x{%;m} va a<0 bo’lsa, XG(—oo;gj bo’ladi.

3. ax<b tengsizlik (-1) ga ko paytirilish yordamida -ax>-b
tengsizlikka keltiriladi.

4. Kvadrat tengsizlik ax* +bx+c>0: D =b*—4ac bo’lsin.
a) a=0 bo Isa kvadrat tengsizlik chizigli tengsizlikka aylanadi;
b) a<0 bo'lib, D<0 bo’lsa yechimga ega emas;

—b+JD -b-+/D

2a 2a

V) a<0 bo'lib, D>0 bo’lsa, xe J boladi;

g) a>0 bo'lib, D>0 bo'lsa, x e —c; —b—dﬁju[—mﬁ_

,+ooj bo ladi;
2a 2a
d) a>0 va D>0 bo’lsa, x e(-oo;+0) boladi.

5. ax’+bx+c<0 kvadrat tengsizlik (-1) ga ko paytirilish
yordamida —ax* —bx—c >0 tengsizlikka keltiriladi.

6. a) a>1 bo'lganda a'™ >a%¥ tengsizlik f(x)>g(x) tengsizlikka
teng kuchli;
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b) 0<a<1 bo'lganda a'™ >a%" tengsizlik f(x)<g(x) tengsizlikka teng
kuchli.

7. a) b>1 bo’lganda log, f(x)>log, g(x) tengsizlik f(x)>g(x)>0
tengsizlikka ekvivalent;
b) 0<b<1 bo’lganda log, f(x)>log, g(x) tengsizlik 0< f(x)<g(x)
tengsizlikka ekvivalent.

8. Ratsional tengsizliklar intervallar usuli yordamida yechiladi:
ratsional kasr surat va maxrajining barcha ildizlari butun sonlar o qini
intervallarga ajratadi. Har bir intervalda ratsional kasr oz ishorasini
0 zgartirmaydi. Kerakli intervallar tekshirish yordamida topiladi.

9. Trigonometrik tengsizliklar:
a) sinx>a tengsizlik:
1) a>1 bolsa, yechimga ega emas;
2) a<-1bo’lsa, xe(—ow;+00) bo’ladi;
3) -1<a<1 bo'lganda, x e (arcsina+2nm; m—arcsina+2nr) bo’ladi.
b) sinx<a tengsizlik:
1) a<-1 bo lganda yechimga ega emas;
2) a>1bo’lsa, xe(—oo;+0) boladi;
3) ~1<a<1bo’lsa, xe(~n—arcsina+2nm; arcsina+2nm) bo'ladi.
V) cosx >a tengsizlik:
1) a>1 bo lganda yechimga ega emas;
2) a<-1bo’lsa, x e(—ow;+0) boladi;
3) —~1<a<1bo’lganda, x e(-arccosa+2nm; arccosa+2nr) bo’ladi.
g) cosx<a tengsizlik:
1) a<-1 bo lganda yechimga ega emas;
2) a>1bo'lsa, x e(~o;+) boladi;

3) ~1<a<1bo’lsa, x e (arccosa+2nm; 2x-arccosa+2nr) bo ladi.

d) tgx>a tengsizlik x e (arctga+ nm; g+ nnj yechimga ega.

17



e) tgx<a tengsizlik XG(—gmm arctga-+ nnj yechimga ega.

J) ctgx>a tengsizlik x e(nm; arctga+nr) yechimga ega.
Z) ctgx<a tengsizlik x e (arcctga+nr; n+nn) yechimga ega.

10. Modul gatnashgan tenglama va tengsizlikni yechish uchun
modul ostida gatnashgan funksiyalarning barcha nollari topiladi, ular
yordamida sonlar o qgi oraliglarga ajratiladi va har bir oraligda moduldan
qutilinadi.

12°. Ajoyib va muhim limitlar

. n n
1. lim—=o0. 2. lim% =o0.
n—w 2 n—o nl
. n* _a"
3. lim—=0 (a>1). 4. lim= =0 (va>0).
n—>w g" n—w nl
5. limng" =0, [g] <1. 6. limYa=1 (a>0).
Nn—o0 N—0
1. Iim—lo%‘nzo (a>1). 8. r!i_r)r;Q/ﬁ:l.
n—o0
1 n
9. lim_—=0. 10. Iim[1+1j =e~271828.
=% n' N—0o0 n

11, 1im S0 i i X i Xy 12 i SN (weR).

x—=0 X x—=0 X x—=0 X x—=0 X x—0 X
1

13. lim@+x)x =e. 14, imMX) g

x—0 x—0 X

X X

15. lim&—1_1, 16. tim®—t_ina (a>0).

x->0 X x>0 X
17. IXiLr(])(ler) -1_, (@eR). 18.Xli_>r110xalnx:xl_i)rpwx’aInx:xl_i)rpwxae’x=0 (a>0).
15. im& =11, 16. im&—1-na (a>0).

x->0 X x-0 X
17. IXiLr(])(lerx) -1_, (@eR). 18.XILToxalnx=XILerx’aInx=XILerxae’x=O (a>0).

13°. Differensiallashning umumiy qoidalari
1. y=c=const, y'=0. 2. y=c-u (c=const), y'=c-u'.

3. y=uzty, y'=utv. 4. y=u-v, y'=u'v+u-v'.
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5. y:% (v(x)=0), y'= uv-u-v' 6. y=1f(u) (u=u(x)) y'=f',u,.

7. y=1(x) x=f7(y) ylx:%' 8. y=u', y'=u"-v:Inu+u"*-v-u'.

14°. Asosiy elementar funksiyalarning hosilalari

1. (x")=nx"t. 2. (x*)=x*-@+Inx).
3. (sinx)'=cosx. 4. (cosx)'=—sinx.
5. (tgx)'=——=—. 6. (ctgx)'=————.
cos? x sin? x
1. (Inx)‘:%. 8. (log, X)I:xlﬁa (a>0, a=1).
9. (e*)=e". 10. (a*)=a*Ina (a>0).

11. (arcsinx)'= 12. (arccos)'=-

1-x° 1-x?

13. (arctgx)‘:1 1 ~. 14. (arcctgx)':—1 ! —.

+ X + X
15. (shx)'=chx. 16. (chx)'=shx.
1 1
17. (thx)'= et 18. (cthx)'= v
19. (arcshx)'= 20. (arcchx)'= :
x? +1 x? -1
21. lim x, = . 22. (arccthx)'=——> =

N> 1-x
15°. Integrallashning umumiy qoidalari

1. de(x)de: f(x)dx. 2. [dF(x)=F(x)+c.
3. Jcf(xdx=c[ f(x)dx (c=consts0). 4. [[f(x)=g(x)ldx= [ f(x)dx [ g(x)dx.

16°. Anigmas integrallar jadvali

1. J.O-dx=c. 2. _[dx=x+c.
3. Ix“dx:xa+l+c (a#-1 aeR). 4. J‘$=2\/;+c.
o+l ' \/;
dx 1 dx
5. IFZ_;JFC' 0. j7=In|x|+c.
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dx _1 8. [e*dx=e"+c.
1. J‘ax+b_gln|ax+b|+c (a=0). Jetdx=e*+c

X

9. jaxdx: 2 ¢ (a>0 ax). 10. jsinxdx=—cosx+c.
Ina
11. fcosxdx=sinx+c. 12. | _d)z( — _ctgx+c.
sin? x
13. | d>2< —tgx+c. 14. [shxdx=chx+c.
cos? X
15. fchxdx:shx+c. 16. J‘ d;( — _cthx+c.
sh“x
17. (& 18. (&
. jchzxzthx+c. . -[1+x2 = arctgx+c .
dx 1 X dx .
19. =Zarctg=+c (a=0). 20. =arcsinx+c.
J.az+x2 at9g”" (a=0) I,/l_xz i
dx . X dx 1, |x—-a
21. =arcsin=+c (a>0). 22. [——— =—1In—% :
f\/az—xz a (>0) Ixz—az 2a |xta (a=0)
23. | zdx zzilnﬂﬁ; (a=0). 24. | dx =In‘x+\/x2+a‘+c (a=0).
a‘—-x- 2a |a—-X x% +a
dx 2
25, [- XX _iJa?+x?4c. 26. [Ja? - x?dx=2Va? —x? + L arcsinX .
f\/m a“£x" +c [Va? —x*dx 5 Va? —x¢ + -arcsin_+c (a>0)
2
27.lex2ia2dx=§\/xzia2ia?lnx+\/x2+a2 +cC. 28.'[si(:]—xlentgg+c..
29. [ﬁzlntg[5+fj+c. 30. j%:In|sinx|+c
COSX 2 4 tgx
X
31. jd—z—ln|cosx|+c
ctgx

17°. Aniq integralning tatbiglari.

1. Aniq integral yordamida tekis shaklning yuzasini hisoblash.

a) Dekart koordinatalar sistemasida berilgan shaklning yuzasini
hisoblash.

v) Qutb koordinatalar sistemasida berilgan egri chizig yoyining
uzunligini hisoblash.
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Agar f,(x)eCla,b], f,(x)eCl[a,b] bo’lib,
5 _{as X <b,
)<y < f,(x)

bo’lsa, u holda
b

§ = J[f, () £, (x)kix

bo ladi.
b) Qutb koordinatalar sistemasida berilgan shaklning yuzasini
hisoblash.

Agar
D- a<p<B,
0<r<r(p)
bo’lib, r(p)e Cla,p] bo’lsa,
18
S=§I *(¢)do

boladi.
2. Aniq integral yordamida yoy uzunligini hisoblash.
a) Dekart koordinatalar sistemasida berilgan yoy uzunligini hisoblash.
AB: {(x, f(x)):xe[a,b]} bo’lib, f'(x)eC[a,b] bo'lsa, unda AB egri chiziq
uzunligi | ushbu

I:T 1+[f'(x)[dx

formula yordamida hisoblanadi.
b) Parametrik ko'rinishda berilgan egri chiziq yoyining uzunligini
hisoblash.

Agar AB: {);iq)(t)’ a<t<p bo’lib, ¢'(t)eCla,p] va y'(t)eClo,p]

(t)

bo’lsa,

B

L= Ve ®)F +[v'(x)Fdt

o

bo ladi.
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v) Qutb koordinatalar sistemasida berilgan egri chiziqg yoyining
uzunligini hisoblash.

alp<p,

r=r(o)

Agar Aé:{ bo’lib, r'(¢)eClo,p] bolsa, unda

= [ Jr2 o)+ [r'(o)Pdo

bo ladi.
3. Aylanma sirtning yuzasi.
AB: {(x, f(x)):xe[a,b]} bo’lib, f(x)>0 va f'(x)eCl[a,b] bo’lsin. AB yoyni

OX o0°qi atrofida aylantirish natijasida hosil bo’lgan aylanma sirtning
yuzasi ushbu

S= Zni f L+ f'(x) dx

formula yordamida hisoblanadi.

4. Aylanma jismning hajmi.
as<x<b
0<y< f(x)
aylantirishdan hosil bo"lgan aylanma jismning hajmi

Ushbu D:{ egri chizigli trapetsiyani OX o0°qi atrofida

V= ni[f(x)]zdx

formula yordamida hisoblanadi.
5. O zgaruvchi kuchning bajargan ishi.

OX 0°gida shu 0°q bo’ylab biror jism F =F(x) kuch ta'sirida harakat
gilayotgan bolsin. Agar F(x)eCl[a,b] bo’lsa, F = F(x) kuch ta’sirida jismni
a nugtadan b nuqtaga o tkazishda bajarilgan ish ushbu

A= ? F(x)dx

formula yordamida hisoblanadi.
6. Statik moment. Og’irlik markazi.

Egri chizigning OX va OY o glariga nisbatan statik momentlari M
va M, lar

X
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M, =

O —_— —

|
ydl va M, = [xdl
0

formulalar yordamida hisoblanadi. Bu yerda dl=/(dx)* +(dy)’ -yoy
differensiali, | esa berilgan egri chiziq uzunligi.

Berilgan egri chizig og irlik markazining koordinatalari esa ushbu

formulalar yordamida hisoblanadi.

7. Geometrik figuralarning statik momentlari va og irlik
markazi.

Agar geometrik figura
_Jasx<b
lo<y<f(x)

egri chiziqli trapetsiyadan iborat bo’lsa, unda

15 15 M, M,
szziyZdX’ Myzaixydx va (xo;yo):(?y, S J

bo'ladi. Bu yerda S :?y(x)dx -trapetsiyaning yuzi.

18°. Matematik belgilar

Formula, ta'rif va tasdiglarni yozishda quyidagi matematik
belgilardan foydalanish qulay bolib, yozuvni ancha ixchamlashtiradi:

e -tegishli, < -teng kuchli,

¢ -tegishli emas, :=-ta'rifga ko ra teng,
c-gism, :-shunday,

v -ixtiyoriy, A-Va,

3-mavijud, v -yokKi,

JF-mavjud va yagona, <-isbotning boshlanishi,

= -kelib chigadi, «...bo’Isa, ...bo ladi», >-isbotning oxiri.
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2-§. 1-MUSTAQIL ISH

Ketma-ketlik va funksiya limiti
Sonli ketma-ketlik va uning limiti.
Cheksiz kichik va cheksiz katta ketma-ketliklar.
Monoton ketma-ketliklar va ularning limiti.
Fundamental ketma-ketliklar.
Ketma-ketlikning yuqori va quyi limitlari.
Funksiyaning limiti.
Funksiyaning uzluksizligi va uzilish nuqgtalari.
Funksiyaning tekis uzluksizligi.

-A-
Asosiy tushuncha va teoremalar.
1°. Sonli ketma-Kketlik va uning limiti.

1-Ta'rif. Agar har bir ne N natural songa biror gonun yoki
qoidaga ko'ra bitta x, haqgigiy son mos qoyilgan bo'lsa, x,,x,.....x,,... sonli
ketma-ketlik berilgan deyiladi va u {x,} kabi belgilanadi.

x, (n=12,..) migdorlar {x,} ketma-ketlikning hadlari deyiladi.
x,} va {y,} ketma-ketliklar berilgan bo’lsa,

X+ Yo b=+ Y X+ Y.

o= Vab =00 = V1 X =20

o Ya b =00 Vi X Yare s

yn yl y2

ketma-ketliklarga mos ravishda {x,} va {y,} ketma-ketliklarning yig indisi,
ayirmasi, ko paytmasi va nisbati deyiladi.

2-Ta'rif. Agar 3m (3m) son mavjud bo'lsaki, wvneN uchun
x, <M (x,=m) tengsizlik o'rinli bo’lsa, {x,} ketma-ketlik yuqoridan
(quyidan) chegaralangan deyiladi. Aks holda esa, ya'ni vm (vm) son
olinganda ham 3neN son mavjud bo’lsaki, x,>M (x,<m) bo’lsa, {x,}
ketma-ketlik yugoridan (quyidan) chegaralanmagan deyiladi.
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3-Ta'rif. Agar 3am>0 son mavjud bo’lsaki, wvneN uchun |x|<m
bo'lsa, {x,} ketma-ketlik chegaralangan deyiladi. Aks holda esa, yani
vM>0 son olinganda ham 3neN son topilsaki |x|>m bo'lsa, {x,}
chegaralanmagan ketma-ketlik deyiladi.

4-Ta'rif. Berilgan {x,} ketma-ketlik uchun shunday a son topilib,
ve>0 son olinganda ham 3n,=n,(e,a)eN son mavjud bo'lsaki, n>n,
tengsizlikni ganoatlantiruvchi barcha natural sonlar uchun |x,-a<e
tengsizlik o'rinli bo'lsa, a son {x,} ketma-ketlikning limiti deyiladi va
limx, =a ko rinishda belgilanadi.

n—o0

Agar 4-ta'rifdagi shartni ganoatlantiruvchi a son mavjud bo Imasa,
{x,} ketma-ketlik limitga ega emas deyiladi.

5-Ta'rif (4-ta'rifning inkori). Agar wvn,eN son olinganda ham
3e>0, 3n>n, son topilsaki, |x,-a>¢ bo’lsa, a son {x,} ketma-ketlikning
limiti emas deyiladi va limx, =a ko rinishda belgilanadi.

6-Ta'rif. Agar {x,} ketma-ketlik chekli limitga ega bo lsa, bu ketma-
ketlik yaginlashuvchi deyiladi. Aks holda bu ketma-ketlik uzoglashuvchi
deyiladi.
2°. Cheksiz kichik va cheksiz katta ketma-ketliklar
1-Ta'rif. Agar {x,} ketma-ketlikning limiti nolga teng (!in;xn =0)
bo’lsa, {x,} ketma-ketlik cheksiz kichik ketma-ketlik deyiladi.

2-Ta'rif. Agar wvm>0 son olinganda ham 3n,eN son mavjud
bo'Isaki, wn>n, natural sonlar uchun |x,|>m tengsizlik o'rinli bo’lsa, {x,}
ketma-ketlik cheksiz katta ketma-ketlik deyiladi.

Agar {x,} cheksiz katta ketma-ketlik bo'lsa, limx,=« ko rinishda

n—o

yoziladi. Agar {x,} cheksiz Kkatta ketma-ketlik bo’lib, biror nomerdan
boshlab barcha hadlari musbat (manfiy) bo'lsa, limx,=+o (limx,=~0)

ko rinishda yoziladi.
Har ganday cheksiz katta ketma-ketlik chegaralanmagan bo’ladi, lekin bu
tasdigning teskarisi har doim ham o rinli bo"lavermaydi.

1-Teorema. Chekli sondagi cheksiz kichik ketma-ketliklar yig indisi
cheksiz kichik ketma-ketlik bo’ladi.
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2-Teorema. Chegaralangan ketma-ketlik bilan cheksiz kichik ketma-
ketlik ko"paytmasi cheksiz kichik ketma-ketlik bo"ladi.

3-Teorema. Agar wneN uchun x, =0 bo'lib, {x,} - cheksiz katta
(cheksiz kichik) ketma-ketlik bo'lsa, u holda {i} cheksiz kichik (cheksiz

Xn

katta) ketma-ketlik bo’ladi.

4-Teorema. limx, =a bo'lishi uchun {a,}={x, -a} ketma-ketlikning
cheksiz kichik ketma-ketlik bo"lishi zarur va yetarlidir.

3°. Yaginlashuvchi ketma-ketliklarning xossalari

1-Teorema. Agar {x,} ketma-ketlik yaginlashuvchi bo’lsa, uning
limiti yagona bo ladi.

2-Teorema. Agar {x,} ketma-ketlik yaginlashuvchi bo’lsa, u
chegaralangan bo ladi.

3-Teorema. Agar {x,} va ly,} ketma-ketliklar yaginlashuvchi bo’lsq,
u holda {x, +v,} i, -y, ketma-ketliklar ham yaginlashuvchi bo’ladi va

lim (x, £y, )= lim x, +lim y,,
nN—oo

N—o0 Nn—oo

lim(x, -y,)= lim x, - lim y,

formulalar o' rinli boladi.
4-Teorema. Agar {x,} va ly,} ketma-ketliklar yaginlashuvchi bo’lib,

vneN uchun vy =0 va limy,=0 bo'lsa, {X—} ketma-ketlik ham

n—oo yn
yaqginlashuvchi bo’ladi va
lim X,
lim &+ =122
=y, lim Yn
n—o0
formula o'rinli bo’ladi.
5-Teorema. Agar limx,=a bo’lib, biror nomerdan boshlab x, >c
(x, <c) bo'lsa, u holda a>c (a<c) bo ladi.
6-Teorema. («lkki mirshab haqidagi teorema»). Agar limx, =a,
limy, =a bo’lib, biror nomerdan boshlab x, <z, <y, tengsizlik o rinli bo"lsa,

u holda limz, =a bo’ladi.

N—o0
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Agar limx, =0, limy, =0 bo’lsa, 1im %" ga % ko rinishdagi anigmaslik
n—o n—o N—o0 yn

deyiladi. 2, 0.0, «-» Vva boshga ko'rinishdagi anigmasliklar ham shu
kabi tariflanadi.
4°. Monoton ketma-ketliklar va ularning limiti

1-Ta'rif. Agar {x,} ketma-ketlikning hadlari wvnen uchun x, <x,,
(x, =x,,) tengsizlikni gqanoatlantirsa {x,} o suvchi (kamayuvchi) ketma-
ketlik deyiladi.

2-Ta'rif. O suvchi va kamayuvchi ketma-ketliklar monoton ketma-
ketliklar deb ataladi.

1-Teorema. Agar {x,} ketma-ketlik o’suvchi bo’lib, yugoridan
chegaralangan bo Isa, u holda u yaginlashuvchi bo’ladi.

2-Teorema. Agar {x,} ketma-ketlik kamayuvchi bo’lib, quyidan
chegaralangan bo’lsa, u holda u yaginlashuvchi bo’ladi.

5°. Fundamental ketma-ketliklar

1-Ta'rif. Agar ve>0 son olinganda ham 3n,=n,(¢)eN son mavjud
bo’Isaki, vn>n, va peN sonlar uchun <¢ tengsizlik bajarilsa, {x,}

fundamental ketma-ketlik deyiladi.

Xn+p — X,

2-Ta'rif. (1-ta rifning inkori). wvn,eN son olinganda ham shunday
n>n,, peN, >0 sonlar mavjud bo’lib, |x,,, -x,|>¢ tengsizlik o"rinli bolsa,

x,} ketma-ketlik fundamental emas deyilali.

Xn

Teorema (Koshi). Ketma-ketlikning yaginlashuvchi bo’lishi uchun
uning fundamental bo'lishi zarur va yetarlidir.

6°. Qismiy ketma-ketliklar. Ketma-ketlikning yugori va quyi
limitlari

{x,} ketma-ketlik berilgan bolib, k,,k,,....k,.... (k,=n) 0 suvchi natural
sonlar ketma-ketligi bo'lsin. {x,} ketma-ketlikning k, k,,....k,,... homerli
hadlaridan x_,x,.....x_.... ketma-ketlikni tuzamiz. Hosil bo’lgan i, | sonli

ketma-ketlik {x,} ketma-ketlikning qismiy ketma-ketligi deb ataladi.
1-Teorema. Agar limx, =a bo’Isa, u holda uning har gqanday gismiy
ketma-ketligining limiti ham a ga teng bo’ladi.
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2-Teorema. (Bolsano-Veyershtrass). Agar {x,} ketma-ketlik
chegaralangan bo’lsa, u holda bu ketma-ketlikdan yaginlashuvchi bo'lgan
gismiy ketma-ketlik ajratish mumkin.

1-Ta'rif. {x,} ketma-ketlikning qismiy ketma-ketligi limiti {x,} ketma-
ketlikning gismiy limiti deb ataladi.

2-Ta'rif. Yugoridan (quyidan) chegaralangan ketma-ketlik gismiy
limitlarining eng Kattasi (eng kichigi) berilgan ketma-ketlikning yuqori
(quyi) limiti deyiladi va iimx, (n_mxnj ko' rinishda belgilanadi.

N—>co N—o0

3-Teorema. limx, =a bo lishi uchun limx, = limx, =a bo lishi zarur va

n—oo nN—o0 N—oo

yetarli.
7°. Funksiya tushunchasi. Funksiya limiti

Bizga biror x =r to plam berilgan bo’lib, x 0 zgaruvchi migdor x
to'plamdan olingan bo’lsin. Agar har bir xex songa biror gqonun yoki
goidaga ko'ra bitta y son mos go'yilsa, u holda x to'plamda funksiya
aniglangan deyiladi va y=f(x) kabi belgilanadi, x 0°zgaruvchiga erkli
0 zgaruvchi (yoki funksiyaning argumenti), x to plam f(x) funksiyaning
aniglanish sohasi, x soniga mos keluvchi y soniga esa funksiyaning x
nugtadagi xususiy giymati deb ataladi. f(x) funksiyaning barcha xususiy
giymatlar to'plami v ga f(x) funksiyaning giymatlar to plami (yoki
0 zgarish sohasi) deyiladi. Shunday qilib,

Y={yeR:y=f(x) xeX}

Agar a (aeX&wm ag X ) nuqtaning ixtiyoriy atrofida x to plamning a
dan farqli kamida bitta nuqtasi bo'lsa, u holda « nuqta X to plamning
limit nuqtasi deyiladi.

Bundan keyin butun paragraf davomida x-f(x) funksiyaning
aniqlanish sohasi, a nuqta x to plamning limit nuqtasi deb tushuniladi.

1-Ta'rif. (Koshi). Agar ve>0 uchun 3s=35(,a)>0 fopilsaki, 0<|x—a|<3s
tengsizlikni qanoatlantiruvchi wxeX uchun |f(x)-b|<e tengsizlik bajarilsa,
u holda v soni f(x) funksiyaning a nugtadagi limiti deyiladi va lim f(x)=b
kabi belgilanadi.

2-Ta'rif. (Geyne). Agar x to plamning nuqgtalaridan tuzilgan, a ga
intiluvehi  vix,} (x,=a n=12..) ketma-ketlik uchun {f(x,)} ketma-ketlik
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hamma vaqt yagona b soniga intilsa, shu b soni f(x) funksiyaning a
nuqtadagi limiti deb ataladi.

Keltirilgan tariflardan ko rinib turibdiki, funksiyaning « nuqtadagi
limiti mavjud bo lishi uchun funksiya « nuqtada aniqlangan bo lishi, ya ni

aeX bo’lishi, mutlago shart emas (a nuqtaning X to plam uchun limit
nugta bo lishi yetarli, ya'ni, umuman olganda, a¢ x ).

Endi 1-va 2-ta riflarga teskari ta riflarni keltiramiz.

1-ta'rifning inkori. Agar 3e>0 topilsaki, vs>0 uchun o<|x-a/<8
tengsizlikni qanoatlantiruvchi 3xe X mavjud bo’lib, |f(x)-b/>¢ tengsizlik
bajarilsa, b soni f(x) funksiyaning a nugqtadagi limiti emas deyiladi

Qm f(x)=b).

2-ta'rifning inkori.  Agar a« nuqtaga intiluvchi  3x,}
(x, e X, x, #a, n=1,2,...) ketma-ketlik topilsaki, unga mos {f(x,) ketma-ketlik
b ga intilmasa, u holda b son f(x) funksiyaning a nugqtadagi limiti emas
deyiladi.

1-Teorema. Funksiya limitining 1- va 2-ta riflari ekvivalentdir.

Biz 1-teoremadan quyidagi xulosani chigaramiz: funktsiyaning
limitini hisoblayotganda qaysi ta'rif bo’yicha hisoblash oson va qulay
bo’lsa, shu ta'rifdan foydalanish kerak.

Ba'zi bir hollarda f(x) funksiyaning a nuqtadagi limiti mavjud
bo'Imaydi. Ana shunday hollarda funksiyaning nuqtadagi bir tomonli
(o’ng va chap) limitlari to g risida gap yuritiladi.

3-Ta'rif (Koshi). ve>0 uchun 35=5(ae)>0 topilsaki, a<x<a+s
(a-8<x<a) tengsizlikni ganoatlantiruvchi wxe x uchun |f(x)-b/<e tengsizlik
bajarilsa, b son f(x) funksiyaning a nugtadagi o'ng (chap) limiti deb
ataladi va

lim f(x)=f(a+0)=b (lim f(x)="f(a—0)=b)

x—a+0 —a—0

kabi belgilanadi.

4-Ta'rif (Geyne). a nugtaga intiluvchi vix,}, x, eX, x,>a (x,<a)
ketma-ketlik olinganda ham unga mos {f(x,)} ketma-ketlik b soniga intilsa,
b soni f(x) funksiyaning a nuqtadagi 0 ng (chap) limiti deyiladi.
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2-Teorema. lim f(x)=b bo'lishi uchun f(a+0)=f(a—0)=b tenglikning
bajarilishi zarur va yetarli.

Endi funksiyaning x—+w dagi limiti ta rifini beramiz. t(x) funksiya
(c,+e0) cheksiz oraliqda aniglangan bo’lsin.

5-Ta'rif. (Koshi). ve>0 uchun 3a>o0 (A>c) topilsaki, wx>A uchun
[f(x)-b|<e tengsizlik bajarilsa, b son f(x) funksiyaning x—-+o dagi limiti
deyiladi va lim £(x)=b kabi belgilanadi.

6-Ta'rif. (Geyne). +« ga intiluvchi vix,} (x, >c) ketma-ketlik uchun

unga mos {f(x,)} ketma-ketlik b soniga intilsa, b soni f(x) funksiyaning
x —+o dagi limiti deb ataladi.

3- va 4-tariflar hamda 5- va 6-tariflar bir-biriga ekvivalent.
lim f(x)=b ning ta'rifi ham yuqoridagiga o xshash aniglanadi. Agar

lim (x)= lim f(x)=b bo’lsa, u holda lim f (x)=b deb yoziladi.
7-Ta'rif. Agar lim f (x)=c0 (lim f(x)=0) bo’lsa, f(x) funksiya a nuqtada
cheksiz katta (cheksiz kichik) funksiya deyiladi.

Cheksiz katta va cheksiz kichik funksiyalar ham cheksiz katta va
cheksiz kichik ketma-ketliklar uchun 2°-punktda keltirilgan xossalarga ega.

8°. Limitga ega bo’lgan funksiyalarning xossalari
1-Ta'rif. Ushbu U,(a)={xeR:0<[x-4 <5} to'plam a nugtaning
0'yilgan s atrofi deb ataladi.

1-Teorema. f(x) Va g(x) funksiyalar a nugtaning biror o’yilgan
atrofida aniglangan bo’lib, lim f(x)=b Va limg(x)=c bo’lsin. U holda

) i) o(c]=im £ lm g(x)=b tc
2)  lim[f(a)- g(x)]=lim f(x)-lim g(x)=b-c,
(x) lim f(x)

3 c#0 bo Isa, lim = X248 =— bo’ladi.
)  agar c# sa, lim 000 " lim g0 ¢ adi

X—a

(o

2-Teorema. («Ikki mirshab haqidagi teorema»). Agar f(x), g(x) va
h(x) funksiyalar a nugtaning biror o yilgan atrofida aniglangan bo’lib, shu

30



atrofda  f(x)<g(x)<h(x) tengsizlikni qanoatlantirsa va Ilimf(x)=limh(x)=b

tenglik bajarilsa, u holda limg(x)=b b0 ladi.
Funksiya limitini hisoblashda quyidagi ajoyib Ilimitlar katta
ahamiyatga ega.
Birinchi ajoyib limit:
lim 21X _ 1 (1)

x—=0 X

Ikkinchi ajoyib limit:
lim (1+ lj =g (2)

X—»00 X

9°. Funksiya limiti uchun Koshi teoremasi

f(x) funksiya x to plamda berilgan bo'lib, a nugta x to plamning
limit nugtasi bolsin.

Ta'rif. Agar ve>0 uchun 3s>0 topilsaki, argument x ning o<|x-a/<s,
0<[x-g <5 tengsizlikni ganoatlantiruvchi wx,x (xex,x"eX) giymatlarida
[f(x")-f(x)<e tengsizlik o'rinli bo'lsa, f(x) funksiya uchun a nuqtada
Koshi sharti bajariladi deyiladi.

Ta'rifning inkori. Agar 3e>0 son topilsaki, vs>0 son uchun,
0<|x-d/ <8, 0<|x'-al<s tengsizlikni ganoatlantiruvchi vx,x'ex lar mavjud

bo'lib, |f(x")- f(x)>¢ tengsizlik bajarilsa, f(x) funksiya uchun a nuqtada
Koshi sharti bajarilmaydi deyiladi.

Teorema. (Koshi). f(x) funksiya a nuqtada chekli limitga ega
bo’lishi uchun bu funksiyaning a nugtada Koshi shartini bajarishi zarur va
yetarlidir.

10°. Funksiyaning uzluksizligi va uzilishi
f(x) funksiya a nuqgtaning biror to'lig atrofida aniglangan bo’lsin.
1-Ta'rif. Agar
lim f(x)=f(a) (3)

X—a

bo’lsa, f(x) funksiya a nuqtada uzluksiz deyiladi.

Funksiya uzluksizligi ta'rifini Koshi va Geyne ta'riflari yordamida
ham berish mumkin. Biz ularga to xtalib o tirmaymiz.
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Endi f(x) funksiya a nugtaning biror o'ng (chap) yarim atrofida,
ya ni [a,a+5) (Mos ravishda, (a-s,a]) Yyarim intervalda aniglangan bo'lsin.
2-Ta'rif. Agar
lim f(x kllm f(x)=f(a)

x—a+0 —a-0

bo’Isa, f(x) funksiya a nuqtada 0" ngdan (chapdan) uzluksiz deyiladi.

Teorema. f(x) funksiyaning a nuqtada uzluksiz bo’lishi uchun uning
shu nugtada 0 ngdan va chapdan uzluksiz bo’lishi zarur va yetarlidir.

Faraz gilaylik, f(x) funksiya a nuqtada uzluksiz bo’lsin. U holda
lim f(x)= f (a) bo’ladi. :Xlgrgo[f(x)—f(a)]zo. Agar Ax=x-a - argument
orttirmasi va ay:=af(a)=f(x)- f(a) - funksiyaning a nuqtadagi orttirmasi
belgilashlarini  Kiritsak, x=a+Ax Va Ay=af(a)=f(a+ax)-f(a) bo ladi.
Natijada, biz
lim [f(x)- f(a)]=lim [f(a+Ax)- f(a)]= lim Ay=0

x—a—0 Ax—0 AXx—0
ekanligini hosil gilamiz. Shunday qilib,
lim Ay=0 4)

AX—0

tenglik bajarilsa, f(x) funksiya a nuqtada uzluksiz bo ladi.

3-Ta'rif. t(x) funktsiya (c,d) intervalning har bir nuqtasida uzluksiz
bo Isa, funksiya (c,d) intervalda uzluksiz deyiladi.

f(x) funksiya (c,d) da uzluksiz bo’lib, s nuqtada o ngdan, d nuqtada
chapdan uzluksiz bo lsa, unda u [c,d] kesmada uzluksiz deyiladi.

x to’plamda uzluksiz funksiyalar sinfi c(x) kabi belgilanadi.

4-ta'rif. Agar
lim (x)=b= f(a) (1-hol)
lim f (x)-2 (2-hol)
lim £ (x)= oo (3-hol)

X—a

bo’lsa, unda f(x) funksiya a nuqteda uzilishga ega deyiladi.

Funksiyaning a nugtada uzilishga ega bo’ladigan hollarini alohida-
alohida ko'rib chigaylik.
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a) lim f(x)=b= f(a) bo’lsin.

X—a

Bu holda Jim f(x)=f(a+0) va lim f(x)=f(a-0) lar mavjud bo’lib,

f(a+0)=f(a-0)=f(a) bo’ladi. Bunday nugta bartaraf gilish mumkin
bo lgan uzilish nuqgtasi deb ataladi.

Misollar.

2 1
1 f(X _ X ,agar X #0 bo'sa,
1,agar x=0 bo'lsa

funktsiya uchun x=0 nugta bartaraf gilish mumkin bo lgan uzilish nuqtasi
bo ladi, chunki

lim f(x)=lim f(x)=0 va f(0)=1

x—a+0 Xx—>—0

Agar (0)=0 deb gabul gilsak, funksiya uzluksiz bolib goladi.
1 ,
2. f(x)= 1—XS|n;,agarX¢O bo'lsa,
2,agar x=0 bo'lsa
funksiya uchun ham x=0 nuqgta bartaraf gilish mumkin bo’lgan uzilish
nugtasi bo ladi, chunki

lim f(x)=lim f(x)=1va f(0)=2.

x—a+0 Xx——0

b) lim f(x)-3 bo’lsin.

x—a+0

Bunda quyidagi uchta hol bo’lishi mumkin.

1) lim f(x)=f(a-0) va lim f(x)=f(a+0) lar 3 va f(a-0)= f(a+0).

Funksiyaning bunday nuqtadagi uzilishi birinchi tur uzilish va
|f(a+0)- f(a—0) ayirmaga funktsiyaning a nuqtadagi sakrashi deyiladi.

Masalan,

agar X #0 bo'lsa,

1 )

f(x)= 1+ 2%
0,agar x=0 bo'lsa

funksiya uchun x=0 nuqta 1-tur uzilish nuqtasi bo ladi va funksiyaning bu
nuqtadagi sakrashi 1 ga teng:
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[f(a+0)— f(a—0)=|f(+0)— f(-0)=]0-1=1

2) x—a da f(x) funksiyaning o'ng va chap limitlaridan hech

bo Imaganda biri 3. Funksiyaning a nuqtadagi bunday uzilishi ikkinchi tur
uzilish deyiladi.

Misollar.

1
- |
1 f(x): S|nX,agarx>O bo'lsa,

- X,agar x<0 bo'lsa

funksiya x=0 nuqtada ikkinchi tur uzilishga ega, chunki

. : N 1
lim f(x):XIerJo(— x)=0= f(0), lekin lim f(x):IX|LnOS|n;—EEI.

2. D(x)= 0,agar x —irratsional bo'lsa,
' " |1,agar x - ratsional bo'lsa

funksiya VaeR nuqtada ikkinchi tur uzilishga ega, chunki x —a da D(x)
funksiyaning o'ng limiti ham, chap limiti ham 3.

3). x—>a da f(x) funksiyaning o'ng va chap limitlaridan biri
cheksiz yoki 0'ng va chap limitlar turli ishorali cheksiz. Funksiyaning a
nuqtadagi bunday uzilishi ham ikkinchi tur uzilish deyiladi.

V) iiTaf(X):OO bo'lsa, f(x) funktsiya x=a nuqtada ikkinchi tur
uzilishga ega deyiladi.

11°. Uzluksiz funksiyalarning xossalari

1-Teorema. Agar f(x) va ¢(x) funksiyalar X cR 10 plamda

aniglangan bo’lib, ularning har biri ae X nugtada uzluksiz bo lsa, u
holda

1) f(x)xg(x),
2)  f(x)-g(x)
f(x)

3) () (Wxe X uchun g(x)=0)
g(x)
funksiyalar ham shu nuqtada uzluksiz bo ladi.

Izoh: 1-teoremaning aksi har doim ham o'rinli bo’lavermaydi.
Masalan, f(x)=x va
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Sinl,arax;tO Oyica,
g(x)=1"x
0,arap x=0 Oynca

funksiyalar ko paytmasi f(x)-g(x)=x-sin 1 funksiya R da uzluksiz, lekin
X
g(x) funksiya x =0 nuqtada uzilishga ega.
Aytaylik, y=f(x) funksiya X to'plamda, z=¢(y) funksiya esa
Y ={y=f(x):xe X} to’plamda aniglangan bo’lib, ular yordamida x
to’plamda aniqlangan z = ¢[ f (x)] murakkab funksiya tuzilgan bo"Isin.
2-Teorema. Agar y=f(x) funksiya aeX nugtada, z=gl(y)
funksiya esa, unga mos Yy, = f(a) nugtada uzluksiz bo'lsa, z=¢[f(x)]
murakkab funksiya a nugtada uzluksiz bo’ladi.

Bu teorema limit hisoblashda juda muhim rol o'ynaydi va uning
yordamida 1-§ ning 9° —punktidagi muhim limitlar keltirib chiqariladi.

3-Teorema. Agar lim f(x)=b (b>0) va limg(x)=c bo'lsa,

lim[f (x)]°™ =c bo lad.

[f(x)°™ ko'rinishdagi funksiyaga darajali-ko rsatkichli funksiya deb
ataladi.

12°. Funksiyaning tekis uzluksizligi
Biror y = f(x) funksiya X to"plamda berilgan bo’lsin.

Ta'rif. Agar Ve>0 son uchun 35=35(s)>0 son topilsaki, x
to'plamning |x"—x|< ¢ tengsizlikni ganoatlantiruvchi vx' va x* (x',x"e X)
nugtalarida |f(x")— f(x)<e tengsizlik bajarilsa, f(x) funksiya x
to plamda tekis uzluksiz deb ataladi.

Ta'rifning inkori. 3&>0 son topilsaki, V& >0 son olinganda ham
x"—x]<& tengsizlikni ganoatlantiruvchi shunday Wvx'x'eX nuqtalar

mavjud bo’lib |f(x'")— f(x)>¢ tengsizlik bajarilsa, f(x) funksiya X
to plamda tekis uzluksiz emas deyiladi.

Kantor teoremasi. Agar f(x) funksiya [a,b] kesmada aniglangan va
uzluksiz bo’lsa, u shu kesmada tekis uzluksiz bo’ladi.
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Nazorat savollari.
. Sonli ketma-ketlik tushunchasi.
. Ketma-ketlik limitining ta’rifi va uning inkori.
. Yaginlashuvchi va uzoglashuvchi ketma-ketliklarning ta riflari.
. Cheksiz kichik ketma-ketliklar va ularning xossalari.
. Cheksiz katta ketma-ketliklar va ularning xossalari.
. Cheksiz kichik va cheksiz katta ketma-ketliklar orasidagi bog lanish.
. Yaqginlashuvchi ketma-ketliklarning xossalari.
. Monoton ketma-ketlikning ta’rifi.

© 00O N O O Ao W DN P

. Monoton ketma-ketliklar hagidagi Veyershtrass teoremasi.
10. Fundamental ketma-ketliklar va Koshi teoremasi.
11. Qismiy ketma-ketliklar. Ketma-ketlikning yugori va quyi limitlari.

12. Funksiya tushunchasi. Funksiyaning aniglanish sohasi va giymatlar
to plami.

13. Funksiya limitining Koshi ta'rifi va uning inkori.

14. Funksiya limitining Geyne ta’rifi va uning inkori.

15. Funksiya limiti Koshi va Geyne ta riflarining ekvivalentligi.
16. Funksiyaning bir tomonli limitlari.

17. Limitga ega bolgan funksiyalarning xossalari.

18. Ikki mirshab haqidagi teorema.

19. Birinchi ajoyib limit.

20. Ikkinchi ajoyib limit.

21. Funksiya limiti hagidagi Koshi teoremasi.

22. Funksiyaning nugtadagi va to plamdagi uzluksizligi ta riflari.
23. Bir tomonlama uzluksizlik.

24. Bartaraf gilish mumkin bo’lgan uzilish nuqtasi.

25. Birinchi tur uzilish nuqgtasi.

26. Ikkinchi tur uzilish nugtasi.

27. Uzluksiz funksiyalarning xossalari.

28. Funksiyaning tekis uzluksizligi va Kantor teoremasi.
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-B-
Mustaqil yechish uchun misol va masalalar
1-masala. lim x, = a ekanligi ta'rif yordamida ko rsatilsin

Nn—o0

(no(e)-2)
11x, =022 5.3 12 x, ==L 4 s
2n-1 2 2n+1
2 a3
1_?,Xn:4nz+1’ :ﬂ L4M“9 ns’a__l
3n° +2 3 1+2n 2
2
1.5 n:1—2n -t 16x, =—" a=—5
2 +4n? 2 n+
L7xn:n+l,a:—l. 18 n:2n+1’ :g
1-2n 2 3n-— 3
1.9 1-2n? 1.10
xn—n2+3 a=-2 ) . i
111y 242N Lo 2 112 x ~SN*15 o
1-3n 3 6-n
2 J—
113 x, =8=m 4 1 114 x =2N-1 4 .2
" 1+2n? 2 2-3n 3
115 n:3n—1’ ::§ Ll6xn::5n+l, :l
5n+1 5 10n-3 2
117 x =130 a3, 118 x, =2"*3 4_>.
—N n+5
2 2
119 x, = *2 53 120 x, = 2730 5= 3
4n” -1 4 4 +5n 5
3
121 x, =" a=2.
n° -2

2-masala. a soni {x,} ketma-ketlikning limiti emasligi ta rif
yordamida ko rsatilsin.

2_1 Xn :(-1)“ +l, a:o. 2.2 Xn :COS@, azil
3 2
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2.3 X, :sin@, a:l.
6 2

2.5 x, =2V a=0.
2.7 x, =(-1)", a=-1.

2.9 x :m’ a=3.
2 + CcoSzn
2_
211 %, =" % a=1
n
213 x, ——* _ a-1
2n+1 2
2
2.15 xn:(_l) ,a=-1
n
217 x, =" a1
3-2n 2

2.19 x, =n" a=0.

221 x, =n*+1-n, a=1.

2.4 X, :cosﬂ, a=-1.
100

2.6 X, =n-[1+(—1)”], a=0.

2.8 x, =(-1)", a=1.
210 x, =(1j Ca=1.
2

_2n+3

n bl
n 2

2.12 x a=2.

2.14 xn:sin@, a=1.
2

2.16 X, =sin?, a=0.

2.18 x, =(-1)"n,a=-1.

3-masala.

Cheksiz kichik ketma-ketlikning chegaralangan ketma-ketlikka
ko paytmasi haqidagi teoremadan foydalanib {x,} ketma-Kketlikning

yaqginlashuvchi ekanligi ko rsatilsin.

3.7 x, = 290N

n
39x =Lt
n?.[2+(-1)"
. 7n
SIn—
311 x, =—;
n

3.8 x, =;_.
n(8 +sin n)
coS/m
3.10 x, = :
Jn
H_P}
312, =2 L2)
In(n+1)
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Qismiy ketma-ketlikning limiti haqidagi teoremadan foydalanib
{x,} ketma-ketlikning uzoqlashuvchi ekanligi ko rsatilsin.

3.13 x, =(05)Y™". 3.14 x, =209,
3.15 x, = 2+ (-1)"[". 3.16 x, —sin "
2002

«Ikki mirshab haqidagi teorema» dan foydalanib {x,} ketma-
ketlikning yaqinlashuvchiligi ko rsatilsin.

3.17 x :(Ejn. 3.18 xnz[””"jn.
n 2n-1
319 x = 2, 3.00 x - —Lryn+sinn
(2n) n
3 21 :(2n+3J
n n2

4-masala. Koshi Kriteriyasi, monoton ketma-ketlikning limiti
haqidagi teorema yoki limitlar ustidagi amallar haqidagi
teoremalardan  foydalanib  {x,}  ketma-ketlik yaqinlashishga
tekshirilsin.

41 Xn — n(_l)n +M n_|:n:|
n 1 2 [2
4.2 x, =—— :
n In(n+1)
nZ +n ; ( cos;znj
4.3 x_ = . 44 x =(-1)"[1
n n_n2 n ( ) \/ﬁ
n+sin(j 4.6 X, =— n+l_ :
45 x. - 14) n?-(8+sinn)
n
4.7 4.8
SR YR R CHNE T (R P
2 2 2" lg11 lg12 lg(10 + n)
4.9

Isin 2 sin |
ot —t,

410 x, < B4 52
2 2 2"

sina Sin2« sinna
N = st
2 2 2
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Cc0S?2 cosn

4.15 x, =cosl+ 52 ot ——.

_lgn
n

419 x,=0,77..7.

nTr

4.17 x

n

4.21 x, :1+£+...+1.
2! n!

4.12 x, :1+%+...+1.

4.14 x, =(1+1j |

n

n
1 1
416 x, =1+ —=+...+ —.
V2 Jn
2n
n F
n-1
4.20 xn_i—i .._+(—1)
1.2 2.3 n(n+1)

5-masala. Sonli ketma-ketlikning limiti hisoblansin (ﬂlim Xy —?)

5.1 x, = nlm—\/nz —3J.

5.3 x, =+/(n? +1fn? —4)-/n* -9.

5.5 X, =4/n*=3n+2-n.
5.7 x, = /n(n+2)—+n® —2n+3.

5.9 x, = nzl\/n(n4 ~1)—n° —8J.
511 x, =vn? +3n-2—+/n’ 3.

5.13 x, =+/n(n+5)—n.
5.15

~ \/(n3 +1Xn2 +3)—\/n(n4 + 2)

X, = .

" 2n

5.17 x, = n3[3{/n2(n6 +4)-3n® —1J.

5.19 x, =\/n+2(\/n+3—\/n—4).

—>00

5.2 X, = (n—3\/n3 —5)’1\/ﬁ.
_ Vn® =8 —ny/n(n? +5)

5.4 X, .
Jn

5.6 x, =n+34-n”.

5.8

X, =/(n+2)n+1)—/(n-1)n+3).
5.10 x, =n2(3{/5+n3 —3{/3+n3).
5.12 xn=x/ﬁ(x/n+2—\/n—3).

5.14 x, :\/n3+8(\/n3+2—\/n3—1).

5.16 x, =n—+/n(n-1).

5.18 x, =¥nfn? —3n(n-1)|

5.20 x, = n(\/n4 +3-+/n* —2).
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5.21 x, = n(g"\/5+8n3 —2n).

6-masala lim x, —?

n—o0

1 2 3 n-1
6.1 x, =n—2+n—2+n—2+...+ el
63 x. :1+3+5+...+(2n—1)_2n+1.
n+1 2
1+2+...+n
6.5 X, =—F—+—"—.
" Jont 41
6.7 x, :1+3+5+...+(2n—1)_n
n+3
- I
6.9 Xn:(n+4). (n+2)!
(n+3)!
2n_5n+1
6.11 X _2n+1+5n+2
3[n3 . 4
6.13 x, nd+5-3n* +2 |
1+3+5+...+(2n-1)
6.15x - N2 2
1+2+3+..+4n 3
6.17
_2-5+4-7+..+2n—(2n+3)
" n+3 '
2 J—
619y~ Mvn-l
2+7+12+...+(5n-3)
n
6.21 xn:§+£+g 1+2
4 16 64 4"

7-masala. lim x, —?

n—o0

41

6.2 x _(2n+1+(2n+2)
o (2n+3)!
64 . 2n+1+3n+1
T 2h
6.6 x 1+3+5+..+(2n-1)
o 1+2+3+..4n
6.8 x 1+4+7+..+(3n-2)
’ V5n* +n+1
6.10 x _@n-DHH@Bn+1)!
o 3nk(n-1)
1 1 1
1+§+3—2+ n
6.12 X, 1 1
I+ -+ 4+ -
5 5
6.14 x, = > —2
3"+ 2"
6.16 n——+E+ +3 2 :
36 6"
618 x. (2n+1)+(2n + 2)

" (2n+3)-(2n+2)!

B 2+4+...+2n_n
n+3

6.20 x

n



—-n+1 2
3n2 —6n+7 2 n
7.1 Xn —( ) . 7.2 Xn :(2n2+2] .

3n% +20n -1 onZ +1
— 2_1 n’
3% (n+3j ' 7.4 xnz(nn2 j _
75 x, [2“3) 76 x _(n_ﬂj
2n+1) D X =T
3n+1
n*-3n+6)2 7.8 Xn:(n—llo] ,
n+5n+1) n+
" 3n? +4n-1 2nes
(6n+4) 7.10 x, = +2n+7J .
n?ns1)” (2n®+5n+7
i n:(” +”—1J ' 712 %, = 2n? +5n+3J
7.13 Xn:(n;]:jn . 7.14 X, = 5n2 +3n - 1J
n+l 5n? +3n + 3
7.15 Xn:(3n+1J2”*3. _(2n?+7n-1)
3n-1 7.16 x, —2n a1
~ n_+3 n+4 1
7.17 x,,_[m j . 78 5[ fJ
Sn n+1
7.19 n:(1°”‘3) . 50 [ 3-8 )"
10n-1 7.20 x, 3% _5n+7

8-masala. {x,} ketma-ketlikning yuqori va quyi limitlari topilsin

(Iimxn -2, limx, —?].
n—o0

n—o0

8.1 x, =[COSR—nJM- 8.2 x, Ly
2 n
8.3 x,=(-n )Slni- 8.4 x, _Lsin™,
n 3
8.5 x, eyl 8.6 x, =¥a ;2.
2" +3
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8.7 x, =2, 8.8 x :(_1)n-1(1+ij.

n+1
8.9 x, =2+ cos™®. 8.10 x, =" sin2 ™
n+1 2 n+1
— 2
8.11 x, N osnn. 8.12 x =" L ™
n+1 n? -1 2
8.13 x, S TR 8.14 «x :[15-cos@jn
n 2 ) n ' 3 )
. n n(n+1) n? _
n?sin " +1 8.16 x —(-1)' 5 n*3n-1
815 x,=— 2 | 1-n-n?
" n+1
2 2
8.17 x, =" Nl s 2™ 8.18 x, =4n+—3n_25in(f+@j.
2n® -1 3 2-n+n? 6 3
(01 oy i 0 8.20 x ="*2gn 0
8.19 X —(Tj (—1) +S|n?. n n+1 3
8.21 x_ =sinn°.
9-masala. y= f(x) funksiyaning aniqlanish sohasi topilsin (D(f)-?)
2
9.1 y:In[l—Ig(x —5x+16)]. 9.2 y=log, IOgOﬁ(g_ij'
9.3 y:Iogx+1(x2—3x+2). 94 v Vx2 -4

log, (x? +2x-2)’

_ Jx+5 B 2x—3

9.5 y_lg(9—5x)' 9.6 y=]log, MR
9.7 y=|g3X_x2. 9.8 y=3 X+2
x-1 Igcosx

9.9 y=1Ig(t6—x2)+ctyx. 9.10 y=(8—2X—X2)_g'

9.11 y=/x* -|¥-2. 9.12 yzsjﬁ_
1-1x

9.13 y=+/3-5x-2x2. 9.14 y- [ x .
6—x

tgx i
9.15 y- gx_ 9.16 y- /s!nx+cosx.
C0s2x sin X — cosx
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9.17 y=arccoq0,5x -1). 9.18 y=arccosx —arcsin(3-x).

9.19 y=arcg 2X : 9.20 y=arcsin -1
X -9 X
9.21 y- arcsin(0,5x —1) _
Vx? —3x+1
10-masala. Quyidagi tengliklar ta rif yordamida isbotlansin (5(c)-
topilsin)

2 _ 2_ _
10.1 fim X +5%x=3_ . 10.2 fim2X_ =1 _4.
x—-3 X+3 x—1 Xx-1
2 _ 2_
10.3 fim X *+%=2_ . 10.4 jim P14 +6 4,
X—>-2 X+ 2 x—3 X —
2 _ 2_ _
105 fim & x=1_ g 10.6 1im & =*=1_ s,
X—)*l X+1 X—)1 X_E
2 2 2
2_ 2_ _
10.7 1im X -1_ 4. 10.8 lim3X_—5*x-2_,
XH_} X+l X—2 X —
2_ _ 2
10.9 |im X —2x-1_ 4. 10.10 fim X #8x+1_ 4
M x>l X+
3
2_ 2 _
10.11 tim X =8+3 5, 10.12 lim 2 +3%=2 ¢
x—3 X—3 1 1
x—>5 X ——
2
2_ 2 _
10.13 1im &5y 10.14 tim 12X g,
xag X_5 Xﬁ_g X+ —
2 2
1015 |im 2X_*13+21_ 1 10.16 lim 2X_—9x+10 1.
xosl 2X+7 2 ) 2x-5 2
2 2
2 _ 2_ _
10.17 1im & Fx=1_¢. 10.18 fim X =75%=39_ gq.
i 1 ot 1
2 3 2 2
2_ _ 2_ _
10.19 jim 22X o3, 10.20 1im > =225 _ 2,
x—11 Xx—11 x—5 X—5

10.21 timX =2 5.

x-3 x2 —3x

11-masala. Limitlar hisoblansin
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11.9 fjmYirx—vi
0 x —3ox §/1—

327+ x-327—x
11.11 Iim .
XI—)O X+23’X4

11.13 lim V1-2Xx+ X2 —(1+ X) .

x—0 X

4x -2
11.1
5 lim~=—.

1117 lim \/X+13—2\/X+1 .

x—3 X2 -9

Vv1-x-3
11.19 JLnjs 2+\/_

11.21 fim Y2+2X =5
X—8 %/;—2

16x —4
11.4 tim_3 .
lim———

3fox -3
116|Xm\/?>+—x b

34x -2
118|H2\/m Novh

Yx -1
lllOLl—rH\/]T ok

11.12 jim¥8+3x+x* =2

X0 X+ x?

11.14 |im¥2+2X =5
X—8 i/;_z
11.16 im 3X=6+2

x>2 x318

. Ax-1
11.18 | .
XILT}. 3¢X2 _1

- J1+2x-3
11.20. .
0- Jx -2

12-masala. Limitlar hisoblansin

12.1 tim* =1,

x-1 In X

12.3 lim 1+ cos3x

x>t sin? 7x

12.5 1im 1+ cosnx

X—1 tg 2 X

a2 2
12.7 jim 3N x-t9°x

X7 (X — 7-[)4

12.2 fim¥X =x+1-1

x—1 In x

12.4 1im 1- sm2x
x_>,(1'c 4x)?

12.6 lim 93X .

x> tgx

12.8 fim¥X =x+1-1

x—>1 tgnx
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12.9 jm SOS9X—cos3X

X—T Sin 2 X

12.11 lim_MG-2x)
Xmm_z

2 2

12.13 lim >~
x—7z  SIN X

12.15 I|m 16

x=>4 Sin X

12.17 lim 19X

X—)E CcoSs 2X
4

12.19 Iim 1-2%*

o V2x o —5x+2)

12.21 tim— & "¢

x-= sin 5X — sin 3x

12.10 fjm SN 7xZsin3x

A2
X~>2n e _e .

12,12 fim X =3x+3-1

X1 sin mx

12.14 im¥ =37

x—1 tg X

12.16 lim N2 -Inm
. > |

T, X
X~ sin —- coSX

12.18 fim NO=2XY)

X—2 Sin an

12.20 lim 122608

x>t T —3X
3

13-masala. Limitlar hisoblansin

1
13.1 Iim(sx_l)%_l.
x—1 X+1

x—1 X

13.3 nm[zx‘ljsf“.

1

13.5 |im(2x‘7j%2

x—=8 X+1

13.7 nm[ZX—lexl_

x—1 X

13.9 Ilm (COSX)CthX/SinZX ]

X—27

13.11 nm(%Xj "o

Xx—3

13.13 |irq(3 _ 2x)tgn7x

tgn—x

13.15 Iim(uj .
X—3 3

13.2 |.m[ ]
X—a Sna

1

x—2\ C0S2

13.4 1im [cosxj

13.6 lim(tgx)! ©sE=4)

X——
4

X

13.8 |.m[z__j92a_

X—a

13.10 1lim (cosX)l/sm 2

X—21

13.12 lim (cosx)™@/*"**,

X—4n

13.14 lim (cosx)> 9%,

X—4n

1316 Iim(sin X)Gtgx.tg3x .

T
X——
2
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1

13.17 tim{zer -1)os. 13.18 |i”)£tg 2)
xaE

13.19 Iim(zex—l_l)%. 13.20 1im(L+cos3x)*".
x—1 XHE
13.21  lim (sin x )™/,
X—)E

14-masala. Limitlar hisoblansin

53 eSx . e—2x
14.1 Imaﬁ 14.2 lim .
*=0 2X — arctgsx x—0 2 arcsin x — sin x
2x 7—2x 5x e3x
14. 3 I|m 14.4 ||m—
Xx—0 Sin 3X — 2X x—=0 8in 2X — sin X
2x 53x e3x
14.5 Ilm—. 14.6 Ilm—.
x-0 arctgx + x° x>0 arctgx — x°
2)( 4x e—2x
14.7 1im>_—2 14.8 lim—5 ~—¢% |
Xx—0 X —Sin 9x x-0 2arctgx — sin x
X _ E-3x —-2X
14.9 |im-12 =" 14.10 im& =
x—0 2 arcsin X — X x>0 SiN X — 2X
5x X 5x X
14.11 lim—>_ =2~ 1412 tim—5 —°
x—0 arcsin 2X — X x-0 aresin X + x°
X —X
14.13 lim* —2" 14.14 tim-& =%,
x>0 tg3X — X x=0tg2X —Sin X
_ X 2X _ aX
14.15 fim 2077 14.16 lim—° =% |
x>0 2tgx — arctgx x-0 8in 3X —sin 5X
3X _ Q2x 2X
14.17 tim 3" 14.18 tim-=— ¢~
x=0 tgX + X x=0 2tgx — sin X
2X X 2X _ 45X
14.19 fim > 7 14.20 limS_ =% "

x—0 arcsin3x — 5x x=0 2sin X —tgx

14.21 fim—2=2"

x-0 arctg2x — 7x

15-masala. y-=f(x) funksiyaning x=x, nuqtadagi o ng va chap
limitlari topilsin (f(x, +0)-?, f(x, —0)-?)
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15.1 f(x):arctgi, Xo =1,

15.3 1(x)=X=Xl « o.

2X

15.5 f(x)=2%, x,=0.

15.7 £(x)=sign(cosx), X, =g

15.9 f(x)z; X, =3.

1 1
X+ 33

15.11 f(x):xjt[lex0 =10.

15.13 #(x)= lim 2% —13, X, 1.

n—oo X —

15.15 f(x)=3"% x, 0.

x|

15.17 f(x):X:‘l, % =1,

15.19 f(x)=Yizo0s2x -

X+1 x<2,

15.21 f(x):{

16-masala. y- f(x) funksiya x=x, nuqtada uzluksiz ekanligi ta rif
yordamida isbotlansin (5(c)-topilsin)

16.1 f(x)=5x*-1, x,=6.
16.3 f(x)=3x*-3, x,=4.

16.13 f(x)=2x>+6, x,=7.

y Xg =
—-2X+1, x>2

15.2 f(x)=——, x, =0.

1
1+ex

15.4 f(x)=arccodx—1), x, =0.

15.6 f(X)ZZ(l—x2)+|1—x2| X =1

31-x3)—|1-x2]|’

15.8 f(x)=arctg(tgx), x, :g :

15.10 f(x)=—2—, x, =-1.

15.12 f(x)= Ilmx—n, X, =1.

15.14 f(x)=¢ 7 ,x, =0.

15.16 f(x):(L,x0 =3.

15.18 f(x)=—2—, x, =2
1422

15.20 f(x)=—22% x, =0.

1

3—2sinx

16.2 (x)

16.4 (x)

16.6 f(x)=-3x* -6, x, =1.
(

16.8 f(x)=-5x*-8, x,=2.

4x* -2, X, =5.

2x2 — 4, x, =3.

16.10 f(x)=-4x*+9, x, =4.
16.12 f(x)=-2x*+7, x,=6.
16.14 f(x)=3x*+5, x, =8.
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16.15 f(x)=4x2+4, x, =9.

16.17 f(x)=5x*+1, x,=7.

16.19 f(x)=3x*>-2, x, =5.
(x)

16.21 f(x)=—2x%-4, x, =3.

16.16 f(x)=5x*>+3, x, =8.
16.18 f(x)=4x?-1, x,=6.
16.20 f(x)=2x> -3, x, =4.

17-masala.

Quyidagi funksiyalar « ning qanday qiymatlarida uzluksiz

bo’lishi aniglansin

171 y=

a, x=0

cosx, x<0,
17.3 y=

a(x-1), x>0

2%, x>0,
175 y=

a(x-1), x<0

(arcsin x)ctgx, x =0,
17.7 y=

a, x=0

X , X0

17.9 y- In(L+ 2X)

a, x=0

xctg2x, x =0, X <g,

ax? +1, x>0,
17.2 y=
-X, X<0
x? +a, x>0,
17.4 y=
1-x?%, x<0
(n+2x)tgx,—n<x<g,x¢—g,
17.6 y=
T
a, X=——
2
¢ _1, x %0,
17.8 y={ X
a, x=0,c>0,

17.10 yJ¢ © X0

a, x=0

Quyidagi funksiyalar uzluksizlikka tekshirilsin va grafiklari chizilsin.

17.11 ()= tim X —*

o x2" 41

17.13 f(x)=lim

noo] 4 X

17.15 f(x)=limcos® x.

n—o

2n+l °

X +e™

17.17 f(x)=lim o™
noo]+ xe

17.19 f(x)=Ilim¥1+x>" .

n—oo

Xt
17.12 |jm Nid+e”)
t>+o (1 + et

17.14 f(x):sign(cosa :
17.16 f(x)=[x]sin nx .

17.18 (x)=1lim&/cos™ x +sin®" x .

n—o

17.20 f(x)=x>-[x?].

49



17.21 f(x)=lim———_.
n—>o 14 (2sin x)“"
18-masala.
Quyidagi funksiyalar berilgan oraliqda tekis wuzluksizlikka
tekshirilsin

18.1 f(x)=—*—, —1<x<1 18.2 f(x)=Inx,0<x<1.
4-x2" T
18.3 f(x):SinTX, O<x<r. 18.4 f(x):excos%, 0<x<l.
18.5 f(x)=arctgx, —co< x<+0. 18.6 f(x)=xsinx,0< x<+w.
1-x2, —=1<x<0, X+1, x<0,
18.7 f(x)= 18.8 f(x)=
1+x 0<x<1, -1<x<1 e, x>0,—0< X< +m®

y=f(x) funksiya X to plamda tekis uzluksiz emasligi isbotlansin.

18.9 f(x):cos%, X =(0,1). 18.10 f(x):%, X =(0,1).
18.11 f(x)=sinx?, X =R. 18.12 f(x)zsmi, X =(0,2).
18.13 f(x)=x2, X =R. 18.14 f(x):é, X =(2,3).

y=f(x) funksiya X to plamda tekis uzluksiz ekanligi ta rif
yordamida ko rsatilsin (5=5(¢) topilsin).

18.15 f(x)=—-x+1 X =(~o0,+0). 18.16 f(x)=%x, x=[0;2].
18.17 (-, x=[oz 1]. 18.18 f(x)=2x*+5 X =[-L7].
18.19 f(x)=x*-2x-1, X =[-2;5]. 18.20 f(x)=x*+1, X =[-23].

18.21 f(x)=2sinx—cosx, X =R.
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_C-
Namunaviy variant yechimi.

Namunaviy variant sifatida 21-variantni olib, shu variantdagi misol
va masalalarning yechimlarini keltiramiz.

1.21-masala. limx, =a ekanligi ta rif yordamida ko rsatilsin

(ny(e) ). w

2n®

= ,a=2
n®-2

Xn

4 (r!iipoxnza) & (Ve>03n, =ng(e)eN: vn>n, |x, —al<e).

| _‘|2n—2n+6| 6 _
A= | n*-3 | |h*-3

6 6 6
= < <—<
(n_%xn2+§/§n+3,/32] n2+33n+39 33n

6 6 [6}
<=<e=>N>—=N =| —
n € €

Demak, ve>0 son olinganda ham no—max{ [ }} deb olsak, vn>n,

€

uchun |x, —a<e bo'ladi. = limx,=a »

n—o

2.21-masala. a soni {x,} ketma-ketlikning limiti emasligi ta'rif
yordamida ko rsatilsin.

=vn®+1-n, a=1
a (limx,#a)e (vn,eN Je>0,3n>n,:|x, —a/>¢) |x, —a|= ‘(\/n2+1—nj—4:

n—oo

JnE 1 1)1=| +1-(n+1)° |_‘n +1-n*-2n- # 2n S
‘ 1o ‘ 1+n+1‘ Vn? +1+n+1 \/n2+1+n+1>

2n 2n 2n 1

it ean® nen 20420 4n 2

Demalk, s:% deb olsak, vneN uchun |x, - >¢ tengsizlik bajarilar ekan. Bu

\Y

esa limx, a ekanligini anglatadi. »

N—o0

o1



3.21-masala. «Ikki mirshab haqidagi teorema»dan foydalanib
x,} ketma-Kketlikning yaqinlashuvchiligi ko rsatilsin.

_(2n+3 "
Xy = n2
g r3 andn_5n_5 1 agar n>10 bo'lsa,
n n n 2

nt3,2+3_5>1 agar n>10 bo'lsa.

n n> n?

20
Agar vy, _i va z, =2in deb belgilasak, unda v n>10 uchun y, <x, <z,

qosh tengs1zhk bajariladi. limy, =limz,=0 va «ikki mirshab haqidagi

teoremay ga ko'ra limx, =0 bo'ladi. »
n—oo

4.21-masala. x, :1+%+...+% ketma-ketlik Koshi kriteriyasi,

monoton ketma-ketlikning limiti haqidagi teorema yoki limitlar
ustidagi amallar haqidagi teoremalardan foydalanib, yaqinlashishga
tekshirilsin.

< Monoton ketma-ketlikning limiti haqidagi teoremadan foydalanib,
berilgan {x,} ketma-ketlikning yaqinlashuvchi ekanligini ko rsatamiz.

X =X, + >x, =%, }T.

n+1

N
(n+1)

Endi  bu  ketma-ketlikning  yuqoridan  chegaralanganligini
ko rsatamiz:

1 1 1 1 1 1 1 1
X, =l+=—+—+—..+—<1l+—+—+—
" 203 47 q 2 22 22 2t
1 1 1 1 1 1
<l+=—4+—+—.+—+—+..=——=2
2 22 23 2n—1 2n 1 1
2

Shunday qilib, {x,}T va wneN uchun x,<2=limx,-3={x,} -

nN—o0

yaqinlashuvchi »
5.21-masala. Sonli ketma-ketlikning limiti hisoblansin ( limx, -?)

n—o0

X, =n(3 5+8n° —ZnJ
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n[(5 +8n° )— (2n)3J

< limx, = lim n[3 5+8n° —2n) =lim =
"*35+8n°f +2n-Y5+8n° +4n?

n—o n—oo

- lim >N = lim > ~0.»
n—oo 2 n—o 2
n{3]{(53+8j +2- /53+8+4} n-[3]{(53+8J +2- f53+8+4}
n n n n

6.21-masala. limx, -2

n—oo

3 5 9 1+2"
Xp=—+—+—+..+
4 16 64 4"
3 5 9 1+2" 1+2 1+2% 1+2° 1+2"
4 X, =—+—+—+..+ = + + +..+ =
4 16 64 4" 4 4? 43 4"
(1 1 1 1 1 1 B
= Z+4—2+ 4—n E 2—2+§ 2—n —yn+Zn:>
=Yn =y
1 1
3 3

= limx, = lim(y, +z,)=limy, + limz =
n—o0 N—o0 nN—o0

N—o0

7.21-masala. limx, —?

n—o

n

_[an +21n _YJM

(2n2 +18n+9

2 2n+1
[Zn +18n+9+3n —16J ~

< limx, =lim >
2n“ +18n+9

n—o nN—o0

[1+ 3n—16 j " =([Iim(l+ a)& =e tenglikdan foydalanamiz.

N—oo
n? 3n—53)(2+1]
n

lim
. (3n-16)(2n+1) nso
. . — |Im27 n 2+—+—2
Bizning holda a:%nzem 2nPi1Ens9 _ o [
n-+1lon+

8.21-masala. {x,} ketma-ketlikning yuqori va kuyi limitlari

on?42in-7)"" [\ .
—(1 ): lim

2n2 +18n+9 B noo

=[lim

nN—oo

2n% +18n+9

topilsin (ﬁ X, —?, limx, —?j.

N— nN—ee

X, =sinn®

< Berilgan ketma-ketlikning giymatlari to"plamida

0, +sin1%, +sin2°,...,+sin89°%, +1
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sonlari cheksiz ko'p uchraydi, chunki wneN vavpeN uchun Keltirish
formulasiga ko'ra sinn® =sin(3600 p+ no) va sin(1800 + no)zisin n’. Demak,
yuqoridagi sonlarning har biri berilgan ketma-ketlikning gismiy limiti
boladi. Shu bilan birgalikda {x,} ketma-ketlikning yuqorida ko rsatilgan
181 ta sondan boshqa qismiy limiti yo'q. = limx, =1 va limx, =-1o

N— nN—o0

9.21-masala. y=f(x) funksiyaning aniqlanish sohasi topilsin
(D(f)-2).

y= arcsin(0,5x —1)

Vx? =3x+1
0<05x<2
-1<0,5x-1<1
a D(f): = =
{X2—3X+1>0 (X—B_\/gj(x—3+\/§J>0
2 2
0<x<4
j
Xe[—oo,s_\/g]U(3+\/§,+OOJ3 D(f):{o;g_\/ng[sJ”/gA}D
2 2 2 2
10.21-masala. Quyidagi
jim X =% 5
x=3 X —3X

tenglik ta rif yordamida isbotlansin (s() topilsin).

< Qi_rgf(x):b)@(v(e>0 38(s)>0: 0<|x—a| <& =|f(x)-b|<e)

f(x) funksiyani x=3 nuqtaning biror atrofida, masalan (2; 4)
intervalda, gqaraymiz.

ve>0 Son olamiz va |f(x)-2 ayirmani x=3 da quyidagi ko rinishga
keltiramiz:

2 - —_
|f(x)—2|=|x -9 _2=|x+3_2‘=|3—x|:|x 3|<|x 3|,
X% —3x | x x| ¥ 2

chunki xe(2;4) edi.

Oxirgi tengsizlikdan ko rinib turibdiki, agar s5=2¢ deb olsak,
0<|x-3 <& tengsizlikni qanoatlantiruvchi vxe(2; 4) uchun
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x=3 & 2¢
<—=—=¢
2 2 2

2

bo ladi. Bu yerdan ta rifga ko ra lim > _39 =2 ekanligini hosil qilamiz »
X3 X —3X

[f(x)-2|=

11.21-masala 1im“>*2*=5 hisoblansin.
X—8 i/_ _ 2

\/9+2x—SZ[Q)ZIim[(9+2x)_52 .i/x_2+2.3 x+22}:

< lim———
X—8 i/;_z

2(x—8{§/x_2+2-3x+4) 3/v2 .9 3w o
_ lim o2y
=8 (x-8)J9+2x+5) 0 9+ 2X +5

0 x—2° J9+2x +5

x—8

T _ X o R
12.21-masala. lim—S —% _ hisoblansin.
x-7 SN 5X — sin 3x

. e” —¢ (oj (x:nﬂ almashtirish bajaramizn
< Ilm =| — | = —

x->78in5x —sin3x (0 X>r=>t->0
. e™ —e™ . 1—e
=lim— _ =e" lim———— =
50 sin(5m+ 5t)—sin(3n+3t)  t50 —sin 5t +sin 3t
e' -1
- e' -1 - t
=e" lim———————=e" lim— - =
t-0 sin 5t —sin 3t t—0 5. sin 5t _3. sin 3t
5t 3t
t
e -1
==ty e
t
= - 't :eﬂ—:—_ >
sina 5-3 2
lim——=1
a0 o
. i 18sin x . .
13.21-masala. lim(sinx) cex hisoblansin.
X2
2
V4
18i X=—+t
B . SINX w 2
< lim (sin x) otgx =(1 ):
a T .. ; ;
e x—>E:>t — 0 almashtirish bajaramiz
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t—0 a—0

18cost 18cost 1
=lim(cost) gt = lim [1+(cost—1)] gt = ((Iim (1+a)a =e dan foydalanamiz D =
%

18cos?t t fim tt fim
cost-1) lim=————2sin’— 20 osin—.cos— -
— el~>0 sint — e - e

. 18cost
—fim tgt (
t
e ™Y

2, ot
36c0s t-sin 5 ~ 18cos?t . t

14.21-masala. Ushbu

9X _ 23X
lim—————
x-0 arctg2x — 7x
limit hisoblansin.

<
9% -1 2% 1

X _ 93X —3‘ t
lim—2 =27 _[0)_jjm_x 3 _|[im® =t oina sa 1imdC9 4|2
x>0arctg2x—7x \0) x>0 arctg2x t>0 t >0 t

2 -7
2X
_In9—3|n2__1| g
o 2-7 5 8

15.21-masala. y=f(x) funksiyaning x=x, nuqtadagi o ng va chap
limitlari topilsin (f(x, +0)-2?, f(x,-0)-?)
X+1 x<2,
f(x)= X =2
—-2X+1 x>2,

a f(x, +0)=f(2+0)= Iir2r10f(x)= |ir2nO(—2x+1)=—3

f(x, —0)=f(2-0)= lim f(x)= lim (x+1)=3. >

Xx—2-0 x—2-0

16.21-masala. y=f(x) funksiya x=x, nuqtada uzluksiz ekanligi
ta rif yordamida isbotlansin (5(¢) topilsin).

f(x)=—2x* -4, x,=3

< f(x) funksiyani x,=3 nuqtaning biror atrofida, masalan, (2; 4)
intervalda qaraymiz. ve>0 son olamiz va |f(x)- f(x,)=|f(x)- f(3) ayirmani
baholaymiz:

()= £(3) =|-2x* —4 - (- 22) =|- 2x* +18 =2)x* —9| =

=2x+3-|x—-3<14:|x -3,
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Bu tenglikdan ko'rinib turibdiki, agar 5:5 deb olsak, [x-3<3
tengsizlikni qanoatlantiruvchi vxe(2; 4) uchun
|f(x)—f(3)<14{x—3|<148:14ﬁ:g bo'ladi. = f(x)=—2x*-4 funksiya x,=3

nuqtada uzluksiz. -

X

17.21-masala. f(x)=lim funksiya  uzluksizlikka

=1 4 (2sin x)

tekshirilsin va grafigi chizilsin.

2n

T4k T ok
X, |2$inX|<1, X, '€+TC <X<E+TC ,
. X X . X i
< f(x)=lim————={—, |12sinx|=1, ={—, Xx=*=+ 7k,
(4 014 (2sin x)" |2 | | 2 6
0, |23inx|>1 O,E+nk<x<5—n+nk, keZ.
6 6

Bu tenglikdan ko'rinib turibdiki f(x) funksiya (_g+nk;g+nkj va

(g + k; %’T + nk), kez oraliglarda uzluksiz hamda

X:ingTck, kez nuqtalar funksiyaning I1-tur uzilish nugtalari bo ladi.

Yuqoridagi ma lumotlardan foydalanib funksiyaning grafigini chizish
qilyin emas. >

18.21-masala. y=f(x) funksiya x to plamda tekis uzluksiz
ekanligi ta rif yordamida ko rsatilsin (5=5(¢) topilsin).
f(x)=2sinx—cosx, X =R
< (f(x) funksiya x toplamda tekis uzluksiz) <
(Ve>0 35=5(e)>0, vx', x"e X :[x"—x| <= f (x") - f(x) <¢).
ve>0 son olib |f(x")- f(x) ni baholaymiz:
[ £(x'")— f(x')=|(2sin x"—cosx") - (2sin x—cosx') =

=|2(sin x"'—sin x'") - (cos X'~ cos X') :((Sin o —sin B =2sin a;B -cos % ; P a

-sin

COSa—COSﬂz—ZSina;ﬂ a;ﬁ

formulalardan foydalanamiz D =
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X=X X"'+X' XX XX
=l|4sin -COS +28sin -sin =
2 2 2 2 |
=2-Isin Xll_xl‘-‘z-cos XX +sin X”;XIISZ- |X 2_X| -(2- cosX |+ sin X ';XIDS

<[x'=x|- (2+1)=3-|x"—x]
Bu tenglikdan ko rinib turibdiki 8:% deb olsak, [x'-x|<s tengsizlikni

qanoatlantiruvchi wx,x'eR uchun |f(x")-f(x')<e bo'ladi. = f(x)
funksiya R da tekis uzluksiz.
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3-§. 2-MUSTAQIL ISH

Funksiya hosilasi va differensiali. Ularning tatbiqlari.
Funksiya hosilasi va differentsialining ta riflari.

Hosilaning geometrik va mexanik manolari.
Turli usulda berilgan funksiyalarning hosilalari.
Yugqori tartibli hosila va differensiallar.
Differensial hisobning asosiy teoremalari.
Lopital goidasi.
O-simvolika.
Teylor formulasi.
Funksiyani to’lig tekshirish.
-A-
Asosiy tushuncha va teoremalar

1°. Hosila va differensial ta riflari. Hosilaning geometrik va
mexanik ma nolari

y = f(x) funksiya (a,b) oraligda aniglangan bo’lib, xe(a,b) bo’lsin.
Bu x nugtaga shunday Ax orttirma beraylikki, x + Ax € (a,b) bolsin.

1-Ta'rif. f’(x)::limo%:limo f(X+AAX)— f(x)
X—> X X—> X

(1) — funksiyaning x

nugtadagi hosilasi.
f(x+Ax)- f(x)

2-Ta'rif. £/(x+0):= lim Y — fim

Ax—>+0 AX  Ax—>+0

f'(x—0):= lim A& im f(x+Ax)— f(x)

Ax—>-0 AX  Ax—>-0 AX

ong hosila.

- chap hosila.

1 va 2-ta'riflardan quyidagilar chigib keladi:

1)  Agar y= f(x) funksiya x nugtada f’(x) hosilaga ega bo’lsa, u
holda f'(x+0) va f’(x-0) lar mavjud va f'(x+0)=f'(x-0)=f'(x)
bo ladi.

2) Agar f'(x+0) va f'(x-0) lar mavjud bolib, f'(x+0)= f'(x-0)
bo'lsa, unda f'(x) ham mavjud va f'(x)q f'(x+0) = f'(x—0) bo ladi.
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1-Teorema. Agar x, nugtada f’(x,) mavjud bo'lsa, u holda y = f(x)
funksiya grafigining (x,, f(x,)) nuqtasiga urinma o tkazish mumkin va bu
urinmaning burchak koeffitsienti (x,) ga teng bo’ladi.

y = f(%)+ /(%) (x—%,)-(2) - urinma tenglamasi.
y= f(xo)—%-(x—xo)-(S) - normal tenglamasi.
f'(x,)

Agar S=f(t) moddiy nugtaning sonlar o'gidagi t vagtga mos
keluvchi o'rnini bildirsa, unda Af = f(t+At)-f(t) - nugtaning At vaqt

oralig'idagi ko'chishi, L+A0=f()

- o'rtacha tezlik, f'(t) esa t

momentdagi oniy tezlik bo ladi.
3-Ta'rif. Agar Ay ni ushbu
Ay = f(x+Ax)— f(x)= A(X)- AX + a(x, AX)- AX, (4)

bu yerda Ax—>0 da a(x,Ax)—0 ko'rinishda ifodalash mumkin bo’lsa,
unda y = f(x) funksiya x nuqtada differensiallanuvchi deyiladi.

A(x)-Ax ifoda funksiya orttirmasining chizigli bosh gismi yoki funksiya
differensiali deb ataladi va dy kabi belgilanadi.

a(x,Ax) ifoda funksiya orttirmasining qoldiq hadi deb ataladi. Agar
O-simvolikadan foydalansak, Ax —0 da Ay=A-Ax+o(Ax) tenglikni xosil
gilamiz.

2-Teorema. y=f(x) funksiya x nugtada differensiallanuvchi
bo’lishi uchun shu nugtada chekli f’(x) mavjud bo’lishi zarur va yetarli.
3-Teorema. Differensiallanuvchi funksiya uzluksiz bo"ladi.

Agar 2-teorema shartlari bajarilsa df (x)= f'(x)-Ax= f'(x)-dx bo’ladi.
Differensiallashning asosiy qoidalari va elementar funksiyalar uchun
hosilalar jadvali 1-§ ning 13° va 14° punktlarida keltirilgan.

2°. Turli ko'rinishda berilgan funksiyalarning hosilalari
a) Murakkab funksiyaning hosilasi
Aytaylik,y=f(u) va u=¢(x) funksiyalar berilgan bo'lib, ular
yordamida y = f [@(x)] murakkab funksiya tuzilgan bo’lsin. Agar u=q(x)

funksiya x nugtada va y=f(u) funksiya x nuqtaga mos keluvchi u
nuqgtada hosilaga ega bo"lsa, unda
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Y=Yy  (5)
tenglik o'rinli bo"ladi.
b) Teskari funksiyaning hosilasi
Agar y= f(x) funksiya x nuqgtada f'(x)=0 hosilaga ega bo’lsa, bu

funksiyaga teskari x = f *(y) funksiya x nugtaga mos bo’lgan » nugtada
hosilaga ega va

X== (6)
bo ladi.
v) Parametrik ko rinishda berilgan funksiyaning hosilasi
Faraz qgilaylik, y = y(x) funksiya parametrik ko rinishda.
x=olt)
<t< 7
{y=w(t) a<t<p ()
sistema yordamida aniglangan bo’lsin. Agar o(t) va w(t) funksiyalar

differensiallanuvchi  bo’lib, ¢'(t)0 bo’lsa, unda (7)-sistema
differensiallanuvchi y =y *(x)| funksiyani aniglaydi va

A
TN T o) ®)

tenglik o rinli bo’ladi.
g) Oshkormas funksiyaning hosilasi

Agar biror oraligda differensiallanuvchi bo’lgan y=y(x) funksiya
F(x,y)=0 tenglik yordamida aniglansa, unda oshkormas ko rinishda
berilgan funksiyaning y’ = y'(x) hosilasini ushbu

SFxy)-0  (9)

tenglikdan topish mumkin.

Masalan, ushbu y®*+y®+y—-x=0 tenglik yordamida oshkormas
ko rinishda berilgan y = y(x) funksiyaning y’ hosilasini topaylik.
< (9)-tenglikka ko'ra

’

4yl 4+y—Xx )x=0=5y" y+3y? Yy +y-1=0>y ——— >
(y +y*+y—x) y' oy +3y2 -y 4y Y Sy 13y? 41
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3°. Differensialning taqribiy hisoblashga tatbiqi

Ma’'lumki, y=f(x) funksiya x, nuqtada differensiallanuvchi bolsa,
unda

Af (x4 )= df (x, )+ 0(AX)

tenglik o'rinli bo'ladi. Agar df(x,)=0 bo'lsa, bu tenglikdan yetarlicha
kichik ax lar uchun

Af (xy) = df (x,)
yoki
f(x, +AX)~ f(x,)+ f'(x,)-ax  (10)
taqgribiy hisoblash formulasini hosil gilamiz.
4°_Yuqori tartibli hosila va differensiallar
a) y = f(x) funksiyaning roqori tartibli hosila va differensiallari ushbu

FO(x)= {090 (1=23..)
d"y=d(d™y)  (n=23..)

tengliklar yordamida aniqlanadi.
b) Asosiy formulalar

1) (@) =a“m"a (@0); )" =¢*
2)  (sinx)" =sin[x+n77[)

3) (cosx)™ = cos(x + %[j

4) (x“ )(n) =afa—1).(a—n+1x*", aeR

5) (Inx)®™ (1" -(n-1)

- .
V) Leybnis formulasi

Agar u=u(x) va v=v(x) funksiyalar n-tartibli hosilalarga ega bo’lsa,
unda y =u(x)-v(x) funksiya ham n-tartibli hosilaga ega bo ladi va

Y = (u-v)® = 3 cluly (11)
k=0

62



n!

tenglik o'rinli bo’ladi. Bu yerda u®=u, v®=v va C/ TCENR
“N—K}|

(11)-formulaga n-tartibli hosilani hisoblash uchun Leybnis formulasi
deyiladi.

u(x)-v(x) funksiyaning n-tartibli differensiali d"(u-v) uchun ham
Leybnis formulasi o rinli.

5°. Differensial hisobning asosiy teoremalari
Aytaylik y = f(x) funksiya [a,b] oroligda aniglangan bo"lsin.
1-Teorema. (Ferma teoremasi). Agar
1) f(x)eCla,b],
2) vx e(a,b) uchun chekli f'(x)-3,

3)ichki ce(ab) nugtada f(x) funksiya eng katta (yoki eng kichik)
giymatga erishsa,

unda f'(c)=0 bo’ladi.
2-Teorema. (Roll teoremasi). Agar
1) f(x)eC[a,b],
2) vxe(ab) uchun chekli f'(x)-3,
3) f(a)=f(b)
bo’lsa, 3x, € (a,b) nuqta topiladiki, f'(x,)=0 bo’ladi.
3-Teorema. (Lagranj teoremasi). Agar
1) f(x)eCla,b]
2) vxe(a,b) uchun chekli f'(x)-3
bo’lsa 3x, < (a,b) nuqgta topiladiki
f(b)- f(a)=f'(x,)-(b—a)
bo’ladi.

1-Natija. Agar vxe(ab) uchun f(x)=0 bo’lsa, unda (ab)da
f(x)=const bo’ladi.

2-Natija. Agar f(x) funksiya (a,b) intervalda chegaralangan f'(x)
hosilaga ega bo’lsa, u holda f(x) (a,b) da tekis uzluksiz bo"ladi.
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Lagranj teoremasini ba'zi bir tengsizliklarni isbotlashda gollash
mumkin. Masalan, (1+x)* >1+ax Bernulli tengsizligi vx>-1 va «>1 da
o rinli ekanligi isbotlansin.

<1-hol. x>0 bo’lsin. Unda f(u)=(@+u)*, uefo,x] funksiya uchun
Lagranj teoremasiga ko ra 3x, € (0,x) nugta topiladiki
f(x)— F0)=1+x)" —1=a-1+x,)* " -x>ax bo’ladi = (1+x)*>1+ax
2-hol.-1<x<0 bo’lsin. Unda f(u)=@+u)*, ue[xo0] funksiya uchun
Lagranj teoremasini qo llaymiz. = 3x, €(x,0)
f(0)— f(x)=1—1+x)" =at- L+ x,)* - (0= x)= ({1 + x, <1))< —ax= L+ ox)* >1+ ax.

3-hol x=0 bo’lsin. Unda (1+x)* =1+ax=1 bo'ladi. Endi 3 ta holni

umumlashtirsak, isbot qgilishimiz kerak bo lgan Bernulli tengsizligini hosil
gilamiz. «

4-Teorema_(Koshi teoremasi). Agar
1) f(x).g(x)eCl[ab],

2) vxe(ab) uchun chekli f'(x)va g'(x)-3 hamda g'(x)»0 bo'lsa, unda
3x, <(a,b) nugta topiladiki,

tenglik o'rinli bo’ladi.
6°. Anigmasliklarni ochish. Lopital goidalari

2-§ da ko'rganimizdek funksiya limitini hisoblashda biz 0 =

o0

,0-0, 0—o0, 17, 0° Vva shu kabi anigmasliklarga duch keldik. Bu
anigmasliklarni ochishda Lopital goidalari katta yordam beradi.

Teorema. f(x) va g(x) funksiyalar uchun quyidagi shartlar o’rinli
bolsin.
1) f(x)va g(x) funksiyalar a nugtaning biror atrofida aniglangan va chekli
hosilaga ega,

2) lim f(x)=limg(x)=0,
3) a nugtaning shu atrofida [f'(x)] +[g'(x)]* =0,

_f'(x) . ) )
4) lim —=-chekli yoki cheksiz.
) <2 g'(x) g
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U holda

fim £ _ ji £ )
=ag(x) xag'(x)

tenglik o'rinli bo’ladi.
Izoh: Agar bu teoremaning shartlari a nugtaning chap (yoki o'ng)
yarim atrofida bajarilsa, unda teorema f(x) ning a nuqtadgi chap (yoki

g(x)

0 ng) limitiga nisbatan o rinli bo"ladi.
Yuqgoridagi % ko rinishidagi anigmasliklar uchun keltirilgan Lopital

teoremasi = ko'rinishidagi anigmasliklar uchun ham o'rinli bo’ladi.

0

Boshga korinishdagi anigmasliklar esa % va

— ko'rinishidagi
anigmasliklarga keltiriladi.
7°. O-simvolika

Funksiya limitini hisoblashda va funksiyaning asimptotik xarakterini
o'rganishda «o-kichik» va «O-kattay tushunchalari muhim ahamiyatga ega.
Biz « nugta deganda chekli son yoki « ni tushunamiz. « chekli bo'lgan
holda nugtaning atrofi deganda quyidagi to plamlardan biri tushuniladi:
(a-3;a), (1;a+3), (a—5;a+8), buyerda 5>0. Agar a=o bo’lsa, u holda a
nugtaning atrofi deganda quyidagi to plamlardan biri nazarda tutiladi:
(—o0;—A), (A+0) YoKi (—o0;—A)U(A,+0), bu yerda A>0. Aytaylik, berilgan
funksiyalar a nugtaning biror atrofida aniglangan bo’lsin.

1-Ta'rif. Agar shunday o zgarmas K son topilsaki, topilsaki, a nugtaning
biror atrofida

[p(x) < K- jw(x)

tengsizlik bajarilsa, u holda shu atrofda o(x) funksiya y(x) ga nisbatan O -
katta deyiladi va ¢(x)=0(¢(x)) kabi belgilanadi.

2-Ta'rif. Agar a nugtaning biror atrofida o(x)=a(x)-w(x) tenglik
o'rinli bo’lib, lima(x)=0 bo’lsa, unda x—a da o(x) funksiya y(x) ga

X—a

nisbatan o -kichik deyiladi va ¢(x)=o(y(x)) kabi belgilanadi.
1-Ta'rifdan ko'rinadiki, agar w(x)=0 bo'lsa, unda IimM:O

oay(x)
bo’lganda ¢(x)=o(y(x)) bo"ladi.
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Izoh. Quyidagi tengliklar o rinli:
1) o (x))+o(f (x))=o(f (x))
2) K-o(f(x))=o(f (x))
3) o f(x))-o(f(x))=0(f (x))
4) o(f (x))-O(f (x))=o(f (x))
5) x>0 da x™ =o(x")<>m>n
6) x >0 da x" :o(x“)<:>m<n.

3-Ta'rif. Agar x—>a da o(x)—y(x)=0(y(x)) bo’lsa, unda x—a da
o(x) va wy(x) funksiyalar ekvivalent deyiladi hamda o(x)~wy(x) kabi
belgilanadi.

Bu ta'rifdan ko'rinadiki, agar w(x)#0 bo’lsa, unda Iim%zl
x»a\v
bolganda o(x)~ w(x) bo’ladi.

1-Teorema. Agar ushbu

=2 y(x)+o(w(x)) =2 y(x)
limitlardan birortasi mavjud bo’lsa, unda

im P +0(e(x)) _ . o(x)
x—a \V(X)+ O(\II(X)) x—a \V(X)

tenglik o’rinli bo’ladi.

1-teoremadan foydalanish samaradorligi Teylor formulasi yordamida
yanada oshadi.

2-Teorema. Agar f(x) funksiya a nuqtada f'(a), f"(a),..., f™(a)
hosilalarga ega bo’lIsa, u holda a nugtaning biror atrofida ushbu

e, @) (0a), :
f(x)= f(a)+T(x—a)+...+T(x—a) +o((x—a) )
Peano ko rinishidagi qoldig hadli Teylor formulasi o’rinli bo’ladi.
Natija. x — 0 da quyidagi tengliklar o'rinli bo"ladi.

m(m-1)..(m-n+1) .

1. @+x)" =1+mx+w_1)x2 +ot +o(x”)
2!
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» x? X" ;
2. e =1+x+—+..+—+olx
2! n!

2 n

3. In(l+x)= x—)(7+...+(—1)”‘1 -XF+O(XH)

3 2n-1
4, sinx:x—%+...+(—1)”‘1._X +o(x2”)

2 2n
5. cosx:l—%+...+(—1)”. X +o(x2”+1)

6. tgx = x+%x3 +o(x4)
7. arctgx= x—%x3 +o(x4)

. _ Incosx+ x?
Misol. lim ——2"2
x>0 SinX-tgx

1
) In 1——x2+o(x2) +X°
. Incosx+x . 2
<4 lim—————=1Iim

x>0 sinxX-tgx x>0 (X+0(X2)X+°(X2»

(—;xz +o(x2)j+o(—;x2 +o(x2)j +x?

hisoblansin.

x>0 x2 +0(x?)
1 1
—=x? +o(x2)+ x2 ~x? 1
—lim—2 - Im2_ -
x—0 X +O(X ) x—0 ¥ 2

Izoh. Limitni hisoblash jarayonida biz natijada keltirilgan 5, 4, 6, 3
tengliklardan va 1-teoremadan foydalandik.

8°.Funksiyalarni tekshirish
a) Funksiyaning monotonligi
Faraz qgilaylik , y = f(x) funksiya (a,b) oroligda berilgan bo"lsin.
1-Ta'rif. x,>x_ tengsizlikni ganoatlantiruvchi vx,x, e(a,b) uchun
f(x,)= f(x) (f(x,)<f(x)) bo'lsa, f(x) funksiya (ab) oraligda o'suvchi 7
(kamayuvchi)deyiladi.
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Agar funksiya o'suvchi yoki kamayuvchi bo'lsa, bunday funksiyaga
monoton funksiya deyiladi.

1-Teorema. f(x) funksiya (a,b) intervalda chekli f'(x) hosilaga ega
bo'lIsin. Bu funksiya shu intervalda o suvchi (kamayuvchi) bolishi uchun
(a,b) da f'(x)>0 (f'(x)<0) bo’lishi zarur va yetarli.
b) Funksiyaning ekstremumlari
y = f(x)funksiya (a,b) intervalda berilgan bo'lib, x, (a,b) bolsin.
2-Ta'rif. Agar x,nugtaning 3 |J (x,) atrofi mavjud bo"lsaki,
vxe |, (x,) uchun

F)< (%) (F(x)=f(x))
tengsizlik o'rinli bo’lsa, f(x) funksiya x, nugtada maksimumga
(minimumga) erishadi deyiladi. f(x,) giymat f(x) ning maksimum
(minimum) giymati deyiladi va

f(%)=max {f [f(xo)= min {f(x)}J

XEU6 (%)

kabi belgilanadi.

Funksiyani maksimum va minimumi umumiy nom bilan uning
ekstremumi deyiladi.

2-Teorema.(Ekstremumning zaruriy sharti). Agar f(x) funksiya x,
nuqtada ( x, e(a,b) ) chekli f'(x,) hosilaga ega bo'lib, bu nugtada f(x)
funksiya ekstremumga erishsa, u holda f'(x,)=0 bo ladi.

Endi funksiya ekstremumga erishishining yetarli shartlarini
keltiramiz.

Faraz qilaylik, y=f(x) funksiya x,nugtada uzliksiz bo’lib,
U,(x)g" {x,} da chekli (x ) hosilaga ega bo’lsin.

3-Teorema. Agar f'(x ) hosila x, nugtadan o'tishda 0°z ishorasini
musbatdan (manfiydan) manfiydan (musbatdan) o zgartirsa, unda
f(x)funksiya x,nuqgtada maksimumga (minimumi) erishadi. Agar f(x )
ishorasini o zgartirmasa, u holda f(x)funksiya x,nuqtada ekstremumga
erishmaydi.
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4-Teorema. f(x) funksiya x, nugtada f',f"..f™ hosilalarga ega
bo'lib,
/(%)= f"(xy)=..= £0(x,)=0, f™(x,)=0
bo’Isin. Unda
1)  agar n juft son bo’lib,
f(”)(x0)<0 (f(”)(x0)>0)
bo'lsa, f(x) funksiya x, nugtada maksimumga (minimumga) erishadi.

2) agar n tog son bo'lsa, f(x) funksiya x, nuqtada ekstremumga
erishmaydi.

Funksiyaning hosilasi nolga aylanadigan yoki hosilasi mavjud
bo Imagan nugtalariga uning kritik nuqtalari deyiladi.

Izoh: Funksiya hosilasi mavjud bo’Imagan nugtalarda ham funksiya
ekstremumga erishishi mumkin. Masalan, f(x)=|x fuksiya uchun f(0)-

mavjud emas, lekin funksiya x =0 nugtada minimumga erishadi.

[a,b] kesmada uzluksiz bo lgan f(x) funksiya o zining shu kesmadagi
eng katta (eng kichik) giymatiga kritik nugtada yoki kesmaning chegaraviy
nugtasida erishadi.

v) Funksiyaning gavariqgligi, egilish nuqtalari

3-Ta'rif. Agar (a,b) oraligda berilgan y=f(x) funksiya grafigi
v[x,x,]c(a,b) kesmaning chetki nuqtalarini tutashtiruvchi vatardan
yuqgorida (pastda) yotsa, unda y= f(x) funksiya [a,b] oraligda gavariq
(botiqg) deb ataladi.

5-Teorema. y=f(x) funksiya (a,b) intervalda aniglangan va bu
intervalda chekli f'(x) hosilaga ega bo'lsin. f(x) funksiyaning (a,b) da
gqavariq ~(botiqu) bo'lishi uchun f'(x)ning (a,b)da kamayuvchi
(o"suvchi) bo'lishi zarur va yetarli.

6-Teorema. y=f(x) funksiya (a,b) intervalda aniglangan va bu
intervalda ikkinchi tartibli f"(x) hosilaga ega bo’lsin. f(x) ning (a,b)
intervalda ~(u) bo’lishi uchun shu intervalda f"(x)<0 (f"(x)>0)
tengsizlikning bajarilishi zarur va yetarli.
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4-Ta'rif. Agar x=a nugtadan o’tishda y = f(x) funksiyaning grafigi
qovariqligi yoki botigligini o'zgartirsa, u holda x=a nuqgta funksiya
grafigining egilish nugtasi deyiladi.

g) Funksiya grafigining asimptotalari
5-Ta'rif. Agar IXiLnaf(x)zoo bo'lsa, x=a to'gri chizig y=f(x)
funksiya grafigining vertikal asimptotasi deyiladi.
6-Ta rif. Agar lim f(x)=b bo'lsa, y=b to g ri chiziq y= f(x) funksiya
grafigining gorizontal asimptotasi deyiladi.
7-Ta'rif. Agar 1m[f(x)—(ax+b)]:0 bo'lsa, y=ax+b togri
chiziqy = f(x) funksiya grafigining og'ma asimptotasi deyiladi.

7-Teorema. y=f(x) funksiya grafigi x—»+oda y=ax+b 0g ma
asimptotaga ega bo"lishi uchun

lim ) _ a, lim[f(x)-ax]=b

X—>+0 X X—>+00
bolishi zarur va yetarlidir.
Bu teorema x —— da ham o’rinlidir.
9°. Funksiyalarni to'liq tekshirish va grafiklarini chizish

Funksiyani tola tekshirish va grafigini yasash quyidagilarni aniglash
yordamida amalga oshiriladi.

1)  Funksiyani aniglanish soxasini topish.
2)  Aniglanish sohasining chegaraviy nugtalaridagi xarakterini aniglash.

3)  Funksiyaning juft yoki togligini va, agar imkon bo’lsa, boshga
markaz va simmetriya o glarini aniglash.

4)  Davriylikka tekshirish.

5)  Uzilish nugtalarini topish va ularning turini aniglash (2-punktni
to"Idiradi).

6) Koordinata o glari bilan kesishish nugtalarini topish.

7)  Funksiyaning ishorasi o zgarmaydigan oraliglarni aniglash.
8)  Monotonlik va ekstremumga tekshirish.

9)  Egilish nugtalari, gavariglik va botiglik oraliglarini topish.
10) Asimptotalarni aniglash
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11) Tekshirish natijalarini yo'llari x vy, f(x), f'(x), f"(x) larga mos bo lgan
jadval ko rinishida ifodalash (oxirgi yo lda fagat ishora aniglanadi).

12) Jadvaldagi nugtalarni tekislikda ifodalash.
13) Asimtotalarni yasash.

14) Yuqgoridagi tekshirish natijalarini hisobga olgan holda tekislikdagi
nugtalarni chiziq yordamida tutashtirish.

Izoh: Agar funksiya parametrik ko'rinishda yoki qutb koordinatalar
sistemasida berilgan bo’lsa ham u yuqoridagi sxema yordamida
tekshiriladi.

Nazorat savollari

Funksiya hosilasining ta rifi.

Bir tomonli hosilalar.

Hosilaning geometrik ma nosi.

Urinma tenglamasi.

Normal tenglamasi.

Hosilaning mexanik ma nosi.

Funksiya differensialining ta’rifi.

Differensiallanuvchi va uzluksiz funksiyalar orasidagi boglanish.

© o N o Ok bR

Murakkab funksiyaning hosilasi.

[HEN
o

. Teskari funksiyaning hosilasi.

11. Parametrik ko rinishda berilgan funksiyaning hosilasi.
12. Oshkormas ko rinishda berilgan funksiyaning hosilasi.
13. Differensial yordamida tagribiy hisoblash.

14. Yuqori tartibli hosila va differensiallar.

15. Leybnis formulasi.

16. Ferma teoremasi.

17. Rolls teoremasi.

18. Lagranj teoremasi.

19. Lagranj teoremasining natijalari.

20. Koshi teoremasi.
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21,
22,
23.
24,
25,
26.
217,
28.
29.
30.

Lopitalning birinchi qoidasi.

Lopitalning ikkinchi qoidasi.

O -simvolika.

Teylor formulasi.

Funksiyaning monotonligi.

Birinchi tartibli hosila yordamida funksiyaning ekstremumini topish.
Yugqori tartibli hosilalar yordamida funksiyaning ekstremumini topish.
Funksiyaning qavarigligi va egilish nugtalari.

Funksiya grafigining asimptotalari.

Funksiyani to"la tekshirish va grafigini yasash.
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-B-
Mustagqil yechish uchun misol va masalalar

1-masala. Hosila ta'rifidan foydalanib f'(0) topilsin (agar u mavjud
bo'lsa).

1 . .3
tg| x3 + x? sm—} X #0 Sm(xsm —j,X:tO,
1.1 f(x)= g( X 1.2 f(x)= X

0,x=0. 0,x=0.
: [ 2 1) 2 1.4
arcsin| X“ cos— [+—X,x =0,
1.3 f(x)= %) 3 0, x=0,
0, x=0. f(x): 2
\/1+In(1+xzsin1j —1,x#0.
X
1 262
arctg(xcos—],x;to, sin(ex x —1J+x,x¢0,
15 f(X)z 5X 1.6 f(X):
0. x=0. 0, x=0.
0, x=0
In[l—sin(xzsin %H,x;«to, %) X=E
1.7 f(X): f(x)= )
1.8 X% COS— + 2 x£0
0, x=0. 3X
3 2 cos? 1L
arctg| x* —x2sin— |, x =0, X“-cos” —,x =0,
1.9f(x)= [ 3XJ 1.10 f(x)= X
0,x=0
0,x=0.
sinx-cosg,x;to, 2x2+xzcosl,x¢0,
1.11 f(x)= X 1.12 (x)= X
0,x=0. 0, x=0.
x+arcsin(x2 singj,x¢0, InCOSX,X;tO,
1.13 f(x)= X 1.14 f(x)=4 X
0, x=0. 0, x=0.
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o, 1
tg{zx —1+x}x¢0, 116 f(x): 6X+ Xsin—,x=0

1.15 f(x)= X
0,x=0
0, x=0.
7 eXsin _1 x20
arctgx-sin—,x =0, ’ ’
117 t(x)- 9 X 1.18 f(x)=
0, x=0.
0, x=0.
1 ><2~sinE
119 f(x)=2x2 +x2cos&, x#0, 1.20 1()- 3 X _142x, x£0,
0, x=0. 0, x=0.
0, x=0
fx)=1 .
1.21 e* —cosx g

2-masala. Funksiya grafigining abssissasi x, bo’lgan nugtasiga
0 tkazilgan normal (2.1-2.12 variantlarda) yoki urinma (2.13-2.21
variantlarda) tenglamasi topilsin.

— 2 _ 2 B .
2.1 y=2X 2. 2.2 y=2x"+3x-1%, =-2.

2.4 y=x>+8/x-32,x, = 4.
2.6 y=3x? -20,x, =-8.
2.8 y=8{x-70,x, =16.

2.3 y=x-x°x,=-1.

2.5 y=x+4/x°x, =1.

1+ VX
2.7 y="""2 x =4,
y 1-+VX %

2.9 y=2x*-3x+1x, =1.

2
2.10 yzﬂ,xoz&

X2

3
212 y=2X"*3 y -2,

2.11 y=/x-3x,x, =64. X° -2

2.13 y=2x*+3,x, =-1. 2.14 y=);zj:f X, =1
2.15 y:2x+%,x0:1. 2.16 y:—32.(x:4++21),xozl
2.17 y=§jii,xo =1. 2.18 Y=1Xl_657;?,x0:1.
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2.19 y=3[/x —2x) %, =1.

221 y= 2 +l,xO =-2.
3-masala. Differensial
hisoblansin.

3.1 y=3%/x,x=776.
33 y- X ++/5— x?
. —#

,X=0,98.

3.5 y=3/x? +2x+5,x=097.
3.7 y=x",x=1021.

3.9 y=3/x*,x=103.

3.11 y=4x-1,x=256.

3.13 y= ,x=1,016.

1
V2x? £ x+1
1
75
3.17 y=x",x=2,002.

3.19 y=+4x-3,x=178.

3.21 y=¥x®+7x,x=1012.

3.15 y= Xx=4]16.

yordamida

4-masala. Hosila hisoblansin.

41 y:3x+\/;
VX% +2

43 y- (x+3 2x-1
2X+7

X2 +2

21— x*

1
4.7 y= 07
Y i x+1

45y

X+7

49 y=————— .
VX2 +2X+7

75

1
3x+2'

220 y=

Xo =2.

3.2 y=3%x,x=2754.
3.4y =arcsin x, x =0,08.

3.6 y=+/x*+x+3,x=197.
3.8 y=x*,x=0,998.

3.10 y=x°,x=2,01.

3.12 y=3/x2,x=103.

3.14 y=J1+x+sinx,x=0,0L.
3.16 y=%/3x+cosx, x=0,01.

3.18 y :41/2x—sin%,x =1,02.

3.20 y=+x*+5,x=197.

(2x*+3)-x* -3

9x3

410y :(1—x2)-5/x3 +% :

48 y=

ifodaning taqgribiy giymati



411 y=3,] XL
S T

413 y=3 3\/x2+x+1_

X+1

4.15 y=- !

(x+2)-Vx? +4x+5

4.07 y= L 3x2)
X

1+ x2
419 y=—2 |
2 /14 2x2

5-masala. Hosila hisoblansin.

1

5.1 y =(arctgx)2
5.3 y=(sinx)* .
55 y=(Inx)>.
5.7 y = (ctg3x)* .
5.9 y=(tgx)* .

5.11 y =(xsin x)™sm),
5.13 y=x"¢,

5.15 y=(sinx)i;.

5.17 y =19 .x,

In arctgx

X

1

5.19 y:(sin \/;)ex .
5.21 y=x**.5*

6-masala. Funksiya grafigining abssissasi x, = x(t,) bo lgan nuqgtasiga

8—x°
(1+x2)3
416 y= e
418 y:(xz—Z)-\/34+x2 .
24X
3
420 y= 4+ 3x

5.2 yz(sin\/;)lnsmﬁ.
5.4 y = (arcsinx)° .
5.6 y = xarenx,

5.8 y=x".

5.10 y =(cos5x)" .
5.12 y =(x* +4).
5.14 y=(x* +5).
5.16 yz(x2 +1f,
5.18 y=x%.2%.
520 y=x".

0 tkazilgan urinma va normal tenglamalari topilsin.
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x = +/3 cost
6.1 .
=sint,t, = —
y 073
x=2t—t’
6.3
y=3t-t’t, =1
X =2sin’t
6.5
y =2cos’t,t, = =
3
x = 3(t —sint)
6.7 .
y = 3(1—cost),t, =3
X =sin’t
6.9 .
=Cos’t,t, =
y "%
. t
X = arcsin
y = arccos 1 =1
1+t°
1+Int
X=—3
613, b
_3+aint
t
1+t
X=""v
tZ
6.15
3
aF S
x = asin’t
6.17
y=acos’t,t, =~
6
x = a(tsint + cost)
6.19 _ P
y =a(sint —tcost)t, = 7

X

t(tcost —2sint)

_ 3at
1+1t2

6.4
_ 3at?

"Ll

x = 2In(ctgt ) +1

6.6 .
Y =tgt+cigt ty =

X =atcost

6.8

. T
y = atsint,t, =5

x:ln(1+t2)

6.12 {
y =t—arctgt,t, =1

6.14 x=t-(1-sint)
' y =t-cost,t, =0

1+1t3
X=3
6.16 -1

X = 3cost

6.18

. T
y =4sint,t, = 2

Xx=t-t*

6.20{
y=t>-t’t, =1

y =t(tsint+2cost),t, = Z



X=1-t?

y=t-t>t, =2

7-masala. Parametrik ko rinishda berilgan funksiyaning ikkinchi
tartibli hosilasi hisoblansin.

6.21 {

71 {XZCOSZt 25 x =t —1
y =2sec”t y=Int
X =1-t’ x=A/t-1
734 1 741 1
Tt =K
75{x e' cost _- ¥ = cos?t
y =e'sint T ly=tg
77{x t+sint S g «—Ji3
y= 2 —cost ' y=|n(t—2)
710 X =sint
' y = In(cost)
— 712 X=t-sint
~ ' y = 2—cost
—sint 714 X = cost
y = In(sint)
y =sect
X = gt 716 {x=cost+tsmt
7.15 1 y =sint —tcost
y:sm2t :
x=1-1 7.18 {X:e _
717 y =arcsint
y=—
vt 700 %= 2(t —sint)
219 { x =t 7 |y =4(2+cost)
O ly=3%t—1
X=t+sint
7.21
y =2+ cost

8-masala. n-tartibli hosila hisoblansin.
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8.1 y =sin2x+cos(x+1).

8.3 y:4x+7.
2X+3
8.5 y=2%.
2X+5
87 y=—"",
d 13(3x +1)
8.9 y =sin(x+1)+cos2x.
8.11 y:4x+15.
5x+1
8.13 y=7%.
8.15 y="2.
X
8.17 y=5>*%,

8.19 y=ve¥*,
8.21 y=Ig(2x+7).

8.2 y=get.

8.4 y=1Ig(5x+2).

X
8.6 y_m.

8.8 y=4%,

8.10 y=%e?*,
8.12 y=Ig(3x+1).

X
8-14 y—m-

5x+1
8-16 y —m.

8.18 y =sin(3x+1)+ cos5x.

8.20 y= 11+12x .
6Xx+5

9-masala. Quyidagi tengsizliklar isbotlansin.

9.1 In(L+x)>——,x>0.
1+x

9.3 e*>1+x,xeR.

9.5 b"-a">n(b-a)a"*,0<a<b,neN.

2
9.7 cosx>1—X?,x>0.

3

9.9 sinx>x—%,x>0.

2 n

0.11 ¢” 21+x+%+...+x— x>0,neN.

nt’

2 3

9.13 In(l+x)< x—+2- x>0.
2 3

9.15In% <aT_b,0<b<a.

9.17 xP —yP <pxP*.(x—y),0<y<x, p>1.
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9.2 In(1+x)<x,x>0.
9.4 e*>ex,x>1.
9.6 (a+b)’ <a® +b",0< p<1.

9.8 2/x >3- % x>1.
X
X3
9.10 arctgx > x - ?,0<x51.

3
9.12 arctgx<x—%,0<x£1.

2
0.14 ¢* 21+x+%,x20.

2 X

9.16 exs1+x+xzel x>0,

2

9.18 In(L+x)> x—%,xzo.



a —
9.19 |arctga —arctgh| <|a—b). 9.20 InE>T'0<b <a.

9.21 b"-a"<n-(b—ak"*,0<a<b,neN.
10-masala. Limit hisoblansin.

10.1 Ilim e;:_ 10.2 Iimoln(l—x)-ctgnx.
X——w0 ¥ X—1-
1
N 10.4 lim(2-2x)*™.
. € 1
10.3 leg(]) 100 2
e_% 10.6 Iirr)r[tgx—(l—sin x)t.
10.5 )!I—H?OF 2
; 2
10.7 lim x'*°(0.01)". 10.8 lim JxIn” x.
10.9 1im x> +sin x 10.10 Jim X
*>1w €’ + 608X 10.12 tim|(x -1 ~In" x|
_ x*+Inx o
10.11 Jim, ® + oS X 10.14 Iirrg(x‘z—sin‘2 x).
10.13 1im X" 10.16 lim x 2,

Xx—>+0

x>+ §in X + e

10 15 lim X4+COSX 1018 !(Im)l(ex —1)_1—X_1J.
' x>+ @X +SiNX

10.20 lim(tgx)**.
10.17 Ixirrg(x’z—ctgzx). Hﬁ(g )

4

10.19 Iim(tg—xjx.

x—=0\ X
10.21 |in'(1)(COSX)siix.

11-masala. Quyidagi masalalar yechilsin.

11.1 Yig indisi 0'zgarmas a soniga teng bo lgan 2 ta musbat sonning m va
n darajalari (m>0,n>0) ko paytmasining eng katta giymati topilsin.

11.2 Ko paytmasi 0'zgarmas a soniga teng bo'lgan 2 ta musbat sonning
m va n darajalari (m>0,n>0) yig indisining eng kichik giymati
topilsin.

11.3 Yuzasi Sga teng bo'lgan barcha to'g'ri to'rtburchaklar ichidan
perimetri eng kichik bo’lganini aniglang.
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11.4 Kateti va gipotenuzasi yig indisi 0'zgarmas bo lgan to g ri burchakli
uchburchaklar ichida rozasi eng katta bo"lganini aniglang.

11.5 V hajmli yopiq tsilindrik bankaning o Ichamlari ganday bo lganda u
eng kichik to'la sirtga ega bo ladi?

11.6 ;—z+;’—j=1 ellipsga tomonlari ellipsning o qglariga parallel bo'lgan
shunday ichki to"g ri to'rtburchak chizingki, uning yuzasi eng katta
bolsin.

11.7 R radiusli yarim sharga asosi kvadratdan iborat bo'lgan shunday
ichki to'g'ri parallelepipedni chizingki, uning hajmi eng Kkatta

bolsin.

11.8 R radiusli sharga shunday ichki silindr chizingki, uning hajmi eng
katta bo"lIsin.

11.9 R radiusli sharga shunday ichki silindr chizingki, uning to"la sirti eng
katta bo"lIsin.

11.10 R radiusli sharga shunday tashqi konus chizingki, uning hajmi eng
Kichik bo’lsin.

11.11Yasovchisi | ga teng bo'lgan eng katta hajmli konusning hajmini
toping.

11.12 M(p,p) nuqta va y?=2px parabola orasidagi eng gisga masofani
toping.

11.13A(2,0) nugta va x*+y? =1 aylana orasidagi eng gisga va eng uzun
masofalar topilsin.
11.14 ;—2+Z—§=1 (O<b<a) ellipsning B(o-b) nugtasidan o'tuvchi eng katta

vatarini toping.

11.15 ;—2+;’—§=1 ellipsda shunday M(x,y) nugtani topingki, shu nugtadan

ellipsga o'tkazilgan urinma va koordinata o qlari yordamida hosil
bo lgan uchburchakning yuzasi eng kichik bo’lsin.

11.16 R radiusli doiraga shunday ichki to g ri to rtburchak chizingki, uning
perimetri eng katta bo’lsin.

11.17 A1;2) nugtadan shunday to g ri chizig o tkazingki, shu to’gri chiziq
va musbat yarim o'qglar yordamida hosil bo'lgan uchburchakning
yuzasi eng kichik bo’lIsin.
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11.18a musbat sonni shunday 2ta musbat go shiluvchiga ajratingki, ular
kublarining yig indisi eng kichik bo’lsin.

11.19Uzunligi | ga teng bo'lgan setka bilan bir tomoni devor bilan
to'silgan shunday to'gri to rtburchak shaklidagi yer uchastkasini
o0 rash kerakki, uning yuzasi eng katta bo"lsin.

11.20 Teng yoqli uchburchakni 2 ta teng yuzali uchburchakka ajratuvchi
eng kichik kesmaning uzunligi topilsin.

11.21 Derazaning perimetri P ga teng, yuqgori gismi yarim doiradan iborat
bo'lgan to'gri tortburchak shaklga ega. Derazaning o lchamlari
ganday bo lganda undan eng ko'p yorug lik o tadi?

irinchi tartibli hosiladan foydalanib funksiyaning grafigini chizing.

12.1 y=x*(x-2). 12.2 yzxg_49X2+6x—9.

12.3 y=2-3x*-x°. 12.4 y=(x+1)-(x-1)".

125 y=2x*-3x*-4. 12.6 y=3x*>-2-x°.

3 3 2
12.7 y=(x-1)*-(x-3)*. 12.8 y== ZX -5,

12.9 y=6x-8x°.
12.11 y=2x®+3x*>-5.

12.13 y=(2x+1)* - (2x-1)’.

12.15 y=12x* -8x%-2.

12.17 y:ﬂX;‘—Xz)_x.

12.19 y=—(X21_64) .

12.21 sz_

12.10 y=16x>-(x-1)*.
12.12 y=2-12x* -8x°.
12.14 y=2x3 +9x* +12x.
12.16 y=(2x-1)*-(2x-3).
12.18 yzx-(%—xz).

12.20 y=16x°-12x>—4.

13-masala. Funksiyaning asimtotalarini toping va grafigini yasang.

3_ 2_
13.1 y:x 2X 23x+2_
1-x
x? —11
4x-3

133 y=

2x% -9
13.2 y= .
Vx? -1
13.4 _2x —3x2 —2x+1
' 1-3x? '
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3 2
13.7 y:X + 3X —2x—2.

2-3x?
13.9 y=3x -7
2x+1
2-x°
13.11 y= :
\OX? —4
2
13.13 y= /=X
4x —
3
13.15 y= X %
3X° -4
3 2
13.17 y:4x + 3X —28x—2_
2—-3X
2
13.19 y=2¥ "0,
X—2
3
13.21 y= =3¢
4x° -1
14-masala. Funktsiyani to’liq tekshiring va grafigini yasang.
3
141 y=X*4
X
2
143 y= :
Y X% +2X

2
14.5 y:i);-_'_?’.
X_

14,7 y= X —4x+1
2
14.9 y- U
X
1 2
14.11 y:£1+;J |

_ 2
14,13 9+6x=3x°
X®—2x+13
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136 y- 271X‘+X9
138 y = \/)%
13.10 y - X23‘X6_X2+4
13.12 y - J%
13.14 :44X::89.
13.16 y = J:x%
13.18 v 2x° +2_x:;23x—1
13.20 y= X%
14.2 y:;:rx;.
144 y= 2%
146 y-4 .
14.8 y - zxX32+1_
14.10 y:&.
14.12 =125
1414 y—- 7.

14.16 y= X +1




_(x=1Y 14.18 y-8x-1
14.15 y_[x+1j ' (x+1)°
4x X2 42x-7
14.17 y=(x+1)2 : 14.20 Y= o3
1419 y=— 4
X“+2x-3

14.21 y - sz—xl”_
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-C-
Namunaviy variant yechimi.
1.21-masala. Hosila ta'rifidan foydalanib £'(0) topilsin.

X

2
€" —CO0SX

X=0
f(X)= X
0,x=0
<
e™ _ cos Ax 0
_ f(0+Ax)-f(0) .. B _e™ _cosAx . (eAX2 —1)+ 1—cos Ax
£/(0):= lim ( )-10)_ lim AX = lim ———— = lim (2 )
Ax—0 AX AX—0 AX AX—0 AX AX—0 AX
2 2sin? AX sin ax Y’
_e™ -1 . 1-CosAX . ) 1. ) 1 3
= [lim — lim > =1+ lim 5 =1+=Ilim =l+=—=—.p

Ax—0  AX Ax—0  AX Ax—>0  AX 2 Ax—0) & 2 2

2
2.21-masala. Funksiya grafigining absissasi x, bo’lgan nuqtasiga
o0 tkazilgan urinma tenglamasi topilsin.

X
X% +1

y= y Xp =—2

< Ma’lumki, urinma tenglamasi
y= f(xo)"' f'(XO)-(X—XO)

pini ~2 2

ko'rinishga ega. f(x,)=f(-2)=——— =-=

g g ( 0) ( ) (_2)2 +1 5
PR TR

x? +1 (x2 +1)2 (x2 +1)2
1-x° (oo 1-4 3
“eef fo)=1E2)= T8 =35>

:>y=—§—%~(x+2):> Urinma tenglamasi: 3x+25y+16=0 >

3.21-masala. Differensial yordamida ifodaning taqgribiy giymati
hisoblansin.

y=¥x*+7x, x=1,012
< Tagribiy giymat
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F(x +ax) = Fxg)+ T/, )-ax (1)
formula yordamida hisoblanadi.
Bizda

f(x)=¥x*+7x,%, =1, Ax=0012= f’(x):(3\/x3+7xj :|:(X3+7X)Cl’»} -

-(x3 +7x)7§ -(x3+7x)l =3X2—+7:> f(x)=31+7=2,
3-3\/(x3 +7x)2
(x)=20 _10_5
f (XO)_3-4_12 6
Topilgan ifodalarni (1) tenglikka olib borib go yamiz:

21,012)° +7-1,012 ~ 2+§-o,012 =2+5.0,002=2,01>

Wl

4.21-masala. Hosila hisoblansin.
y = x®+x3-2
VJ1-x2
, (xe +X° —ZJ (x° +x° —2)' A= X2 —(x* +x° —2)-(\/1—x2)
Qy'= = =
V1-x2

Wi | _
5 2). 1 w2 _(y8 3 _ _72)(
(bx +3X) 1o (e 2) 21-x* (6x5+3x2X1—x2)+x(x6+x3—2)

1-x° (1—x2)~ﬁ
B x(5x6 —6x* +2x° —3x+ 2)
(x> —1)-v1-x*
5.21-masala. Hosila hisoblansin.
y = x**.5*

ay' =(x* -5*)’ = [e'”(XZ‘SX)I = ") fin(x?* -5*)]' = X2 .5 [2xIn x+x-In5] =
= x?*.5"-[2In X+ 2+In5]= x?* -5* - (2+ In5x ) >

6.21-masala. Funksiya grafigining abssissasi x, = x(t,) bo’lgan
nuqtasiga o tkazilgan urinma va normal tenglamalari topilsin.

{x:l—tz,
y=t-t>t, =2
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a Biz y=f(x,)+ f'(x,)-(x=x,)-(2) (urinma tenglamasi),

y=f (XO)_%XO) -(x—x,)-(3) (normal tenglamasi),

va y;zz_f-(4) (parametrik ko'rinishda berilgan funksiyaning hosilasi)

t

formulalardan foydalanamiz:

3' 2
,_-t) _1-3 )= 134 1L
—2t 4 4

X, =1-22=-3;, f(x,)=2-2°=-6; y. = =

!

)
Topilgan giymatlarni (2)va(3)-tengliklarga olib borib go’yib urinma va normal
tenglamalarni topamiz:

11
y:_6+z.(x+3) {4y_11x—9:0—urinma
=

y——6—i(x+3) 4x +11y + 78 =0 —normal
11

7.21-masala. Parametrik ko’rinishda berilgan funksiyaning ikkinchi
tartibli hosilasi hisoblansin.
{x:t+sint

y =2+ cost

< Bu masalani (4)-formuladan ikki marta foydalanish yordamida
yechamiz.

.yl (2+cost)  —cost

Yy ==,= - =

CoX (t+sint) 1+cost
y" :(y;)t _ \1+cost :sint-(1+cost)—costsint: sint
X 1+ cost (1+cost)’ (1+cost)’

8.21-masala. n-tartibli hosila hisoblansin.

y =In(2x+7).
In2x+7) 1
= = = ‘In(2x+7
< y=lg(2x+7) 0 "o n(2x+7)
y'=i. 1 .(zx+7)'=i. 1
IN10 2x+7 InN10 2x+7

y=(y) =2 [_( 1 ZJ'(ZX”)':— 22 1

TIn10 | (2x+7) IN10 (2x+7Y
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r 2 2
In10 (2x+7)

Bu jarayonni davom ettirish natijasida vne N uchun

ym _ (yn)

Y=y 2 (52;?; tenglikni hosil gilamiz.

9.21-masala. Quyidagi
b" —a"<n-(b—a)-b"*,0<a<b,neN
tengsizlik isbotlansin.

< Bu tengsizlikni Lagranj teoremasidan foydalanib isbotlaymiz.
f(x)=x" funktsiya uchun [a,b] kesmada Lagranj teoremasini qo’llaymiz:

f(b)-f(a)=f'(x,)-(b—a) x, e(@ab)=b"-a"=n-x,""-(b—a)<n-(b-a)-b"*.>
10.21-masala. Limit hisoblansin.

|irT(l)(COS x)ﬁ
1 IimIn(cosx) [9) . .
< lim(cos xJsns =(1”)=e™ s ~e'* = ((Lopital teoremasidan

,
lim (In(cosx)) lim _COSX Jim SinX

foydalanamiz )) =™ @) — g% s —g=teos’x —g0 =1 1>

11.21-masala. Derazaning perimetri P ga teng, roqori gismi
yarim doiradan iborat bo lgan to'g ri to rtburchak shaklga ega.
Derazaning o’Ichamlari ganday bo'lganda undan eng ko'p yorug'lik
o tadi?

< Masala shartiga ko'ra deraza 1-chizmada ko rsatilgan shaklga ega.
Chizmadan ko rinadiki,
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1-chizma.

Rzg. Unda P=x+2y+nR=x+2y+%X:>

2 2 2 2 2
S:x-y+ﬂz Px x X X Px x X (5)

Derazadan eng ko'p yorug'lik o’tishi uchun derazaning yuzasi eng
katta bo’lishi kerak. Buning uchun (5)-funksiyaga maksimum giymatni
beruvchi x ni topishimiz lozim.

P

P X 2

S’(x)=5—x—7; S'(x)=0:>x-[%+1j=g:>xo =

-statsionar nugta. Bu
71
4

nugtada s"(x,)= —1—%<o = max . Demak, derazadan yorug lik eng ko'p

0 tishi uchun uning asosi x = 2P4 bolishi kerak ekan. Balandligi esa
T+
yoP X m _P_ P AP _Pletd-2-m)_ P poarekan. «
2 2 4 2 7m+4 2An+4) 2(z+4) T+4

12.21-masala. Birinchi tartibli hosiladan foydalanib
_x (x—4y
16
funksiyaning grafigini chizing.
< Berilgan funksiyaning hosilasini hisoblaymiz:

y'= 16[2)(.()(_4)2 2 -2(x—4)]= 2X'§2_4)-[x—4+x]= x(x—4)~(2x—4)=x'(x—2)(x—4).

16 8 4
Intervallar usulidan foydalanib bu ifodaning ishorasi saglanadigan
oroliglarni topamiz va quyidagi jadvalni tuzamiz.

X (-o;0) 0 (0;2) 2 (2:4) 4 (4;40)
y\ - 0 + 0 - 0 +
y ™ moin f max \ moin /
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Jadvaldagi ma’lumotlardan foydalanib berilgan funksiyaning grafigini
chizamiz (2-chizma). -

2-chizma.

3
13.21-masala y=4:X2_31X funksiyaning asimptotalarini toping va

grafigini yasang.

)3
X X+-— | x——
C4xP-3x x-@x2—3) 2 2 N

vy 4x? -1 (2x+1)2x-1) ( 1}( 1)

X+ x==
2 2

90



a) Vertikal asimptota: x=—% va x=% to g'ri chiziglar vertikal asimptota

bo'ladi , chunki lim f(x)=c va lim f(x)=e. Funksiyaning shu nuqtadagi

X—>—= X—>=
2 2

0 ng va chap limitlarini ham hisoblaymiz:

lim f(x)=—0, lim f(x)=+o

X—>——+0 Xx—>———0
2 2

lim f(x)=—0 lim f(x)=+o

Xx—>—+0 x—>—-0
2 2

3
b) Gorizontal asimptota: lim f (x)=lim 2* =X _ . — gorizontal asimptota

X—>00 x>0 45 —
Yo q.

< i ] . f(x) . 4x®—=3x
v) Og ma asimptota: a=I|mL)=I|mm=l,

X—00 X X—0

4x3 —3x } A3 =3x—4x3+x .. —2x
- im m _

bzlm[f(x)—ax )= Iim{ 1

0g ma asimptota.
Bu asimtotalardan foydalanib funksiya grafigini chizamiz (3-chizma). »

L P20 1o Y
~

by
Ay

Y

\
NN

wl@

3-chizma.

X2 —x+1

14.21-masala. y = funksiyani to’lig tekshiring va grafigini

chizing.
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< Funksiyani paragrafning A bo'limi 9-punktida taklif gilingan
sxema asosida to"liq tekshiramiz.

Funktsiyaning aniglanish sohasi: z7(y)={x =1}

Funktsiya juft ham, tog ham, davriy ham emas.

x=1 nugta funktsiyaning 2-tur uzilish nugtasi, chunki lim f(x)= -0

x—1-0

va lim f(x)=+o OY 0 qi bilan kesishish nuqtasi: y = f(0)=-1.

x—1+0

OX o°qi bilan kesishish nugtasi:y=0=x* -x+1=0=xc@= OX 0°qi
bilan kesishishmaydi.

Funktsiyaning ishorasi 0" zgarmaydigan oraliglar:

X (- o01) (L+o0)

Y - +

Endi funksiyani monotonlik va ekstremumga tekshiramiz:

!

(3 =x+1)  (2x=1)-(x=1)—(x* —=x+1)-1 2x% —3x+1-x’+x—-1 x> -2x _x-(x—2)
_( x-1 J ) (x-1) ) (x-1y (-2 (x-1p
Intervallar usulidan foydalanib bu ifodaning ishorasi saglanadigan
oraliglarni topamiz va quyidagi jadvalni tuzamiz:

X (—0;0) 0 (02) 1 (L2) 2 (2;+0)
y' + 0 - i - 0 +
y /! max N\ il W min v

Qavariqlikka tekshirish uchun y”ni hisoblaymiz:

y'=(y) = {

x? — 2X

(x—12)

£

!’

<x—1)2} :<x—2

Funksiya asimptotalarini topamiz:
a) Vertikal asimptota: x =1-vertikal asimptota.

b) Gorizontal asimptota: lim f(x)=lim

asimptota yo Q.

v) Og'ma asimptota: a = lim

X—>00 X
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1)

) _ g X X1 _
X—0 X-(X—l)

X2 —

1

5 = X<loan Va x>1oau.

*1_ = gorizontal




2 2 2
b= lim [ £ (x)—ax] = fim| X=Xy | g XZXHLXTAX g b oy«
X—>00 X—>00 X—-1 X—>00 X—1 x—0 X —1
0g ma asimptota.

Endi topilgan ma’lumotlardan foydalanib funktsiya grafigini
chizamiz (4-chizma).

‘r ! P
i

¥

s
s
~
s
s
. e
- ’
s
e
-
4
-
-
-

. I

4-chizma.
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4-§ 3-MUSTAQIL ISH
Anigmas va aniq integrallar ularning tatbiglari

Boshlang ich funksiya.
Anigmas integral.
Anigmas integralni hisoblash usullari.
Ratsional funksiyalarni integrallash.
Ba zi irratsional ko rinishdagi funksiyalarni integrallash.
Binomial differensial va trigonometrik funksiyalarni integrallash.
Aniq integral va uning tatbiqlari.
Elliptik integrallar.
-A-
Asosiy tushuncha va teoremalar
1°. Anigmas integral va uni hisoblash usullari
f(x) funksiya biror (a,b) intervalda aniglangan bo’lsin. Quyidagi
masalani qaraymiz: 3F(x) funksiyani topish kerakki wvxe(a,b) uchun
F'(x)= f(x) bo’lsin.
1-Ta'rif. Agar vxe(ab) uchun F'(x)=f(x) bo’lsa u holda F(x)
funksiya (a,b) intervalda f(x) funksiyaning boshlang’ich funktsiyasi
deyiladi.
Ma’lumki F(x) funksiya boshlangich funksiya bo'lsa F(x)+c ham
boshlang ich funksiya bo’ladi.

2-Ta'rif. (a,b) intervalda berilgan f(x) funksiya boshlang ich
funksiyalarining umumiy ifodasi F(x)+c shu f(x) funksiyaning anigmas
integrali deb ataladi va

kabi belgilanadi.
Demak
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Integrallashning umumiy qoidalari va anigmas integrallar jadvali 1-§
ning 12° va 13° punktlarida keltirilgan. Biz ularga toxtalmay anigmas
integralni hisoblash usullarini keltiramiz.

1-Teorema.(O zgaruvchilarni almashtirish). Agar
[ftpt=F@)+c (2
bo’lsa unda
[ el (x)ax = Flp(x)]l+c (3)
bo ladi ((3)-tenglikda f(t),¢(x),¢'(x ) funksiyalar uzluksiz deb faraz gilinadi).

2-Teorema. Agar u=u(x) va v=v(x) funksiyalar (a,b) intervalda
uzluksiz u’(x) va v'(x) hosilalariga ega bo’Isa unda shu intervalda ushbu

Julev() =ulv(x)- [vix)iu()  (4)
bo’laklab integrallash formulasi o rinli bo"ladi.

Amaliyot shuni ko'rsatadiki bo’laklab integrallash usulini qollab
hisoblanadigan integrallarni asosan uch guruhga ajratish mumkin.

Birinchi guruhga ko paytuvchining biri ma’lum funktsiyaning
hosilasi bolgan ikkinchisi esa ushbu
In(x), arcsin x, arccosx, arctgx, (arctgx )*, (arccosx)’, In ¢(x),...

funksiyalardan biriga teng bo’lgan funksiyalarning integrallari Kiritiladi.
Bu holda u(x) deb shu funksiyalar belgilanadi.

Ikkinchi guruhga I(ax+b)n cos(cx)dx,.[(axjtb)n -sin(cx )dx va
_[(ax+b)”e°xdx ko rinishidagi integrallar kiritiladi. Bu holda u(x)=(ax+b)"
deb olinib bo’laklab integrallash formulasi n marta go llaniladi.

Uchinchi  guruhga jeax cosbxdx,feaxsin bxdx,jsin(ln x)dx,jcos(ln X)dX,...

ko rinishidagi integrallar kiritiladi. Bunda integralni | deb belgilab
bo’laklab integrallash formulasini ikki marta go'llasak, | ga nisbatan
chiziqli tenglamaga kelamiz.

Bu uchta guruhga kirmagan ba'zi bir integrallarni ham bolaklab
integrallash usuli bilan hisoblash mumkin.Masalan

B dx e
" _j(x2+a2)n fnen)
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integral yuqoridagi uchta guruhga kirmaydi lekin bu integralni ham
bo'laklab integrallash usuli bilan rekkurent formulaga Kkeltirish
yordamida hisoblash mumekin:

In+1: 12' X n+2n_1'i2|n (5)
2na (x2+a2) on a
dx 1 X .
ly :f—xz T g e Agar (5)-tenglikda n=1 desak
|2=J dx > = 12- 5 X ~+ 12 arctg ~ +c ekanini topamiz.
(x2+a2) 2a> x*+a’> 2a a

Izoh: Ma’'lumki, elementar funksiyaning hosilasi yana elementar
funksiya bo’lar edi, lekin integral olish uchun bu tasdiq o'rinli bo lishi
shart emas, ya ni ba zi bir elementar funksiyalarning integrallari elementar
funksiya bo’Imay qolishi mumkin. Masalan, ushbu

1 Ie‘xzdx 2. Jcosxzdx
3. Isin x2dx 4 [ 9X (x=0,x#1)
“dhx
COS X sin X
5 |——d 0 6. | ——dx.
[ ax (x=0) [

integrallarning har biri elementar funksiyalar yordamida ifodalanmaydi. Bu
funksiyalar amaliyotda ko'p uchraganligi sababli ularning giymatlarini
hisoblash uchun alohida jadvallar tuzilgan va ularning grafiklari yasalgan.
Shu yo'l bilan elementar funksiyalarda integrallanmaydigan funksiyalar
ham to’la o rganilgan.

2°. Ratsional funksiyalarni integrallash

3-Ta'rif. Agar R(x) funksiyani ikkita ko'phadning nisbati
ko rinishida yozish mumkin bo’lsa, u holda R(x) ratsional funksiyalar (
yoki ratsional kasr) deyiladi, yani

R<x>=gn—((xx)). (6)

P.(x)—-n-tartibli, Q,(x)-m-tartibli ko phad.

Agar n>m bo'lsa kasr noto'g'ri kasr; n<m bo'lsa to'g'ri kasr
deyiladi.

Ixtiyoriy noto g ri kasr berilgan bo’lsa, ko phadni ko phadga bo’lish
yordamida har doim uni ko'phad va to'gri kasrning yig indisi shaklida
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ifodalash mumkin. Ixtiyoriy to g ri kasrni quyidagi 4ta ko rinishdagi sodda
kasrlarning yig indisi kabi ifodalash mumkin.

Mx + N
. \Y;
px+q

. — I

X—a (x—a)

(m=23,..).

(k=234,..),

k
Mx + N
(x2 + px+q)m

2

I11valVda x*+ px+q=0, yani q—pT>0.

I va Il ko'rinishidagi sodda kasrlar to g ridan to g ri integrallanadi.
I11 va IV ko'rinishidagi sodda kasrlarni integrallash uchun esa x+g:t
almashtirish bajarish lozim.

3°. Ba'zi irratsional ko rinishidagi funksiyalarni integrallash.
Eyler almashtirishlari.

R(x,y) deganda xva y 0 zgaruvchiga nisbatan ratsional bo’lgan
funksiyani tushunamiz.

a) IR{x,n/aerdex integralni hisoblashda t =22 almashtirish
cx+d cx +d

bajarilsa, ratsional funksiyani integrallashga kelinadi.

b) IR(X,\/ax2+bx+c}ix integralni hisoblashda quyidagi 3ta hol
garaladi.

1-hol. ax? +bx+ckvadrad uchhad har xil x, va x, haqiqiy ildizlarga
ega bo'lIsin. = ax® +bx+c = a(x—x, x—x, ). Bunda

\/a(x—xl)(x—xz):t(x—xl) (7)

almashtirish bajaramiz.

2-hol. a>0 bo’lsin. Unda
ax® +bx+c :t—\/gx(éxu\/m :t+\/5x) (8)
almashtirish bajaramiz.
3-hol. ¢>0 bo’lsin. U holda
Jax? +bx+c = b+ Veolku/ad +bxrc =tx—vc)  (9)

almashtirishni bajarish yordamida hisoblanishi kerak bo’lgan integral
ratsional funksiyani integrallashga keltiriladi.
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(7)-(9) almashtirishlarga Eyler almashtirishlari deb ataladi.

4°. Binomial differensiallarni va trigonometrik funksiyalarni
integrallash.

a) 4-ta'rif. Ushbu x"(a+bx")dx ko'rinishidagi ifodaga binomial
differensial deb ataladi. Bu yerda m, n, p, -lar ratsional sonlar.

I :jxm(a+bx”)pdx (10)
integral quyidagi 3 ta holda ratsional funksiyaning integraliga kelar ekan.

1-hol. p-butun son.x=t" almashtirish bajariladi. Bu yerda N soni m
va n ratsional sonlar (ya'ni kasrlar) maxrajlarning eng kichik umumiy
karralisi.

2-hol. mT”—butun son. Bu holda a+bx"=z",N - p ratsional sonning

maxaraji, almashtirish bajarish kerak.

3-hol. M*1, p—butun son. Bunda in+b=zN,N—p ning maxraji,
n X

almashtirish bajarish yetarli.
b) 1 :jR(sin X, C0S X )dx
integral berilgan bo’lIsin. Bu integralni ushbu
tg g =t —7<x<lr«
universal almashtirish yordamida har doim ratsional funksiyani
integrallashga keltirish mumkin:

1-t? 2dt
, COSX= dx =

sinx = :
1+t? 1+t? 1+1t?

v) Aytaylik,

| =[sin" x-cos" xdx, (n,meZ)

integral berilgan bo’lsin. Bu integralni hisoblash uchun quyidagi hollar
garaladi.

1-hol. n-tog, m-juft = cosx =t almashtirish bajariladi.

2-hol. n-juft, m-tog = sinx =t almashtirish bajariladi

3-hol. n va m —tog. Bunda cosx=tsinx=t Yoki tgx=t
almashtirishlardan biri bajariladi.
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4-hol. n va m —juft. Bu holda
sin2x = 2sin x-cos X Va cos2x = cos? X —sin? x

formulalardan foydalanib tartib pasaytiriladi va yuqoridagi hollardan biriga
keltiriladi.

5°. Aniq integral va uning tatbiglari.

Aniq integral tushunchasi va uni hisoblash usullari maktab kursida
gisman va ma’ruzalarda batafsil o’tilishini hisobga olib, biz aniqg integralni
hisoblash usullariga gisman to xtalamiz hamda asosiy etiborimizni uning
tatbiglariga garatamiz.

1. Nyuton-Leybnis formulsi. Agar f(x) funktsiya [a,b] kesmada
uzluksiz bo’lsa va F'(x)= f(x) tenglik bajarilsa, u holda

if( X)dx = F(b)- F(a)= F(x)’

formula o’rinli bo’ladi.
Formulaning isbotida uzluksiz ~ f(x) funksiya uchun ham

bajariladigan
d X
&@ f (t)dt] ~f(x)

tenglikdan foydalaniladi.

2. Bo'laklab integrallash formulasi. Agar f(x) va g(x) funksiyalar [a,b]
kesmada uzluksiz differensiallanuvchi bo’lsa, u holda

boladi.

3. O'zgaruvchini almashtirish. Agar o(t) funksiya [a,p] kesmada
uzluksiz differensiallanuvchi va o(t) e [a,p]G™ a=o¢(a)G™ b=¢(3) bo'libG
f(x) funksiya [a,b] kesmada uzluksiz bo"lsa, unda

1 (v oo

bo ladi.
4. O’rta giymat hagidagi birinchi teorema.
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Agar f(x) va g(x) funksiyalar [a,b] kesmada chegaralangan va
integrallanuvchi bo'lib, g(x) funksiya (a,b) da ishorasini o°zgartirmasa,

shunday pe[m, M] (ngnbf]{f(x)}, M :?u;]){f(x)}j nuqta topiladiki,
a, a,b

QD — T

f(x)g(x)dx=p- T g(x)dx

tenglik bajariladi.
a) Aniq integral yordamida tekis shaklning yuzasini hisoblash.

1) Dekart koordinatalar sistemasida berilgan shaklning yuzasini
hisoblash.

f(x)eCla,b] bo’lib wxe[a,b] uchun f(x)>0 tengsizlik bajarilsin va b
soha quyidagicha aniglansin:

as<x<b . et :
D= {o cy<t(x) -egri chiziqli trapetsiya.
Unda
s=[reomc (11)
tenglik o’rinli.

bo’lsa, u holda

bo ladi.

2) Qutb koordinatalar sistemasida berilgan shaklning yuzasini
hisoblash.

Agar D soha qutb koordinatalar sistemasida

D- a<ep<p
“lo<r<r(p)

ko rinishida berilgan bolib, r(p)eCla, g] boIsa,
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B

s=2[rMe  (13)

a

formula orinli bo’ladi.
b) Aniq integral yordamida yoy uzunligini hisoblash.

1) Dekart koordinatalar sistemasida berilgan yoy uzunligini
hisoblash.

f(x) funksiya [a,b] kesmada aniglangan bo’lsin. Uning grafigi
quyidagi
{(x, f(x)): x e[a,b]}
nuqtalar to’plamidagi iborat. Shu grafikdagi A(a, f(a)) va B(b, f(b)) nuqtalar
orasidagi AB egri chiziq yoyi uzunligi | ni topish talab gilinsin. Agar

f'(x)e C[a,b] bo’lsa, unda
=[O e (14)
boladi.

Agar (14) da b= x desak, I(x)= [ 1+ [f(x)Fdx bo'lib,

a

%:Ju [f'(x)f =dl=y1+[f'(x)]dx.

Bu ifodaga yoy differensiali deb ataladi.

2) Parametrik ko rinishda berilgan egri chiziq yoyining uzunligi
hisoblash.

Agar

o [x=elt)
AB.{y:w(t), as<t<p

bo'lib, ¢'(t)eCla, p] Va v'(t)eCla, 8] b0 lsa,

=[O b CFa (15)

bo ladi.

3) Qutb koordinatalar sistemasida berilgan egri chizig yoyining
uzunligi hisoblash.
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Agar

bo'lib, r'(¢)eCla, ] b0 Isa, unda

-] elde  (16)

formula o’rinli boladi.
v) Aylanma sirtning yuzasi.

Aytaylik, f(x)eC[a,b] bo'lib, f(x)>0 bo'lsin. AByoyni OX o'qgi
atrofida aylantiramiz va aylanma sirtni hosil gilamiz. Agar f'(x)eCla,b]
bo’lsa, unda shu aylanma sirtning yuzasi ushbu

S = 27[]1 f(x)-y1+[F' (X)) dx (17)

formula yordamida hisoblanadi.

g) Aniq integral yordamida hajm hisoblash.

Faraz qilaylik, bizga biror T jism berilgan bo'lib, uning OY

0 giga parallel bo'lgan kesimlarining yuzasi ma'lum bolsin. Bu yuza
X 0 zgaruvchining funksiyasi bo’ladi, uni s=s(x) deb belgilaylik. Agar
S(x)eC[a,b] bo'lsa, unda T jismning hajmi V ushbu

V=[x (18)

a

formula yordamida hisoblanadi.
Natija. (Aylanma jismning hajmi). Ushbu
_Jasx<b
- {OS y < f(x)
egri chizigli trapetsiyani OX o°qi atrofida aylantirishdan hosil bo'lgan
aylanma jismning hajmi

b

nJ.[f (x)JF dx (19)

a

formula yordamida hisoblanadi.

\Y

d) O zgaruvchi kuchning bajargan ishi.
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OX o°gida shu 0°q boylab biror jism F =F(x) kuch ta'sirida harakat
gilayotgan bo’lsin. Agar F(x)eCl[a,b] bo'Isa, F =F(x) kuch ta'sirida jismni
a nugtadan b nugtaga o tkazishda bajarilgan ish ushbu

A=[F(gox  (20)

formula yordamida hisoblanadi.
e) Statik moment. Og’irlik markazi.

Aytaylik, m massaga ega bo’lgan M(X,y)-material nuqta berilgan
bo’Isin. my va mx ko paytmalarga mos ravishda berilgan nugtaning OX
va OY o glarga nisbatan statik momentlari deb ataladi.

Egri chizigning OX va OY o glarga nisbatan statik momentlari
M, va M, lar ham shu kabi aniglanadi hamda

szjydl, My:jxdl (21)

formulalar yordamida hisoblanadi. Bu yerda dl =,/(dx)’ +(dy)’ -yoy
differensiali, | esa berilgan egri chizig uzunligi.
Berilgan egri chiziq ogirlik markazining koordinatalari esa ushbu
— My - M

XZT' y= IX (22)

formulalar yordmida hisoblanadi.
J) Geometrik figuralarning statik momentlari va og irlik markazi.
Agar geometrik figura

_Jasx<b
los<y<f(x)

egri chizigli trapetsiyadan iborat bolsa, unda

M :ljb‘yzdx M :E_Txydx (23)
" 2a , ’ 2a

va

v\ My I\/lx
(o)) e
bo’ladi. Bu yerda s = Ty(x)dx -trapetsiyaning yuzi.
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6°.Elliptik integrallar.
5-Ta'rif. Ushbu

p)=[—%__ (25)

1- kZSIn X
E(k,(p):]E\/l—kZSinzde (26)

ko rinishdagi integrallar I va ll-tipdagi elliptik integrallarning Lejandr
formasi deb ataladi.

(25) va (26)-integral ostidagi funksiyalarning boshlang ich
funksiyalari elementar funksiyalar yordamida ifodalanmaydi. Shuning
uchun ham ularning giymatlarini hisoblash uchun maxsus jadvallar
yaratilgan.

Agar (25) va (26)-integrallarda (/):% bo'lsa, u holda bunday

integrallar to’liq elliptik integrallar deb ataladi va ular F(k)E(k) kabi

belgilanadi.
Demak,

1- k25|n X

0)=[—2 @7
2
k)= [v1-k?sin?dx (28)
0
To'lig elliptik integrallarning giymatlari ham maxsus jadvallar
yordamida hisoblanadi.

Misol. Ushbu :—z+g—§=1 ellips yoyining uzunligi hisoblansin.

X =asint
y=bsint0<t<2r

< Ellipsni parametrik ko rinishida { kabi ifodalab

mm

I=4I1=4~j'\/[x'(t)]2+[y’(t)]2dt 4_|2'\/a cos®t+b?sin? tdt = _[\/az(l—sinzt)+bzsin2tdt=
0 0

0

2

3 2 _Re 2 K2 2
=4ajJ—a b sinztdt=4aE{ a’-b J=4aE(5) bu yerda s-Y2 =P .
a
0

a a

ellipsning ekstsentrisiteti. >
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23. Egri chizigning koordinata o'qlariga nisbatan statik momentlarini
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B-

Mustaqil yechish uchun misol va masalalar.

11 I xadx _

sin? x

1.3 I(J_ 8x)sm 3xdx .

15 j (4x +3)sin5xdx .
1.7 I X +5)sin 3xdx .

1.9 I(Zx —5)cos 4xdx .

1.11 j(xﬁ —3)0032xdx.

1.13 [(5x+6)cos2xdx.
1.15 [arctgv/3x —1dx.
1.17 [e(2-9x)dx.
1.19 [in(ax® +1)dx.

1.21 I(4x —2)cos 2xdx .

1-masala. Anigmas integral topilsin.

1.2 jxsin2 xdXx .

l4deX

COoS™ X

1.6 [(7x—10)sin 4xdx .
1.8 [(2—3x)sin2xdx.

1.10 [(8—3x)cos5xdx .
1.12 [(4x+7)cos3xdx.
1.14 j (3x — 2)cos5xdx .
1.16 J.arctg\/Sx——ldx.
1.18 [e™ (4x—3)dx.

1.20 I(Z —4x)sin 2xdx .

2-masala. Anigmas integral hisoblansin.

21 |

dx
xvx2+1
dx
xVx2 -1
xdx
Nromvany

2.7 ftgx-ln (cosx)dx.

2.3

25 |

2.9. [ X

(x +1)

211 J‘ sin X —COSX dx..

(cosx +sin x)°

X3 + X
213 [2 X ox

22 J'l+)|(ﬂ X dx

2.4 [y

26 | (arccosx)’ =

J1-x?
2.8, [0+ g

cos?(x +1)

20 [ =2 LCOX_ 4.

(x —sin x)?

2 12 J‘XCOSX-l-SlnX X

(xsin x)°

214]\/7
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2.15. J% 216 [Lrnx=1)g,
x-1
!x +1)(_jx Aarctgx — X
217 J‘ e 2.18 | IR
X 4 €OS X
219'[)(dx4 220-[x +23|nxdx'
x* +
2C0s X + 3sin x
2.21 dx .
'|.(25inx—3cosx)3 "
3-masala. Anigmas integral hisoblansin.
x> +1, x® —3x? -12
3.1 -[x —x 3.2 J. x—4)(x—3)(x—2)d
3x% +1 x® —3x? —12
3.3 d
'[ x* -1 34 J.x 4)x—3)x
35 X -17 43 + X2 +2
J e —as® 3.6 fmdx-
2x° +5
3.7 dx.. 3x° -
o 3.8 [ 2
3.9 dx . x® —3x? -12
J‘X + X — 6 3 10 jmdx.
3x% +25
311 jmdx. 3.12 J‘X —X +1|
3.13_[ X" +2x +3 dx x° +3x°
(x—1x—2)(x3) 3.4 [X 2 Zax.
3% +2x% +1 5
3x° —12x° -7
S [y oy oy 316 [Z o
3.17 dx . x® —5x* +5x+23
I (x~ 1)(X+1)(X+2) 3.18 -[ (x—1)x +1)x - 5)
- 25 1 _ 3
319 I XxJ2r+5Xx —dx. 3.20 I%dx.
3.21 j#d .
X® —2X
4-masala. Anigmas integral hisoblansin.
41 x° +4x° +3x+2d . 4.2 3x® +13x° —13x +1
I (x+1)2-(x? +1) " '[ —2) - (x? - x+1)
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43I +7x +7x-1

x+2 (x +x+1)dx'

2x° +4x +2x-1
4> I (x+1)* (x +2x+2)

47I X3 +6X2+9x+6

x+1 (x +2x+2)dx'

49 J-2x +11x% +16x +10
x+2 (x +2x+3)

3x3 +6x% +5x—1
411I (x+1)°-(x2 +2)

X3 +9x% +21x + 21
413 | (x+3)*-(x? +3)

x® +6x% +8x+8
415I (x+2) (x +4)

dx.

X3 +5x? +12x+ 4
417'[ (x+2) (x +4)
2x3 —4x -16x-12
419I (x +4x+5)

dx .

x? +4x +4x+2
42l '[ (x+1)* (x +x+1)

dx.

dx.

dx .

dx.

44I x3 +2x% +10x

x+1 ( x+1)dx.

AX® + 24x% +20x — 28
46'[ (x+3)°-(x* +2x+2)

X2 +x+1
48 (X2 + x+1)x? +1)dx.

dx .

2X3 +4X% + 2%+ 2
4.10 -[ x +x+lXx +x+2)

Ax* +3x+4
412] (x? +1)x? +x+1)dx'

2x% —x+1
4.14 -[ x —x+lXx +1)dx.

X3 +x+1
4.16 I (x? —x+1)-(x +1)dX'

X3 +2x% +x+1
4.18 -[ x2+x+l)-(x2+1) X

4.20 IZX +2x% +2x+1

(X% + x+1)x? +1)dx.

5-masala. Anigmas integral hisoblansin.

51[“13[
5.3;“1#
55;W

e
59I 1+\/_

511 I\/(1+i/_)

5.2 J-\/(1+\/_)

5.4 Ij“_xidx
\/1+
5.8 j “1+ X dx

510 Ij“_l
512 I\/(1+\/_)
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Y +3/x?

5.13 j dx .

3

5.15 J\/(1+\/_)
5.17 jv“xz dx

V1+X

521 Md
. ﬂxz_w X

6.1 ezIﬂix_l)dx.

e+l X _1

1
6.3 J-4arctgx - X dx.

1+ x?

5JA.j1@i3§Equ.
516IV1+4_
5.18 jV“

5.20 J‘il—i“\/—Adx.

FUx

6-masala. Aniq integral hisoblansin.
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62j (x* +1)x
. o(x3+3x+1)2.
6.4 [ XX

2
0

X“+4



2z

65 [ 112
X +2sIin X

1+ 4x?

N x+)1(
6.9 dx.
o

6. 11j%dx.

1+ x?

E
6.7 J~8X arcthx
0

[ec]

sml

(arcsin x) +1

61st§ o
Bx-Ax?+1
6.17 IX +1In x? i

x3 - dx
619jx+1).

6.21
J.\/x +x2+1

2C0SX +3sin X

o
o

dax.

(2sin x —3cosx)°®

x
o
>

o
oo

x
ESN

—+

[EEN

Ot O[3

6.18 jtgx In(cos x)dx .

6.20 jﬂdx.

(x —sin x)?

7-masala Aniq integral hisoblansin.

7.1 j(x2 +5X + 6)cos 2xdx .
-2
0

7.3 _|.(x2 +AX + 3)cos xdXx .

7.5 j(x2 +7X +12)cos xdx .

-4

7.7 T(9x2 +9x +11)cos 3xdx.

7.9 T(sz +5)cos 2xdX .
0
7.11 2J£[(3—7x2)0052xdx.

7.13 j).(x2 +2x +1)sin 3xdx .

0
7.2 J.(x2 — 4)cos3xdx.
i

7.4 j(x +2) cos 3xdx .

T

7.6 I(sz +4X + 7)cos 2xdX .

0
7.8 ]Z(sz +16Xx +17)cos 4Axdx .
0
7.10 T(sz —15)cos 3xdx .
0

7.12 T(l— 8x? )cos 4xdx .
0

7.14 j'(xz —3x)sin 2xdX .
0
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7.15 if(x2 —3x+2)sin xdx .

0

7.17 J'(x2 +6X+ 9)sin 2xdx .
3

3

7.19 '[(3x - xz)sin 2xdx .
7,

7.20 [(x-1f -In*(x - 1)ox.

2

7
7.16 J(xz —5X + 6)sin 3xdx .

’V
7.18 jl 5x? smxdx

7.20 Jxlnzxdx.

8-masala Aniq integral hisoblansin.

8.1 ?( cos xdx

3 (1+cos x +sin x)’

33 j- cos xdx

_211+ COS X —Sin x
3

2 cos xdx

1+COSX+Sinx

8.5

2

!
f sin xdx
7
9 [3

1+coSX+sinx

Z  cos xdx

1+sinX—CosX
7

8.11 f C0S xdx .

5 9+4c0s X

2arctg}/
813 [ - &

zarctg}/ sinx-(L-sinx)’

815 J-cosx smxI
(1+sin x)’

8.17 jg dx

Va

2
2arctg2 d
X

8.19 |

821,[ sin xdx

(1+sinx)*

sin?x-(1+cosx)’

,7 sin? x-(1—cosx)

1
8.2 2 J-tgz (1—sin x)dx
' cos x(L+cosx)’

8.4 I cos xdx

(1+cosx—sinx)’
2

2arctgy
86 |

cos xdx
(1+cosx)1-sinx)

2arctg

8.8 I ﬂdx_

(1-sinx)’

810 f (1+ cos x)dx

1+CoSX+sinx

8.12 f S LILIY

1+ cos X +sin X

dx
8.14 :
2ar;[gy (1+sin x —cos x)*
2arctg3
816 | &

yaiitg2 COS X (1—COS X)

8.18 I cos xdx

, (1—cosx)*

2arctgf

8.20 I cos xdx

2+COSX




9-masala. Anig integral hisoblansin.

27 X
9.1 J‘sin8 Zdx.
5 4

0.3 jz‘*sin8 xdx .

27
9.7 Isin“ X -cos”* xdx .
0

0
9.9 J‘Z8 sin® x-cos* xdx .

2

2z
9.11 J‘sin2 X . cos® Xdx .
5 4 4
9.13 I24-c038§dx.
5 2

0
9.15 _[28 sin® xdx .
:

2
9.17 J'sin8 xdx .
0

9.19 I28 sin® xcos? xdx .
7

9.21 _[28 -sin? x-cos® xdx .

2

2r
9.2 Jsin‘si-coszédx.
5 4 4
9.4 jz4sin4 X cos* xdx .
0
9.6 IZ“sin“i.cos“idx.
) 2 7 2

2r
9.8 Jsinz xcos® xdx .
0

0
9.10 '[285in2 X - cos® xdx .

2

2r X

9.12 jcoss—dx.
5 4
0

9.14 Izgsinsxcoszxdx.
2

9.16 Isin6xcoszxdx.
0

9.18 jz“sinz xcos® xdx .
0

2r
9.20 J'sin43xcos43xdx.
0

10-masala Aniq integral hisoblansin.

dx.
X

10.1 [YX 4
103 [ X
ol x)

10.5 f d

1 \/(1+ xz)3 |

10.2 (¥ =0y,
3 X
2

104 | %

L/(lG—xz)3 .
10.6 sz A9—x%dx.
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x4 dx

16 X ) J16—x2

443 dX

107j

242 2
108 | Y%
5 X
5
10.10 IXZ\/25—X2dX.

10.12 IXZ\/IG— x2dx.

10.20 j &

(25+x2 W25+ x*

11-masala. Quyidagi chiziglar bilan chegaralangan shaklning
yuzasi hisoblansin.

11.1 y=(x-2)°;y =4x-8.
11.3 y=4—-x*y=x"-2x
115 y=x*v4-x*;y=0;(0<x<2).

11.7 y= y=0;x=1Lx=e’.

1
X+/1+1nx
11.9 y=arccosx;y =0;x=0.

11.11 y=x4/36-x%;y=0;(0< x<86).

11.13 y=xarctgx y=0;x=+/3.
11.15 x=+e’ -1;x=0;y=In2.
11.17 y=

O:x=1.
1+\/—y

11.19 y = -y =0;x=1.

(e
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11.2 y=xJ9-x2;y=0,(00<x<3).
114 y=~4—x*;y=0;x=0;x =1.
11.6 y=+e* —1;y=0;x=In2.
11.8 y=(x+1);y? =x+1.

11.10 y=2x—x2+3y=x>-4x+3.
11.12 x=arccos y;x=0;y =0.
11.14 y=x*\8—x%;y=0;(0< x< 242).
11.16 y=xJ4—-x*;y=0;(0<x<2).
11.18 x=(y-2)*;x=4y-8.

11.20 x=4-y?%;x=y?-2y.

11.21 y=(x-1;y? =x-1.



12-masala. Tenglamalari qutb koordinatalar sistemasida
berilgan chiziglar bilan chegarlangan shaklning yuzasi hisoblansin.

12.1 r =3sing;r =5sing. 12.2 r=2sing; r=4sing.
12.3 r =2cos6¢p. 12.4 r =cosp —sing.
125 r=cosp+sing. 12.6 r=2sin4gp.
12.7 r =sin6gp. 12.8 r=2cosg:r =3cosg .
12.9 I’=§COS(p;I’=§COS(p. 12.10 r=4cos4gp.

2 2 5. 3.
1211 r=1+Zsing. 12.12 r=>singir="sing.
12.13 r=1+c05go. 12.14 r =cos¢;r =2cos .

12.16 r =6cos3p;r =3(r > 3).

12.18 r =6sin3p;r =3(r > 3).
1 .

12.17 r=->+sing. 12.20. r =3sin3p.

12.19 I’=COS3(0. 12.21 r:4C053¢,r:2(r22).

12.15 r=sing;r =2sing.

13-masala. Parametrik ko rinishda berilgan egri chiziqg yoyining
uzunligi hisoblansin.

13.1 x=5(t—sint)y =5(1—cost)0<t <.

13.2 x=3(2cost—cos2t)y =3(2sint—sin2t)0 <t < 27.
13.3 x =4(cost +tsint)y = 4(cost —tsint) 0<t < 2.
13.4x:(t2—2)sint+2tcost;y:(2—t2)cost+2tsint;03tSn.

13.5 x=10cos’t;y =10sin®t;0<t < %

13.6 x=e¢'(cost +sint)y =e'(cost —sint);0<t < 7z.

13.7 x=3(t—sint)y =3(l-cost)z <t <2r.

13.8 x:lcost—ECOSZt;yzlsint—lsin 2t;§£t§2—;.

13.9 x=3(cost +tsint);y =3(sint —tcost);0 <t < %

13.10 x=(t2 —2)3int+ 2t cost: y=(2—t2)cost +2tsint:0<t<

wl3a

13.11 x=6cos’t;y =6sin®t;0<t s%.
13.12 x=e'(cost +sint),y =e‘(cost—sint);% <t<r.

13.13 x=25(t-sint)y = 2,5(1—cost);% <t<z.
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13.14 x=35(2cost—cos2t);y =35(2sint —sin2t)0 <t <

NN

13.15 x =6(cost +tsint)y =6(sint —tsint;0<t < 7.

13.16 x=(t* —2)sint +2tcost; y = (2—t? )cost + 2tsint;0 <t s%.

13.17 x=8cos®t;y =8sin’t;0<t < %
13.18 x=e'(cost +sint)y =e'(cost —sint 0 <t < 2x.

13.19 x:4(t—sint);y:4(1—cost);§st <5

13.20 x=2(2cost—cos2t)y = 2(2sint—sin2t}0 <t <

wly

13.21 x =8(cost +tsint); y =8(sint —tcost)0 <t < %

14-masala.Quyidagi sirtlar bilan chegaralangan jismning hajmi

topilsin.
2 _ 2 o
14.1 XEjtyzzj;z=y;z=0.(y20). 142 2=x" +4yz=2.
X2 y2 ZZ o
X2 y2 , . 144 E_FT_%:_LZ_:LZ.
143 = +2 —7°=1.7=0;2=3
92 42 : 14.6 x> +y*=9;z=y,2=0(y>0).
X y _ oo 2
14'5E 9 7_12_1’2_0 14.8 XT+y2—22:1;z=0;z=3.
14.7 z=x*+9y;z=3. W2 v g2
2 2 2 1410 X4 Y 12 _17-2:7-0.
149 X .Y _Z __1,-16. 16 9 16
9 16 64 a1 XY
14.11 z=2x*+8y?*;z=4. 81 o5 Tt =Lz=0z=2
2 2 2 2 2 2
14.13 XT+%—%:—1;2:12. 14.14 %+y?+%:];z:0;z:3.
_ y2 2 _ 2 2
14.15 2=x" +5y%,2=5. 14.16 x?+y7—22:];z:0;z:4.
2 2 2
1417 X+ X2 _ 17-20. 2y g2
9 25 100 1418 * 1Y 1 Z _9,-47-0.
14.19 z=4x* +9y*z=6. 16 9 64
s s 14.20 z=2x* +18y?,z=6.
14.21 X_2+ty)_2+2_2:1;
a c

15-masala. Quyidagi chiziglar bilan chegaralangan shaklni 1-16
variantlarda Ox o°qi atrofida, 17-21 variantlarda esa OY o0°qi
atrofida aylantirishdan hosil bo lgan jismning hajmi topilsin.
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15.1 y=-x* +5x-6;y=0. 15.2 2x—x* -y =0;2x* —4x+y =0.

15.3 y=3sinx;y=sinx,0<x<r. 15.4 y =5c0sx;y = cos x; X = 0; x > 0.
15.5 y:SinZX’Xzz,yZO_ 15.6 X:3,¢y—2,x:1,y:1,
2

15.8 y=2x—x*y=—x+2x=0.
15.10 y=e**,y=0,x=0,x=1.
15.12 x* +(y—-2)° =1.

15.14 y=x*,y=1,x=2.

15.16 y=sin%x,y=x2.

15.7 y=xe*,y=0,x=1.
15.9 y=2x—x%y=—x+2.
15.11 y=x*y?*-x=0.
15.13 y=1-x%x=,/y-2,x=1.
15.15 y=x%y=+x.

15.17 y=x2,x=2,y=0. 15.18 y=(x-1),y=1.

15.19 y=Inx,x=2,y=0. 15.20 y=x*-2x+1,x=2,y=0.
1521 y=x*+1,y=x,x=0,x=1.

16-masala.

Quyidagi chiziglarni aylantirishdan hosil bo lgan aylanma sirtlarning
yuzalari hisoblansin.

16.1 yzx—z2 (0<y<15) OY o qi atrofida.

16.2 y* =4+x (x<2) OX 0’qi atrofida.

16.3 3x? +4y? =12 ellipisni OY o°qi atrofida.

16.4 x=%y2 —%In y (<y<e) OX o0 qiatrofida.

16.5 y?+4x=2Iny (1<y<2) OY o qi atrofida.

16.6 y=x® (0<x<1) OX o’qi atrofida.

16.7 x=e'sint;y =e' cost (Osts%} OX o°qgi atrofida.
16.8 x=2cost—cos2t,y =2sint—sin2t ni OX o qi atrofida.

16.9 :—2+;’—j =1 ellipsning OX o°gidan yuqorida joylashgan
bo’lagigining koordinata o"qlariga nisbatan statik momentlari topilsin.

16.10 X+y=1x=0,y=0 chiziglar bilan chegaralangan
uchburchakning OX va OY o glarga nisbatan statik momentlari topilsin.

16.11 y2=2x(y>00<x<2) parabola yoyining OX va OY o glarga
nisbatan statik momentlari topilsin.
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16.12 y:cosx(—%SXS%j egri chiziq yoyining OX o’giga nisbatan
statik momenti topilsin.
16.13 §+%=1 to'g'ri chizigning koordinata o°glari orasida

joylashgan kesmasining koordinata o glariga nisbatan statik momentlari
topilsin.

16.14 y-=
1+x

OX 0°giga nisbatan statik momenti topilsin.
16.15 x* +y* =a®,y >0-yarim aylananing og irlik markazi topilsin.

va y=x* chiziglari bilan chegaralangan shaklning

2

16.16 x> 1y -a” x>0,y>0 -astroida yoyining og'irlik markazi
topilsin.

2 2
16.17 %Jrg—z <1(x >0,y >0) ning og’irlik markazi topilsin.

16.18 x=%y2—%lny (l<y<2) chizig yoyining og irlik markazi

topilsin.

Quyidagi chiziglar bilan chegaralangan tekis shaklning ogirlik
markazi topilsin.

16.19 ax=y?, ay=x* (x>0).

16.20 yzgx, y=sinx (x>0).
T

16.21 x? +4y-16=0;y=0.
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-C-
Namunaviy variant yechimi.
1.21-masala. j(4x—2)coszxdx anigmas integral hisoblansin.
< Bu integralni bo'laklab integrallash usulidan foydalanib
hisoblaymiz:
U dx—2 du =4dx

[ (4x - 2)cos2xdx= =, _ =2, 2x— 2| sin 2xdx =
dv =cos2xdx V=Esin 2X 2

=(2x~1)sin 2x +cos 2x +C >

2.21-masala. | 2C0SX+3SINX 4, anigmas integral hisoblansin.
2sinx —3cos x)°

<Bu integralni o zgaruvchilarni almashtirish usulidan foydalanib
hisoblaymiz:

dx =

J- 2C0s X + 3sin X
(2sin x —3cos x)*

= ((Zsin X — 3008 X =t z1e6 Gereunaiing = (2sin x —3c0sx) dx=t'- dt éu (2c0sx + 3sin x)dx = dtD =

T S S S 1
= —J't dt=—+Cc=——5+cC= - > +C>
-2 27 ~ 2(2sin x—3cos x)

—8x° +2
X* —2X
< Biz bu integralni ratsional funksiyani integrallash usulidan

foydalanib hisoblaymiz. Avval noto g ri kasrni to'g ri kasrga keltiramiz,
so ngra uni sodda kasrlarga yoyamiz:

3.21-masala. j dx anigmas integral hisoblansin.

5 3 i ;
R()=Z T2 o axe e 2 _oxtaaxt L1 28I
X2 —2X X(x—2) Y—2 x oy
4 3 4 ~
:J.[ZX3+4X2+_ 1 _E:ldxzx +4X +|n|X 2| |n|X|+C—X—+4i+InX PSS
X—2 X 2 3 >t 3 ~

4.21-masala. j XT+4X°+4x+2 o anigmas integral hisoblansin.
(x+1)% - (x? + x+1)

< Bu integral ostida ham ratsional funksiya turibdi. Bu funksiyani
sodda kasrlarga yoyaamiz.
R(x) = X*+4x° +4x+2 _ A . B Cx+D
(x+1)7-(x2 +x+1) x+1 (x+1)° x*+x+1
Bu tenglikning 0'ng tomonidagi noma’lum A, B, C va D larni noma’lum
koeffitsientlar usulidan foydalanib topamiz. Buning uchun tenglikning
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0 ng tomonini umumiy maxrajga keltiramiz va berilgan kasr hamda hosil
bo lgan kasrlarning suratlarini bir-biriga tenglaymiz:
A(X+1)+ B(X? + X +1)+(Cx+ D)- (x+1)? = X° +4x? + 4x + 2
(A+C)x* +(2A+B+2C+D)x* +(2A+B+C+2D)x+(A+B+D)= x> +4x* +4x+2
U
A+C=1
2A+B+2C+D=4

Bu sistemani yechib A=0 va B=C=D=1
2A+B+C+2D =4

A+B+D=2
ekanligini topamiz. Demak, R(x)= e +11)2 + X2X++Xl+1 ekan.
[ [ B e, )
! =I(xixl)2 =j(x+1)2d(x+1)=_xi+1+cl
|2=IX2X:X1+1 [t g =t _ +; ot 1

d(t2+3J
_1I 4) 1 dt Lo 312 a2
_ 2 2 == i I £ ic,=
2V 2,3 2 (@J 2 472 f3 3
4 t° +
2

1 1 2x+1

==In(x? + x+1) + ——arctg ——= +cC,.

2 V3 N

I, va I, ning giymatlarini (*) tenglikka olib borib go’yib, ushbu
natijaga kelamiz.

jX3+mg+4x+2dx=——£—+1m@2+x+ﬁ+j;amwg£i}+c>
(x+1)7 - (x? + x+1) x+1 2 J3 NE]
3
4@+%F)

5.21-masala. | dx anigmas integral hisoblansin.

x2-8/x2

<lntegralni  differentsial binomni integrallashdan  foydalanib
hisoblaymiz:
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4l 45/ 12 a4 12 4 3
I:j dx _Ix 5.|1+x5 | dx=>a=b=1m=-""n==,p="=
x2 .3/x? 5 5 4
12
m+l "5 'l 3 3 1 . .
+p= +-=——+>=-1=——+1=z* —almashtirish bajarish
n 4 4 4 4 5
5
lozim =x=(z*-1)*"* = dx=-52°-(z* -1) «dz Bularni 1 ga olib borib go’yib
topamiz:
7

6 527 5 ‘{/!1+i/7!

I=—5Iz dz=——+Cc=—=- +Cc>
7 7 X-W
6.21-masala. j aniq integral hisoblansin.
\/X +x?+1
x2+1=t,x=0:>t=l y
<]J~ j- xdx _ =1f dt  _
\/x +x%+1 2 3 1 3] 21 2.3
2+l 3 xdx==dt, x=1=>t=— 2\ T4
2) 4 2 2

((1-§ ning 16°-punktidagi 24-formuladan foydalanamiz))

3
1 t+1/t2+§
4

| % 1{ (3 9 3} ( ﬂ 1, 34312 _1 34243
“In =2 2+ 242 = =ZIn =2
2l 2 VaTa) 2 3

3
7.21-masala. [(x-1-In*(x-1)dx aniq integral hisoblansin.
2

< Bu integralni bo laklab integrallash usulidan foydalanib hisoblaymiz:

2In(x-1)
3 u=In?(x-1) du= X —1 dx -
I(x—l)a-lnz(x—l)dx: = =
2 dv=(x-1fdx  _(x-D°

4

S - -2 J o (e

=
2

1
.3 u=intx-n M,
:4In22—EJ'(x—1)3«Inz(x—l)dx=
dv=(x-1)*dx V:(X—l)4
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1f (x-1)* s 173 1 1 .
:4'”22‘5 ( 4) In(x-1) |2—Zl(x—l)sdx}an2—5{4In2—ﬁ(x—1)4 |2}:

=4|n22—2|n2+i.(16—1)=4|n22—2|n2+5>
32 32

7 sin xdx - . -
8.21-masala. jﬁ aniq integral hisoblansin.
+SINn X

< Bu integralni hisoblash uchun tggzt universal almashtirish bajaramiz.

Unda x=0=t=0x=2=t=1.va dx = Zdt2 ‘sint = 2t2
2 1+t 1+t

Almashtirishdan so ng berilgan integral quyidagi ko rinishga keladi:

% sinxdx ¢ 2tdt tt+l- 1 dt ¢ dt
e fio 8 )

o @+sinx) 3 t+1)°

:2Pn2+%—1}=2m2—1>

9.21-masala. jzg -sin® x-cos® xdx aniq integral hisoblansin.
2

alntegralni sin2a =2sina - cosa, Cosza=—1+C352a va Sinzaz_l—cZSZa

formulalaridan foydalanib hisoblaymiz:

a

I =[2°sin x-cos® xdx=2 IZsmx cosx)’ - cos* xdx=2 jsm 2x - (L+ cos2x)*dx =

i
2

N3
N |

= 24J'[sin 22X+ 25sin? 2x - c0s2x +sin? 2x - cos? 2x}ix= 2° - [(1-cos4x)dx+2* [sin 2xd(sin 2x) +

2

N a

?—l

> 3

+2% [sin? 4xdx=2 (x—%sm4xj " +2%. M |7 +2[ (1 cos8x)dx=
2 2 =
2

N a

:47r+2(x—%sin8xj T =57.1>

2

2
10.21-masala. j ax aniq integral hisoblansin.

0 (4+ X* N4+ x?
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< Bu integralni hisoblashda uchun 2-hol uchun Eyler almashtirishini
bajaramiz, ya ni VX?+4 =t+x almashtirish bajaramiz.
2 2 2 2 2 2
4-t t2+4 i dx i adt i d(t? +4)
2(V2

) )(t2 +4)2

- dx = —— it -
T T 2t’ :o(4+x2}\/4+x2 z(ﬁ,l)(t2+4)2

__ 2 2 1

244 2(‘5’1)_4x/§.
11.21-masala.  Quyidagi y=(x-1)°y?*=x-1 chiziglar  bilan
chegaralangan shaklning yuzasi hisoblansin.
< {y:(x_l) sistemani yechib, bu chiziglarning kesishish nuqtalarini

y?=x-1
topamiz: M,(1,0) va M,(21) Bu chiziglar bilan chegaralangan soha 5-

chizmada tasvirlangan.

5-chizma.
szj[dx—_l_@_l)z]dx{gm_@} -ls

12.21-masala. Tenglamalari qutb koordinatalari sistemasida
berilgan chiziglar bilan chegaralangan shakilning yuzasi hisoblansin.
r=4cos3p; r=2,(r>2)
< Birinchi navbatda bu funksiyaning aniglanish sohasini topamiz va
uning chizmasini chizamiz.
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6-chizma.

-5 21 e

Yuzasini hisoblashimiz kerak bo’lgan soha 6-chizmada shtrixlab

< . _ C r =4cos3
ko rsatilgan.Integrallash  chegarasini  topishimiz  uchun {r—z 4
sistemasidan ¢ ni topamiz

= C0S3 —1:>3 —£:> —E:>
Py Ty

9

5 =65, =6~ | [4cos3p) 27 i = 3- 16?coszs¢d —4?d -
=65,=6- » 0=316] o=4[dy |-

0

) 9| 19 33 9

3 4—7[+& :4—7[+2\/§.|>
9 3 3

% i =
=3[8- j(1+cosa(p)d(p—4(p |§}=3{8{(p+%sin6gp] K —4—7[}=3{8—7[+ﬂsin2—7[—4—”}=

13.21-masala. Parametrik ko'rinishda berilgan egri chiziq
yoyining uzunligi hisoblansin.

x =8(cost +tsint), y=8(sint—tcost) 0<t s%.

x'(t)=8(-sint +sint +tcost = 8t cost)

) y'(t)=8(cost —cost +tsint)=8tsint

JXEP + () =8-1{=

=
" 7 .
L= [JIXQF +[y'®F dt= [t =4t |3 =T
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14.21-masala. Quyidagi Z—z+z—§+z—2=1 sirt bilan chegaralangan
jismning hajmi topilsin.
<aHajimni (18)-formulaga ko'ra

V= Ts(x)dx

formula yordamida hisoblaymiz. Buning uchun s(x) ni topish lozim.
O zgaruvchi x ni fiksirlasak, ellipsoid kesimida.

2 2 2 2 2
Y 2 -1 X yoki y + :

b_2 C_2 a2 2 2 2
X X
(b 1} ( /1_a2j

2 2
N -y Z . . . .
ma’lumki, FJFF=1 ellipsning yuzasi zmn ga teng edi.=

~=1 ellips hosil bo’ladi. Bizga

2

2 2 2 a a
S(x):n-b\/l—x—z -c\/l—x—z ZﬂbC-(l—%jSV = [s(x)dx :nbcj(l—x—zjdx -

a a a

3
=nb X—X— |a =ﬂnab(;l>
3a2 —a 3

Natija. Agar a=b=c=R bo’lsa ellipsoid sharga aylanadi va shar
xajmini hisoblash ucun

vzfnR?’
3

formulani hosil gilamiz.
15.21-masala. Quyidagi
y=x?+1 y=x,x=0,x=1

chiziglar bilan chegaralangan shakini OY o'qgi atrofida
aylantirishdan hosil bo'lgan jismning hajmi topilsin.

<Avval OY oqi atrofida aylantirish kerak bo’lgan b sohani chizib
olamiz (7-chizma).

7-chizma.
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1 2
D=D,UD, =V =V, +V, :ﬂ-{fyzdy+j(l—(y—1))dy}=
0 1

3 2
ZE-L-F+-2y—X— K :ﬂ{l+3—§j=£g;>
3 ° 2 )1 3 2 6

16.21-masala. Quyidagi
X’ +4y-16=0,y=0
chiziglar bilan chegaralangan shakilning ogirlik markazi topilsin.

< Masala shartidan ko rinadiki, berilgan chiziglar bilan chegaralangan
D sohani ushbu

—-4<x<4

D= )
0< y<4—x—
T 4

ko'rinishda ifodalash mumkin. Bu shaklning og'irlik markazining
koordinatalarini (23) va (24)-formulalardan foydalanib, topamiz.

14 14 %2 1 V. 1. 2 x* )" 12
M, == [y?dx="[14="- | dx=2[|16-2x* + — |dx=2|16— "+ ——| ===,
2 2 4 27, 16 2 3 516), 15

4 4 X2 4 NG i 4
, = P = (e o= flae o2 %] <o
4 %4 4 ‘) 4 16 ),

Bu yerdan (i, QJz(MY , MX]:(OEJ ekanligini topamiz.»
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5-§. 4-MUSTAQIL ISH
Ko p ozgaruvchili funksiyalar
R™ fazo
R™ fazoda ketma-ketlik va uning limiti.
Ko p o zgaruvchili funksiyaning limiti va uzluksizligi.
Ko p o zgaruvchili funksiyaning hosila va differensiallari.
Yo nalish bo’yicha hosila.
Ko p o zgaruvchili funksiyalarning ekstremumlari.
Shartli ekstremum.
O zgaruvchilarni almashtirish.
-A-
Asosiy tushuncha va teoremalar.
1°. rR™ fazoda ketma-Kketlik va uning limiti

Ushbu
R™ :R><R><...R={(x1,x2 ..... X ) X eR,k:l,_m}

m-Tta

to'plamga m o’ Ichovli Yevklid fazosi deyiladi.
Ixtiyority x=(x,,...x,)eR™ va y=(y,,..y,)eR™ nuqgtalarni olaylik.
Quyidagi

POy = xS ot (=% F = (D -x ) (D)

miqgdor x va y nuqtalar orasidagi masofa deb ataladi.
U quyidagi xossalarga ega:
1)  plxy)=0va (p(xy)=0<x=y)
2)  plxy)=ply.x)
3)  p(xz)< p(x, y)+ p(y,z); (uchburchak tengsizligi).
Natural sonlar to’plami N va R™ fazo berilgan bo’lib, f har bir ne N

akslantirish bo’lsin:
f:N—R"™ yoki n—x"
f :N — R™ akslantirish obrazlaridan tuzilgan
xW, x® x® . (2)

to'plam ketma-Kketlik deb ataladi va u x} kabi belgilanadi.
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Demak, (2)-ketma-ketlikning xadlari R™ fazo nuqtalaridan iborat.
{x™} ketma-ketlikning mos koordinatalaridan tuzilgan {x"}...{x"} lar sonli
ketma-ketlik bo'lib, {x™} ketma-ketlikni shu m ta ketma-ketlikning
birgalikda garalishi deb hisoblash mumkin.

Aytaylik R" fazoda ™} ketma-ketlik va a=(a,,.,a,)eR" nuqta
berilgan bo’lsin.

1-Ta'rif. ve>0,3n,(e)eN:vn>n, =p(x" a)<e, unda a nuqta {x"} ketma-
ketlikning limiti deb ataladi va lim x™™ = a kabi belgilanadi.

Limitga quyidagicha ham ta’rif berish mumkin.

2-Ta'rif. Agar a nugtaning v|J,(a)={x<R™:p(x,a)<¢| atrofi olinganda
ham 3n,(e)e N:vn>n, =x, < (@), unda a nugta {x™ | ketma-ketlikning limiti
deb ataladi.

Teorema. R" fazoda {x™}={x"...x,")}  ketma-ketlikning
a=(a....a,)eR™ nugtaga yaginlashishi uchun n—»« da bir yo'la
x" > a,,..x" - a_bo’lishi zarur va yetarli,

R™ fazodagi ketma-ketlik uchun ham sonli ketma-ketlik uchun o"rinli
bo lgan xossalar o'rinli. Biz ularga to xtalmaymiz.

2°. Ko'p 0" zgaruvchili funksiya limiti va uning uzluksizligi

Ko'p o zgaruvchili funksiya, funksiyaning aniglanish sohasi va
giymatlar to plami, ko'p o zgaruvchili murakkab funksiya ta'riflari bir
o0 zgaruvchili funksiyadagi mos ta riflar kabi Kiritiladi.

M < R™ to plam berilgan bo’lib, a nugta M to plamning limit nuqtasi
va y = f(x)= f(x,..,x,) funksiya M to plamda aniglangan bo"lsin.

1-Ta'rif. Agar ve>0 uchun 35=5(,a)>0 ushbu o<p(x,a)<s tengsizlikni
ganoatlantiruvchi wxeM uchun |f(x)-b<e tengsizlik bajarilsa, unda b
soni f(x) funksiyaning a nuqtadagi limiti (yoki karrali limiti) deyiladi va
Ixirr;f(x):b yoki lim f(x)=b
kabi belgilanadi.

Agar a=« Yoki b=« bo’lsa , unda ham shu kabi tariflarni berish
mumkin. Ko'p o zgaruvchili funksiyalar uchun boshga formadagi limit
tushunchasini ham kiritish mumkin. Masalan, bunda avval bir 0" zgaruvchi
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bo'yicha limitga o'tilib , golgan m-1 ta o zgaruvchini fiksirlangan deb
faraz gilinadi. Keyin, golgan m-1 ta o zgaruvchining biri bo yicha limitga
o tilib, m-2 ta o zgaruvchini fiksirlangan deb faraz gilinadi. Bu jarayonni
m marta gaytarish natijasida hosil gilingan limitga f(x,,...x,) funksiyaning
takroriy limiti deyiladi. m o zgaruvchili funksiyaning jami m! ta takroriy
limitini garash mumkin. Masalan, ikki o'zgaruvchili f(x;,x,) funksiya
uchun 2 ta lim lim f(x,x,) va lim lim f(x,x,) takroriy limitni ko'rish

X1 Xp a8y Xp—ay X8

mumkin.
Misol. Ushbu

X+ sinlx;to
f(xy)=1 YT
0,x=0

funksiyaning (0,0) nuqtadagi takroriy va karrali limitlari hisoblansin,

<limlim f(x, y):lingx:O—H,

x—0 y—0

y—0 x—0

lim lim f (x,y)= |in%(y limsin 1) -3, lekin
y— X—> X

lim f(x,y)-3 va =0. Darhaqgiqgat,
y—0

0<|f(x,y)-0/=|x+ ysin% £|x|+|y|(x¢0):>lirrg f(x,y)=0>

y—0

Tabiiy savol tug'iladi: Qanday shartlar bajarilganda karrali va
takroriy limitlar bir-biriga teng bo ladi?

Bu savolga quyidagi teoremalar javob beradi.
Aytaylik, f(x,y) funksiya
M :{(x, y)eR? :|x—x0|<al,|y—y0|<a2}
to plamda aniglangan bo’lsin.
1-Teorema. Agar
1) lim f(x,y)=b-3,

Yy—=>Yo

2) Har bir fiksirlangan x da yliny1f(x,y)=go(x)—3 bo'lsa, u holda

lim lim f(x,y) takroriy limit 3 bolib, lim lim f(x,y)=b bo’ladi.

X=X Y=>Yo X=X Y=>Yo

2-Teorema. Agar
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1) lim f(x,y)=b-3
VYo

2) Har bir fiksirlangan y da lim f(xy)=¢(y)-3 bo'lsa, unda
lim lim f(x,y)—3 va b ga teng bo ladi.

Y—=Yo XX

Natija. Agar bir vaqtning o'zida 1 va 2-teoremalarning shartlari
bajarilsa, unda

lim f(x,y)= lim lim f(x,y)= lim lim f(x,y) bo"ladi.
X—>Xo X=Xy Y—Yo Y—=Yo X—2Xg
Y—Yo

Endi funksiyaning uzluksizligi ta rifini beramiz.

M cR™ toplamda f(x)=f(x,...x,) funksiya berilgan bo’lib,
a=(a,.,a,)eM nugta M to plamning limit nuqgtasi bo’lsin. Quyidagi
belgilashlarni Kiritamiz:

Af(a)= f(a, +Ax,,...,a, +Ax,)- f(a,.,a,) funksiyaning a nugtadagi
to'liq orttirmasi;

Ax f(@)=f(a,..a,,,a +Ax,a,,,..a, ) f(a,..,a,)-funksiyaning a
nuqtadagi x, 0 zgaruvchi bo’yicha xususiy orttirmasi (k =1,m).

2-Ta'rif. Agar Ixingf(x)=f(a) éku lim Af(a)=0| bo’lsa , unda f(x)

nugtada x, o0'zgaruvchi bo'yicha uzluksiz deb ataladi. Odatda
funksiyaning bunday uzluksizligi uning hususiy uzluksizligi deb ataladi.

3-Teorema. Agar f(x,,..,x,)funksiya aeM nuqgtada uzluksiz bo’lsa,
funksiya shu nugtada har bir o zgaruvchisi bo’yicha ham hususiy uzluksiz
bo’ladi.

Izoh: Teoremaning aksi har doim ham o'rinli bo lavermaydi.
Masalan,

2xy
f(x,y)=4x*+y?
0,x*+y*=0

X +y?2#£0
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funksiya (0,0) nugtada har bir 0" zgaruvchi bo yicha xususiy uzluksiz,
lekin shu nuqgtada bir yo'la uzluksiz emas, bu nugtada hatto limitga ega
emas.

4-Ta'rif. Agar lim f(x) -3 yoki =, Yoki limf(x)=b= f(a) bo'lsa, u

X—a

holda f(x) funksiya a nugtada uzilishga ega deyiladi.

5-Ta'rif. Agar ve>0 uchun 35=5()>0 M to plamning p(x’,x")<5s
tengsizlikni ganoatlantiruvchi vx' va x” nuqgtalarida |f(x")- f(x')<e
tengsizlik bajarilsa, f(x) funktsiya M to plamda tekis uzluksiz funksiya
deb ataladi.

4-Teorema. (Kantor teoremasi). Agar f(x) funksiya chegaralangan

yopiq M cR™ to plamda uzluksiz bo'lsa, u holda funksiya shu to plamda
tekis uzluksiz bo’ladi.

3°. Ko'p 0°zgaruvchili funksiyaning hosila va differensiallari.
1-Ta'rif. Ushbu

lim M,(k Lm)

Ax —0 AXk
limitga f(x)= f(x,..,x,) funksiyaning x° nuqtadagi x, 0 zgaruvchi
boyicha xususiy hosilasi deyiladi va u ﬂaxﬂ kabi belgilanadi.
Xususiy hosilaning geometrik manosini bilish uchun M cR?
to’plamda aniglangan z = f(x,y) funksiyani qgaraymiz. Aytaylik (x,,y,)eM
bo’lib, bu nugtada af();‘)x'y") va af(g’y’y‘)) lar 3 bolsin. z=f(x,y) funksiya

grafigi R® da biror sirtni aniglaydi.= z=f(xy,) ning grafigi sirt bilan y=y,
tekislikning kesishishida hosil bo'lgan r, chizig bo'ladi. z=f(x,,y)ning
grafigi r, chizig bo'ladi. Agar r, va r, chiziglarning (x,,y,. f(x,.,)
nuqtasiga o'tkazilgan urinmaning oOxy tekisligi bilan hosil gilgan
burchaklarini mos ravishda « va g deb belgilasak, unda

af(XO'yO):tga Va af(XO!yO)
oy

=t
o 9p

bo’ladi. Bundan z= f(x,y) sirtning (x,,vy,.2,) nugtasiga o tkazilgan urinma
tekislik tenglamasi ushbu

Todo) (4 y,)  (3)

ko rinishda bolishi hosil gilamiz.
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1-Teorema. Agar f(x) funksiya x° nuqtada chekli afaf(xo (k=1m)

xususiy hosilaga ega bo'lsa, unda f(x) funksiya shu nugtada mos x,
0 zgaruvchi bo"yicha xususiy uzluksiz boladi.

2-Ta'rif. Agar f(x) funksiya x° nugtadagi af(x°) orttirmasini

AF(XC) = A A, .o Ay - Ay + - A oy - A (4)

ko'rinishda ifodalash mumkin bo’lsa , f(x) funksiya x° nuqgtada
differensiallanuvchi deyiladi. Bu A...A, lar Ax,.,Ax, ga boglig
bo'Imagan o zgarmaslar va Jim o -0,(k=1m) tengliklar bajariladi.

(4)-tenglik ushbu

Af(Xo)= AL - AXy +...+ A, - AX,, +0(p) (5)

tenglikka ekvivalent. Bu yerda p =./(Ax,)* +...+(ax,, ) .

2-Teorema. Agar f(x) funksiya x° nuqtada differensiallanuvchi
bo’lsa, u holda bu funksiya shu nuqtada uzluksiz boladi.

3-Teorema. Agar f(x) funksiya x° nuqtada differensiallanuvchi
bo’lsa, unda bu funksiyaning shu nugtadagi barcha hususiy hosilalari 3 va
o) _
o,

m

Izoh: Teoremaning aksi har doim ham o'rinli bo lavermaydi, ya ni
barcha xususiy hosilalari 3 bo’lgan funksiya differensiallanuvchi bo’lishi
shart emas.

Xy
Masalan, f(x,y)= m,(x,y);ﬁ(o,o)
0,(x,y)=(0,0)
funksiyaning (0,0) nuqtada hususiy hosilalari 3, lekin u bu nugtada
differensiallanuvchi emas.
Demak, xususiy hosilalari 3 bo’lishi funksiyaning
differensiallanuvchi bolishi uchun zaruriy shart ekan.

4-Teorema. (etarli shart). Agar f(x) funksiya x° nugtaning biror
atrofida barcha o'zgaruvchilari bo'yicha xususiy hosilalarga ega bo'lib,
bu xususiy hosilalar x° nugtada uzluksiz bo'lsa, unda f(x) funksiya shu x°
nugtada differensiallanuvchi bo’ladi.

Ushbu
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df(xo)z%)i)dxl +...+dem va

1 m

d, f(xo)z%ﬁ)dxk,(kzl,_m)

ifodalarga mos ravishda f(x) funksiyaning x° nuqtadagi differensiali
(to’lig differensiali) va x, 0 zgaruvchi bo'yicha xususiy differensiali
deyiladi.

Agar f(x) funksiya x° nuqtada differensiallanuvchi bo'lib, df(x°)=0
bo'lsa

Af (x°)=df (x° )+ ofp) Va Iim%%=l bo'ladi = Af(x°)~ df (x°) yoki

1‘(x1°+Axl ..... xr?]+Axm)z f(xl0 _____ xf;) dfd(x )Ax d;)((xo)
1 m

bo’ladi (6)-formulaga tagribiy hisoblash formulasi deyiladi.

Endi yo nalish boyicha hosila tushunchasini Kiritamiz.

Ikki o zgaruvchili z=f(x,y) funksiya ochig m<RrR? to plamda
berilgan bo'lsin. vA(x,,y,)e M nugta olib, bu nugtadan biror ¢
to'g'ri chiziq o'tkazaylik.Bu to'g'ri chizigning OX va OY koordinata
o glari bilan hosil gilgan burchaklari « va g bo’lsin.

3-Ta'rif. Agar A nuqgta ¢ togri chizig boylab A, nugtaga
intilganda ushbu

ax,  (6)

An o p(Ay, A)
limit mavjud bo’lsa, uning giymatiga f(x,y)= f(A) funksiyaning A, =(x,.y,)

nugtadagi ¢ yo nalish bo'yicha hosilasi deyiladi va ( ) yoki —(ng o)

kabi belgilanadi.

Demak,

f(A)-f
(g?O)_A!LAo (p()Ao,g\?O) (7)

5-Teorema. Agar  f(x,y) funksiya A =(x.y,) hugtada
differensiallanuvchi bo'lsa, u holda shu funksiya A, nugtada v¢ yo nalish
boyicha hosilaga ega va

of (Ay)._ 0 (¥, ¥o) 6f(>;oy,yo)cosB 8)

= coso +
ol OX
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tenglik o rinli.

Izoh: Funksiya biror nugtada differensiallanuvchi bo’Imasa ham u
shu nugtada biror yo nalish boyicha hosilaga ega bo’lishi mumkin.

Agar differensiallanuvchi  w=f(x,y,z) va x=¢(uyv), y=yw(uyv)
2= y(u,v) funksiyalar berilgan bolib, ular yordamida
w= flp(u,v)w(u,v) 7(u,v)]=F(,v) murakkab funksiya aniglangan bo’lsa,
unda murakkab funksiya ham differensiallanuvchi bo’ladi va

oW oW X oW By oW o

___._+_._+_._,
ou OX ou oy ou 0z ou

(9)

tengliklar o' rinli bo’ladi.
Ko p o'zgaruvchili funksiyaning ikkinchi tartibli xususiy hosilalari
quyidagi tenglik yordamida aniglanadi:

- - - R A
o o ", (@(i } (I,k—l, m) (10)

2 2 . . .
Agar i=k bo'lsa, 21 -2 _ ¢+ kabi yoziladi.
X Ox  oxg X
0% f

- aralash hosila deb ataladi.

Agar i=k bo'lsa
OX; OX,

Yugqori tartibli xususiy hosilalar ham shu kabi aniglanadi.

M to plamda 1,2,3,...,k-tartibli uzluksiz xususiy hosilalarga ega
bo’Igan funksiyalar sinfi ¢(M;R) yoki c®/(M) kabi belgilanadi.

4-Ta'rif. Agar f(x) funksiyaning x nugtadagi barcha ikkinchi tartibli
xususiy hosilalari mavjud bo'lsa, unda funksiyaning ikkinchi tartibli
differensiali quyidagi tenglik yordamida aniglanadi:
m A2
d?f(x)=3 0"t (x)

k=1 OX;OX,

o] 160

dx;dx, :(aidx1 ..t aa
X

1 m

Xuddi shunga o xshash
d"f ::d(d“‘lf):£§dxl+...+af dxmj f (11)

1 m

boladi.
6-Teorema. (Teylor formulasi). Agar x va x+h nugtalarning o°zi
va ularni tutashtiruvchi kesma M to'plamga tegishli bo'lib, f(x)ec™(Mm)
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bo'lsa, u holda ushbu Peano ko rinishidagi goldig hadli Teylor formulasi
o rinli bo’ladi:

4°. Ko™p 0'zgaruvchili funksiyaning ekstremumlari
f(x)= f(x,....x,) funksiya ochiq mcRr? to'plamda berilgan bo’lib,
X, :(xl0 ..... xﬁ)eM bo’lIsin.
5-Ta'rif. Agar x° nuqtaning 3| J,(x°)c= M atrofi topilsaki, vxe( J.(x°)
uchun f(x)< f(x°) ( f(x)= f(x°))
bo'lsa, f(x) funksiya x° nugtada min (max) ga ega deyiladi. f(x°) giymat
esa f(x) funksiyaning lokal (max) min giymati deyiladi va

)= max 100} (£67)= pin fr(0)

kabi belgilanadi.

Funksiyaning max va min giymatlari uning ekstremumlari deb
ataladi.

x° nugtaning | J,(x°) atrofida
A=f(x)-f(x°) (12)
ayirmani ko raylik.
Agar bu ayirma Uﬁ(xO)da 0z ishorasini saglasa ya ni har doim
A>0(A<0) bo’lsa, f(x) funksiya x° nugtada min (max) ga erishadi. Agar A

ayirma x° nugtaning v atrofida ham o'z ishorasini saglamasa, unda f(x)
funksiya x° nugtada ekstremumga ega bo"la olmaydi.

1-Teorema. (zaruriy shart) f(x) funksiya x° nugtada ekstremumga
erishsa va shu nugtada f; (x,)..., f, (x°) xususiy hosilalar 3 bo’Isa, unda

Xm

fr (%)== f (X0)=0 (13)
bo’ladi.

1-1zoh. Teoremaning aksi har doim ham o'rinli bo’lavermaydi.
Masala, f(x,y)=x-y funksiya uchun f,(0,0)= f,;(0,0)=0, lekin funksiya (0,0)
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nugtada ekstremumga erishmaydi, chunki u (0,0) nugtaning v atrofida har
hil ishorali giymatlarni gabul giladi.

2-1zoh. Agar f(x) funksiya x° nuqtada differensiallanuvchi bo’lsa, u
holda funksiyaning ekstremumga erishishining zaruriy shartini df(x°)=0
ko rinishda yozish mumkin.

2-Teorema. (etarli shart.) f(x) funksiya x° nugtaning biror J (x°)
atrofida berilgan bolib quyidagi shartlarni bajarsin:
1) f(x) funksiya Uﬁ(xo) da uzluksiz birinchi va ikkinchi tartibli xususiy
hosilalarga ega;
2)  x"nugta f(x) funksiyaning statsionar nuqtasi;
3) koeffitsientlari a, =, (x°)(i,k=1m) bo’Igan.
Q((:Zl ----- égm): _iaikgigk (14)
kvadratik forma musbat (manfiy) aniglangan.

U holda f(x) funksiya x° nugtada min (max) ga erishadi. Agar
kvadratik forma noanig bo'lsa, unda f(x) funksiya x° nugtada
ekstremumga erishmaydi.

Bu teoremani m=2 bo’lgan holda alohida ko ramiz:

. _ 0% fx°) . :62f(x°) . _o%tx°)

11— 12 22
ox; X, dX, X3

a . a <~y -
12— a4, —a2 bo'lsin. Unda

a21 22
1)  A>0a,>0 bo'lsa, min;

2)  A>0,a,<0 bo'lsa, max;

3)  A<0 bo’lsa, ekstremum mavjud emas.
4)  A=0 bo'lsa, shubhali hol bo’ladi.

Biz shu vagtgacha hech ganday shart berilmaganda y = f(x,,x,,...x,)
funksiya ekstremumini topish masalasi bilan shug ullandik. Lekin
matematikaning ko'p tatbiglarida funksiyaning argumentlari ba'zi bir
shartlarni ganoatlantirgandagi ekstremumlarini topish talab gilinadi. Biz
shunday masalani eng sodda hol uchun keltiramiz.
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Aytaylik,
u=f(xy) (15)
funksiyaning
F(x,y)=0 (16)
shartni ganoatlantiruvchi ekstremumini topish talab qilinsin. Bunday
ekstremumga shartli ekstremum deyiladi.
Agar (16)-tenglamadan y = ¢(x) funksiyani topish mumkin bo’lsa, u
holda shartli ekstremumni topish masalasi
u=flxp(x)]=a(x) (17)
funksiyaning oddiy ekstremumini topish masalasiga keladi. Lekin har doim
ham y=¢(x) funksiyani topish imkoni yo'g. Shuning uchun (16)-
tenglamani yechmay turib shartli ekstremumni topishni o’rganamiz. Bunda
Lagranj usuli yaxshi natijaga olib keladi.

Ushbu

o(x,y)= f(x y)+aF(xy) (18)

Lagranj funksiyasini olamiz. (18) dagi 4 hozircha noma lum
0 zgarmas ko paytuvchi.

@(x,y) funksiyaning oddiy ekstremumi f(x,y) funksiyaning F(x,y)=0
tenglamani ganoatlantiruvchi shartli ekstremumi bilan ustma-ust tushadi.
@(x,y) funksiyaning statsionar nuqtasi va noma’lum koeffitsient 2
quyidagi
@ _g
OX
oD
—=0 19
= (19)

F(x,y)=0

shartlardan topiladi. Faraz qgilaylik, M,(x,,y,) nuqta @(x,y) funksiyaning
statsionar nugtasi bo-Isin. Agar d’® |, >0 bo'lsa min va d*e |, <0 bo’lsa

2
max boladi. Bu yerda d2®:£§dx+§dyj ®
X
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O zgaruvchilari soni ko'p bo’lgan funksiyalar garalganda shartli
ekstremum shu kabi aniglanadi va Lagranj funksiyasi yordamida topiladi.

5°. O°zgaruvchilarni almashtirish

a) Oddiy hosilani o"zida saglovchi ifodalarda o zgaruvchilarni
almashtirish

Aytaylik, y=y(x) funksiya va
A=D(X, Y, Y., Vi) (20)
differensial ifoda berilgan bo'lib,
x=f(tu) y=g(tu) (21)

va u=u(t) bo'lsin. Differensial ifodada yangi t o zgaruvchiga otish talab
gilinsin. Unda (21) ga ko'ra

a9, 99
y,:y_{:at u_
i Xt’ ﬂ+ﬂ.u'

ot ou !

ekanligini topamiz. Shunga o xshash yuqori tartibli y7 .. hosilalar ham
topiladi va (20) ga olib borib go’yib, yangi
A=, (t,u,u;,up,...)

differensial ifoda hosil gilinadi.

b) Xususiy hosilani o°zida saqglovchi ifodalarda o zgaruvchilarni
almashtirish.

Faraz qilaylik, z = z(x,y) funksiya va

B:F[xyz%%i}(—?%%—?} (22)
differensial ifoda berilgan bo’lib,
x=f(uyv) y=guv)  (23)
dz dz

bo'lsin. Bu yerda u va v lar yangi erkli o’zgaruvchilar. Unda e
X dy

hususiy hosilalar ushbu
oz ot of oz og
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tengliklardan topiladi va ular (22) ga olib borib qo yib, yangi
B:Fl(u,v,z Q Q 6—22 8—228—22}

differensial ifoda hosil gilinadi.
Umumiy holda (22) ifodada ushbu
x=f(u,v,w), y=g(u,v,w), z=h(u,v,w) (24)

almashtirish bajarilgan bo'lib, u,v lar yangi erkli o zgaruvchilar va
oz oz

w=w(u,v) yangi funksiya bolsin. Unda " xususiy hosilalarni topish
uchun
%(ﬁ+ﬂ.@j+ﬁ(a_9+a_g.@]:5_h oh ow
ox\ou ow du o\du ow ou) ou ow du
Q(ﬂ+i.@]+ﬂ(a_9+a_9.%}a_h+a_h.@,
axlov ow ov) oylov ow av) v ow ov

tenglamalar hosil gilinadi. Bu tenglamalar yordamida xususiy hosilalar
topiladi va (22) ga olib borib go’yib, yangi

ow ow o*w d*w d*w
B:F2 uv,w,—,—, 1 ’ yees
ou v ou® oudv ov?

differensial ifoda hosil gilinadi.

Nazorat savollari.
. R™ fazo.
. R™ fazoda metrika.
. R™ fazoda ketma-ketlik tushunchasi va uning limiti.
. Ko'p o'zgaruvchili funksiya (k. o". f.) tushunchasi.

. K. 0". f. ning takroriy limiti tushunchasi.

. Karrali va takroriy limitlar orasidagi bog lanish.

1

2

3

4

5. K. 0. f. ning karrali limiti tushunchasi.

6

7

8. Karrali va takroriy limitlarning tengligi hagidagi teorema.
9

. K. 0". . ning uzluksizligi.
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10. K. o'. f. ning tekis uzluksizligi va Kantor teoremasi.

11. K. o'. f. ning xususiy hosilasi ta rifi.

12. Urinma tekislik tenglamasi.

13. K. 0. f. ning differensiallanuvchiligi.

14. K. o". differensiallanuvchi va uzluksiz funksiyalar orasidagi bog lanish.
15. Tagribiy hisoblash formulasi.

16. Yo nalish bo"yicha hosila.

17. K. o’. f. uchun Teylor formulasi.

18. K. 0'. f. ning ekstremumlari.

19. Shartli ekstremum, Lagranj usuli.

20. Oddiy hosilani o°zida saqglovchi ifodalarda o zgaruvchilarni
almashtirish.

21. Xususiy hosilani o'zida saglovchi ifodalarda o zgaruchilarni
almashtirish.
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-B-
Mustagil yechish uchun misol va
1-masala.

masalalar

rR? fazoda quyidagi ketma-ketliklarning limiti a(a < R?) ekanligi ta'rif

yordamida isbotlansin.

11 X(n):(ﬂ,ﬁ} a(_l;_Zj. 1.2 x™ _
1+2n° 2-3n 2 3
m_(1-2n* 3n* | 1.4 x™ _
1.3 x n2+3,2_n2}a( 2-3). X
15 X(n) _ 4n2 +1' 4—n3 j'a(ﬂ,_lj 16 X(n) _
3n*+2 3+2n° 3
1.7 x™ = %;%cosnnj; a(0,0). 1.8 x™ =(
1.9 xm = [_2" , 1+n ]; a(g;—lJ. 1.10 x™ =
3n+1'1-2n) (3" 2
1.11 x" = (iz,ﬁj;a(o,o). 1.12 X =
n- n
R? fazoda quyidagi ketma-ketliklarn
1.13.

X(n)_ i+£+ +n_l' M n
n> n> 7 n? '\ 2n%+1 '

(2n+3)

1 14 X(n) _ (2” +1)!+(2n+2)!.(n_1Jn+2
| : n+3 )

1.15.

1.16.

1.17.

1.18.

2n+1 + 3n+1
2" +3"

;[“2“;1jn4].

o _[1+2+..+n _(2n+3}"+1J
x" = .

Jont+1 '\ 2n+1

() _ 1+4+7+...+(3n—2)_(n+1J“
VYsn*+n+1  \n-1
() _ (n+4)!—(n+2)!_(n+3}"+4
- (n+3)  '\n+5 '
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44+ 2n

5n+15j (2 J
, al——;-b|.
6-n 3

3n—-2 4n-1 3
y——— ha =2 .
2n-1 2n+1j (2 J

(@, n-1 ]; a(0,0).

n n?+1

ing limiti topilsin.



3n® +5-+/3n% +2

(n+)"
1+3+5+..+(2n-1)'( n® -1

.+

1.19 x =

1.20 xm =33, 9,
4 16 64

1.21 x™ = i+ ! ot
1.2 2-3

1+27 ,n(3\/5+8n3 —2n)j.

4n

L ﬁﬁﬁﬁj
n(n+1)

2-masala. Quyidagi funksiyalarning aniglanish sohalari topilsin

X
u = arccos .
X+y

2.1

2.3. u=In(-x-y).

2.5. u=1fsin(x* + y?).
u= :

x> +y>—x

2.1,

2x— x> —y?

2.9.

2.11. u =arccos

2.13. u=

2.15.

2.17. u=x-.y.
2.19. u=

2.21.

U=v1-x% +,y? 1.

va chizmada ko rsatilsin.

2.2. u=In(xyz).
2.4, u=arcsin .
X

2.6. u :\/1—(x2 +y)2 :

2.8. u=(2+y?-1)-(4-x>—y?).

X2 +2x+ y?
2.10. u= /z—yz
X°—=2X+Yy

2.12. u=xy+ _|In = 9y2 +x2+y?-9.
+
214.u:mpi_ii_q.
9 4
2.16. u=1++-(x-y).
2.18. u=ysinx.

2 2
2.20. u = arccos > gy .

u = arcsin iz +arcsin(l-y).

3-masala. Karrali limitlar hisoblansin.

3.1 lim_SNXY

oo AXE+y?

3.2 lim— Y
n X2 Xy + Y
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XZ

3.3 |im(1+1j”y.
X

X—>00
y—3

2 2
Rt
3.5 lim = y4 )
X*)OOX +y

y—

XZ

3.7 Iim(1+gjx+y.
X

X—>00
y—0

. Inlx+e?
3.9 Ilml—).
Yo yx:+y?

1
x4yt

3.11 tim=—.

x—0
y—0 X+ y

1
3.13 IXichl)(1+ X% + yZ)W :

y—0

3.15 lim(x? + y?)sin )
X—)oo( y ) X2+y2

y—

3.17 fim(x + y)e "),

X—00
y—o

3.19 lim(x* +y?)".

y—0

3.21 fim " (x+y)

oL X2+ y?—2x+1

2

3.4 Iim[ al J

X—>+0 2 2

y—>+o0 X"+ y

3.6 Ixiirg(x2 +y2 )

y—0

3.8 lim (x? +y?Jp &),

X—>+0
y—>+o0

3.10 IimM.
(x4 y?)

3.12 Ixiir(])(1+ xzyz)ﬁlyz.

y—0

3/vdy,2
3.14 lim Y

2 2
x—0
y—0 X"+ y

3.16 Iim(x2+y2)ln[l+sin = zj.
X0 X°+y

y—o

2 2
3.18 lim =Y,
sn X+

y—

3.20 fim 1=c0sk¢y?)
25 ¢y

4-masala. lim lim f(x,y) va lim lim f(x,y) takroriy limitlar

X=Xy Y—>Yo Y—=Yo X—>Xo
hisoblansin.
2 2
4.1 (x y)=si 1Xo =0, Yy = . X FNEY =y, =
)i P e 42 )=y,
4.3 f(x,y)=log,(x+y)x, =1y, =0. 4.4 f(X,y)=S|2n(X+y);Xo=yo=
X+3y
COSX —COSY inlx| = si
4.5 f(X,Y)=W1 Xo =Yo =0.. 4.6 f(x,y):—sm|x|2 Sm2|y|;x0:y0:0.
x> +y
sin3x—tg2y X% +y?
47 f(X'y):Tgy’XOzyo =0. 48 f(x'y):ﬁxozyozw'

y
4.9 f(x,y)zlr 1X, =+, Y, =+0.

xV '

1 Xy
4.10 f(x,y)= —t X, =0,y, = 0.
(X Y) Xy gl+xy Xy Yo =
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Y x0y)= 00) L)
411 f(xy)={x'+y?" T L 412 f(xy)= (“XHJ X+y=20,
0,(x,y)=(0.0)%, = ¥, =0 Lx+y=0x =Y, =00
X—y+x2 +y? ) 4.:|_4f)(’y=sinx+siny’X —y, =0.
4.13 f(x,y)= X+ R ) X+Yy °
0,Xx=-yX, =Yy,=0
1 2,2
x?sin = +y XY =yl
415 flxy)- K oym0. 416 xy)= |l
+
g 0.X| =y}, X, = ¥, =0
I Y - -
417 f(x,y)= n()fez);xozl,yozo. 4.18 f(X’y)=m;X0:y0:0_
X" 4y Xy
22 _ In(x+y).
4.19 f(x,y):%yyzl;xozyozol 4.20 f(xy)= (y )-x. =1y, =0.

4.21 f(x,y):sinﬂ(Xer);x0 =y, =.

5-masala.

51 f(x,y)= |X|)f|y| funksiya 0(0,0) nugtada cheksiz kichik bo lishi

isbotlansin.
5.2 f(xy)=sin(x+y)-In(x? +y?) funksiya o(0,0) nugtada cheksiz kichik
bo lishi isbotlansin.

53 f(xy)= X:iyyz funksiya quyidagi hossalarga ega ekanligi

iIsbotlansin.

a) M(x,y) nugta o(0,0) nugtaga shu o(0,0) nugtadan o'tuvchi v to'gri
chiziq bo ylab intilganda ham funksiya limiti O ga teng.

b) o(0,0) nugtada funksiya limiti mavjud emas.

(x,,Y,) Nugtada f(x,y) funksiyaning karrali va takroriy limitlari
mavjudmi?

5.4 1(xy)= Y _x, =y, =0. 5.5 ()= log, (x+Y) %, =1y, =0.

X*+y
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sin X +sin
5.6 f(X,y): Tyy,xo = yO =0.

2,,2
28 1) ><2y2)-(+(y><—y)2

5.10 f(x,y)= X22xy ~i% =Y, =0.
+

1 X+y
5.12 f(xy)= (1+X+yj X+y=#0

Lx+y=0Xx,=Yy, =0

Xo =Y, =0.

5.7 f(x,y):ifz;x0 =y, =0.

59 f(x,y)=(x+ y)sin%-sin%; X, =Y, =0.

xXry’
5.11 f(xy)= x4+y2’(><,y)¢(o,o)

0,(x,y)=(0.0) X, =y, =0

Quyidagi funksiyalarni berilgan nuqgtalarda har bir o zgaruvchi
bo yicha xususiy va ikkala 0" zgaruvchi bo yicha birgalikda
uzluksizlikka tekshiring.

X2y2
513 f(x,y)=qx*+y*
0,x*+y*=0

3,2
X"y 4 4

5.14 f(x,y)=<x*+y*

0,x*+y*=0
x> +y°
X +y #0,
515 f(x,y)=1x +y d
0,x +y =0
D A
XT+y° =0,
516 f(x,y)=4x*+y? y
Lx>+y>=0
sinx+siny
517 f(x,y)=1 x +y

1Lx+y=0

COSX—COSY
518 f(x,y)=9 x -y
0,x—y=0

Xyt 20,

X +Y #

0(0,0) va A(L2).
0(0,0) va A10*:10°).
0(0,0) va A(-L-1).

0(0,0) va A(0;1).

’ 2 2 0’
TR 000) va A(ﬁ;lj.

3 3

' 0(0,0) va A(%%j
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5.19 f(x, y): X2+ y? 1(X’ Y)?‘ﬁ(0,0)
0,(x,y)=(0,0).

2
X"y 2 2
5 X +y =0,

520 f(x,y)=4%*Y 0(0,0) va A(,0).

0(0,0) va A(L0).

0,x2+y?=0

2xy 2 2
i) O’
521 f(x,y)=4x*+y? SR 0(0,0) va AL1).

0,x*+y*=0

6-masala.
f(x,y) funksiyani M to plamda chegaralanganlikka tekshiring.

6.1 f(x,y)=x*-y*>, M :{(x,y)e R2,x2+y2£25}.

6.2 f(x,y)=x*-y> M ={(x, y)eR? x? +y? >25}.

6.3 f(x,y)= 2x +3y" . M ={x,y)eR?x?+y? =0},

X% + y2
6.4 f(xy)— O+ y)x‘yc"s(x‘ Y) M —{xy)eR? xy = 0}.
6.5 f(xy)= sinfx-+ y)x_ysm(x_ Y - {(xy)eR? xy =0}.
6.6 f(xy)= '”i:'y” Y M ={xy)eR%x=y}
Quyidagi funksiyalarning ko rsatilgan to plamda

chegaralanganligini isbotlang, uning aniq chegaralarini toping va

funksiya shu giymatlarga erishish-erishmasligini aniglang.

6.7 f(x,y):;;i’/z, M = {(x y)eR?,x + y* = 0).

6.8 x6+y6 2 2 2

. f(x,y)= ey Mz{(x,y)eR 0<x®+y §9}.
X2y2

6.9 f(xy)= oy M = {(x,y)e R?,x* +y* %0}
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6.10 f(x,y)=xe™, M :{(x, y)e Rz,xzo,yzo}.

4(x? +y? )+ 222
x> +y*+12°

6.11 f(x,y,z)= M:{(x,y,z)eR3,x2+y2+z¢O}.

f(x,y) funksiyaning M to plamda tekis uzluksiz bo lishi ta'rif
yordamida isbotlansin(s = 5(s)-?).

6.12 f

6.13 f

)=2x+3y+5 M =RZ.

)= x> +y? |\/|={(X,y)eR2,X2+y2<4}.
6.14 f(x,y)=+x*+y*> M=R>

6.15 f(x,y)=x-2y+3, M=R?,

Quyidagi funksiyalarni ko rsatilgan to plamda tekis
uzluksizlikka tekshiring.

2 2
6.16 f(x,y)= X4+y4, M:{(x,y)eR2,0<x2+y2<1}.
X +y

[a 4
6.17 f(xy)= sz ++yy2 .M ={x,y)eR?0<x? <1},

6.18 f(xy)=x-sin= M={xy)eR?0<x<10<y<1}.
y
6.19 f(x,y):xysin%, M:{(x,y)eR2,0<x<LO<y<1}.

6.20 f(x, y):y-cos%, M :{(x,y)e R%,0<x<10< y<1}
6.21 f(x,y)=x*—y® funksiyaning M ={(x,y)eR®1<x <20<y<1}
to plamda tekis uzluksiz ekanligi ta'rif yordamida isbotlansin.

7-masala. Quyidagi funksiya 0(0,0) nugtada xususiy hosilalarga
egami va bu nugtada differensiallanuvchimi?

7.1 u(x, y)=/x2+y? . 72 u(xy)= ﬁ’M“‘MiO
0.[x+]y|=0

7.3 u(x,y)=3/xy. 7.4 u(x,y)=/xy -sinx.

7.5 u(x, y)=3/x* +y* . 7.6 u(x,y)=3/x%y tgx.
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7.7 u(x,y)=3¥xsiny. 7.8 u(x,y)=4x*+y*.

7.9 u(x,y)=4x* +y*. 7.10 u(x,y)=2x* -3y?.
7.11 u(x,y)=x* +y* . 7.12 u(xy)= e * x4 4yt 20
0,x*+y*=0
7.13 u(x,y)=3/x*y?. 7.14 u(x,y)=x* +y*.
%JXHM;«:O
7.15 u(x,y)=3x*+y* . 7.16 u(x,y)= g
0, [x+|y|=0
717 e X x2 4 y2 =0
17 ulxy)= 7.18 u(x,y)=3%x y? -sinx.
0,x2+y?=0
7.19 u(x,y)=3/y -tgx. 7.20 u(x,y)=3x vy sinx.
Xyt e e
7.21 u(x,y)={x*+y? X4y 20,
0, x> +y?=0
8-masala.

Sirtga ko rsatilgan nugtada o tkazilgan urinma tekislik
tenglamasi topilsin.

8.1 z=xy; ALOO). 8.2 z=sin(xy) ;{1%%
8.3 z=x+vy?% A(0,11). 8.4 z=¢"", ALLI).
8.5 z=x+y% AlL-10). 8.6 z=x"+y? AL, 2,5).
8.7 x> +y2 +22 =169 A(3,4,12). 8.8 z—arcig Y A(l 1 Ej
x U 74)

89 z=y+ Iné; A@LL1).

z =0 tekislik 0(0,0,0,) nugtada quyidagi sirtga urinma tekislik
bo ladimi?

8.10 z =x? +y?;-aylanma paraboloid.
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8.11 z=/x*+y? -konus.
8.12 2=%,-giperbolik paraboloid.
Quyidagi migdorlarning tagribiy giymatlarini hisoblang.

8.15 1,032 8.16 2’67sin0,07.
Y 3/0,98-4/1,05° ¢
8.17 V1,023 +1,97° ' 8.18 sin159-193,09

8.19 2=X =3¢y +3y* +1 fynksiya M(3; 1) nugtada shu nugtadan (6;
5) nugtaga garab yo nalgan yo nalish bo yicha hosilasi topilsin.

8.20 z=arcig(xy) funksiyaning M(1;1) nugtada birinchi chorakning
bissektrissasi yo nalishi bo yicha hosilasi hisoblansin.

8.21 Z=Xy —xy’-3y-1 funksiyaning M(2;1) nugtada shu nugtadan
koordinata boshiga qarab yo'nalgan yo nalish bo'yicha hosilasi
hisoblansin.

9-masala.

Quyidagi murakkab funksiyalarning xususiy hosilalarini toping (f
va g-differensiallanuvchi).

91 u= 1“(\/x2 +y2,\/y2+22,\/22+x2)_ g2 u= f(X—yz,y—Xz,Xy).

9.3 u=[f(x-y)"** 9.4 u=flx=yxy),
95 u="f(xy) g(yz) 9.6 f(x+ y, X +y2)_

_f XY
9.7U—f(y1xj.

Agar f-ixtiyoriy differensiallanuvchi funksiya bo’lsa, u(x.y)

funksiya mos tenglamani ganoatlantirishini tekshiring.
— f(x2 4 y2 u_ o
98 u_f(x +y ); y@x x(3y 0

ggu=x" f[%) xg—Zygznu_
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9.11 =g+ o) X -0y’ =
n y ou ou ou
9.12 U=X f[xa’x_ﬁj’ X&Jr y— Bza——nu

Funksiya differensialini ko rsatilgan nuqtalarda toping.

9.14 “=%' M(x, Y, 2) va M0(1,2,3)_

T T
9.15 U=cos(xy +xz), M(x,y,z) yg MO@’E’E)

9.16 U=x", M(xy,) ygq M,(23),

9.17 U=xIn(xy), M(x.y.) ygq M,(-1-1).

ou ou ) ) ey ; .
x Va 5, Xususiy hosilalarni hisoblash va f va g fuksiyalarning

hosilalarini (f va g-differensiallanuvchi funksiyalar) yo qotish yo'li
bilan shunday tenglama tuzingki, u(x.y) funksiya uni ganoatlantirsin.

9.18 U=f(§%) 9.19 u=f(x-y.y-2)
= f
9.20 u:xf(%]. 9.21 U=X+ (Xy)

10-masala. Ko rsatilgan tartibdagi xususiy hosilalar va
differensiallar hisoblansin.

m+n

X+Y o™y U

u= ’ u=x"y";
10.1 %552y gy 10.2 U=X"Y" S
m+n 3
10.3 u=e®siny+e*cos; u 10.4 U=6"; o°u
' 2 ox"oy" : X oyor
. R alou U4 4 ) a8u
10.5 U =sinx-cos2y; x'oy° 10.6 U=x"cosy+y'sinx —7 5
u —(x2 +y)10th' oTu u =sin xy; ou ou
10.7 oy 10.8 ey VA ooy

149



10.9 U=yx*+y*-e%; d’u

X

10.10 U—H pdu,

y
10.11 u=x":d’u_ 10.12 U= flx+yx+y’} d’u.
10.13 U= f(x)-gla) d*u. 10.14 U= f(sinx+cosy) d’u_
10.15 u=f(x+y.2?} d°u 10.16 U= f(9.% +y)d u
10.17 u=f(2x-3y+4z) d"u_ 10.18 U= f(2x3y,2z) d

=2xY) po'lsa, % va Z—; lar topilsin.
10.19 FOv.yz,24)=0, 10.20 F(yz.x+y)=0,
10.21 Fy—zxx—zy,z—xy)=0
11-masala. Quyidagi funksiyalar ekstremumga tekshirilsin.

114 u=x oy ey e et 112 U=—X" =Xy -y +x+y,
' X

v
113 u=x"+y’ —3axy 11.4 u=x"+y* -36xy

115 u=x"+y*=2x* +4xy —2y* 11.6 U=X —2xy* +y*—y®

11.7 u=e* -(x+ y2+2y). 11.8 U=3x*y+y® —18x—-30y

11.9 U=Xy+yzZ+ZX 1110u—(x +y)ex+y

1111 u=4—(x2+y2)%_ 11.12 U=X2+2y? +22 —2x+4y—62+1
11,13 U=2X"+y* +2° =2xy +4z—x_ 11.14 U=X"+xy+y® —2zx+22° +3y -1
11,15 u=1-Vx"+y* 11.16 U=(x=y+1)°,

11,17 u=2x"+y" = =2y, 11.18 u=x"y*-(6-x-y),

1119 u=x"+y'=x*—2xy-y* 11.20 u=x"~(y-1)

11.21 U=x*—2xy+4y® +62° +6yz—62

12-masala.

Berilgan funksiyaning ko rsatilgan to plamdagi eng katta va eng
kichik giymatlari topilsin.
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2

X
2
12 2 U=x*+3y* —x+18y -4 0<x<10<y<Il

12,1 U=xy-x’y—=—, 0<x<10<y<2

123 U=x"+3y*-3xy, 0<x<20<y<1l

xy Xy xy’ X,y
u=—>--2_-=22_ x>0,y>0-+=<1
124 U=~ "3 R
12.5 u=x°%+y®—3x*+6xy —3y?, Ogy§x£2_

12.6 U=cosx-cosy-cos(x+Yy), 0<x<z0<y<z
12.7 u:(x—yz)-m y?<x<2

128 U=X"+y’ —9xy+27,0<x<60<y<6

12,9 U=x"+y* —2x* +4xy -2y*,, 0<x<20<y<2
1210 U=X +yz+2%, X*+y*+2° <9

1211 U=x+y+2z, x*+y*<z<1

. . . T T
u=2sinx+2siny+sin(x+y) 0<x<—0<y<—
12.12 y+sin(x+y) ,0<y<

Oshkormas ko'rinishda berilgan Y = y(x) funksiyaning
ekstremumlari topilsin.

12.13 y2—2y—sinx:0,0£x£27z. 12.14 (y—X)3+X+6:O.
12.15 (y=xf =2 +y* 20, 12.16 X +Y2 +xy =27

Oshkormas  ko'rinishda  berilgan z=2(xy) funksiyaning
ekstremumlari topilsin.

12.17 2x* +2y*+2° +8yz-7+8=0 12.18 X" +y*+z° :2(x2+y2+22)_
1219 5%* +5y® +52° —2xy —2x2 —2yz-72=0 1290 Z°+xyz -y’ —x* =0
1291 52° +4zy+y® -2y +3x* —6x+4=0

13-masala.

13.1 a tomoni va uning garshisidagi A burchagiga ko'ra berilgan
uchburchakning eng katta yuzini toping.
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13.2 Uchburchakning a,v tomonlri va ular orasidagi S burchak ma’lum. Bu

uchburchakning a va v tomonlaridan shunday kesma bilan teng ikkiga
(yuzaga nisbatan) bo lingki, natijada kesma uzunligi eng kichik bo"lsin.

13.3 y=x* parabola va x-y-2=0 togri chiziq orasidagi eng kichik
masofani toping.
13.4 (x,,¥,.2,) huqgta bilan Ax+By+Cz+D tekislik orasidagi eng kichik
masofani toping.

13.5 " +b—2+c =1 ellipsoidga ichki chizilgan eng katta hajmli to'gri

burchakli paralepepipedning o Ichamlarini toping.

13.6 O’lchamlari ganday bo’lganda ko ndalang kesimi yarim doira,
sirtining yuzasi 3z* bo'lgan ochiq tsilindrik vanna eng katta hajmga ega
bo’ladi?

13.7 O’Ichamlari ganday bo’lganda usti ochig, xajmi 32 sm® bo’lgan
to g ri burchakli banka eng kichik sirtga ega boladi?

13.8 Hajmi 54z bo’lgan tsilindrik banka, asos diametri d va balandligi h
ning ganday giymatlarida eng kichik sirtga ega bo"ladi.

13.9 Musbat a sonini 5 ta shunday musbat sonlarning yig indisi
ko rinishida ifodalangki ularning ko paytmasi eng katta bo"lsin.

13.10 Qirralari uzunliklarining vyig'indisi a ga teng bo’lgan to'gTri
burchakli parallelepipedning o’ Ichamlari ganday bo’lganda uning hajmi
eng katta bo ladi?

13.11 Hajmi V ga teng bo’lgan to'gri burchakli parallelepipedning
o Ichamlari ganday bo lganda uning to"la sirti eng kichik bo’ladi?

Lagranj usulidan foydalanib u=u(x,y) (yoki u=u(xy,z)) funksiyaning
berilgan shartni ganoatlantiruvchi ekstremumlari topilsin.

13.12 u=xyz, x*+y*>+z*=3.

2
13.13 u:X—2 E)/—2+C—, x> +y*+z*=1 (a>b>c>0).

o]

13.14 u=x-2y+z x +y?-z°=1.
13.15 u=xy?z%, x +2y +3z =6 (x>0,y>0,z>0).

13.16 u=x*+y*—z*+5, x+y-z=0.
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13.17 u=x*>+y?+22*> x-y+z=1.
13.18 u=xy x*+y?=1.

13.19 u=x+y, Xiz+i:i.

2 2

y a

13.20 u=x? +y, + o1,
a b

13.21 u=x-2y+2z, x> +y* +2% =1.
14-masala. u va v larni yangi erkli o'zgaruvchi sifatida gabul
gilib, quyidagi tenglamalarda o zgaruvchilarni almashtiring.
20 oz _ _ _y
14.1xa xy8y2uxyvX
a _ 2 X _ y2 _ X
1422y a—+e 5_4ye u=y?+e*, v=y®—e*.

3

. V=yxo.

><I<

a —
14.3 y5+xa—+xy 0, U=

4+v°
2

14.4 2y —+a—+2y 0, y=v, x=
oXx oy
0z 0z
145 y—=+4= = , x=v,2 y=(u-v).
Yoy A=Y y=(u-v)
oz 0z y+z2
14.6 = =0, u=x v=2-1-,
(X+Z)6x+(y+z)6'y U=x v=-—"
14.7 x% . y@:z,u:x v=2.
OX oy X
0z 82 2,2
148 y = —x—==y- e, u=x>+y? v=y.
5‘X 8y =Yy +y y
14.9 (x+y)g—(x—y)@:0, u=Inyx2+y? v=arcg Y.
OX oy X
2
14.10 (x@j +yzg:222, u=Inx, v=Iny.
OX oy

14.11 y a_ g—O U=x v=x>+y?
ox oy

az az

14.12 x — =17, u=4x-7y, v:S%.
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2 2
1413 22.92_, U=X—Y, V=X+Y.

x2 oy?
o’z 0%z laz
0%z 0%z 0’z oz 1
1415 2—-2 +5——-—=0,u==
ox2 ooy oy: ox 3
14.16 xg+y@:0, X=UCOSV, y=usinv.
OX oy
14.17 y@—x@:o, X=UCOSV, y=usinv.
ox oy
a) (a)
14.18 [—) —(—J =0, X=UCoSV, y=usinv.
OX oy

2 2
14.19 a—§+6—§:0, X=UCOSV, y=usinv.
ox° oy

2 2
14.20 %JF%JAZ:O, x=e*.cosv, y=e* sinv.
X

2 2
14.21 xzﬂ—yzﬂzo, U=xy, v=
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-C-
Namunaviy variant yechimi.
1.21-masala. rR? fazoda ushbu

xw:(l SR S ﬁﬁﬁﬁj

12 23" n-(n+1)’

ketma-ketlikning limiti topilsin.
L, 1+t \a 2z, =~2-4/2-8/2...-2/2 deb belgilasak.

NI R R n-(n+1)

limy, =lim 1—1+1—l+...+1—L =lim l—i =1Vva
n—oo n—e 2 2 3 n n+l) no= n+1

1
L . o
limz, =1im22 2 2 2 =2 2 =2 po’lib, limx®™ =(1;2) ekanligini hosil gilamiz.>

n—oo n—o

2.21-masala. Quyidagi u:arcsiniz+arcsin(1—y) funksiyaning
y

aniglanish sohasi topilsin va chizmada ko rsatilsin.

X
u2

y

={(x,y)eR2:0<y£2,—y23x3y2} Bu soha 8-

<1 [—y?<x<y?
< D(u)= =

0 <2
y-g<1 ©°YF

chizmada tasvirlangan. -

8-chizma.

3.21-masala. Ushbu
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2
im—"*Y)  warrali limit hisoblansin.
oL X2+ y?—2x+1

y—0

@t ()bl -ty 510 )-

y—0

X—=1=rcosp Xx—1
oy (X=14y) _
=lim == : er=>00=
y—0 (X—l) +y y=rsino y—>0

r?(cos g +sing)’

=(cosp +sing)limr=0 >

=lim
r—0 r
4.21-masala. lim lim f(x,y) va lim lim f(x,y) takroriy limitlar
X—=>Xg Y—=>Yo Y—=>Yo X—=>Xg
hisoblansin.
7(x+y)
f(x,y)=sin——"4;x, =Yy, =
(xy) oy o =Y =
< lim lim f(x,y)= lim lim sin 7Y _jinsin T 2 V3 yva
X=Xy Y=o X—00 y—>00 X + 3y X—>0 3 2

lim lim f(x,y)= lim lim sin”(X—er) =limsinZ =1
Y—Yo X—Xg Yy—>0 X—0 X+ y y—o0
5.21-masala. Quyidagi funksiyani berilgan nugtalarda har bir
0 zgaruvchi bo'yicha xususiy va ikkala o zgaruvchi bo'yicha
birgalikda uzluksizlikka tekshiring.

2xy X2 4+y2 20

f(x,y)= x*+y? ,0(0,0)6a A(L1)

0, x> +y*=0
< Ma’lumki, agar
1) )!I_)I’Elo f(X’ yo): f(XO’yO)’

2) JLTO f (%o, ¥)= (%o, Yo ),

3) XILT f (X, Y): f (XOa Yo )v

Y—Yo
bo'lsa, unda f(x,y) funksiya (x,,y,) nugtada
1)  x o0 zgaruvchi bo yicha xususiy,
2) y o zgaruvchi bo yicha xususiy
3) xvay o zgaruvchilar bo'yicha birgalikda uzluksiz boladi.
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Shular asosida masalani yechamiz.
a) 0O(0,0) nugtada tekshiramiz. Shartga ko'ra f(0,0)=0
f(x,0)=f(0,y)=0= lim f(x,0)= lim f(0,y)= f(0,0)= ikkala o zgaruvchi

boyicha xususiy uzluksiz.

2xy X=rcose r?.sin2 ST
lim (X, y,)= lim = = lim ® —sin2¢-3= birgalikda

2 2 2 -
X—>Xg X=Xy X° + . r—0 r
y—Yo y—>Yo y y=rsino

uzluksiz emas.
b) A(1,1) nuqgtada tekshiramiz. Shartga ko'ra f(@ 1)=1 funksiya bu

nugtada ham xususiy, ham birgalikda uzluksiz ekanligini ko rish giyin
emas.

6.21-masala. f(x y)=x*-y* funksiya M ={x,y)eR?:1<x<20<y<1}
to plamda tekis uzluksiz ekanligi ta'rif yordamida isbotlansin.
a Ve>0 olib, quyidagi ayirmani baholaymiz:
(0 ¥2) = £ ya) =8 = y2 =06 =y | = [0 =)~ (v3 - v ) < % =3[ +]y3 - 3| =

=Xy =] X2 X, X Yo =Yl Y2+ Yo Y + 2| <8 (il -

+5Qy2|2 +|y2|-|y1|+|yl|2)£ 5-(4+2-2+4)+51+1+1)=155 = & = 5:%.

Demak, ve>0 uchun 5:% deb olsak , M toplamning ushbu

X, —x|<5 va ly,-y,|<s tengsizliklarni ganoatlantiruvchi w(x,,y,) va (x,,y,)
nugtalari uchun |f(x,,y,)- f(x,y,)<e tengsizlik bajariladi = f(xy)
funksiya M to plamda tekis uzluksiz. »

7.21-masala. Quyidagi

4 4
X +Yy 2 2
> XT+Yy #0

2
u(x,y)=4% *Y

0, x?+y?=0
funksiya O(0,0) nugtada xususiy hosilalarga egami va bu nuqtada
differensiallanuvchimi?

ou(0,0) im u(Ax,0)-u(0,0) i AX*+0 0
X a0 AX T o0 (A2 +0AX

u(00) _ 1y u0.AY)-u(00) _ o ay=0, Demak, xususiy hosilalar 3. Endi
OX Ay—0 Ay Ay—0

differensiallanuvchilikka tekshiramiz. Differensiallanuvchi bo’lishi
uchun
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Ay +0(p)

AU(O,O):%O’O).AX_FM

yoki

AX* + Ay? 3 3 ichi
22 7 _ol/ax? +Ay? | bo'lishi kerak. =

. Au(0,0) lim AX* + Ay* ~ Ax=rcose B
noo P e (AXZ +Ay2)-\/Ax2 +Ay? Ay =rsin @
:(cos4 @+sin* (p)lim r=0=

r—0

differensiallanuvchi.
8.21-masala. z =x?y* —xy®* -3y -1 funksiyaning M(2;1) nuqtada shu
nugtadan koordinata boshiga qgarab yo'nalgan yo nalish bo'yicha
hosilasi hisoblansin.
< Yo'nalish boyicha hosilani
M=M-cosa+
or ox

formula yordamida hisoblaymiz. M(2;1) nugta va koordinata boshini
tutashtirib ¢ to g ri chizigli hosil gilamiz (9-chizma).

ot (M)
Y

-Cosf

Ay
¢
1] “M
& —f |
i .
2 x
9-chizma.

lOM| =+2% +1? = /5 9-chizmadan c03a=cos(7r+go)=—003¢=—%
i . 1 L :

CoS 3 = COS —+¢j=—sm¢=—— ekanligini topamiz.
(2 NG g p

éfé)lzﬂ_):(zxyZ — yS) |)§22. :3, afa()':/l)z(ZXZy _3Xy2 _3): 1
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Topilgan giymatlarni yuqoridagi formulaga olib borib gqo yamiz:
Mzg.(_i}i:_iz_m

ox NG ANNG
9.21-masala. Z—“ va ‘2—“ xususiy hosilalarni hisoblash va f va g
X y

funksiyalarning hosilalarini yo qotish yo'li bilan shunday tenglama
tuzingki, u(x,y) funksiya uni ganoatlantirsin.

u=x+ f(xy)
<
N1y (xy)
ou ou
X——y—=X >
au oX ay

10.21-masala. z =z(x,y) bo Isa & & va 5 lar topilsin.

F(y—zx,x—2y,z—xy)=0

aé=y-2x, n=x-2y, ¢{=z—xy deb belgilab, berilgan tenglamani
differensiallash yordamida topamiz:

0z 0z 0z
F o |-z-x—|+F -|1- +F | —=- 0,
: ( axj " ( yaxj ‘ [a yj

o7 ! ’ , ' ’ @_—Z-Fi’Jan'—y-Fél
= a - Fl—z-F —x-F
& (XF/—yF!+F!)=—F!+2-F +x-F. oL _FemrhoX R
oy &y X-Fl+y-F/—F

11.21-masala. u=x*-2xy +4y? + 622 +6yz —6z funksiya ekstremumga
tekshirilsin.

<
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a—u:2x—2y, a_u:O
OX OX
a—u:—2x+8y+6z, a—U:O
oy oy
a—u=122+6y—6 6Q—U:O
0z 0z

sistemani yechib, m,(-1-1 1) nugta statsionar nuqta ekanligini topamiz.
Endi ikkinchi tartibli xususiy hosilalarni hisoblab, d*u |, ning ishorasini

aniglaymiz.

o%u o%u % o%u  d%u
&, =" =2, a,=8,=———=———=-2, &3=8; == =y,
OX OX0y  oyox OX0Z  0zoX
o%u o*u  d% o%u
a22=_2:8v Qpy=Qg == = a33=_2=12
oyoz  oLoy oz
a,,a 2,—2
a,=2>0; | "= =12>0;
8y, |-28
8y, 8y Ayl=[-2 8 6|=24-|-1 4 3|=48>0=d°u |M0 >0= Uy, =u(-L-L1)=-3.>

a, a5, a3 |0 6 12 01 2

12.21-masala. Oshkormas ko'rinishda berilgan  z=z(x,y)
funktsiyaning ekstremumlari topilsin.
52° +4zy+Yy? —2y+3x* —6x+4=0

< Birinchi navbatda oshkormas funksiyaning xususiy hosilalarini va
ular yordamida statsionar nuqtalarni topamiz:

_ 3—3X
10z-2z), +4yz, +6x—6=0 X Bz+2y {Z' ~0
X
: !
10z-z) +4z+4z,-y+2y-2=0 , _1-y-2z y
Yo 5742y

sistema va berilgan tenglamani x, y, z 0 zgaruvchilarga nisbatan yechib
M,(5;1;0) va M,(9—-4) statsionar nuqgtalarini topamiz. Funksiyaning bu
nugtalarida ekstremumga erishishini tekshirish uchun ikkinchi tartibli
xususiy hosilalarni hisoblaymiz:
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’

) = (2} = 3-3x ) _ -3-(5z+2y)-5z-(3-3x)
C T Bz 2y ) (5z+2yY

X

2

() -

Z" — Z _
i ( 7 52+2y (52+2y)2

2" —(z’)' (1-y-2z ’ _(—1—22;).(52 +2y)—(_1_y_22).(5zfy+2)
W U sz42y )T (5z+2y)

a) M,(51;0) nugtada ekstremumga tekshiramiz.

=_>: a.=z2" =0 a.=2" T
27 12 Xy ||\/|1 22 y2 |M1 2’

= Aa,,a,, — a;, =% Demak a,, <0 va A>0=max=z,, =z({1)=0

b) M,(%9-4) nuqtada ekstremumga tekshiramiz.

" 3 " " 1
a11:2x2 |M2 Z_E’ 8, :ny |M2 =0 8z :Zy2 |M2 Z_E’ =
2 3. Demak |
= Aa,,a,, —a;, =7 emak a, >0 va A>0=min=1z,, =2(,9)=—4

Shunday qilib z,, =z(L1)=0 va z,,, =z(1,9)=—4 >

13.21-masala. Lagranj usulidan foydalanib u=x-2y+2z
funksiyaning x? +y? + z? =1 shartni ganoatlantiruvchi ekstremumlari
topilsin.

a D(x, y,z):x—2y+22+ﬂu(x2 +y? 427 -1)

Lagranj funksiyasini olamiz va bu funksiyaning ekstremumlarini
gidiramiz:

0D

— =1+ 2AX,
ox 1420x=0
1 1 1

oD T ey _—
—=-2+2)y, —-2+20y =0 X= 27\,'y_7\.’z_ N
o = =

2+202=0 3
LY ha=t5
oz x> +y?+2°-1=0
x> +y2+22-1=0
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2 2 2
a) =2 bo'lsin =x=-1iy,=2 =2 TP_p; TP _5 TP _5 va
2 3 3 3 ox oy

aralash hosilalar nolga teng. = d® = 24|(dx)? + (dy)? +(dz)? |> 0= min =

umin :u(_l,g’_gj:_B
33 3

b) 4=-2bo'lsin =x,=L; y,=-2; z,-2. Bu holda
2 3 3 3

d? ®<0=max =u,, u(—;——;—j=3.|>

14.21-masala. u va v larni yangi erkli o zgaruvchi sifatida gabul
gilib, quyidagi tenglamalardan 0 zgaruvchilarni almashtiring.

o1_of @ 1@\ ( F2 1 5
ox> ox\"ou y ov ou? ouov
1( 8%z 0’z 1|_ , 0%z , 8’z 1 9%z
y | ouov vy ou? ouov - y? ov?

va

Topilgan T va W ifodalarning giymatlarini berilgan tenglamaga

olib borib go’yamiz.

2
ax?. 9L _2X oL _ |.l
ouov y ov 2X
2 2
0L %2 gl 2
ouov oV ouov  ov
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Demak, berilgan tenglama almashtirishdan so ng ushbu

0’1 ot
ouov  ov

ko rinishga kelar ekan. »
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6-§. 5S-MUSTAQIL ISh.
Sonli gatorlar.
Sonli gatorlar va ularning yaqinlashishi.
Musbat hadli gatorlar va ularning yaqinlashish alomatlari.
Ishorasi 0°zgaruvchi gatorlar va ularning yaqginlashish alomatlari.
Cheksiz ko paytmalar.
-A-
Asosiy tushuncha va teoremalar.
1° Yaginlashuvchi gatorlar va ularning xossalari.
Ushbu
A, 8,0, ...
hagiqiy sonlar ketma-ketligi berilgan bo’lsin.
1-Ta'rif. Quyidagi
a,+a,+..+a, +.. (1)
ifodaga qgator (sonli gator) deyiladi va u ian kabi belgilanadi.
Shunday qilib,
ian =a, +a,+..+a, +... (2)
n=1

ekan. {a,} ketma-ketlikning a,a,,...,a,,... elementlari gatorning hadlari
deyiladi, a, esa gatorning umumiy hadi deb ataladi. Ushbu

S,=>.a,n=12,.... (3)

k=1
yig'indilar esa (2)-qgatorning gismiy yig indilari deyiladi.
2-Ta'rif. Agar {S, }ketma-ketlik chekli limitga ega, ya'ni
limS, =S

bo’lsa, unda gator yaginlashuvchi deyiladi va bu limitning giymati S (2)-
gatorning yig indisi deb ataladi hamda u

o0
S=a +a,+..+38, +...= .4,
=1

kabi yoziladi.

Agar {S,} ketma-ketlik yaginlashuvchi bo'lmasa, u holda
uzoqlashuvchi deyiladi.

3-Ta'rif. Ushbu
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0

DA, =ap,, +an, +. (4)

n=m+1
gator (2)-gatorning (m-hadidan keyingi) qoldigi deyiladi.
1-Teorema. Agar (2)-gator yaginlashuvchi bo'lsa, uning istalgan (4)-
goldig'i ham yagqinlashuvchi bo'ladi va aksincha, (4)-goldigning
yaginlashuvchi bo’lishidan berilgan (2)-gatorning yaqinlashuvchi bo’lishi
kelib chigadi.

1-Natija. Agar (2)-gator yaginlashuvchi bolsa, uning goldig’i
My =8m 85,0 -
m — oo da nolga intiladi.
2-Teorema. Agar (2)-gator yaginlashuvchi bo'lib, uning yig indisi S

bo'lsa, u holda ) ca, gator ham yagqinlashuvchi bo'lib, uning yigindisi
n=1
c-S bo’ladi, yani
ican =c-ian
n=1 n=1

tenglik bajariladi.

3-Teorema. Agar ) a,va Y b, qatorlar yaginlashuvchi bo’lsa, unda
n=1 n=1

0

> (a, +b,) gator ham yaginlashuvchi bolib,
i(an +b,)= ian + ibn
n=1 n=1 n=1

bo’ladi.
2 va 3-teoremalardan quyidagi natija kelib chigadi.

2-Natija. Agar > a,va > b, qatorlar yaginlashuvchi bo’lsa,
n=1 n=1

i(can +dgb, ) (c,d —const) gator ham yaginlashuvchi bo'lib,
n=1

0

>(c-a, +d-bn)=c-ian +d-§:bn
n=1 n=1

n=1
bo’ladi.
4-Teorema. (Qator yaqinlashishining zaruriy sharti).
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Agar (2)-gator yaginlashuvchi bo’lsa, u holda
lima, =0 (5)

nN—oo
boladi.
Izoh. 4-teoremaning aksi har doim ham o'rinli bo lavermaydi.

0

Masalan, Zl uchun lim a, = Iimlzo, lekin bu gator yaginlashuvchi

=1 N n—o n—o
emas.

5-Teorema. (Koshi kriteriyasi) (2)-gatorning yaginlashuvchi bolishi
uchun quyidagi shartning bajarilishi zarur va yetarli: V& >0 son uchun
In,(g)e N :¥n>n, va V¥ butun p>0 son uchun

n+p

D a <g  (6)

a,+a, +..+a

n+p

tengsizlik bajariladi.
2° Musbat hadli gatorlar va ularning yaginlashishi
Aytaylik,
iam —a, +a, +..+a, +.. (7)
gator berilgan bo’lsin. Agar vne N uchun a, >0 bo’lsa, unda (7)-gatorga
musbat hadli gator yoki gisqacha musbat gator deb ataladi.

Bu punktda biz musbat hadli gatorlar uchun yaginlashish alomatlarini
keltiramiz.

1-Teorema. (Veyershtrass Kkriteriyasi) (7)-qator yaqginlashuvchi
bolishi uchun uning gismiy yig'indilari ketma-ketligi {S,} yugoridan
chegaralangan bo'lishi zarur va yetarlidir.

Misol. Ushbu
Zi:1+i+i+...+i+... (8)
n:1na oo g3a n%

umumlashgan garmonik gatorning « >1 da yaginlashuvchi ekanligi
isbotlansin.

={S,}7T.

N1 1 1
< S, =) —=1+—+..+4—vVvasS =S, +
" ék“ 2% n“ T (n+2)”

Endi uning yugoridan chegaralanganligini ko rsatamiz:
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(1 1) (1 lj 1 1
=l+| —+—|+| —+— |+...+ + <
2 3*) \4* 5° (2n)*  (2n+12)

( 1 1 j ( 1 1 j 1 1
1+ —+—|+| —+— |+...+ + =
2a 2a 40( 40: (Zn)a (Zn)a

20{—1

S (n=12,..)={S,} ketma-ketlik yugoridan chegaralangan.

=S, <

1-teoremaga ko'ra Z% umumlashgan garmonik gator « >1 da
n=1

yaqginlashadi. >
Faraz gilaylik, (7)-gator va ushbu
ibn=b1+b2+...+bn+... 9)
n=1

gatorlar berilgan bo’lsin. Unda quyidagi taqgoslash teoremalari o'rinli
bo ladi.

2-Teorema. (Birinchi tagqoslash alomati) Agar n ning biror
ny(n, >1) giymatidan boshlab barcha n>n, lar uchun

a, <b,

tengsizlik o'rinli bo"lsa, unda (9)-gatorning yaginlashuvchi bolishidan (7)
gatorning yaginlashuvchi bo’lishi va (7)-gqatorning uzoglashuvchi
bo’lishidan (9)-gatorning uzoglashuvchi bo'lishi kelib chigadi.

3-Teorema. Agar

N—o0

bo’lsa,

a) k<o Dbo'lganda, (9)-gatorning yaginlashuvchi bo’lishidan (7)-
gatorning yaginlashuvchi bo’lishi;

b) k>0 bo'lganda, (9)-gatorning uzoglashuvchi bo lishidan (7)-gatorning
uzoglashuvchi bo'lishi kelib chigadi.
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Natija. Agar n—o da a,=07(b,) bo'lsa (y'ni 0<k<oo bo'lsa)

unda (7)-gatorning yaginlashishi (9)-gatorning yaqginlashishiga ekvivalent
bo ladi.

4-Teorema. (lkkinchi taqqoslash alomati) Agar n ning biror
n,(n, >1) giymatidan boshlab barcha n>n, lar uchun

a b

n+1 < n+1

a b

n n

tengsizlik bajarilsa , unda

1) (9)-gator yaginlashuvchi bo’lsa, (7)-gator yaginlashuvchi;

2)  (7)-qator uzoglashuvchi bo’lsa, (9)-gator uzoglashuvchi boladi.
Endi musbat hadli (7)-gator uchun yaginlashish alomatlarini keltiramiz.

5-Teorema. (Dalamber alomati). Agar (7)-gator uchun
lim S0t — g,

n—o0 an

bo'lib,
1) d <1 bo’lsa, gator yaginlashuvchi;
2) d >1 bo’lsa, gator uzoglashuvchi
bo’ladi.
6-Teorema. (Koshi alomati). Agar (7)-gator uchun

lim 2/a, =q

bo'lib,
1) q<1 bo’lsa, gator yaginlashuvchi;
3) q>1 bo’lsa, gator uzoglashuvchi
boladi.
Izoh. 5 va 6-teoremalardagi d va q=1 bo’lsa, gator uzoglashuvchi

ham, yaginlashuvchi ham bo’lishi mumkin. Masalan, i% garmonik gator
n=1

0

uchun d=q=1 va qator uzoglashuvchi; Ziz umumlashgan garmonik
n=1
gator uchun ham d =q =1, lekin gator yaginlashuvchi.
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7-Teorema. (Raabe alomati). Agar (7)-gator uchun

lim n-[l—ﬂj —p (12)
a

bo'lib,
1) p>1bo'lsa, gator yaginlashuvchi;
2) p<1bo’lsa, gator uzoglashuvchi
bo’ladi.
8-Teorema. (Gauss alomati). Agar (7)-gator uchun

oMy ?ﬂ (12)
an+1 n n—*

6,/ <c va &>0 bo’lib
1) 2>1 bo’lsa, gator yaginlashuvchi;
2) A=1va u>1bo'lsa, qator yaginlashuvchi;
3) A=1va u<1 bo’lsa, gator uzoglashuvchi;
4) <1 bo'lsa, gator uzoglashuvchi
bo’ladi.
9-Teorema. (Koshining integral alomati). Faraz gilaylik, f(x)

funksiya [L;+o0) oroligda aniglangan bo'lib, f(x)>0 va monoton
kamayuvchi bo’Isin. U holda

gatorning yaginlashuvchi bolishi uchun
[ £(x)dx
1

integralning yaginlashuvchi bo'lishi zarur va yetarli.
3° Ixtiyoriy hadli gatorlar va ularning yaginlashishi
Bizga biror

da, (13)
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gator berilgan bo'lsin. Agar bu gatorning hadlari v ishorani gabul gilishi
mumkin bo’lsa, bunday gatorga ixtiyoriy hadli gator (yoki ixtiyoriy gator)
deyiladi.

1-Ta'rif. Agar

0

> lay| (14)

n=1
gator yaginlashuvchi bo’lsa, u holda (13)-gator absolut yaginlashuvchi
gator deyiladi.

1-Teorema. Agar (14)-gator yaginlashuvchi bo'lsa, unda (13)-gator
ham yaqginlashadi, ya ni absolut yaginlashuvchi gator oddiy ma 'noda ham
yaqginlashuvchi bo’ladi.

2-Ta'rif. Agar (13)-gator yaginlashuvchi bo’lib, (14)-gator
uzoglashsa, unda (13)-gator shartli yaginlashuvchi gator deyiladi.

Agar sonli gator i(—l)”*la\n yoki i(—l)”an ko'rinishda bo'lib,
n=1 n=1
a, >0 bo'lsa, u holda bunday gatorga hadlarining ishoralari almashinib

keluvchi gator deyiladi.
2-Teorema. (Leybnis alomati). Agar
> (-1, (15)
n=1
gator berilgan bo'lib,
1) {a,}¥,ya'ni a,>a,,>0 (n=12,.),
2) lima, =0

nN—0

bo’lsa, u holda (15)-gator yaginlashuvchi bo’ladi.

© n+1
Misol. Zﬂ:1—1+1—£+...
=" n 273 4

gator Leybnis alomatiga ko'ra yaginlashuvchi bo’ladi va uning shartli
yaginlashuvchi ekanligini ko rish giyin emas.

3-Teorema. (Dirixle alomati). Agar
2. aqb, (16)
n=1

gator berilgan bo’lib,
1) {a,} ketma-ketlik monoton bo'lib nolga intilsa;
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2) B, :Zn:bk (n=12,3)K..., chegaralangan bo’lsa, u holda (16)-
k=1
gator yaginlashuvchi bo"ladi.

4-Teorema. (Abel alomati). Agar (16)-qgator berilgan bo'lib,
1) {a,} ketma-ketlik monoton va chegaralangan,

2) B, = Zn:bk gator yaginlashuvchi

k=1
bo’lsa, unda (16)-gator yaginlashuvchi bo’ladi.

Bizga v hadli (13)-gator berilgan bo'lsin. Bu qator hadlarini
guruhlab quyidagi gatorni tuzamiz:

(ay+a,+.4a, )+ @, +ag, +..+a,)+.., (17)
buyerda n, <n, <...va k > da n, > o

5-Teorema. Agar (13)-gator yaginlashuvchi bo’lib, yig'indisi S
soniga teng bo’lsa, unda (17)-qator ham yaginlashuvchi va uning
yig indisi ham S soniga teng bo"ladi.

Izoh. 5-teoremaning aksi har doim ham o'rinli bo lavermaydi.
Masalan,

i(—l)”+1 =1-1+1-1+...
n=1
gator uzoqlashuvchi, lekin bu gatorni guruhlash natijasida hosil bo'lgan
@-1)+@1-1)+@-21)+...=0+0+...+0+...
gator yaginlashuvchi.
Endi

© ’
Ya, =a;+a)+..+a,+... (18)
n=1

yordamida (13)-gator hadlarining o rinlarini almashtirishdan hosil bo'lgan
yangi gatorni belgilaymiz.

6-Teorema. Agar (13)-gator absolut vyaginlashuvchi bo'lib,
yig indisi S soniga teng bo'lsa, u holda (18)-gator ham yaginlashuvchi va
uning yig indisi ham S soniga teng bo"ladi.

Izoh. 6-teoremadagi (13)-gatorning absolut yaqinlashishi sharti
muhim shartdir. Aks holda teoremaning o rinli bo’lishi shart emas.

<Masalan,
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w (1)l
Z( l) :l_1+l_l+ +(_1)n+1.l+
n=1

n 2 3 4 n
gator shartli yaginlashuvchi va s =In2. Darhagiqgat,
In(1+x):x—X—2+X—3—X—4+...+(—1)”+1-£+r (x), x>-1 (19)
2 3 4 n "
yoyilmada x =1 desak,

1 1 1 1 1 1 N
n2=1-=-+=-=+..+(-1) " -=+r,(1)=S, +r,(1) va |r, (1) <—— boladi.
Sty et GO =8, 4 @) va )<

=S=IlmS,=In2
Shunday qilib
o n+1
Z—( ) =In2.
- N

ekan.= Bu gatorning gismiy yig indilari

o1 1 1
S, = | —————1| S, =S, +———
2n é(Zk—l 2kj T on 41

chekli S limitga ega:
limS,, =lmS,,,,=S=In2
N—o0

N—o0

Endi berilgan gatorda hadlarining o rinlarini almashtirish yordamida

quyidagi
PESIE S S SO SO S DU
2 4 3 6 8 2n 1 4n-2 4n
gatorni hosil gilamiz. (20)-qgatorning yig indisini hisoblaymiz.

n 1 1 1
S! = —— | gismiy vig indini olamiz.
o ;(Zk 1 4k—-2 4qu Y ¥ig

1 1 1 1( 1 1 , 18 1 1
B e T ey
2k-1 4k-2 4k 2\2k-1 2k no= n%oozkl 2k-1 2k

1. 1 ' ' 1 ; '
:Erll'moszn :ES = r!'_r)n Sani = I'_rﬂo(ssn + 2n+1) :ES va rl]'_rEOSSnu =

) 1 1 1 ) e e .
=lim| S, + — =285 = (20)-gatorning viqg indisi
n%( T 2n+l 4n+2) p° =204 Y9

S':ES :llnz ekan.r
2 2
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7-Teorema. (Riman teoremasi). Agar > a, qator shartli
=1

yaqginlashuvchi bolsa, u holda vA (chekli yoki cheksiz) son olinganda ham
berilgan gator hadlarining o rinlarini shunday almashtirish mumkinki,
hosil bo"lgan gatorning yig indisi xuddi shu A ga teng bo’ladi.

4° Cheksiz ko paytmalar
Bizga

sonlar ketma-ketligi berilgan bo"lsin. Ulardan tuzilgan
pl.pz-...-pn-...:f!pn (21)
simvolga cheksiz ko paytma deyiladi. Ushbu
P, =f_{ p, (n=12,.)

ko paytmalarga xususiy ko paytmalar deb ataladi.
Ta'rif. Agar P, xususiy ko paytmalar n— oo da chekli yoki cheksiz
P limitga ega bo'lsa
lim P, =P,

nN—0

bu limitni (21)-ko paytmaning giymati deb ataladi va
P :Hpn
n=1
kabi yoziladi. Agar P=0 va chekli bo'lsa, u holda ko paytma

yaqginlashuvchi, aks holda uzoglashuvchi deyiladi.

Bundan buyon cheksiz ko paytmalarni tekshirayotganimizda p, =0
deb faraz gilamiz.

Cheksiz ko paytmalarning birinchi m ta hadini tashlab yuborib

o0

Tm = Hpn: Pt Pmi2 *-- (22)

n=m+1

goldiq ko paytmani hosil gilamiz.
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1-Teorema. Agar (21)-ko paytma vyaginlashsa, (22)-ko paytma
yaginlashadi va aksincha, (22)-ko’paytmaning yaginlashidan (21)-
ko paytmaning yaginlashishi kelib chigadi.
2-Teorema. Agar (21)-cheksiz ko paytma yaginlashuvchi bo’lsa,
unda
lim 7z, =1

bo ladi.
3-Teorema. (Cheksiz ko paytma yaginlashishining zaruriy
sharti). Agar (21)-ko paytma yaginlashuvchi bo’Isa u holda
lim p, =1

bo ladi.
Yaginlashuvchi cheksiz ko paytmalar uchun 3-teoremaga ko'ra
lim p, =1= Biror nomerdan boshlab hamma p, lar >0 bo’ladi. Demak,

N—o0

umumiylikka ziyon keltirmasdan, barcha p, lar uchun p, >0 deb faraz
gilishimiz mumkin.
4-Teorema. (21)-cheksiz ko paytma yaginlashuvchi bo'lishi uchun

Sip, (23

gatorning yaginlashuvchi bo lishi zarur va yetarlidir. Agar bu shart
bajarilsa va (23)-gatorning yig indisi S bolsa, unda
P=¢°
boladi.
Agar p,=1+a, bo’lsa, unda ﬁ P, = ﬁ(1+ a,) bo’lib, 4-teoremaga
n=1 n=1
kora (21)-ko paytmaning vyaginlashuvchi bo'lishi uchun ushbu

iln(1+ a,) gatorning yaginlashuvchi bo'lishi zarur va yetarli ekanligini
=1

hosil gilamiz.

5-Teorema Agar biror n, e N nomerdan boshlab, barcha n>n, lar
uchun a,>0 (yoki a,<0) bo'lsa, (21)-cheksiz ko paytmaning
yaqginlashuvchi bo’lishi uchun

Sa,  (24)

gatorning yaginlashuvchi bo’lishi zarur va yetarlidir.
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Umumiy holda, ya'ni a,lar ishorani saglamagan va (24)-gator

yaqginlashgan holda, (21)-cheksiz ko paytmaning yaginlashuvchi bo lishi
uchun

Sa?  (25)

gatorning yaginlashuvchi bo"lishi zarur va yetarlidir.

Agar (23)-gator absolut yoki shartli yaginlashsa, unda (21)-cheksiz
ko'paytma absolut yoki shartli yaginlashuvchi deyiladi.= (21)-
ko paytmaning absolut yaqginlashuvchi bo’lishi uchun (24)-gatorning
absolut yaginlashuvchi bo’lishi zarur va yetarli.

Nazorat savollari.
1. Sonli gator tushunchasi.
2. Sonli gator yaginlashishining ta’rifi.
3. Qator yaginlashishining zaruriy sharti.
4. Qator yaginlashishi uchun Koshi kriteriyasi.
5. Musbat gatorlar uchun Veyershtrass kriteriyasi.
6. Birinchi taqgoslash alomati.
7. Ikkinchi tagqoslash alomati.
8. Dalamber alomati.
9. Koshi alomati.
10. Rabee alomati.
11. Gauss alomati.
12. Koshining integral alomati.
13. Ixtiyoriy hadli gatorlar va ularning yaginlashishi.
14. Leybnis alomati.
15. Dirixle alomati.
16. Abel alomati.
17. Absolut yaginlashuvchi gatorlarning xossalari.
18. Shartli yaginlashuvchi gatorlar.
19. Riman teoremasi.
20. Cheksiz ko paytmalar va ularning yaginlashishi.
21. Cheksiz ko paytma yaginlashishining zaruriy sharti.
22. Cheksiz ko paytma yaginlashishining zaruriy va yetarli shartlari.
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-B-
Mustagil yechish uchun misol va masalalar.
1-masala. Qator yig indisini toping.

11 §9n2+i2n—5' Z_: ~12n-5
13Z{Qn +6n—8 Z_: 9n?+21n-8
15Z_;4n +8n+3 Z 49n? —28n - 45
172-;9n +3n-2 182_;49n —7n-12°
19,125n2+n 2 119 %49n ~14n-48’
LA il%nz —624n—5' 112 249n2 —1:4n—13'
113Z_;4n +4n-3 1142_‘149n +35n—-6
L §9n +3n-20 116 ;16n —8n-15
LA i149n2 —721n—10' 118 §4n -
1192_;49n —35n-6 1.0 Z_;%n +12n-35
Lel §9n ~3n-2

2-masala. Qator yig indisini toping.
21y inl)JE:+ 2) %2 i{n(n+l)(n+2)'
23 g(n+2)znn+l)n' 24 ni;n(n +1)n+2)
29 Zn(n—ll;(n—z)' 26 én(n —nl;(rA;—Z)'

176



= 3n+1
2 2 (D)
< 4—n
29 Z; n(n+1)n+2)

213 Z_;n(n +1)(n+3)'

n+6
2.15 :
Z n(n +1) n+2)

211 HZ;,(n 1) (n +1)

S 3n+4
2.19 :

Z_;n(n +1)(n+2)
221§: on-2

=(n-1)n (n +2)'

> 5n+9
2.8
nZ; n(n+1)n+3)
X 8n-10

2'102(n I n+1)n-2)

- 3n+2
2.14 :

Z_;n (n+1)n+2)

< n+5
2.16

nz3(n+2)(n 1)

n+2
2.18
Z n(n-1)(n-2)

220 Z(n+z)(n+1)

3-masala. Qatorning gismiy yig indisi S, va yig indisi S ni

toping.
> 1
3.1 :
nZ:;lan —-8n-3
1

6n? —24n—5

+4n 3

3.3 23
i

36n% +12n-35

39% "

= (2n-1)-(2n+1)*

311 Y (Vn+2-2Vn+1++n)

3.13iln[1— 2 j
n=2

n(n+1)

3.2
Z_;ZSn +5n—6
3.4
249n +7n-12
3.6
2_216n —8n-15
= 2n+1
3.8
Z_;n (n+1)*
3102 Ll
n-(n+1)
1
3.12 Zln( 2]
=2 n
© -1
3.14 » In
nZ; n®+1
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= .1 3 X 1
3.15 » sin—cos—. 3.16 > In .
Z; n g Zo nk(n+2)
3.17 iarctg%. 3.18 Z( )™ 11.
2n
3.19 22” -1 3.20 Zz—n-
n=1
3.21 ZSln—sm 3a .
2 2n+1
4-masala.

Koshi kriteriyasidan foydalanib umumiy hadi a, ga teng bo’lgan

ian gatorning yaqinlashuvchi ekanligini isbotlang.

n=1

41 g _C0SNa 424 = SNNa_
3" n-(n+1)
4.3 a, :%. 44 a :COSan
n n r]2
45 a, = cosna—cos(n+1)a. 4.6 a, =D, +ﬂ+...+b—”+...(]bn\<10)
n 10 10
1 3
4.7 a, =0% 48 a, =0 %
(n+1)n+3)
49 a :L. 410 a. = n-1
" on®n T ndgn
411 a = Lsin%. 412a,=—
n n n“+n+1

Koshi kriteriyasidan foydalanib umumiy hadi a, ga teng bo'lgan

ian gatorning uzoglashuvchi ekanligini isbotlang.

n=1
413a =1 4142 =71
2n+1 T
4152, =11 416 a = 29N
n-+4 n
1 1
417 a, = In(1+—j. 4.18 a, =
n n? +1
1 1
4198 == 420 a -
" Jn " 3n+2
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421a -

Jn-(n+1)

5-masala. Qatorning yaginlashishga tekshiring.

5.2 insin 2+(-1) .

51Zsm n\/_.
n=1

. cos? "%

2

>3 nZ;n(n +1)(n+2)

553 27"

= n—Inn

= n(2+cosnx)
5.7 E :
n=1 2n2 —1

5.9 ZSII’] n

n=1 n2 +1

(=1)"-n
, arccos——~——
511y — N+l

n=1 n°+2

nin
5.13 an_g

5153 L gin 2+ 1)
=24 n3

7n
1+S|n—

5172

.7
w 2+SIn—

5.19 > > 4 . ctg !
n=1

n

. (2 + cosﬂznj\/ﬁ

5.21
nZ:; ¥Yn” +5

n=1

542Inn

n3

Mg

., arctg

1+(-1)"
2

563

n=1

n
arcsm—

n®+2

> Z 2 3/n®=3n

0

510 355
512%

n=1

514 %

n=1

o0

5.16 >

n=1

5182

0

5.20 )"

n=1
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Invn? +3n
vn? —n
n-cos’n

n®+5

n?+3

n’ (2+sm nﬁj
2

Inn

n®+n+1

2 7
COS —

3”+2
Inn

Jn®+n




6-masala. Yaginlashishga tekshiring.

6125”—1+n 1 GZZln tg%'
6.3 Z_;I s 6.4 Z—sm—.
6.5 Z_;n—_larctg \/1_1 6.6 nz{é%
o1 i.jwinf’n+sj:n22”' o8 Zf’;:iz:;sr:]

1
692;n cos® 6n’ 6102\/n—+1 Jn
6.11 Zrarctg%. 6.12 Z_;nz—lnn'
6.13 Z\/F L 614Z§/_+2arct ;2—135
6152\/%( yﬁ—l} Gngl nn+:12
6.17 E%arctg ni3 6.18 gln : 3+1
6.19 >on'tg® ~. 6.20 3 sin iﬁ .

n=1 n° +2

6.21 Z(l cos— j

=1

7-masala. Yaginlashishga tekshiring.

= n+1 %0 (n!)2
71y ——— )
g;z”.(n—l)! 7.2 2‘1 o
2" (n® +1) 10" - 2n!
7.3 . 7.4
X o D
2n+2) 1 n+5 . 2
7.5 ( . 7.6 Y —sin—
Z 3n+5 2" Z_; n! SmS
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7y ™

i (nl)
7.13 Z

(n +1)

()2

717>
n=1

7192(

n+2)'4”'
1
5_n-

n!
721 =t
nZ:l(Zn)! !

1-3. 5 ~(2n-1)

7.16 Zn!-sinzin

n=1

7.18 25(;31:

n=1

72023 5.7-...-(2n +1)
2-5-8-...-(3n-1)

8-masala. Yaginlashishga tekshiring.

8.1 i(ul} 4i

= (2n° +1
Z;(n +1} '
e on "
855 n*. .
nZ:; (3n+5j

< (on+1\"
8.7 .
Z 3n—2]

8.9 i n_—lj .

n=1 n

3n+1

842(4n 3) |

n+4

8.2 2(2“2) (n+1) .

> .0 T
8.6 Znarcsm” -
4n
n=1

n+2 n’
882(3n J |

8105 "3
Z_‘I(2n+1)
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2n+1

811y 5

—~n"

8.13 2gin™ =,
Z::n sin -

20
Z(Inn)"

e8] n n3
8.17 Z_:(Bn—lj '

8.19 Zn -arctg " v

n=1

8.21 ii(ij .

—3" (n+1

8.20 3 n*.arctg2" =
nZ:; g 4n

9-masala Yaginlashishga tekshiring.

913
Z;(Zn +3)In (2n+1)
9.5 Z( 1

= (3n+4)In*(5n+2)
1

(3n + 1)

o Z (nx/_ +1)In 2(n\/§ + 2)'

o0

99 2onm 1)In( 5

911y ——

=(3n- 1)Inn '

913 %

915 )

“~ 2(n+3)ln 2n’

=(2n- 3)In Bn+1)

92%}In (2n+1)
,i(sn 5)in?(4n—7)
é(2n+1)ln1(n\/_+2)
8 22 o 1=
9.10 3

= (n +1)In (2n)

9.12 >

= (2n- 1)In (n+1)

014y 1

= 2(n+2)ln n

016 3

=(2n +3)In (n+1)

8
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9.17 9.18
nzsnln (n- 1) r]Z;Zn w/Ini3n 1)
9.19 : 9.20 :
é(n 2)- w/Inin—Si nz;l(Sn 1)- 1/Inin—li
9.21 Z

- 2(n+5)ln (n+1)-

10-masala. Quyidagi tengliklarni isbotlang. Ko rsatma. Qator
yaqinlashishining zaruriy shartidan foydalaning.

10.1 im % 0. 10.2 1im G2 _o.
n—wo N n—oo 2n
. n" . n"
10.3 lmm—o. 104 rllmo (n!)3 =0.
105 tim @2 o 106 1im "2 o,
Nn—oo n n—oo n
10.7 tim 20" _ ¢ 10.8 lim -1 —o0.
n—e (2n —1)! n— (2n —1)
109 m ™ —o 10.10 fim 20+ _
n—oo (n!)2 n—oo n
1011 tim @M 1012 tim 4! o
n—o0 5n n—oo 2”
2 n
10.13 lim % =0, 10.14 im o ”1)|]2 ~0.
Nn—oo 1 n—oo n+
10.15 tim (Y o, 10.16 lim (”Ln?’)':o.
n—oo n n—oo n
i n" i
10.17 | 0. 10.18 |
o (2n-+1) n'LEL( 3
1019 jim -GV _¢ 10.20 fim (2N+3M
Now (2n—l)! nso "
10.21 fim 2= _
Nn—oo n
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11-masala. ian gator

yaqinlashishini aniql_ang.
1-nsin lj :
n

arctg 1 In (1+ Eﬂ :
n n

ot )
1154a,=|e ”—1} :

Loost 1 ¢
11.7 a, =|e" "-1-=—| .
n

1 nZ_n)
119 a_ =| cos— — .

11.11 a, =n -sin“(i—arctg 1).
n n

111 a, =

113 a, =

1 (04
11.13 a, =[e2”2 —cosij .
n

a

11.15 a, =|In n+|n(sin 1) :
n

a

n+1 2

11.17 a, =|In
n-1 n-1

1 o
11.19 a, =| nsin=—-cos—=
n n\/_j

11.21 a, =(Vn+1-vn)" -In ;”*i.
n_

n>2.

« ning ganday qiymatlarida

11.2 a, = n“‘[ln(n2 +1)—2In n].

3n? +1-3/n% -1

114 a, = -
n
116 a, = —c:os1
n-sin =
n
11.8 a, = In(arctg 1j—ln(tg lj :
n n

2 o
11.10 a, = 1—sin27m } .

1112 a, =|1- (cosljn
n

1 ”}
n
1114 a_ = 2 .
(1 COS
n

11.16 a, =| In? +n+1‘/n+%] .

1118 a, =| — - |n”—+1) |

Jn n

11.20 a, = % _cos j
2n+2 2n+2
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12-masala. Yagqinlashishga tekshiring.

— 1 2N+1 s 1 n
121 S 2D 22 e (5)
1232( i 1243 VU
2In(n+1) =n-(Ininn)-Inn’
(-1)"-2n° (-2)’
12.5 nzzn T 1262(n+1) —.
S (-1
121 “n-in(n+1) 1282_;n Yon+3
(-1)"-sin—"— 12.10 Z(l—)”-cosi.
— 2\/— n=1 6n
12.9 nZ:; TV
12.11 in(lnl();n) 12.12 ni;l(—l)” 9=
(i (-2)’
12.13 Z{(n+1) S 12.14 ZICOS —
3Vn
12.15 i% 12.16 i(—l)“ : 22;1.
n=1 (n n 1) (Zj n=
(-1)"-(n+3) (-2)'
12.17 Zl e 12.18 %(2n+1) S
12.19 é(—l)” '%1 12.20 3 (-1)° %%ﬁ)
LT
1221y, J5T_iﬁ'

13-masala. Quyidagi gatorlarning absolut yaginlashuvchi
ekanligini isbotlang.

13.1 i (n+1)cos2n

=3 +3n+4

13.2 ZIn(lJr%j arctg %
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135 i arctg(—n)

n=1 4\/2n6 +3n +1.

( )n+1 Inzn

1372

13.9 S'cos®n-arct
Z; J 3+2

13.11 Z((er‘])):

13.13 nzz‘I(‘l)n\'/:_f';”).

) n.(n+1) 2n +n2
13.15 » (-1 : :
Z( ) 2 3n +n3

(-=1)" -sin3n

1317 S

o i)

13212 n°+3 In{l+ﬂ.

n +4n n

=n-In(n+1)-In?(n+2)

“~ n-¥n+2

. T
. sm(Zn + )
134’y 4

m
COS—

B e

-1)" T
13.8 ( . .
nz=1 I arcsin "

13.10 ZnS sinn-e V",

8

1312 ZM-

n=1 (n +1)
X 1
13.14 > { —COs—|-cosnn.
=l n.sin= n
n

14-masala. Quyidagi gatorlarni yaginlashishga tekshiring.

1413 )5
. — 2 [a——
= Jn

14.3 360521
n=1 n

1452S|n2n

14223|nn

14.4 Zcos3n

T
CO{I’] + 4)
146y~ 4/

= In*(n+1)
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0 2
14.7 3 (-1 . 85 2N
200,

149?( )" Jnl_ﬂ(u%j

=1

= (-1)™ -Inn
14.11 (—
; Jn

- 1)"-n
14.13 :
nz_;(n+2) Un+1

14.15 3" (1) -(1—cos%}

n=1

14.17 i(—l)”- n+2 arctg ——
=1

n’+4

2 sinn
1419 Y ——.
ZI \/ﬁ +sinn

14.21 Zﬂ cosi.

Sinln(n+2) " n

14.12 i - 1)n+|1 '(::‘inl()” +2)

1
14.14 » co +7n |-sin=.
Soof fom ) sin;

1

14.16 S (~1)" .
Z;( ) Un? +1

sin®n

.
14.20 Zsin(m/nTrl).

14.18 Z

15-masala. Quyidagi qatorlar « ning ganday giymatlarida

a) absolut yaginlashuvchi,

b) shartli yaqinlashuvchi bo'lishini aniglang.

1512( 1)" -sin®

153 ZS|n Zn;ln n.
n=1 n

- il 1yt {(2(2 r:)!1!)!!}05.

157 ia-(a—l)(a—2)-...-[05—(n—1)].

ni

n
" sm—

159 — 2 _

‘anin® (n +1)

o 42" cos?" o
15.2 )te == 2

15.4 i[ o

n+1+(—1)”]a |

(-1)'
1562
o]
158y Y

n-1 [nlnn+(—1)”]0.

2+(-1)"
n-In%(n+1)

1510 3" (1"
n=1
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w n-1
1511 3 EV 15.12 35",
1 n“ i
1513 35 15143 U
n_ln—a n=l o (_1)
n +T
n
- (-1 15.16
1515 3 . 2 a-(a-1)a-2)-....(a—2n)
n=1 (Z+n Z )
n o] (2n+2)
15172'” 1+( 1) \/2 \/2 a
N+ © alvn“+n-1-+n°-n+1
N :
n=1
15193 Y 15203 U
—1[2n+ ] n= 2[n Inn+(— 1)”]0
15.21 3 C%"
- nh“
16-masala.

Tengliklar isbotlansin.

0 1 2n
16.1[] 1+(—j =2.

n=0 2

z V4

T

165H X sunx
X
67%-2. 2 . 2
2 V2 2442 \/2+\/2+\/§
© 4n? . .
16.9 ~ = Vallis formulasi).
2 E4n2—1( )
= 1 2
16.11 1-— |==,
E( 4n2j T

3

2
16.2 ——.
gn +1 3
16.4 H 1- 1
( )] 3
16.6 H(1+x ):1i (X <2)
n=0
2 3n 3n 2r
16.8 :
H(Bn 1 3n+1 3\/§
1620 []/1-— 2 |-~
n=1 (2n+1)2_ 4
= X shx
16.12 | [ch—=—
Hener =5
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Quyidagi cheksiz ko paytmalarning yaginlashuvchiligini
isbotlang va ularning giymatlarini toping.

16.13 ﬁnz -4 16.14 l2[(2n +1f2n+7)
n=3 N° -1 ni (2n+3)(2n +5)
16.15 |1+~ | =
L1 n(n+2) 16.16 EZ .

Quyidagi  cheksiz ko paytmalarni absolut va shartli
yaqginlashishga tekshiring.

16.17 ﬁ{u%} 1618 |1+ (‘Jl)_r:ﬂ}.
LI Ty
1619 [ 1620 |1+, }

n

16.21 ﬁ{u%}
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-C-
Namunaviy variant yechimi.
1.21-masala. Ushbu
= 3
nzz‘zgn2 ~-3n-2
gator yig indisini toping.
3 3 1 1

on?_3n-2 ( j(”_j (3n+1)-(3n—-2) 3n-2 3n+1
)

< a

n:

1 1 1 1 1 1 1 1
+..+ - =1- .
4 4 7 7 10 3n-2 3n+1 3n+1

=S =>a
" ;k (3k23k+1

Demak, S = lim S, = fim (1— L j 1o
3n+1

nN—oo n—oo

2.21-masala. Ushbu

- 5n-2

2 0-tnn+2
gator yig indisini toping.
< Birinchi navbatda bu gatorning umumiy hadini noma’lum koeffitsientlar
usulidan foydalanib, sodda kasrlarga yoyamiz:

S5n-2 1 1 2 ( 1 l) (1 1 j
a, = = +=— = —-=|+2-|=———|=b, +cC,.
(n-Dn(n+2) n-1 n n+2 n-1 n n n+2

Snzzn:ak:i( by +¢. )= Zb +ch_2(kil—%j+22n:(l—ij

k=2 k=2 k=2 k=2 k=2 k2 Kk k+2
( 1 1 1 1 1 1 1) (1 111 1 1 1 1 1 1j
- S+ - 4 — -+ e e S S —— | =
2 2 3 3 4 n-1 n 2 4 3 5 4 6 5 7 n n+2
)ttt 1 )81 2 2 o jims, =3-22
n 2 3 n+l n+2 3 n n+l n+2 N—>0 3 3

3.21-masala. Quyidagi
isin Y sin Sa

n+1 n+l -’
-1 2

gatorning gismiy yig indisi s, va yig indisi S ni toping.
< Bu masalani yechishda

sinx-siny = %[COS(X — y)—COS(X + Y)]
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formuladan foydalanamiz.
n
S, =>.sin f{l- in—=— = Z(cos——cos%j:
] 2 +. 2 +. 2

1( a o a a )
=—| COS——COSx +COS— — COS— =
2 22 2 23 22 2n 2n—l

N—o0

1(003——00504):8 =lim S, = 1(1—cosa):sin2 LIS
2 2" 2 2

4.21-masala. Koshi kriteriyasidan foydalanib, umumiy hadi
1

a =-—
" Jn(n+1)

bo’lgan ian gatorning uzoglashuvchi ekanligini isbotlang.
n=1

< Ma'lumki, 3¢ >0 son topilsaki ,¥n, e N olinganda ham 3n>n,
va butun p >0 sonlar mavjud bo'lib,

n+p

2%
k=n

tengsizlik bajarilsa, unda ian gator uzoglashuvchi bo’ladi.

n=1
Agar s=1va p=n deb olsak, unda vn, e N olinganda ham 3n>n,
topiladiki va
n+p n+p 1 1 1

2.3 z\/k k+D) Jn-(+1) JneD-(m+2)  Jorpntpsl)

p=n
5 P s P o P 7N =%=ebo‘ladi:>

Jh+pYn+p+1) n+p+l 2n+p 2n+n

=&

= ian gator uzoglashuvchi.

n=1

. (2 + cosnz”jx/ﬁ
5.21-masala. >

1 in’+5

gatorni yaqinlashishga

tekshiring.
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nz

2+c05— |/n
( 2) (2+1)-vn 3

< a, = < =— =D,
Yn’ +5 Un’ 4

> b, = Z / gator yaginlashuvchi , chunki §>1 Unda taggoslash
n=1 n=ln/4

alomatiga ko ra berilgan gator ham yaginlashuvchi.»>

bo'lib,

6.21-masala. i(l—cos%] gatorni yaqinlashishga tekshiring.

n=1

a, =1-cosZ =2-sin?2~. Agar bn:i desak, n—>o da a,=07(b,)

n 2n n?
2
a 2sin 2 . 7[2 sin 7 7[2

bo'ladi. Darhagiqgat, lim — = lim 2N _ 7 jim| 20| % g

n—o bn n—o 1 2 noow 1 2

n? 2n

b, = Ziz-yaqinlashuvchi:taqqoslash alomatiga ko'ra
n=1 n=1 M
> a, = Z(l—coszj gator ham yaginlashuvchi.»
n=1 n=1 n

o0

7.21-masala. thg— gatorni yaqginlashishga tekshiring.

=1

< Dalamber alomatidan foydalanib, tekshiramiz.

. 1_ 4 (n+1) tq 1 nk(n+1) L
" (2n)' Jgn' G (2n+2) 5“+1_(2n)!-(2n+1)-[2n+2]95”+1 ’
1
tg——
d=lim & _fm 1 8™ 1y, —0<1=
e @ noe2-(2n+1) tgi 10 n>» 2n +1
5n

Berilgan gator yaginlashuvchi.

8.21-masala. i%-(nn 1) gatorni yaqginlashishga tekshiring.
n=1 +

< Koshi alomatidan foydalanib, tekshiramiz:
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a=lm 3, =3im[ "] =i (””j I
n

N—>c0 n—ol N+1 3noo\ n 3n>w

Berilgan gator yaginlashuvchi.
1
9.21-masala.
nZ;(n+5)In ?(n+1)
<Bu gatorni yaginlashishga taggoslash va Koshining integral
alomatlaridan foydalanib, tekshiramiz:

1 1 1
= < <
(n+5)|n2(n+1) (n+1)|n2(n+1) n-n’n

gatorni yaginlashishga tekshiring.

=b,,n>2.

+00

I

2 =——|3"= 1 bo'lgani uchun Koshining integral
> XIn“ X

In? x Inx In2

_I d(In x) oo

alomatiga ko'ra an gator yaginlashuvchi va tagqoslash alomatiga ko'ra
n=2
berilgan gator ham yaginlashuvchi. >

10.21-masala. Quyidagi
_(2n-1)
lim

n—o0 n

=0

tenglikni gator yaginlashishining zaruriy shartidan foydalanib,
isbotlang.

<Umumiy hadi a, :(Zn—;l)” bo'lgan ian gatorni yaginlashishga
n n=1
tekshiramiz. Bunda Dalamber alomatidan foydalanamiz:

I n 0
0= fim Bt g | BOED 0T )l 1) 2 g sy
e ay oo (nad)™ (2n=101 | noe| N+l (1 1)” e =i

+7
— n -
yaginlashuvchi = Qator yaqginlashishining zaruriy sharti, yani
-1
ma = lim @~ _ g tenglik bajariladi. »
n—o0 n—o0 n

11.21-masala. > a, qator « ning qanday qiymatlarida

yaqinlashishini aniglang.
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a, =(Vn+1-+n) .m0+

2n-1
n+l-n 1 « 1
< Jn+1-+n= = =07 — | va
Jn+l+vn Jn+l++n (Jﬁ

In 2n+1:In(1+ 2 jzo*(lj:an o
2n—-1 2n-1 n H%
n

deb belgilasak, Zb qator 1+E>1 ya ni a >0 bo'lganda

n=1

Agar b, =

1+
n2

yaginlashadi. = ian gator ham « > 0 da yaginlashadi.~
n=1

L (C1)tg-— y f
12.21-masala. atorni yaginlashishga tekshiring.
Zl g O yaq g g

< Bu gator ishorasi almashinuvchi qator bo’lib, uning
yaginlashishini Leybnis alomatidan foydalanib, ko rsatish mumkin.

_ 4n
" J5n-1

1) vneN uchun a, >a,,>0,yani {a,j+ va

a

deb belgilasak

) ) 4n 1
2) lim a, = lim : =0
) now Nn—o0 L 4\/5.«/5n_1
4n
bo'ladi = Leybnis alomatiga kora berilgan gator yaginlashuvchi. -
13.21-masala. Quyidagi

3 | {1+ﬂ}

~\n’ +4n n

gatorning absolut yaginlashuvchi ekanligini isbotlang.

n* +4n n
munosabatlar o rinli boladi.

2 n
< a = |M*3 -In{1+ﬂ} deb belgilaymiz. Unda quyidagi
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2 2 2
n° +3 1 n“+3n“ 1 2
a.l< ‘Inf1+=|< - =—2=D
a| n* +4n ( n) \ n* n n2 "
n=

> b, :Z% gator yaginlashuvchi = tagqoslash alomatiga ko'ra i\an\

1 n=1 n=1
yaginlashuvchi, ya'ni berilgan ian gator absolut yaginlashuvchi.>
n=1
14.21-masala. Quyidagi
Z, sin2n 1
nZ:;In n(h+2)  n
gatorni yaqinlashishga tekshiring.
< Bu gatorning yaginlashishini Abel alomati yordamida aniqlaymiz:
1 sin 2n
a,=C0s— va b, =——F—
n Inin(n+2)
bajarilishini tekshiramiz:

deb belgilab, Abel teoremasining shartlari

1) {an}z{cosi} ketma-ketlik monoton (monoton o'suvchi) va
n

chegaralangan (O < cos% < 1) ;

> . sin2n .. i .
2 b = —— ator Dirixle alomatigpa  ko'ra
) nzzi " nZ:;Inln(nJrZ) d J
yaginlashuvchi bo’ladi. Darhagiqat, agar
! 1 )
a =——Vab, =sin2n
" Inin(n+2) "

deb belgilasak,

i . i . 1
a dval =lim ————=0,
) {a” } S I In(n+2)
b) B, = Zbk' =Y sin2k = sin(n +_1)-S|n n chegaralangan bo’ladi
k=1 k=1 sinl

UBH\ < sinlj = Dirixle alomatiga ko'ra )b, gator yaginlashuvchi.
| n=1

Shunday qilib, berilgan gator uchun Abel teoremasining shartlari bajarilar

= X, sin2n 1 ) )
ekan = » a.b. =Y —————cos= gator yaqginlashuvchi.
Z{ a Elnln(n+2) p daeryad -
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Izoh. Bu misolni yechishda elementar matematika kursidan ma lum

bo Igan ushbu

Zn:sin ko =
k=1

sin (n+ D)o -sin nZa

,a#2nm, meZ

. o
sin—
2

formuladan foydalanildi.

15.21-masala. Ushbu
© cosn

2,

n n”

gator « ning ganday giymatlarida

a) absolut yaginlashuvchi,
b) shartli yaqginlashuvchi bo’lishini aniglang.
<« Birinchi navbatda berilgan gator « ning ganday giymatlarida

yaginlashuvchi  bo’lishini  aniglaymiz. Bunda Dirixle alomatidan

foydalanamiz. Agar
an

=ia va b, =cosn deb belgilasak
n

1)  a>0bo’lganda {a,}{ va lim a, = lim — =0,
n—>oon

n—0

n+1 n
. COS——-COS— 1
2) B, =Yb =— 2 2 va [B, <—7 bo'ladi. = Dirixle
k=1 sin = sin =
2 2
cosn
alomatiga ko'ra Za b, —Z— gator « >0 bo'lganda yaginlashadi.

n=1
a <0 bo’lganda esa bu qator uzoqlashadi, chunki « <0 bo’lganda gator

ya&inlashishining zaruriy sharti bajarilmaydi.

Endi gatorni absolut yaginlashishga tekshiramiz |coen

1
<— Va
n“ n“

Zi umumlashgan garmonik gatorning «>1 da yaginlashuvchi

S n”
bo lishidan « >1 da Z‘ " gatorning yaginlashishini hosil gilamiz.
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Endi 0<a <1 bo'lganda berilgan gatorning absolut yaginlashuvchi

oz cosn| : :
emasligini, ya'ni ) ~—— gatorning uzoglashishini korsatamiz.
n=1 n

jcosn| _ cos®n _1+cos2n _ 1  cos2n
n“  n® 2n” 2n®  2n“

tengsizlik hamda Zcosin gatorning Dirixle alomatiga ko'ra
n=1 <N

yaqginlashuvchi bo’lishi va izia gatorning uzoglashuvchi ekanligidan

n=1

=1+ cos2n
2{:__________

, gatorning ham uzoglashuvchi ekanligini, tagqoslash alomatiga
n=1 n

ko'ra i‘cos | gatorning uzoqlashuvchiligini hosil gilamiz.
n

Shunday qilib, i@ gator
n=1 N

a) a >1 da absolut yaginlashuvchi,
b) 0 <« <1 da shartli yaginlashuvchi bo’lar ekan. >

16.21-masala. Quyidagi
0 (_1)n+1
1+~
H{ Y

cheksiz ko paytmani absolut va shartli yaginlashishga tekshiring.

n+1 n+l
P :1+&:1+an:>an:(_l) .
nP n®

4° punktga ko'ra berilgan

cheksiz ko paytma absolut yaginlashuvchi bolishi uchun ian gatorning
n=1
absolut yaginlashuvchi bo’lishi zarur va yetarli.

S| - 3

n=1

i 1 yaqginlashuvchi, p>1,
nlnp uzoglashuvchi, p<1.

Cheksiz ko'paytmani shartli yaginlashishga tekshirishda 4° -
punktdagi 5-teoremadan foydalanamiz.
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Unga ko'ra cheksiz ko paytma yaginlashuvchi bolishi uchun ian qator
n=1

yaginlashuvchi bo’lgan holda ianz gatorning Yyaginlashuvchi bo'lishi
n=1
zarur va yetarli edi.

ian:i@ gator p>0 bo'lganda Leybnis alomatiga ko'ra
n=1 n=1 N
yaginlashadi.

Z_;anz :Z% gator esa p>% da yaginlashadi, pS% da esa

n=1 N
uzoglashadi.

Shunday qilib, berilgan

p
n=1 n

ﬁ{u & ﬂhﬂ}

cheksiz ko paytma
a) p>1 daabsolut va

b) % < p <1 da shartli yaginlashadi. »
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7-§. 6-MUSTAQIL ISH
Funksional ketma-ketliklar va qatorlar
Funksional ketma-ketlik tushunchasi.
Funksional ketma-ketliklarning yaqinlashishi va tekis yaginlashishi.
Funksional gator tushunchasi.
Funksional gatorlarning yaqginlashishi va tekis yaginlashishi.

Funksional qator vyigindisi va funksional ketma-ketlik limitining
xossalari.

Darajali gatorlar.
Teylor gatori. Elementar funksiyalarni Teylor gatoriga yoyish.
Darajali gatorlarning tatbiqlari.
-A-
Asosiy tushuncha va teoremalar.

1° Funksional ketma-ketliklar, ularning yaginlashishi va tekis
yaqinlashishi.

X =R to plam berilgan bolib, unda
£, (x), £, (X),.., (X)),

funksiyalar aniglangan bo’lsin. Ana shu funksiyalardan tuzilgan ketma-
ketlikka X to plamda berilgan funksional ketma-ketlik deyiladi va u
{f,(x)} kabi belgilanadi:

{1 001 £1(x), F5(x)..... £ (x).... (1)
f.(x) ga funksional ketma-ketlikning umumiy hadi deyiladi.

Ixtiyoriy x, e X nugta olib, ushbu

{fa (%o} Fa(Xo ) F2(%0 )ovrs F (%o ) (2)
sonli ketma-ketlikni gqaraymiz. Agar bu sonli ketma-ketlik yaginlashuvchi
(uzoglashuvchi) bo'lsa, {f,(x)} funksional ketma-ketlik x, nugtada
yaginlashuvchi (uzoglashuvchi) deyiladi, x, nugta esa funksional ketma-
ketlikning yaginlashish (uzoglashish) nugtasi deb ataladi.
{f,(x)} funksional ketma-ketlikning barcha yaginlashish nugtalaridan
iborat M (McR) to'plam {f,(x)} funksional ketma-ketlikning
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yaqginlashish sohasi deyiladi. = vxeM uchun ushbu lim f, (x)-3

nN—o0

bo'ladi. Agar vxeM uchun unga mos keluvchi lim f, (x) ni mos goysak,
ya ni
f:x— lim f, (x)

N—o0

bo'Isa, unda M to"plamda aniglangan f(x) funksiya hosil bo’ladi. Bu f(x)
funksiya {f, (x)}ketma-ketlikning limit funksiyasi deyiladi. Demak,

lim f.(x)= f(x) (xeM)  (3)

nN—o0

Ta'rif. Agar Ve >0 son olinganda ham 3n, =n,(¢)e N:Vvn>n, va
Vvx e M uchun

1f(x)-f,(x)<e (4)
tengsizlik bajarilsa, {f,(x)} funksional ketma-ketlik M to*plamda f(x) limit
funksiyaga tekis yaginlashadi deyiladi va f,(x) 2 f(x) (xeM) kabi
belgilandi. Aks holda, ya'ni 3¢, >0 vneN olinganda ham Im>n va
3x, € M lar mavjud bo"lsaki

(%)= fn (%) > 5
tengsizlik bajarilsa, {f,(x)} funksional ketma-ketlik M to"plamda f(x) limit
funksiyaga tekis yaginlashmaydi yoki notekis yaginlashadi deyiladi.

1-Teorema. {f,(x)} funksional ketma-ketlikning M toplamda f(x) ga
tekis yaginlashishi uchun

lim Sup|f(x)- f,(x]=0  (5)

N—=% yeM

tenglikning bajarilishi zarur va yetarli.

2-Teorema. (Koshi kriteriyasi). {f,(x)} funksional ketma-ketlikning
M to'plamda f(x) ga tekis yaginlashishi uchun quyidagi shartning
bajarilishi zarur va yetarlidir: ve >0 uchun 3n, =ny,(¢)e N:vn>n, va v
butun p >0 sonlari hamda barcha x € M lar uchun

‘ fn+p(x)_ fn(XX <& (6)

tengsizlik bajariladi.
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3-Teorema. (Veyershtrass alomati). Agar 3{a,} sonlar ketma-
ketligi mavjud bo'lib,
1) ¥ne N uchun a, >0va lim a, =0;

nN—o0

2) Vxe M va barcha ne N lar uchun
fn+p(X)_ fn(Xj < a,

2 f(x) bo’ladi.

n —

bo'lsa, unda M to plamda f

2°. Funksional gatorlarning yaginlashishi va tekis yaginlashishi.

Biror X cR to'plamda {u,(x)} funksional ketma-ketlik berilgan
bo’lsin. Quyidagi
Uy (X)+ Uy (X) + ...+ u, (X)+...

ifodaga funksional gator deyiladi va u iun(x) kabi belgilanadi.

n=1

0

DUy (%) = ug(X)+ Uy (X)+ .o Uy () + .. (7)

n=1
u, (x),u,(x),...,u,(x).... larga funksional gatorning hadlari, u,(x) ga esa
funksional gatorning umumiy hadi deyiladi.

Ixtiyoriy x, € X nugta olib, ushbu

> Uy (X)=uy(Xg)+ Uy (Xg )+t Uy (X )+ (8)
n=1
sonli gatorni garaymiz. Agar bu sonli qgator yaqginlashuvchi
(uzoglashuvchi) bo’lsa, iun(x) funksional gator x, nugtada
=1

yaqginlashuvchi (uzoqlashuv_chi) deyiladi, x, nuqgta esa funksional
gatorning yaginlashish (uzoglashish) nuqgtasi deb ataladi.

iun(x) funksional gatorning barcha yaginlashish nuqtalaridan
=1

iborat M (M cR) to'plam bu funksional gatorning yaginlashish sohasi

deyiladi. = vx,eM nugta olib, >u,(x,) sonli qatorni ko'rsak, u
n=1
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yaginlashuvchi bo’ladi. Uning yig indisini S(x,) deb belgilaymiz. Xuddi

shunga o'xshash vxeM olib, unga iun(x) gatorning yig indisini mos
n=1

go’ysak, u holda M to'plamda aniglangan S(x) funksiya hosil bo’ladi. Bu

S(x) funksiya (7)-funksional gatorning yig indisi deyiladi:

o0

S(x)= :lun(x): Uy (X)+ Uy (X)+.. U, (X) +...

n

Ushbu

Sn(x):guk(x), n=12..

yig indilarga (7)-funksional gatorning gismiy yig indilar deyiladi.
Shunday qilib, (7)-gatorga mos keluvchi
{80 (%)} 81(x), S, (X).---. S (X)..  (9)

funksional ketma-ketlikni hosil qildik va aksincha, (9)-gismiy
yig'indilari ketma-ketligi berilgan holda har doim hadlari (7)-
funksional gqatorning hadlariga teng bo lgan quyidagi

81(%)+[8(x) = Sy (x)]+-..+[S, (%) = Sy 4 ()] +...
funksional gatorni hosil gilish mumkin. = Agar (9)-ketma-ketlik x,

nugtada yaqginlashuvchi (uzoglashuvchi) bo'lsa, u holda (7)-gator ham x,
nugtada yaginlashuvchi (uzoglashuvchi) bo ladi va

S(x)=lim S, (x)

tenglik bajariladi.

Demak, funksional gator yoki funksional ketma-ketlikdan birining
xossalarini batafsil 0" rganish yetarlidir.

Ta'rif. Agar (7)-funksional gatorning gismiy yig indilaridan tuzilgan
{s,(x)} funksional ketma-ketlik M to plamda qatorning yig indisi S(x) ga

tekis yaqginlashsa, unda (7)-funksional qator M to plamda tekis
yaginlashadi deyiladi.

r,()=5(x)-S,(x)= Yu,(x) deb belgilaymiz.

k=n+1
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1-Teorema. (7)-funksional qatorning M to plamda tekis
yaqginlashuvchi bo’lishi uchun

lim Sup|r,(x)}=0 (10)

N—o0 xeM

tenglikning bajarilishi zarur va yetarli.

2-Teorema. (Koshi Kkriteriyasi). (7)-funksional gatorning M
to'plamda tekis yaginlashuvchi bo’lishi uchun  quyidagi shartning
bajarilishi zarur va yetarli: Ve>0 uchun 3n,=n,(¢)eN:¥vn>n, va Vv

butun p>0 hamda barcha xem lar uchun

n+p

Zuk(x)( <¢ (11)

k=n

bo’ladi.

Natija. (Funksional gator yaqinlashishining zaruriy sharti). Agar
(7)-funksional gator M to plamda tekis yaginlashsa, u holda shu to plamda

u,(x) 2 0 boladi.

3-Teorema. (Veyershtrass alomati). Bizga > u,(x) funksional va
n=1

0

>a,, a =0 (12)

n=1
sonli gator berilgan bolsin. Agar vx € M uchun

u,(x)<a,, n=12,...

= Ap,

tengsizlik bajarilsa va (12)-sonli gator yaginlashsa, unda iun(x)
n=1
funksional gator M to plamda absolut va tekis yaqginlashadi.

Aytaylik, ushbu
2 a,(x)by(x)  (13)
n=1

funksional gator berilgan bo’lsin.
4-Teorema. (Dirixle alomati). Agar

1) har bir x e M uchun {a,(x)} monoton va M to’plamda a,(x) 0 ga tekis
yaginlashsa;
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2) Bn(x)zzn:bk(x) gismiy vyig'indilar M to’plamda birgalikda
k=1

chegaralangan ya'ni 3K vxeM [B,(x)<K bo’lsa, u holda (13)-gator M
to plamda tekis yaginlashadi.
5-Teorema. (Abel alomati). Agar
1) har bir xeM uchun {a,(x)} monoton va {a,(x)} ketma-ketlik M
to plamda chegaralangan;

2) ibk (x) funksional gator M to"plamda tekis yaginlashuvchi bo'lsa,
=1

unda (13)-gator M to plamda tekis yaginlashadi.

3° Tekis yaginlashuvchi funksional ketma-ketlik va gatorlarning
xossalari.

Funksional gatorlarda (ketma-ketliklarda) shuni ta kidlash lozimki,
ularning har bir hadi uzluksiz bo’lgan tagdirda ham qatorning yig indisi
(ketma-ketlikning limit funksiyasi) uzluksiz bolishi shart emas.

e 2
Misol. X funksional qgator berilgan bo'lsin. Bu funksional

n=0(l+x2)n
2
gatorda u,(x)= X —eC(—oo,+0). Berilgan gatorning yig'indisi
(1+x2)
topamiz:
n,x2 1 1 0:x=0,
= =Xl —— =i = ,
o g(lJer)k ' {1+1+X2+ +(1+X2)n}2>8(x> nmsn(X) {x2+1,x¢0

Bu tenglikdan ko'rinadiki lim S(x):lim(x2+1)=1 va S(0)=0= S(x)

Xx—0 x—0

funksiya x =0 nugtada uzluksiz emas. Berilgan gator uchun ushbu

lim gun(x)iglim u,(x)

x—0 — — x—0

munosabat o rinli.>

Tabiiy savol tug’iladi: qanday shartlar bajarilganda funksional
gatorlarda hadlab limitga o'tish, ularni hadlab differensiallash va
integrallash mumkin?

Bu savollarga quyidagi teoremalar javob beradi.

Bizga M to'plamda yaginlashuvchi (7)-funksional qator berilgan
bo'lib, bu gatorning yig'indisi S(x) boIsin.
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1-Teorema. Agar ¥neN uchun u,(x)eC(M) bo’lib, (7)-gator M
to"plamda tekis yaginlashsa, S(x) e C(M) bo’ladi, ya'ni ¥x, € M uchun

im $(0)= Jm 3 u, ()= 2 fimu, ()= 3, (x0) = ()

X=X X=X =g
tenglik bajariladi.

Agar M toplamda yaqginlashuvchi (1)-funksional ketma-ketlik
berilgan bo'lib, f(x) funksiya uning limit funksiyasi bo’lsa, unda quyidagi
teorema o rinli bo ladi.

2-Teorema. Agar f.(x)eC(M), n=12,.bo’lib, M toplamda
f.(x)~ f(x) bo’lsa, f(x)eC(M) bo’ladi.

3-teorema. Agar (7)-funksional qgator M to'plamda tekis
yaginlashuvchi va x, nugta M to plamning limit nugtasi bo’lib,

lim u,(x)=c,(n=12,.)

X—>Xp

bo’lsa, u holda
D=0+ FC o
m=1

gator ham yaginlashuvchi, uning yigindisi C esa s(x) ning x — x, dagi
limitiga teng bo’ladi:

lim S(x)_llmz u,(x)= lemu() r%cnzc

X—=>Xp X—>Xg n=1 X—)XO

Faraz gilaylik, [a,b] kesmada yaqlnlashuvchl (7)-funksional qator
berilgan bo'lib, uning yigindisi S(x) bo’lsin.

4-Teorema. Agar (7)-gator [a,b] kesmada tekis yaginlashuvchi
bo'lib, u,(x)eCla,b] (n—12 )bo‘lsa u holda quyidagi

jul dx+Iu X)dx + .. +ju X )dx
a

b
gator ham vyagqinlashuvchi va uning yig indisi jS(x)dx ga teng
bo ladi:

ES(X)dX = Hiun(x)}dx - i?un(x)dx.

alLn=1l
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Izoh. 4-teoremadagi (7)-gatorning tekis yaginlashuvchanligi sharti
yetarli shart bo’lib, u zarurity shart emas, yani bazan tekis
yaginlashmaydigan gatorlarni ham hadlab integrallash mumkin.

1 1
2n+1

Misol. }'| x2n+ —x2r1 | (0<x<1) funksional gator berilgan bo'Isin.

(L 1 L 0,x=0
S — 2n+l _ye2n-1 | — _ 2n+1 = |i —J7 !
(%) (x X x+x2 = S(x)=1im$s, (x) {1—x,0<x£1:>

s,(x) [01] da S(x) ga tekis yaginlashmaydi, lekin

[S(x)dx = [(1—x)dx :—Va Zj'u

0 0 n=lo

zMHEz(l )=—z;(——n—+l)=%mé(%—ﬁj

Demak, J'S X)dx = Zju —%, lekin iun(x) gator [0,1] kesmada
_]_0 n=1
tekis yaqlnlashmayd|.>

5-Teorema. Agar (7)-funksional gatorning har bir u,(x) hadi [a,b]
kesmada uzluksiz un’(x) hosilaga ega bo'lib,

! !

Zu ()=, (X)4U, ()4t u, (X)+... (14)

funksional gator [a,b] da tekis yaginlashuvchi bo'lsa, u holda berilgan (7)-
gatorning yig“indisi S(x) shu [a,b] da S'(x) hosilaga ega va

s@){iun(x)] -3,

n=1
tenglik o'rinli bo’ladi.

Izoh. Bu teoremada ham (14)-funksional qatorning tekis
yaginlashuvchanlik sharti yetarli shart bo lib, zaruriy shart emas.
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4°. Darajali gatorlar.
1-Ta'rif. Quyidagi

3, (x— %) (15)

ko'rinishdagi funksional gatorga darajali qgator deyiladi. Bu yerda
a,,a,,...,a,,.--,% lar o'zgarmas haqiqiy sonlar.

Agar (15) da & = x—x, deb belgilash kiritsak,

Sae"  (16)
n=0

darajali gqatorga kelamiz. Demak (16)-ko rinishdagi darajali gatorlarni
o rganish kifoyadir.

1-Teorema. (Abelning birinchi teoremasi) Agar

>ax"=ag +ax+ax +..+ax"+..  (17)
n=0

darajali gator x=x,#0 nuqtada yaginlashsa, u holda gator x ning
X <|xo| tengsizlikni ganoatlantiruvchi barcha giymatlarida absolut
yaqginlashuvchi boladi.

Natija. Agar (17)-qator x=x, nuqtada uzoglashuvchi bo’lsa, u
holda bu gator {x| >|x,|} da ham uzoglashuvchi boladi.

2-Ta'rif. Agar ianx”darajali gator {x <R} da yaqinlashib,
n=0
ﬂx\>R} da uzoglashsa, u holda shu R>0 soniga darajali gatorning

yaginlashish radiusi, (~R, R) oraligga esa yaginlashish intervali
deyiladi.

2-Teorema. Ixtiyoriy darajali gatorning yaginlashish radiusi R
mavjud bo’lib, bu gator {x| <R} da absolut va wr <Ruchun {x|<r} da tekis
yaqginlashadi.

Izoh. Darajali qgator yaginlashish oralig'ining chegaraviy x=+R

nugtalarida yaginlashishi ham , uzoglashishi ham mumkin. Darajali gatorni
bu nugtalarda alohida tekshirish lozim.

Darajali gatorning yaginlashish radiusini quyidagi teoremalardan
foydalanib, topish mumkin.
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a,

a

3-Teorema. (Dalamber). Agar lim

N—o0

mavjud bo’lsa, u holda

n+1

a,

a

R = lim

nN—o0

(18)

n-+1
boladi.
4-teorema. (Koshi). Agar lim 1/ja,| mavjud bo'lsa, u holda

R-_ = (19)

~lim 1, |

n—oo

bo ladi.
5-Teorema. (Koshi-Adamar) Agar R soni (17)-darajali gatorning
yaginlashish radiusi bolsa, u holda

R—__ = (20)

N—o0

formula (Koshi-Adamar formulasi) o'rinli bo ladi.
Darajali gatorlar quyidagi xossalarga ega.

6-Teorema. Darajali qatorning yig'indisi S(x) yaginlashish
oralig’iga tegishli bo’lgan v nugtada uzluksiz boladi.

7-Teorema. (Abelning ikkinchi teoremasi). Agar (17)-gator
x=R (x=-R) nugtada yaginlashsa, unda bu gator [0;R] ([-R;0]) kesmada
tekis yaginlashuvchi bo’ladi.

Natija. Agar (17)-gator x=R (x=-R) nuqgtada yaginlashsa, u holda
S(x) yig'indi [0;R] ([~ R;0]) kesmada uzluksiz bo"ladi.

Endi ian(x—xo)” ko'rinishidagi darajali gatorni ko'ramiz. Bu
n=0

gatorning yaginlashish radiusi ianxn gatorning yaginlashish radiusini
n=0

hisoblash formulalari yordamida topiladi, fagat bu yerda yaginlashish

oralig’i {x—x,| < R}=(x, — R, X, +R) interval bo'ladi.

8-Teorema. Agar R >0 soni quyidagi
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F()=Ya,x-x) (1)

darajali gatorning yaginlashish radiusi bo"lsa, u holda

1) f(x) funksiya (x, —R, %, +R) intervalda ixtiyoriy tartibli hosilalarga
ega bo'ladi va u hosilalar (21)-darajali gatorni hadlab differensiallash
yordamida topiladi;

2) bu qatorni Vv[a,b]c(x, —R, x, +R) oraliqgda hadlab integrallash
mumkin.

3) (21)-darajali gatorni hadlab differensiallash yoki integrallashdan hosil
bolgan yangi qgatorlarning yaginlashish radiuslari ham (21)-gatornning
yaqinlashish radiusi R ga teng bo’ladi.

Izoh. Agar f(x) funksiya (21)-tenglik yordamida ifodalanib, R>0
bo'lsa, u holda f(x) funksiya x, nugtada (anigrog’i, x, nugtaning
atrofida) analitik funksiya deyiladi. 8-teoremadan analitik funksiyaning

cheksiz differensiallanuvchi ekanligi kelib chigadi. Lekin, ixtiyoriy cheksiz
differensiallanuvchi funksiya analitik bo'lishi shart emas. Bunga misol

tarigasida f(x):exp(—iz) funksiyani olish mumkin.
X
9-Teorema. Agar f(x) funksiya x, nugtada analitik bo’lsa, ya'ni

f(x)= ian(x—xo)”

n=0

tenglik x, nugtaning biror atrofida o rinli bo’lsa, u holda

bo’ladi, yani

— n
tenglik ham x, nugtaning o sha atrofida orinli bo"ladi.

5°. Teylor gatori. Elementar funksiyalarni Teylor gatoriga yoyish

Ta'rif. Faraz gilaylik, f(x) funksiya x, nugtaning biror atrofida
aniglangan va shu nugtada ixtiyoriy tartibdagi hosilalarga ega bo’lsin. U
holda quyidagi
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(Xx=%)" (22)

© f(”)x0
2

n=0 n:
gatorga f(x) funksiyaning x, nugtadagi Teylor gatori deyiladi.
Izoh. (22)-gatorning yig'indisi har doim ham f(x) bilan ustma-ust
tushavermaydi.
Masalan, f(x):exp(—%) funksiya uchun barcha hosilalar
X

f (0)=0 va (22) gatorning yig'indisi 0= f(x)
Lekin bazi bir shartlar bajarilsa ular orasida tenglik o rnatish mumkin.

Teorema. (Teylor). Faraz gilaylik (x, —h,x,+h) intervalda f(x)
funksiyaning o°zi va barcha tartibdagi hosilalari birgalikda chegaralangan
bo’lsin, ya'ni 3M >0: ¥x e (X, —h, X, +h) uchun

FO(x) <M, n=0123,..

tengsizlik bajarilsin. U holda (x, —h, x, +h) oraligda f(x) funksiya Teylor
gatoriga yoyiladi, ya ni

o f(y
f)-3

n=0 n:

(x—Xo)"\[x =%,/ <, (23)

tenglik o’rinli bo’ladi.
Agar Teylor gatorida x, =0 bo'lsa, u holda hosil bo’lgan gatorga
Makloren gatori deyiladi.

Endi asosiy elementar funksiyalarning Makloren qatoriga

yoyilmalarini keltiramiz.
o N 2 3

1. eX:§%:1+x+%+%+... (—o0 < X < +o0).
00 2n+l 3 5 2n+l

2. shx=>" xSy (—o0 < X < +o0).
(2n+1) 3 5 (2n+1)
0 2n X2 X4 2n

3 Chx:%(Zn)l_lJrEJr T +(2n)|+ .. (o0 < X < +00)
o (_1\Ny2n+l 3 5 _ A\n2n+l

4 smx:z( L)' —x— 2 (=2)"x +... (oo < x < 400).
= (2n+1) 3 5 (2n+1)
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) (_1)” X2n _1_X_2 X4 (_1)n X2n

5 Cosx=§ Yy 2 TR 2n) +... (oo <X <+00),
Sy X X2 X i1 X" \
6. In(l+x)_§(_1) T_X_E+§_"'+(_l) e (-1<x<1).

X" +..(-1<x<1).

6°. Darajali gatorlarning tatbiglari
a) Darajali gatorlar yordamida differensial tenglamalarni yechish.
Aytaylik,
y"+p(x)y’ +a(x)y=f(x)  (24)
differensial tenglamaning ushbu
y(X0)=Yo, ¥'(%)=% (25)

boshlang ich shartlarni ganoatlantiruvchi yechimini topish talab gilinsin.
Agar p(x), q(x), f(x) funksiyalarni x, nugtaning biror atrofida shu
funksiyalarga yaginlashuvchi

2 Calx=%)"
n=0

ko rinishida ifodalash mumkin bo'lsa, unda yuqoridagi Koshi masalasi
yagona yechimga ega bo’lib, uni

V)= -x)  (@6)

ifodalash mumkin. (26)-gatordagi noma’lum a, koeffitsientlarni topish
uchun (24)-tenglamadagi vy, vy, y", p, q, f lar o'rniga ularning

yoyilmalari olib borib qoyiladi va noma’lum koeffitsientlar usulidan
foydaniladi.

Misol.
y'—xy=0 (27)
tenglamaning ushbu
y(0)=1 y(0)=0  (28)
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boshlang ich shartlarni ganoatlantiruvchi yechimini toping.
< (27)-tenglamaning yechimini

0

yzzanxn (29)

n=0

ko rinishda gidiramiz. Unda

o0

y” — zn(n _1)anxn_2 = 2a2 + i(n + 2)(” +l)an+2Xn,

n=2 n=1

o0 o0 o0
xy=x-> ax"=>ax"=>a x"
n=0 n=0 n=1

bo’lib, (27)-tenglama quyidagi ko rinishga keladi:
2a, + i(n +1)(n+2)a,, X" = ian_lx”.
n=1 n=1

Bu tenglikdagi x ning mos darajalari oldidagi mos koeffitsientlarni
tenglash yordamida

a, =0, (n+1(n+2)a,,, =a,,, neN (30)
rekkurent formulani hosil gilamiz. a, =0 bo’lganligi sababli bu rekkurent
formuladan a; =0, a; =0 va umuman
az,, =0, neN

ekanligini topamiz. Shu formuladan yana

a,, = %

7 (2-3)-(5-6)-...-[(3n-1)3n]’
Qg = %o
M (3-4)-(6-7)-...-[3n-(3n +1)]’

tengliklar o'rinli bo’lishi kelib chigadi. (28)-shartlar va (29)-tenglikdan
=a, =1a, =0.

Demak, (27)-tenglamaning (28)-shartlarni ganoatlantiruvchi yechimi
quyidagi ko rinishga ega ekan:

X3 XG X3n

=1
d +2-3+(2-3)-(5-6)+ +(2-3)-(5-6)-...-[(3n—1)-3n]+ g
b) Darajali gatorlar yordamida integrallarni hisoblash.
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Integrallarni hisoblashda ham integral ostidagi funksiyani darajali
gatorga yoyish ko'p hollarda yaxshi natija beradi.

Misol. Ushbu
CfIn@@+x

O ey =

integral hisoblansin.

< Awvalgi punktdagi In(L+ x)ning Makloren gatoriga yoyilmasidan
foydalanamiz:

o) n-1

(1) K }dx =3 1)”+1j " dx =

n — n

n

| :j‘ln(lx+ X)dX:ji{i(_l)nﬂX_r:}dsz:
( )n+l 0 1 _2_72__4 72_2
_Z Z-;(2n 1) Z-;n 24 12

Izoh. Sonli qatorlarnlng yig indilarini hisoblashda kop hollarda
quyidagi tengliklar katta yordam beradi.

f;ﬂ “n2,  (31)
g(z ~1) ﬂ; (33)

Yuqoridagi misolni  yechishda (33) va (32)-tengliklardan

foydalanildi.
Nazorat savollari.

Funksional ketma-ketlik tushunchasi.
Funksional ketma-ketlikning limit funksiyasi tushunchasi.
Funksional ketma-ketlikning tekis yaqinlashishi ta rifi.
Funksional ketma-ketlik tekis yaqinlashishining zaruriy va yetarli sharti.
Funksional gator tushunchasi.
Funksional gatorning yaqginlashishi tushunchasi.
Funksional gator tekis yaginlashishining ta'rifi.

No gk wdRE
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8. Funksional gator tekis yaginlashishining zaruriy va yetarli sharti.
9. Funksional gator tekis yaqginlashishining zaruriy sharti.

10. Funksional gatorning tekis vyaginlashishi haqgidagi Veyershtrass
alomati.

11. Dirixle alomati.

12. Abel alomati.

13. Funksional ketma-ketlik limit funksiyasining uzluksizligi.

14. Funksional gator yig indisining uzluksizligi.

15. Funksional gatorlarni hadlab integrallash.

16. Funksional gatorlarni hadlab differensiallash.

17. Darajali gator tushunchasi.

18. Abelning birinchi teoremasi.

19. Darajali gatorning yaginlashish radiusi va yaqinlashish oralig'i.

20. Darajali gator yaginlashish radiusini topish uchun Dalamber formulasi.
21. Darajali gator yaginlashish formulasini topish uchun Koshi formulasi.
22. Koshi-Adamar formulasi.

23. Teylor gatori va Teylor teoremasi.

24. Elementar funksiyalarni Teylor gatoriga yoyish.

25. Darajali gatorlar yordamida differensial tenglamalarni yechish.

26. Darajali gatorlar yordamida integrallarni hisoblash.

214



-B-
Mustagil yechish uchun misol va masalalar.

1-masala. {f,(x)} funksional ketma-ketlikning M to"plamdagi
limit funksiyasini toping.
1.1 nx?

fn(X)ZXn _3Xn+2 +2Xn+3,M :[0;11 12 fn(x):m,M Z[OH-OO)

— _ n _ .
1.3 f,(x)= 2+l Mor 1.4 f,(x)=(x-1)arctgx",M = (0;+]

Jn
15 f,(0)=¥1+x", M=[02] 161 ()-—% _ M=R
"7 14+n%x?
1.7 f,(x)=sin"x,M =[0; 7] 1.8
2 2
fo(x) n'ntx M = (0;+0).

2In’n+x% +xlInn

1.9 f,(x)="Yxsinx,M :[O;%}. 1.10 f,(x)=Ycosx,M :[—%;g}.

1.11 f,(x)=n’x?-e™™ M =[0;+0).

1.12 f (x)=n ﬁ—x}M = (0;+o0).

1

1.13 f, (x)=n| x" —1J,|\/| =[1:3]

1.14 f,(x)= narctgnx®, M = (0;+o).
1 1

1.15 f (x)= n[xn - x”‘],M = (0;+00).

2

1.16 £ (x)= n\/1+ X" +(X7jn,|v| = [0;+00).

sinnyx

1.17 () ]

M =[0,+0).
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n

1.18 f,(x)=——— arctg/nx,M = [0;+o0)
X2+
cosnX
1.19 f,(x)=In| 1+ ,M =|0;+o).
(0=t 1+- 52 |y — o1
1.20 f,(x)= 04 x.e V™ M = [0;40).
2, X
1.21 fn(x)zln[3+ L ],M = [0;+00).
n’+e

2-Masala. Berilgan funksional ketma-ketlikni ko rsatilgan
oraligda tekis yaginlashishga tekshiring.

2.1 . (x)="In2;0<x<L1. 2.2 fn(x):x”;OSXSE.
nn 4
23 f (x)=e " 1<x<1, 2.4 f,(x)=x"-x"10<x<1
2.5 f (x)=e" ;0 < x<1. 2.6 f.(x)=x",0<x<1
2.7 f,(x)= xarctgnx,0 < X < +oo. 2.8 f (x)=x"-x2":0<x<1
2.9 f,(x)=arctgnx;0 < X <+, 210 £ (x)= L e x<ton
X+n
2.11 f,(x)=sin~ ;00 < X < +o0, 212 f (x)=— % 0<x<L.
n 1+n+X
2.13 f,(x)= "% oo < x < 40 214 f,(x)=—X—0<x<1-g,6 0.
n 1+ x"
2.15 2.16
fn(x)zn(,/x+l—\/§);0<x<+oo. f(x)= X —1l-g<x<l+g,e>0.
n 1+X
n
217 £,(x)= X2+ S io<x <o 218 f(x)=——2<x <+
n 14 x"
2nx 2nx.
2.19 fn(X):m,1<X<+OO. 2.20 fn(X):m,nggl.
N+ X
221 f (X)=—————,2)0< x<+00,h)0< x<1.
) N+ X +~/nx ) )

3-masala. Veyershtrass alomatidan foydalanib berilgan
funksional gatorlarni ko'rsatilgan oroliglarda tekis yaqinlashishini
ko rsating.
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3.1 Zarctg 2
+n’

2
3.3 YInl1l X| < 3.
Z [Jrnln n)”<

35 ZCOSHX ‘X‘

n”ln

\x\ < +00,

37 35 x <2

n”ln

3.9 n211+n5x2 ;[X| < +o0.

3.11 ( ) —2 < X .
Z{x+ < X < +00
) _1)—1
3.13 (—
2 A

n-1_2n

3152( ) X

0 < X < 4oo.

—l<x<l.
3.17
Z;sm%arctg x22+Xn2 —00 < X < 40,
319 Y ~— > — (x=1)" -1<x<3.

= (3n+1)-3"

N X
321 ) Inj1+ ————[[0<x<2
] { n-InZ(n+1)}

3.2 > x%e™0< x< 400

n=1

SlnnX
3.4
nZ;n\/_ <t

. sinnx

3.6 < +oo,
ey

3.8 Zn—l(x” + x‘”)%

3.10 :
nzll+ n“x2

3122 .

<x<2.

‘0 < X < 4o,

—00 < X < 400,

<x<1.

()X
3142 =
3.16

- 1
0< :
nZ:;(x+2n—1)-(x+2n+1) e

© I"IXZ
3.18 Zln(1+ 5 2];—oo< X < 400,

n=1 2+n°X
320 3 M) 5y
n=1 X

4-masala. Berilgan funksional gatorning ko rsatilgan oraligda
tekis yoki notekis yaqginlashuvchiligini aniglang.

4.1
- nx

; 0<x<1.
2 s 20 e O

> 1
4.3 ;0 .
S(x+n)x+n+1) R

4.2
- nx

1< .
Z:;(l+x)(1+2x) Qe 5"

Z:;[(n 1)x+1](nx +1)’ O x<te
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n+l o0
4.5 Z[__ J 1<x<1. 46 > ([1-x)x"0<x<1.
n+1 n=0

4.7 Z—O<x<+oo 4.8 Zn——1<X<1

n=0 '!- n=1

sinnx z 3z 2, sin nx

4.9 <X/, 4.10 0<x< 2.

Z n 2 X 2 Z; n X=er
4.11 22” Slni0<X<+OO 412 Z( ) 0 < X < +o0.

-1 3"x “~ X+n
413 % Y oex<on . coszgﬂ

= 2n+smx 414 ) ———=—;—0<X<+om,

nZ:"\/anrx2

4153 e < x< X, 416 Y] 2(1 j;os .

Z_; <x<2 Zn +1+nz > X < 400
417 1<x<+o. 418 0< X< +o0,

Z( 1) m o0 §1+n3 3 ®©
419'S 1< X < 400, 4.20 C 0<x<+m

;1”] Z_;(l+nx) OO

i n 1< X< 400,

= (1+2x3) A+ 4x?)...(1+2nx?)

5-masala. Berilgan funksional gatorning yaqinlashish sohasini
toping.

D s 3o (i)

S 1

5.4 in—J;l-(xz —4x+6)n.
1 3

n+3 1
55 5.6 .
Z_;l X" Z”+1 (27x2+12x+2)n
n-2" 1

572

ﬂ1+x

582

n+1 (3x? +8x+6)
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—6X +12)

5.10 Z( (n -

5.12

3M8

—
/-\
\—/

x+n)

R

X —5x+1ﬂ
(n +5)

5142
5162

1+x
5.18
Z_;l X"

_1n

6-masala. Berilgan funksional gatorning yaqinlashish soxasini

toping.

6.1 ZFX -sin(x + zn),
n=1

6.5 i% x*" . sin(3x + zn).

6.9 > 2" X3 sin X
- n

6.11 > 2°"-x" -sing.
n=1 n

6.13 33" " -tg3—:.

n=1

x*" - cos(x + zm).

6.2 514— x*" - sin(2x — 7m).

n—1 N

6.4 i(gjn -%in -cos(x — zm).

6.6 ZFX -sin(5x — zm).
n=1

6.8 Z—nx -sin(3x — zn),
—1

6.10 332" . x" -sin —.
nzzi 2n

6.12 > 3"-x*" -sin%.
= n

6.14 38" . x .tg %
2 gm
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> 2X > . X
6.15 > x°" .tg ==, 6.16 > 2" .x3".arcsin—.
z g 3n Z 3n

n=1 n=1
6.17 3 16" - x> - arcsin . 6.18 3 32" . x5 . arcsin——.
2 i 2 P
6.19 S 2".x".arctg =~ 6.20 S'2".x* .arctg —
nzzi J n+1 Z J 2

6.21 > 27" -x*" -arctg

o 2n+1

7-masala. Berilgan funksional gatorning yaqinlashish sohasini

toping.

n2

7.1 22”2*/)( -2 -e_("’l)3
n=1

7.3 Z(u Ej 5 (1
n=1

n

75 Y et
n=1

.x+1

7725 "

n=1

Ll

7.4 anx/x—l-e_;
n=1

7.6 i(l+1j 3

n

7821“]( )

X
7.9 > 5™ .arct —. 7.10
Z; : 7™ (x-1) Z_;In (x+2)
S(1,8) g0 7.12
711 E(uﬁj 3% len (X+e)

. x? % _n
713%e 0 7.14 Z(—l)””-e
n=1 =1
n n+1
{In( 1]+In In x} 7.16 Z( ,n)x
=iy

7152 7
X—e’¢

7.18 Ysin" 10
n=1 X—
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719 3 CV

nsinx
n=L €

00 -n? In(1+§j
7.21 Y (-1)"-3 ",
n=1

—nzarctgi
n{x

7.20 i(—l)” 5
n=1

8-masala. Berilgan funksional gatorning yaqinlashish sohasini

toping.
o1 i(n_Z)ZniX;g) ' 52 Zl( (r)1+8( 55) |
(x—1)" > 2n+3
832_; n-g" 84§(n+1)5
sgartF gl
“ n+1
87%5§:§. 88%7
= (x+5)"" = (x=7)""
89; ".(2n-1) 81Oz(n—5n)4”'
& (x=2) n-(x-2)"
8.11 §(3n+1) 8122_; (5n 8) :
8.13 Z(x+5)n -tg3—n. 8.14 Zsm n\/il(x—Z)”.
8.15 Z{n ; (1 e 8.16 23” X
8.17 i(x';nz) 8.18 Z(n+ )I(X+5)2n+1
(3n-2)-(x-3)" (x-5)"
8192_‘1 (n+1)% .2 8202(n+4 In(n+4)
821y 1

n:l(n+2)~ |n(n+2).(x_3)2n'

9-masala Ta'rifdan foydalanib berilgan funksional gatorning

[0:1] kesmada tekis yaginlashishini isbotlang n,(¢)-?. n ning ganday
giymatlarida qatorning qoldig’i vxe[01] uchun 0,1 dan Katta
bo Imaydi?

221



n 0 n

9.1 Zl( ) 9.2 n221(—1)” 5nx_6.
9.3 r;21(—1)“ 4n16. 9.4 g(—l)” Vﬁ
9.5 g(—l)” 4:']_5. 9.6 i(—l)” 19.
07 (-1 2 08 (1) X
00 3 (-1 0 9103 X
9.1 Zl( ) ”10. 9.12 nZ:‘I(—l)” 6n”_8.
9.13 Z( ) n_4. 9.14 g(_l)n 2nn_3'
9.15 Zl( o ”12. 9.16 i(_1)“ 17.
9.17 r52':;(—1)“ 5n18' 9.18 nz;( 1) nlo
9.19 i(—l)” 17. 9.20 g(—l)” 5ni7.
021 3(-1)' - s

10-masala.Berilgan gator uchun uni majorirlovchi gatorni toping
va ko rsatilgan oroligda tekis yaginlashishini isbotlang.

10.1 Z;JT%S”X 0.2] 10.2 ZnX;“ [—gﬂ

10.3 il;(— [-2.2] 10.4 Znﬂ(x)”’ {—gﬂ
105 ilx [—%ﬂ 106 Zl(n 5”) - 16]

10.7 2(_1)n . (anxlgz);j 2.4] 108 nzg (z Jn)%cj L
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10.9 Z( - ) [13] 10.10 Z(Xn—+3) [-5-1]
1011 z(_l)”+1 = +(1X)2_.2:1+1)’ 13 1012 z_ [33]

2n—1 2n-2 1 1 n -1
10.13 Z an_3y {_ﬁﬁ} 10.14 nzzm [-2,2]
10.15 ZM, [-7-3] 10.16 z(“nz) [-3-1]
10.17 Zl% [—%ﬂ 10.18 ZO% [—%ﬂ
1019 i(_l)n_l (x —n2)2” | Bg} 10.20 Z(X+5) [-6,-4]

10213 22" g

=(2n-1)-2"
11-masala. Berilgan funksiyani Makloren gatoriga yoying.
11.1 f(x)=(@0+x)-e™. 11.2 f(x)=sin® x-cos® x.

x? —3x+1 1-x
11.3 f(x)=——"———. 11.4 f(x)=arctg——-.
) x? —5X+6 ) 1+x
1+Xx . X
11.5 f(x)=arctg ——. 11.6 f(x)=arcsin .
1-x V1+ x?
11.7 f(x):arccos(l—ZXZ) 11.8 f(x)=cos’ x.
—<in3 10
11.9 f(x)=sin®x. 1110 f(x)= X
1-x
1 X
11.11 f(x)= : 11.12 f(x)= :
) (1-x)? ) J1-2x
1+ X X
—n./—/=2 11.14 f(x)=—.
1113 £()=n,[ 72> X)= 5
1 X
11.15 f(x)=——. 11.16 f(x)= :
0=ty =%
11.17 f(x): 3X—9 . 11.18 f(X)= eZX +2e7*
X? —4x+3
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X 12 —5x
: 11.20 f(x)=——.
(1—x)1—x?) ) 6—5x—Xx°

11.21 f(x)=In(x? +3x +2)

12-masala. Berilgan funksiyani ko rsatilgan nuqta atrofida Teylor
gatoriga yoying va bu gatorning yaginlashish sohasini toping.

11.19 f(x)=

12.1 f(x)=~/x;x, = 4. 12.2 f(x)=e";x, =-2.
12.3 f(x)=cosx;X, :%. 12.4 f(x):%;x0 =-2.
12.5 f(x)= 1 1 Xp = 2. 12.6 f(x):;;x0 =1.
Vx® —4x+8 x? —5x+6
12.7 f(x)=cos" x; x, :—%. 12.8 f(x)=sin"x;x, :%.
12.9 f(X):iliXo _3 12.10 f(x)=e";x, =-1.
X_
12.11 f(x):sinx;XO:%. 12.12 f(x)=x;% =3
12.13 f(x):sinzx;xoz—%. 12.14 f(x)=cos’ x;xO:%
12.15 f(x)=———— ; Sx—-l 1216 f(x)=3/x%, =8
X? —5X +
12.17 f(x):sin3x;x0:%. 12.18 f(x)=cos® x;xoz%.
1 1
1219 f(X):m;XO :—l. 1220 f(X):m;XO :2.

12.21 f(x)=cos’ x;x, = %

13-masala. Quyidagi gatorning yig indisini toping.

131 3 Y "X 13.2 3 (2n+1)"
n=0 2n nl n=0
3n +l)
13.3 ( 13.4
Z Z_;n (n+1)

224



13.5 in“x”.

n=1

137 3%

~n

0

13.9 > (n+1)x"

n=0

13.11 in A(n+1)x"

n=1

13133 U

=(2n-1)-3"*
© 2n+1

13.15
nZoZn+1

2n

o(2n)

13.17 Z

13.19 1-2x+2-3x2 +3-4x3 +....

13.21 1 1 1 1

- ————
1.2 2.3 3-4 4.5

13.6 Zsm nx

= N

13.8 ;(2—;)'
1310 (-1 (2n —1)x?"2,

n=1
4n—3

4n-3
2n1

13.12 z

13.14 Z

2n+l

13.16 S (-1) - X

P 2n+1

13.18 x —4x° +9x3 —16x* +...

1 1 1

13.20 + + +
1.2.3 2-3-4 3.4.5

14-masala. Berilgan gatorning yig‘indisini toping.

14.1 i(—l)”‘l(l+%jx”‘l.

14.3 Z( )”*{--ijm.

n+2
i)
145 31 EY o
nz(:) 2n+1 X
_]_ n
147 3 EU X
§n< o)
1495
nz_;n (n+1)
14 11 ) X2n+2
Z(2n+1)(2n+2)

2n

1422(2n 3)(2n 2)

14.4 Z( )"
4" (2n _2)

14.6 i(—l)“—l(l—ljin.

nj/x

n-1
14.8 z—“z(n i)l X2
n=0

1 nX2n+2
14.10 Z(n)—.
516" -(2n +1)
1 1

14.12 E(_l)n_l(_ +—]x”.

n n+1
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00 1 Xn+1
14.13 > (-1)

&~ n(n+1)

1415y % X
n 2N )

(2n
14.17 Z{u( 21}
1y
s(n+1)(n+2)

2n+1

X
1421  ———.
HZ; 2n-(2n+1)

14.19 Z

—nX

1414 3

n=1

14.16 i{(—l)” +—}x2”

1)n+1
14.18 C :
Z_;n (n+1)x™*

14.20 37 SIN"X

n=2 " (n l)

15-masala. Quyidagi gatorning yig indisini toping.

15.1 i(4n ron+ 5K

153 3 (n +n+ 1k,

0

>
Il

(n2 +5n+3><

NE

5.5

T
o

s

5 7

T
o

[M]s

59

>

e &

n-(2n—1)x"*2,

(2n2 -n —1}(”.

(n2 +7n+4><”.

15.11

T
<)

[M]s

15.13

T
<)

[Ms

15.15

T
o

(2n2 +2n +1><”.

[Ms

15.17

T
<)

M8

15.19

T
o

(3n2 +8n+ 5><“+2.

(2n2 +7n+ 5><”+1.

(n2 +2n+ 2><”+2.

15.2 3 (3n? + 7n + 4k,

n=0
15.4 i(zn2 +an+3K™2.

n=0
15.10 io(?m +7n+5k
15.12 2(n2 ke
15.14 io(sn2 50+ 4K™
15.16 io(zn2 Cn-2k
15.18 io(n2 +on— 1)

15.20 i(n2 +an+3K"

3
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15.21 3" (0 +5n + 4K"*2,

n=0
16-masala.

Integral ostidagi funksiyani gatorga yoyish yordamida berilgan
integralni hisoblang.

1
16.1 |—d 16.2 | In x-In(1— x)dx.
jn — o gnx n(l— x)dx
163j X 16.4 [ X
-1 5 e’ +1
165jln(x+x/1+x )dx.
X

Darajali gatorlar yordamida quyidagi differensial tenglamaning
berilgan boshlang’ich shartlarni ganoatlantiruvchi yechimini toping.

16.6 y'—y=0, y(0)=1. 16.7 (L+x2 )y’ —1=0, y(0)=

16.8 y'+ A2y =0, y(0)=1, y'(0)=2 16.9 y'—xy=0, y(0)=1 y'(0)=0
16.10 @—x?)y"—xy'=0, y(0)=0, y'(0)=1 16.11 (1-x2)y"—5xy'—4y =0, y(0)=1, y'(0)=0
16.12 y"—xy =0, y(0)=0, y'(0)=1

Integral ostidagi funksiyani darajali gatorga yoyish usuli
yordamida berilgan integralni 0,001 aniglikda hisoblang.

1 .- 1
16.13 [ X gx 16.14 j3 X COS XdX.
o X 0
1 1
- dx
16.15 |sin x2dx. 16.16 .
0 £V1+x4
4
16.17 Je dx. 16.18 jarctgx i
b 10In!1+x i
1619 [ 16. ZOI
031_X2
1
16. 21j " dx.
0
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-C-

Namunaviy variant yechimi.
2%

nt +e%

ketlikning M = [0;+0) to plamdagi limit funksiyasini toping.

1.21-masala. Ushbu f,(x)= In(3+ J funksional ketma-

. . n%e* . n%e*
< f(x)=1lim f (x)=lim In | 3+ =In3+lim In| 1+ =
N—>c0 N—>c0 n4 +e N—s00 3. n4 +e2X

2 X
n‘e
In(1+3 4 ZX) -
) in +e ) i n‘e
=In3+ lim - lim =In3+1-0=In3>.
2 X 4 2X
n—% n“e n—>oo3in +e )
3(n4+e2X)

2.21-masala. f,(x)=— % __ funksional ketma-ketlikni a)

N+ X +/nx

0<x<+w b) 0<x<1 oraliglarda tekis yaginlashishga tekshiring.
< Ikkala oraliqda ham f,(x) ketma-ketlik yaginlashuvchi bo'lib,

X
n+ X 1+ﬁ
f Iim f_(x)=lim =lm ——=1
() n—oo () n—)OOn+X+\/_ n—>ool 5 5
n n

bo'ladi. Endi tekis yaginlashishga tekshirish uchun 1°-punktdagi 1-
teoremadan foydalanamiz.

()= ()= £, (x) <]t n+ X |: Jnx
Cn+x+nx|  n+x+/nx

deb belgilasak, 1-teoremaga ko'ra {f (x)} ketma-ketlik M to'plamda tekis
yaqinlashishi uchun ushbu

lim Supr,(x)=0

Nn—o0 xeM

munosabatning bajarilishi zarur va yetarli.
a) 0< x < +o0 bo’lsin.

o A (n=x) _
o )= 2 e ) =)=
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'm0l im Sup rn(x)zéiojfn(x)bl-

N n+n+vn-n 3n 3 N—% [0, +00)
b) 0<x<1 bo'lsin. Bu oraligda r, (x)>0 bo’lgani uchun
Jn Jn

r.(x)}T= Supr, (x)=r,(1)=————— = lim Supr,(x)=lim ————=0
{n()} :>O<x£)1n() n() n+1+\/ﬁ:>”—>000£x£1 () n—>°°n+l+\/_ -

= f.(x) funksional ketma-ketlik 1 ga tekis yaginlashmaydi.

Demak, berilgan funksional ketma-ketlik 0<x<-+ewo toplamda
notekis, 0 < x <1 to plamda esa tekis yaginlashar ekan.

3.21-masala. Veyershtrass alomatidan foydalanib,

Zln 1+ ————| funksional qatorning 0<x<2 oroligda tekis
n-In (n+1)

yaqlnlashlshlnl ko rsating.
X

u,(x)=hnj1+——F——

< ) { n-In?(n+1)

tengsizliklar o’rinli.

u, (x) = In{1+ #(nﬂ)} -

2
n-In?(n+1)

} Berilgan 0<x<2 oraligda quyidagi

In| 1+ X < X < 2 .
n-n*(n+1)| n-n*(n=1) n-In*(n+1)

Agar a, = deb belgilasak, Koshining integral alomatiga

0

ko'ra ian >,

1
—~ Sn-In*(n+1)
Veyershtras alomatiga ko'ra berilgan funksional gator 0<x<2 oraliqda
tekis yaginlashuvchi. >
4.21-masala. Berilgan ushbu

i n
S+ 2x2)-[1+4x%)-..-(1+2nx?)
funksional qatorning 1<x<+oo oraligda tekis yoki notekis
yaqginlashuvchiligini aniglang.
< Bu gatorning tekis yaginlashishini tekshirish uchun 2°-punktdagi
1-teoremadan, ya'ni (10)-tenglikdan foydalanamiz.
n

un(x):( 2\

1+ 2x2)- (1+ 4x2)~...- (1+ 2nx )

sonli qgator yaginlashuvchi bo’ladi. Unda
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1 [ 1 ~ 1 }
2x2 | [1+2x?)-(L+4x?)-..- L+ 20 —1)x?)  (L+ 22 J1+4x?)-...- L+ 2nx? ) |

n=23,...

1 1

U (x)= 2x? '(1_1+ ZXZJSSH(X):;{UK(X): 2x? [1_ (1+ 2x2)-(1+ 4x2)-...-(1=2nx2)}:>
— x e[L+0) uchun S(x) = lim S, (x )zziz Va 1, (x) = S(x)-S, (x)=
X

N—o0

1 1
{14+2x%)- L+ 4x3)- (14 2nx2 ):x(gs[fﬂo‘r ()= (+2)1+4)..-@+2n)

= lim Sup |r,(x)=0=  Berilgan qator [L+x) oraligda tekis

n—oo Xe[l +oo)

yaginlashadi. >

o0 2
5.21-masala. )’ n2 -(25x2+1) funksional  gatorning
n:12n'n +1

yaqinlashish sohasini toping.
< Yaginlashish sohasini Koshi alomatidan foydalanib, topamiz:

1o\ 2 2
lim 1 ‘un(xx = lim r{/zn . r:]z 1 ‘(25X2 +1)n = 25X2 +1<1

N—o0 N—o0
. . . , 1 1 11
bo'lsa, vyaginlashadi. =x"<=—=|{<Z=xe|-=;Z da qator
25 5 5'5
L1 L1 n? .
yaginlashadi. Chegaraviy x =+= nuqtada esa u, =——— bo'lib,
5 5 n°+1

2
lim un(ilj_nm " _1%0
n—co n n—>oon +1

gator yaginlashishining zaruriy sharti bajarilmaydi = yaqinlashish sohasi
11

(—— —j interval ekan. >
55

6.21-masala. Ushbu
> 27" - x> -arctg

2n+3

funksional gatorning yaqinlashish sohasini toping.
< Bu qatorning yaginlashish sohasini Dalamber alomatidan
foydalanib, topamiz:
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27" . x*" . arctg _sx
2n+5

=27|x|3~lim 3 2n+3

im[%2:0) i
oo 2n+5  3-|x|

n—>00‘ u n (X) n—o0

J =27 X <1
27" - x* - arctg

2n+3

bo’lsa yaginlashadi. = [x| < % yoki x e (—%%) da yaginlashadi.
Chegaraviy nugtalarda tekshiramiz.

2n1+ 3 Oik(2n1+ 3) va ; 2n1+ 3

uzoglashuvchi = berilgan gator x :% nugtada uzoqlashadi.

va i(— 1) arctg
n=1

1 - 1
1) x== bolsin = u.| = |=arct
) 2 @ g

1
2n+3

1 N 1 n+1
2) x===Dbo’lsin = u.| —=|=(-1)""arct
) 3 ( 3) (-1) J 2n+3

gator Lebnis alomatiga ko'ra yaginlashuvchi = berilgan gator x:—%

J

nugtada yaginlashuvchi.

Demak, berilgan funksional gatorning yaqginlashish sohasi [—

Wl
Wk

yarim interval. >
7.21-masala. Berilgan

00 n —nzln(lvlj
PGV
n=1
gatorning yaginlashish sohasini toping.
< Koshi alomatiga ko'ra

l+5

lim 2/ju, (x) = lim 3_nln( ”j =37%<1

n—oo N—o0

bo'lsa, ya'ni x>0 bo’lganda berilgan qator yaginlashadi. Chegaraviy
x =0 nugtada u,(0)=(-1)" bo'lib, i(—l)n gator uzoglashadi.
=1

Demak, berilgan gatorning yaginlashish sohasi (0,+«) oraliqda iborat
ekan.>
o0 l . .
8.21-masala. . funksional gatornin
20 2 e x 3 Aarorning
yaqinlashish sohasini toping.
< Qo’yilgan masalani Dalamber alomatidan foydalanib yechamiz.
Agar
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2n
. Un (X)| _ i (n+2)ln(n+2)-(x—32) - 1 1
e Uy (X) | 1= (n+3)In(n+3)-(x—=3"2  (x—3)
bo’lsa, unda berilgan funksional gator yaginlashadi

= (x-3)* >1=[x-3>1= x e (~2;2)U(4+0) to'plamda berilgan gator
yaginlashadi. Chegaraviy x=2 va x =4 nuqtalarda

B 1
4= 2 2)

s - 1
bo'lib,
olib, . (1 2)
uzoqglashadi = Berilgan funksional qatorning yaginlashish sohasi
(— 0;2) U (4;+00) toplamdan iborat.

9.21-masala. Ta rifdan foydalanib

o -
nzzi(_l) 7n-13’
funksional gatorning [0; 1] kesmada tekis yaginlashishini isbotlang
(ny(£)-"?). n ning ganday giymatlrida gatorning goldig’i vx<]0, 1]
uchun 0, 1 dan katta bo " Imaydi?

< Bu masalani yechish uchun V& >0 olinganda ham 3n, =n,(¢)e N

topishimiz kerakki, vn > n, va barcha x €[0,1] uchun

Ir,(x)= éuk(x)<g

va quyidagi baholashlarni amalga oshiramiz:

sonli gator Koshining integral alomatiga ko ra

tengsizlik bajarilishi lozim. Ve >0 son olamiz

0 0 k n n+1 n+2
— — _1k X — _1n. X _1n+l.X— _1n+2X— =
() kzzn:uk(x kz( )7k—13‘ ‘( ) 7n—13+( ) 7-(n+1)—13+( ) 7(n+2)—13+
vl 1 1 1 1 1
=(=1)"-x - - - —~ —.|<
‘ {7n—13 (7(n+1)—13 7(n+2)—13j [7(n+3)—13 7(n+4)—13J }
< |X| < <g:7n—13>1:>7n>1+13:>n>1(1+13j:>V5>0
n-13 7n-13 £ £ T\ ¢

olinganda ham no(g):{%(iﬂiaﬂ deb olsak, vn>n, va vxe[01] lar
&

uchun

kZ:.;uk(x)‘«e tengsizlik bajariladi. Bu esa g(—l)n 7nx_nlg funksional

gator [0,1] kesmada tekis yaginlashishini anglatadi.
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Masalaning ikkinchi gismini yechish uchun &=0.1 deyish kifoya =

no(g)zF(iHBﬂ [23} 3= barcha n>3 lar uchun |r,(x)<01
7\01 7
bo"ladi.
10.21-masala. iﬁ funksional gator uchun uni [13]
= (2n-1)-2"

kesmada majorirlovchi gatorni toping va ko rsatilgan oraligda tekis
yaqginlashishini isbotlang.

2" 1
(2n-1)-2" "~ (2n-1)-2"

a  vxe[t3] uchun Ju,(x)= bo'lib,

o0

desak, ian =>

— ——  sonli gator berilgan gator
(2n-1)-2" = " a(2n-1)-2" | Jan 4

n:

uchun uni majorirlovchi gator boladi. ian gator yaginlashuvchi bo"lgani
n=1

uchun Veyershtrass alomatiga ko ra berilgan i% gatorning [1; 3]
n=1 n-1)-

kesmada tekis yaqginlashuvchi ekanligini hosil gilamiz. ~
11.21-masala. f(x)= In(x2 +3x+2) funksiyani Makloren gatoriga

yoying.
Bu masalani yechish uchun

f(x)=In(x? +3x+2) = In[(x + 1)x + 2)] =
=In@+x)+IN2+x)=INL+x)+In2+ In(l+ gj
deb olib, 5°-punktda keltirilgan
In(L+ x):i(—l)“*lx7 xe(~11]

n=1
tenglikdan foydalanamiz:

In(x2+3x+2):ln2+In(1+x)+ln(1+gj=
:In2+2( )”+1X +i( " (;jn:
In2+z 1™ (1+2ij

n
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12.21-masala. f(x)=cos* x funksiyani x, =% nugta atrofida
Teylor gatoriga yoying va bu gatorning yaqinlashish sohasini toping.

< Awvalo cos® x = %(1+ cos2x) ekanini e'tiborga olib,
f(x)=cos* x = (0052 x)2 = % (1+ 2C082X +COs” 2x):

:%(1+ 20052x+mj 3

= —+Ec032x+lcos4x
8 2 8
bo’lishini topamiz. So'ngra x =t+% almashtirishni bajaramiz:

f(x):f(t+£):§+lco{2t )+1cos(4t+7z) §—lsinZt—Ecos4t.
4 8 2 2 8 8 2 8

Endi sinx hamda cosx larning 5° punktda keltirilgan yoyilmalaridan
foydalanib, ushbu

sin 2t=Z (2n ) ,
_ °°( 1) -4,
cos4t = nzo 2n) ,

tengliklarga ega bo lamiz. Natijada

SRR g
e Z%(ﬂ

gatorni hosil gilamiz. Bu gatorning yaginlashish sohasi (—oo,+0) ekanligini
ko'rish giyin emas.
13.21-masala. Quyidagi
1 1 1 1
— + — +
1.2 2.3 3-4 4.5
gatorning yig indisini toping.
_ o (_1)n+1 | 1 (1
< Berilgan >~~~ qator uchun =0| = |=
=n-(n+1) n+l‘ n(n+1) n’
taggoslash amlomatiga ko ra u absolut yaginlshuvchi = Chekli yig indiga
ega .

_1)n+1

<
S_Z;n(n+1)




deb belgilaymiz.
Ushbu

n+1

S=Y—~— (1)

= n(n+1)
yordamchi qatorni kiritamiz. Bu qator |x <1 da absolut va tekis

yaginlashadi. Abelning 2-teoremasiga ko'ra (5°-punktdagi 7-teorema va
uning natijasiga garang)
S= lim S(x)

X——1+0

bo'ladi. s(x) funksiyani topish uchun (1)-tenglikni 2 marta
differensiallaymiz.

S"(x)=>_x"t =1+ x+x* +x° +...:1i,\x\<1:>
— X

S'(x)= n—X+clvaS"(O) 0=
:>cl:0:>S(x)—( x)-In(L—x)+x+c, va S(0)=0=>¢c, =0

Deamk, S(x)=(1—x)-In(l—x)+x ekan =S = lim 0S(x) 2In2-1.>
2n+1

14.21-masala. im gatorning yigindisini toping.

< Bu gatorning yaginlashish sohasi [-1 1] kesmadan iborat bo’lib, bu
kesmaning ichki nugtalarida gatorni hadlab, differensiallash mumkin:

2n+1

X— 4 — S ﬁ " _ ~ 2n-1 _ 3 5 _ X
S(x)= Z_;Zn (2n+1).:S(X)_nZ=;‘ on =3 (X)—ZX =X+ X +X +..=

n=1 1-x2
X
xe(-11) S (x)=j1_x2

~ [S'(X)dx-+c, = —% [Inft—x2Jix+ ¢, = ((bo'laklab integrallash

dx +c, =—%In(1—x2)+cl va s'(0)=0=c¢,=0=

usulidan foydalanamiz)) = — > In (1— x2)+ X+ SpizX, c,
2 2 1+x

va $(0)=0= c, =0.
o0 X2n+1 1 1—x ]
Demak, > —————<=x In———In(l X ) ekan. Tenglik
=2n-(2n+1) oM ex 2
(-1 1) intervalda o'rinli. >
15.21-masala. Z(n2 +5n +4)<”+2. gatorning yigindisini toping.

n=0
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< Berilgan gator (-1 1) intervalda absolut va tekis yaginlashadi va
shu intervaldagi v oraliqda bu gatorni hadlab integrallash mumkin:

S(x)= 3 (N2 +5n + 4™ =3 (n+ 10+ 4x™2 = x-S(x)= 3 (N +L)n+ 4™ =

n=0 n=0 n=0

0

= [x-S(x)dx=>"(n+1)x ”+4+cl_x42(n+1)x +¢ =x"-S,(x)+¢,

n=0 n=0
x=0da s(0)=S,(0)=0=¢c, =0
Demak,

Ix-S(x)dx:x“-S( ) va s,( in+1x :>jS x)dx =
n=0

o X
=3 x"=x+x*+x’+..=——+c, x=0daS,;(0)=0=c, =0.
n=0 1-X

X X 1 .
jsl(x)dx_mjsl(x)_il_)(} " Bu tenglik va

Ix -S(x)dx = x*-S,(x) dan

o x-S(x)= (x* - 8,(x) :{(1 X’ } 4 -xf +2xt - (1-x)

o o
_2x3-2—x:> X:2x2-2—x.
T
Shunday qilib,

i(n2 +5n+4)xn+2 :2)((2%2)_3)(), xe(-1 1).>

16.21-masala. Integral ostidagi funksiyani darajali gatorga

1
yoyish usuli yordamida je‘xzdx integralni 0,001 aniglikda hisoblang.
0

< Agar 5%punktda e* uchun Keltirilgan yoyilmadan foydalansak,

x> < (_1)n 'in
° _g n!

ekanligini, bu yerdan esa

Iexde—Wi( Sk Zn}d L U (ay

& ! _n:() n2n+1) | Snk2n+1)
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bo lishini topamiz. Bu hosil bo’lgan gator Leybnis gatori bo’lib, uning m-
hadidan keyingi goldig’i

uchun
1

<
ol i T am s 3)
bo’lishi bizga ma’lum. |r,|<0,001 bajarilishi uchun oxirgi tengsizlikdan
m > 4 bolishi kifoyaligini aniglaymiz. Demak,

1
je‘xdez1—1+1—i+izo,747.>
0

3 5 42 216
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8-§. 7-MUSTAQIL ISH
Xosmas va parametrga bog lig integrallar
1-tur xosmas integrallar va ularning yaqginlashishi.
2-tur xosmas integrallar va ularning yaqinlashishi.
Xosmas integralning Koshi ma nosidagi bosh giymati.

Parametrga bog'lig bo'lgan xos integrallar va ularning funksional
xossalari.

Parametrga bog'lig bo’lgan xosmas integrallar va ularning tekis
yaqinlashishi.
Parametrga bog liq bo Igan xosmas integrallar va ularning funksional
xossalari.
Eyler integrallari.
-A-
Asosiy tushuncha va teoremalar.

Biz 1-kursda jf(x)dx aniq integralni o'rganish jarayonida unga 2 ta
shart qo ydik:
1) ava b lar chekli sonlar,
2)  [a,b] daberilgan f(x) funksiya shu kesmada chegaralangan.
Endi biz aniq integralni quyidagi umumiyroq hollarda o rganamiz.
1-hol. Oraliq cheksiz, lekin funksiya chegaralangan,
2-hol. Oraliq chekli, lekin funksiya chegaralanmagan.

1-holda hosil bo'lgan integralga | —tur xosmas integral, 2-holda hosil
bo’lgan integralga esa I1-tur xosmas integral deyiladi.

Birinchi va ikkinchi tur xosmas integrallar va ularning xossalarini alohida-
alohida va batafsilrog o rganamiz.

1°. Chegaralari cheksiz xosmas integrallar (I-tur xosmas integrallar)

Integrallash oralig’i cheksiz bo"lgan holni ko'raylik. Bunda 3 ta vaziyat
yuz berishi mumkin:

1) a < X <+,
2) —o0< X<h,
3) —00 < X < +00,

Aniqlik uchun 1-vaziyatni to'lig ko rib chigaylik.
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Faraz gilaylik, f(x) funksiya [a,+) nurda aniglangan bo'lib, VA>a

A
soni uchun [ f(x)dx mavjud bo’lsin.

FA)=[ o Q)

deb belgilaymiz.
1-Ta'rif. Agar ushbu

A
Am, F(A)= fim, ] flxjax
limit mavjud va chekli bo’Isa, uni f(x) funksiyaning [a,+«) oraliqdagi I-tur
xosmas integrali deyiladi va u

Tf (x)dx (2)

kabi belgilanadi hamda (2)-xosmas integral yaginlashuvchi, aks holda esa
uzoqlashuvchi deb ataladi.

Shunday qilib,
+00 A
[ £0dx= lim [ f(x)dx.

A—+o

Qolgan 2 ta vaziyatda ham I-tur xosmas integral shunga o xshash
ta'riflanadi:

T f(x)dx := lim b f (x)dx,

A——0

+00 B
J £Odx:= lim [ f(x)dx,
o B i A

Agar [f(x)dx va [ f(x)dx xosmas integrallar yaginlashsa, u holda

—00 a

| f(x)dx xosmas integral ham yaginlashadi va

—00

T f(x)dx = _ja' f(x)dx + Tf (x)dx

bo ladi.
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Misol. jd—); (a>0 va 1 — Vv haqgigiy son) xosmas integralni
a X

yaginlashishga tekshiring.
< V A>a olamiz

X172|A A _ glt
ax_ 1-4 ~ 1-Z

X
Inx|2=InA-Ina,1=1.

, A#L

F(A)=

QD —y >

1-2

A>1 bo'lsa lim F(A)=2

A—+o0 —

bo’lib, integral yaginlashadi.1<1 bo'lsa
lim F(A)=c bo'lib, integral uzoglashadi.

A—>+o0
Shunday qilib,
T dx ~ yaginlashadi, agar A >1 bo'lsa,
uzoglashadi, agar 4 <1 bo'lsa.

A

3 X

1-Teorema. (Koshi  kriteriyasi). (2)-xosmas integralning
yaqginlashuvchi bo’lishi uchun quyidagi shartning bajarilishi zarur va
yetarlidir: V& >0 uchun 3B >a:VA >B va A, >B lar uchun
Ay

| £(x)dx

A

<¢&

boladi.
Ko'p hollarda Koshi shartini tekshirish giyin bo"ladi. Shuning uchun
tekshirish oson bo"lgan alomatlarni keltiramiz.
A
Bundan buyon biz har doim vA>a uchun | f(x)dx mavjud deb faraz

gilamiz.
2-Teorema. (Umumiy tagqoslash alomati). Faraz gilaylik, [a,+x)

nurda
[f(x}<g(x)

bo'lib, +fg(x)dx xosmas integral yaginlashsin. Unda I f(x)dx xosmas

integral ham yaginlashadi.
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3-Teorema. (Xususiy tagqgoslash alomati). Faraz qilaylik

0<a<x<+oo nurda |f x)s-w c, A—const va 1>1
X

bo'lsin. U holda I f(x)dx xosmas integral yaginlashadi. Agar 3¢ > 0:

c
\f(x){zx7,

bo'lib, 2<1bo’lsa, [ f(x)dx xosmas integral uzoglashadi.

2-Ta'rif. Agar [|f(x}dx yaginlashuvchi bo'lsa, u holda | f(x)dx

xosmas integral absolut yaginlashuvchi deyiladi.

2-teoremaga ko'ra absolut yaginlashuvchi integral oddiy ma noda
ham yaginlashuvchi boladi.

3-Ta'rif. Agar [ f(x)dx yaqinlashib [|f(x)dx uzoglashsa, [ f(x)dx

xosmas integral shartli yaginlashuvchi deyiladi.

4-Teorema. f(x) va g(x) funksiyalar [a,+w) oraligda aniglangan
bolib, f(x)>0 va g(x)>0 bo'lsin.

Agar x — +oo da

f(x)=0"(g(x))

bo'lsa, [f(x)dx va [g(x)dx xosmas integrallar yoki bir vaqgtda

yaqginlashadi yoki uzoglashadi.

5-Teorema. f(x) va g(x) funksiyalar [a,+w) oraligda aniglangan
bo’lib, ular quyidagi shartlarni bajarsin:

(Abel alomati) a) [ f(x)dx yaginlashuvchi,

b) g(x) funksiya [a,+) da monoton va

chegaralangan;
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(Dirixle alomati) a) 3K VA>a

b) g(x) funksiya [a,+wc) da monoton va

lim g(x)=0.

X—>+00

U holda [ f(x)dx xosmas integral yaginlashuvchi boladi.

Misollar. 1) jsinxzdx xosmas integral yaginlashishga
1

tekshirilsin.
+00 ) ) +00 ] ) l . ] ) 1
< [sinx?dx = [ xsinx?-=dx deb olib, f(x)=xsinx*, g(x)== deb
X X
belgilaymiz va Dirixle alomatining shartlarini tekshiramiz:

1)  f(x)=xsinx? e C[L,+0) va F(x)= —%cosx2 — chegaralangan;

2) g(x):li va lim g(x)=0;

X X—>+00

= jf(x)g(x)dx: [sin x?dx—yaginlashuvchi.

2) jwdx xosmas integralning shartli yaqinlashuvchi ekanligi

ko rsatllsm.
< Agar f(x)=sinx va g(x):1 desak, Dirixle alomatiga ko'ra
X

yaginlashuvchi ekanligini hosil gilamiz.
Endi

sin X

e \sin x\
——dx=| ——d
| d= |

X

=

1

xosmas integralning uzoglashuvchi ekanligini ko rsatamiz.

1

1-cos2x

sin x| > sin® x =
2
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Unda VYA >1 uchun

Ismx 1A%_1Ac032x i
1 2 1 X 2 1
bo’ladi. Ma lumki,
A 400
%_ j——uzoqlashuvchl va  lim Icost: | COS2X iy -
A—>+oo A—>+<>o1 X 1 X

Dirixle anmatlga ko'ra yaqinlashuvchi Shularga asosan oxirga

tengsizlikda A — -+ da limitga o'tib, j SN %l4x  xosmas integralning

"sin x
X

uzoqlashuvchiligini topamiz. integral shartli

yaqginlashuvchi.

Eslatma: Birinchi tur xosmas integrallarda ham ma’lum shartlar
bajarilganda aniq integrallarni hisoblashda qo llaniladigan o zgaruvchilarni
almashtirish, Nyuton-Leybnis, bolaklab integrallash va shu kabi boshga
formulalar o'rinli bo"ladi. Ularning shartlarida va ifodalanishida printsipial
farg bo Imaganligi sababli biz ularga to xtalmaymiz.

2°. Chegaralanmagan funktsiyaning xosmas integrali
(11-tur xosmas integral)

Faraz gilaylik, f(x) funksiya [a,b) yarim segmentda berilgan bo’lsin.
Agar Ya >0 soni uchun f(x) funksiya [a,b—a)c[a,b) da chegaralangan
bolib, [a,b) da chegaralanmagan bo’lsa, u holda b nugta f(x) funksiya
uchun maxsus nuqta deyiladi.

Aytaylik b nugta [a,b) oraliqgda berilgan f(x) funksiya uchun
maxsus nugta bo’lib, f(x) funksiya [a, b—«] kesmada integrallanuvchi
bolsin.

deb belgilaymiz. Bu funksiya (0,b—a] yarim segmentda aniglangan.
Ta'rif. Agar ushbu

b—a

lim F(e)=lim [ f(x)dx

a—+0 a—+0
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limit mavjud va chekli bo'lsa, uning giymatiga f(x) funksiyaning [a,b)
dagi Il tur xosmas integrali deyiladi va

T f (x)dx (3)

kabi belgilanadi hamda (3)-xosmas integral yaginlashuvchi , aks holda
esa uzoglashuvchi deb ataladi.

Shunday qilib,
b—a

'T f(x)dx:= lim | f(x)dx

a—>+0

Xuddi yugoridagidek, a nugta f(x) funksiyaning maxsus nugtasi
bo'lganda (a,b] oraliq bo'yicha xosmas integral, a va b nugtalar
funksiyaning maxsus nugqtalari bo'landa (a,b) oralig boyicha xosmas
integrallar quyidagi tengliklar yordamida aniglnadi:

b

b
[ £(x)dx = lim [ £ (x)dx

b-p
f(x)dx = lim | f(x)dx

a—+0
po+0ata

D C—— T

b

Misol. IW

yaqginlashadi va 1 >1 bo lganda uzoqglashadi.

Ikkinchi tur xosmas integrallar uchun ham birinchi tur xosmas
integrallarda o'rinli bo’lgan ularni hisoblash usullari va yaginlashish
alomatlari o rinli. Ularning hammasiga to xtalmay, asosiylarini keltiramiz.

1-Teorema. (Koshi kriteriyasi). (3)-xosmas integralning
yaqginlashuvchi bo’lishi uchun quyidagi shartning bajarilishi zarur va
yetarlidir: Ve>0 uchun 16>0: 0<a"<a'<éd tengsizlikni
ganoatlantiruvchi vV «' va «" lar uchun

u— "

f (x)dx

dx (1>0) xosmas integral A<1 bo’lganda

<¢&

tengsizlik bajariladi.
2-Teorema. f(x) va g(x) funksiyalar [a,b) da berilgan bolib, b shu
funksiyalarning maxsus nugtasi bo'Isin. Agar vx <[a,b) da

0< f(x)<g(x)
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b b
bo'lsa, u holda jg(x)dx integralning yaginlashuvchiligidan jf(x)dx ning

b b
yaginlashuvchiligi; [ f(x)dx integralning uzoglashuvchiligidan [ g(x)dx

ning uzoglashuvchiligi kelib chigadi.
Natija. Agar |f(x)<c-(b—x)" bo'lib, A1<1 bo'lsa (3)-xosmas

integral yaginlashadi. Agar f(x)z(bL ¢>0,bo’lib, 2>1 bo’lsa, u

—x)

holda (3)-xosmas integral uzoglashadi .
3-Teorema. Agar x—b-0 da f(x)=07(g(x)) bo’lsa, unda

b b
[ (x)dx va [g(x)dx integrallar bir vaqtda yaginlashadi yoki uzoglashadi.

4-Teorema. f(x) va g(x) funksiyalar [a,b) da berilgan bo'lib, ular
quyidagi shartlarni bajarsin:

b
(Abel alomati) a) J' f(x)dx integral yaginlashuvchi,

b) g(x) funksiya [a,b) da monoton va

chegaralangan;
b-6

j‘ f (x)dx

b) g(x) funksiya [a,b) da monoton va

(Dirixle alomati) a) VK v&>0 <K,

lim g(x)=0.

x—b-0

b
U holda j f (x)dx xosmas integral yaginlashuvchi bo'ladi.

3°. Xosmas integralning bosh giymati
1-Ta'rif. Aytaylik, f(x) funksiya —co<x<+0o to'g'ri chizigda
aniglangan bo’lib, undagi v kesmada integrallanuvchi bo'lsin. Agar

ushbu
A

lim | f (x)dx
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limit mavjud va chekli bo'lsa, f(x) funksiya (-oo,+0) oraligda Koshi
ma'nosida integrallanuvchi deyiladi. Bu limitning giymatiga esa f(x)

funksiya xosmas integralining Koshi ma'nosidagi bosh giymati deb
ataladi va

V. pr (x)dx

kabi belgilanadi.

Demak,
+00 A
V.p [ f(xdx:= lim [ f(x)dx

A—+o0

Teorema. Agar f(x) funksiya toq bo'lsa, u holda u Koshi ma“nosida
integrallanuvchi va uning bosh giymati 0 ga teng bo'ladi. Agar f(x)
funksiya juft bo'lsa, u Koshi ma nosida integrallanuvchi bo’lishi uchun

T f (x)dx

xosmas integralning yaginlashuvchi bo lishi zarur va yetarli.

2-Ta'rif. Faraz gilaylik, f(x) funksiya [a,b] kesmaning s (a<c<b)
nugtasidan tashgari hamma nugtalarida aniglangan bo'lib, (a,c) va (c,b)
ga gism bo’lgan v kesmada integralanuvchi bo’lsin. U holda, agar

a—>—+0

c-a b
lim | [ f(x)dx+ [ f(x)dx
limit mavjud va chekli bo'lsa, f(x) funksiya [a,b] kesmada Koshi

ma'nosida integrallanuvchi deyiladi va bu limitning giymatiga
integralning Koshi ma nosidagi bosh giymati deb ataladi hamda u

b
V.p[ f(x)dx
kabi belgilanadi.

Misol. f(x):i2 funksiya [L; 5] kesmada xosmas ma'noda

integrallanuvchi emas, lekin Koshi ma'nosida integrallanuvchi ekanligi
ko rsatilsin.

246



< Xosmas manoda integrallanuvchi emasligi ravshan. Koshi
ma’nosida integrallanuvchi bo lishini ko rsatamiz.

2dx . [ dx 7 odx . - :
V.pl—x_zzolmo{]l. x—2+ j X_z}:o!mo[ln\x—al +In\x-2\2+a]:

= lim (In@+In3-Ina)=In3.>

a—>+0

2+a

4°. Parametrga bog'liq xos integrallar va ularning funksional xossalari
f(x,y) funksiya R? fazodagi biror
D= {(x, y)eR*:a<x<b, yeEc R} aniglangan va Vv fiksirlangan yeE
uchun f(x,y) funktsiya x o'zgaruvchining funksiyasi sifatida [a,b]
oraligda integrallanuvchi bo’lIsin.
Quyidagi

o(y)=[ Tyl ()

integralga parametrga bog lig integral, u o' zgaruvchi esa parametr
deyiladi.
Parametrga bog'liq integrallarda ®(y) funksiyaning bir gator

xossalari (limiti, uzluksizligi, differensiallanuvchiligi, integrallanuvchiligi
va hokazo) o'rganiladi. Bu xossalarni o'rganishda f(x,y) funksiyaning u

boyicha limiti va unga intilish xarakteri muhim rol o naydi.

f(x,y) funksiya D to'plamda berilgan , y, esa E toplamning limit
nugtasi bo’lsin.

1-Ta'rif. Agar Ve >0 olinganda ham (Vvxe[a,b] uchun) shunday
5 =3(e,x)>0 topilsaki, |y—y,| <& tengsizlikni ganoatlantiruvchi vy e E
uchun

(X, y)-o(x) <&, xelab]

bo'lsa, u holda ¢(x) funksiya f(x,y) funksiyaning y — vy, dagi limit
funksiyasi deyiladi.

f(x,y) funksiya D toplamda berilgan bo’lib, « nugta Ye
to plamning limit nugtasi bo’lIsin.

2-Ta'rif. Agar Ve>0 olinganda ham (vxe[a,b] uchun)
JA=A(g,x)>0 topilsaki, |y|>A tengsizlikni ganoatlantiruvchi vy eE
uchun
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(% y)- () <, xe[ab]
bo'lsa, u holda ¢(x) funksiya f(x,y) funksiyaning y—o dagi limit
funksiyasi deyiladi.

Limit funksiya ta'rifidagi 6=4(s,x)>0 ning fagat >0 gagina
bog'lig gilib tanlanishi mumkin bo’Igan hol muhimdir.

3-Ta'rif. D to'plamda berilgan f(x,y) funksiyaning y -y, dagi
limit funksiyasi ¢(x) bo’lsin. Agar Ve >0 uchun 35=6(¢)>0 topilsaki,
|y —Y,| < & tengsizlikni ganoatlantiruvchi vy cE sa wxefa,b] lar uchun

£(x,)- oK) <2,

bo'lsa, f(x,y) funksiya o'z limit funksiyasi ¢(x) ga [a,b] da tekis
yaqginlashadi deyiladi.

4-Ta'rif. D to'plamda berilgan f(x,y) funksiyaning y — vy, dagi
limit funksiyasi ¢(x) bo’lsin. Agar 3¢, >0, Vv&>0 olinganda ham
3%, €[a,b] va |y—yo| <5 tengsizlikni ganoatlantiruvchi y, e E topilsaki,
ushbu

‘f(XOaY1)_(/’(XoX2501

tengsizlik o'rinli bo'lsa, u holda f(x,y) funksiya @(x) ga notekis
yaqginlashadi deyiladi.

1-Teorema. (Koshi kriteriyasi) f(x,y) funksiya y —y, da limit
funksiya @(x) ga ega bo'lib, unga tekis yaginlashishi uchun quyidagi
shartning bajarilishi zarur va yetarlidir: ve>0 uchun 6=6(s)>0
topiladiki, |y"—yo|<d, |y'—Yo/ <& tengsizliklarni ganoatlantiruvchi
vy',y" € E hamda vx [a,b] uchun

1f(xy")-f(x,y)<e,
tengsizlik bajariladi.

Endi parametrga bog'liq integrallarning funksional xossalarini
keltiramiz.

2-Teorema. Agar
1) Vv fiksirlangan y € E uchun f(x,y)eCla,b]
2) y—y,da f(x,y) funksiya ¢(x) ga tekis yaginlashsa,
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u holda

lim If X, y )X = I(p (5)

Y—Yo
boladi.
3-Teorema. Agar f(x,y) funksiya
= {(x y)e R?:xea,b] ye[c,d]}
to plamda uzluksiz bo’lsa, u holda

=j)'f(x y )dx

funksiya [c,d] kesmada uzluksiz bo"ladi.
4-Teorema. Aytaylik f(x,y) funksiya

:{(x, y)eR?:xe[a,b], ye[c,d]}
to plamda aniglangan va
1) v fiksirlangan y € E uchun f(x,y)e Cla,b]
2) f,(x,y)-3 va eC(D)
bo’lIsin. U holda [c,d] kesmada @'(y) mavjud va ushbu

b
J'f; X, y)d (6)
tenglik o'rinli bo’ladi.
5-Teorema. Agar f(x,y) funksiya 3-teorema shartlarini
d
ganoatlantirsa, unda j ®(y)dy integral mavjud va

I{If X, de}dy j{jf X, ydy}d @)

cLa
munosabat o rinlidir.

Endi umumiy korinishda berilgan parametrga bog lig integrallarni
keltiramiz.
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Faraz qilaylik, x=¢(y),x=w(y) funksiyalar [c,d] da aniglangan
bo'lib, vy e][c,d] uchun
a<op(y)<y(y)<b (8)
munosabat bajarilsin.
6-Teorema. f(x,y) funksiya ushbu

D:{(x, y)eR?:xe[a,b], ye[c,d]}
to’plamda aniglangan bo’lib,
1) f(x,y)eC(D)
2) ply), y(y)eCle,d]
bo’Isin. U holda

_ w(y)
o(y)= [f(xy)x (9

o(y)

funksiya ham [c,d] oraligda uzluksiz bo'ladi.
7-Teorema. (Leybnis formulasi) Agar

1) f(x,y)eC(D),

2) f,(x,y)eC(D),

3) ¢'(y) va y'(y)eCle,d]

bo'lsa, u holda ®(y) funksiya ham [c,d] oraliqda hosilaga ega va

)= [0y v ) Tyl-oO) flolyly] @0)

o(y)

munosabat o rinlidir.

6-teorema shartlari bajarilgan holda ®(y) funksiyaning [c,d] oraligda

integrallanuvchi ekanligi kelib chigadi va (9)-funksiya uchun ham (7)-
tenglik kabi tenglik o'rinli bo’ladi.

5° Parametrga boglig xosmas integrallar va ularning tekis
yaginlashishi

f(x,y) funksiya
Dz{(x, y)eR?:xe[a+w), yeEc R}
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to plamda berilgan bo'lib, v fiksirlangan y € E uchun

+00

[ f(xy)x (y<E)

a

mavjud va chekli bo"Isin. Bu integral u ning giymatiga bogligdir.

+00

I(y)=[fxy)x  (11)

(11)-integralga parametrga bog'lig I-tur xosmas integral deyiladi.
Xuddi shu kabi

a

[ £(x y)dx va Tf (x, y)dx

—00

parametrga bog'liq bo’lgan I-tur xosmas integrallarning ta'rifini berish
mumkin.

Endi f(x,y) funksiya
D, ={(x, y)eR?:xela,b), ye EcR}

to'plamda berilgan bo’lib, v fiksirlangan yeE da x=b nugta f(x,y)
funksiyaning maxsus nugtasi bo'lsin va bu funksiya [a,b] oraligda
integrallanuvchi, yani

b
_[f(x, y)dx (yeE)
xosmas integral mavjud bo’lIsin. Unda
b
L(y)=[f(xy)x  (12)

integralga parametrga bog lig bo lgan I1-tur xosmas integral deyiladi.

Xuddi shunga o'xshash x=a nugta maxsus nugta bo’lgan
parametrga bog liq bo'lgan I1-tur xosmas integralga ta rif berish mumkin.

Umumiy holda, parametrga bogliq chegaralanmagan funksiyaning
chegarasi cheksiz xosmas integrali tushunchasi ham yuqoridagidek
Kiritiladi.

Biz asosan (11)-xosmas integralning xossalarini o rganish bilan
shug ullanamiz.
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Aytaylik, f(x,y) funksiya D to'plamda aniglangan bo’lib, v
fiksirlangan y < E uchun

+00

[ £(x y)dx -3

a

bo’lsin.= V|[a,t]c[a,+x) da

F(t,y)=| f(x,y)dx (13)

QD ey —+

integral mavjud va

+00

1(y)= [ f(x y)dx=lim F(ty) (14)

t—>+o0
(14)-tenglikdan ko'rindiki 1(y) funksiya F(t,y) funksiyaning t — +o dagi
limit funksiyasi boladi.

1-Ta'rif. Agar t —+o da F(t,y) funksiya E to'plamda o'z limit
funksiyasi 1(y) ga tekis yaginlashsa u holda (11)-integral E to plamda

tekis yaqginlashuvchi, notekis yaginlashganda esa notekis yaginlashuvchi
deyiladi.

Shunday qilib, J'f(x,y)dx integralning Ye to'plamda tekis
yaginlashuvchi bo'lishi quyidagini anglatadi:

1)  VvyeE uchun J'f(x, y)dx xosmas integral yaginlashuvchi;

2)  Ve>O0uchun 36=6(¢)>0:Vt>45 va Vy e E uchun

+00

[ £(x y)dx

t

<¢&

tengsizlik bajariladi.
j'f(x, y)dx integralning E to"plamda notekis yaginlashuvchi ekanligi
esa quyidagini anglatadi:

+00

1)  VvyeE uchun jf(x, y)dx xosmas integral yaginlashuvchi;
a
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2) 3¢,>0,v5>0 olinganda ham 3Jy,cE va 3t,>65, t,<[a+»)
topiladiki,

2 &

T f(x,y,)dx

to

bo ladi.
Misol. 1(y)= jye‘xydx parametrga bog'liq integral a) E =(0,+x)
0

va b) E, =[2,+»)c E oraliglarda tekis yaginlashishga tekshirilsin.

t t
<@) F(t,y)=[ye Ydx=—[e¥d(-xy)=1-e™
0 0

(0 <t <+w)= Vy €(0,4+0) uchun

t—+

I(y):tinij(t,y): lim (1—e‘ty)=1:> I(y)= [ ye™dx— yaginlashuvchi.
0

Endi berilgan integralni tekis yaginlashuvchanlikka tekshiramiz.

y € E =(0,+00) bo’lsin. Agar ¥v&>0 uchun g, =%,t0 >8 va y, :ti deb
0
olsak, u holda

_ 4 1 1
—g et =254,

e Yodx
_[ Yo e 3

to

bo'ladi. = integral E =(0,+0) da notekis yaginlashadi.

b) Endi integralni E, =[2+0)cE  to'plamda  tekis
yaginlashuvchanlikka tekshiramiz. V& >0 olamiz.

Ly w1 1 1, 1
:‘—e y =€ y:eTy:((y>2’t>5))<eT5:€:>5:§In; deb

olsak, tekis yaqginlashish ta'rifidagi shartlar  bajarilar  ekan.

+0o0
t

Tye"‘y dx
t

= 1(y)= [ ye™dx integral E, =[2,+o) oraliqda tekis yaginlashadi. »
0

2-Ta'rif. Agar Ve>0 uchun 35=6(¢)>0:t'>6,t">5 ni
ganoatlantiruvchi vt',t” va vy € E uchun

tn

j f(x,y)dx

t/

<¢&
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tengsizlik bajarilsa, unda (11)-xosmas integral Ye to plamda fundamental
integral deyiladi.

1-Teorema (Koshi). I(y)= jf(x, y)dx integralning Ye to'plamda

tekis yaginlashuvchi bolishi uchun uning Ye toplamda fundamental
bolishi zarur va yetarlidir.

Bu teorema nazariy ahamiyatga ega bo'lib, undan amaliyotda
foydalanish ancha qgiyin.

2-Teorema (Veyershtrass). Agar 3¢(x)>0 (x e[a+wx)) funksiya
topilsaki
1)  Vxela+w)va vy eE uchun |f(x,y) <eo(x)

2)  [p(x)dx yaginlashuvchi

bo'lsa, unda I(y):Tf(x, y)dx integral Ye to’plamda tekis yaginlashuvchi
bo’ladi. a
3-Teorema (Abel alomati). f(x,y) va g(x,y) funksiyalar
D:{(x, y)eR?:xela, + ), yeE}
to plamda berilgan bo’lib,
1) v fiksirlangan y e E uchun g(x,y) funksiya [a,+c) da x 0'zgaruvchi
bo yicha monoton va u D toplamda chegaralangan,

2) j f(x,y)dx integral Ye da tekis yaginlashuvchi bo'lsa, u holda

Iw f(x y)-g(x y)dx

integral Ye to plamda tekis yaginlashuvchi bo"ladi.

4-Teorema (Dirixle alomati). f(x,y) va g(x,y) funksiyalar D
to plamda berilgan bo'lib,
1) Vt>a va Vy e E uchun

j' f(x,y)dx| <c (c = const),

a
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2) v fiksirlangan y € E uchun g(x,y) funksiya [a,+e) da x o°zgaruvchi
bo"yicha monoton va x — +oo da g(x, y) funksiya 0 ga tekis yaginlashsa, u
holda

+00

[ £(xy)-g(x, y)dx

a

integral E to plamda tekis yaqginlashuvchi bo ladi.
6°. Parametrga bog'lig xosmas integrallarning funksional xossalari

f(x,y) funksiya D= {(x y)eR?:xela,+x) ye E} to"plamda
berilgan bo’lib, y, nugta Ye to plamning limit nugtasi bo"lIsin.

1-Teorema. Agar
1) v fiksirlangan y € E uchun f(x,y)e Cla,+x),

2) y— vy, da V[at] (a<t<+wo) kesmada f(x,y) funksiya ¢(x) ga tekis
yaginlashsa,

3) I(y)= jf(x, y)dx integral Ye to"plamda tekis yaginlashuvchi

a

bo'lsa, u holda y — y, da I(y) funksiya limitga ega va

lim 1(y)= lim T f(x, y)dx=+f{lim f(x, y)}dx:Tgo(x)dx

Y—Yo Y—=>Yo a a Y—Yo
bo'ladi.
2-Teorema. Agar f(x,y) funksiya
D= {(x y)e R? :x e[a,+wx) ye[c,d]}
to plamda berilgan bo'lib,
1) f(xy)eC(D),

2) 1(y)= [ f(xy)dx integral [c,d] da tekis yaginlashuvchi bolsa, u holda

I(y) e Clc,d] boladi.
3-Teorema. Agar f(x,y) funksiya
D= {(x y)eR?:xela+x), yec, d]}

255



to plamda berilgan bo'lib,
1) f(x,y)eC(D), f,(xy)eC(D),

2) v fiksirlangan y e[c,d] uchun I(y)= [ f(x,y)dx yaginlashuvchi,

3) [f,(x,y)dx integral [c,d] da tekis yaginlashuvchi bo'Isa, u holda I(y)

funksiya [c,d] oraligda 1'(y) hosilaga ega bo'ladi va
1"(y)= [ f,(x y)dx

tenglik bajariladi.
4-Teorema. Agar f(x,y) funksiya
D= {(x y)e R?:xela,+x), yelc, d]}
to plamda berilgan bo'lib,
1)  f(xy)eC(D),

+00

2) 1(y)= [ f(xy)dx integral [c,d] da tekis yaginlashuvchi bolsa, u

holda I(y) funksiya [c,d] da integrallanuvchi va

E 1 (y)dy = j:ﬁof (x, y)dx}dy _ T ﬁ F(x, y)dyj|dx

boladi.
7°. Eyler integrallari (Beta va Gamma funksiyalar)
a) Beta funksiya (1-tur Eyler integrali) va uning xossalari

1-Ta'rif. Quyidagi
1
B(p,q) =[x (1—x)""dx (15)
0

integralga Beta funksiya yoki 1-tur Eyler integrali deyiladi.
Beta funksiya quyidagi xossalarga ega.
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1) (15)-integral M ={(p,q)e R%: pe(0, +x), qel(0, +oo)} to"plamda
yaginlashuvchi, (p, >0,q, >0) to'plamda esa tekis yaginlashuvchi
bo’ladi.

2) B(p,a)eC(M)

3) B(p,a)=B(q, p)

400 t p—1

4) B(p,q)= |

Natija. Agar g=1-p (0< p<1) bo'lsa,

+00 t p-1

B(pl-p)= |

0

T

(16)

1+t sinpz

tenglik o'rinli bo’ladi.

(16) dan :B(l,ljzizn
22 sin

5) Vp>0 va g>1 uchun

__gq-1
Blp.a)= " 1 Bpa-1) (1)

tenglik o'rinli.
Natija.
B(m,n)= (n—1}(m 1)
(m+n-1)
b) Gamma funksiya (2-tur Eyler integrali) va uning xossalari.
2-Ta'rif. Quyidagi

I'(p)= Tx P1e X dx (18)

integralga Gamma funksiya yoki 2-tur Eyler integrali deyiladi.
Gamma funksiya quyidagi xossalarga ega.
1) r)=r(2)=1
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2) (18)-integral ~ (0,4o0) oraligda yaginlashuvchi,  Vv[a,b]c(0,+)
(0 < a <b < +w) kesmada esa tekis yaginlashuvchi boladi.

3) I'(p)eC(0,+x) va ¥n=12,... uchun

prl (In x)" dx € C(0,+0)

4Hr(p+1)=pr(p)  (19)
Natija. 7"(n+1)=n!

Beta va Gamma funksiyalar orasidagi bog lanishni quyidagi teorema
ifodalaydi.

Teorema. Vp >0, q>0 uchun
I'(p)-1(a)
B(p.a)=———+" (20)
(p.) r(p+q)
tenglik o'rinli.
Natija. ¥p (0, 1) uchun

T
I'(p)- I'l-p)= 21
(p)-r2-p) S pr (21)
tenglik o'rinli bo’ladi.
Agar (21)-tenglikda p _% desak
1
= 22
i3+ @

bo’ladi.

Eyler integrallari yordamida ko pgina xosmas integrallarni hisoblash
ancha osonlashadi.

Misollar.
1) 1= [e*dx-Eyler-Puasson integrali hisoblansin.
0
+00 X2=tz>x=\/f +oo 1 +o0 1
< 1= [e dx= 11 :ijt 2etdt= 1 jtz : “dt:lr(ljzﬁp
0 dx =t “dt 2 \2) 2
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O© 00 N O O~ WDN -

NN R PP R R R PR R R
R O ©O 00O NO O & WD PR, O

| T x2dx

- Xosmas integral hisoblansin.

o L+X
1
14:t;X:(}— j4
ro 240 1+ X t T .
J 2| [x=0=t=1 == [t 4-(1-t)adt=
o 1+X 49
x:+oo:>t:0;dx:—i2(}—j4dt
47\t
11,
:ljt“ -(1—t)%‘1dt:EB(E;E)ZEB(E;LEJ:E. r _ T &
45 4\4'4) 2°\4" 4) 4 o7 22

Nazorat savollari.

. 1-tur xosmas integral tushunchasi.

. 1-tur xosmas integralning yaginlashishi.

. Koshi kriteriyasi.

. Umumiy taggoslash alomati.

. Xususiy taggoslash alomati.

. Absolut va shartli yaginlashuvchi 1-tur xosmas integrallar.
. 1-tur xosmas integrallar uchun Abel alomati.

. 1-tur xosmas integrallar uchun Dirixle alomati.

. 2-tur xosmas integral tushunchasi.

. 2-tur xosmas integralning yaginlashishi.

. 2-tur xosmas integral uchun Koshi kriteriyasi.

. 2-tur xosmas integral taqgoslash alomatlari.

. 2-tur xosmas integral Abel alomati.

. 2-tur xosmas integral Dirixle alomati.

. Xosmas integralning Koshi ma nosidagi bosh giymati.
. Parametrga bog'lig xos integrallar.

. Parametrga bog lig xos integrallarning tekis yaqginlashishi.
. Tekis yaginlashishning inkori.

. Koshi kriteriyasi.

. Parametrga bog lig xos integralning uzluksizligi.

. Parametrga bog lig xos integrallarni differensiallash.
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22,
23.
24,
25.
26.
217,
28.
29.
30.
31.
32,
33.
34,
35.

Parametrga bog lig xos integrallarni integrallash.
Parametrga bog lig xosmas integrallar.

Parametrga bog lig xosmas integrallarning tekis yaginlashishi.
Koshi kriteriyasi.

Veyershtrass alomati.

Abel alomati.

Dirixle alomati.

Parametrga bog lig xosmas integrallarning uzluksizligi.
Parametrga bog lig xosmas integrallarni differensiallash.
Parametrga bog lig xosmas integrallarni integrallash.

Beta funksiya (1-tur Eyler integrali) va uning xossalari.
Gamma funksiya (2-tur Eyler integrali) va uning xossalari.
Beta va Gamma funksiyalari orasidagi bog lanish.
Eyler-Puasson integrali va uni hisoblash.
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-B-
Mustaqil yechish uchun misol va masalalar.
1-masala. Quyidagi xosmas integrallar hisoblansin.

Z dx T dx
1.1 . 1.2 .
e XUx? =1 2% ++/eX
13 | X’édi‘l. 14| zj idx.
2 1
15 [ ox . 1.6 joo e dx.
o (x2 +ONX2+9 0
17 [ e 18 [
J1‘(1+x2)-\/1+x2 " ! XVx® +x-1
dx iy dx
1.9 1.10 )
I (m+x) ! (4X2 +1Nx? +1
1.11 J' x* +12 2= dx 1.12 Te‘ax -sin 2 bxdx.
(x +1)
+00 +o0 dx
1.13 Ne™dx, N. 1.14 .
gx e ¥dx,ne L(x—l)m
T Inx
1.15 1.16
j‘(2x 1)\/x 1 j1+X
iy dx T xInx
1.17 . 1.18 dx.
{ (4x2 —1Nx% -1 I (1+x ) ”
119  arctg (1 x) 1.0
I \/ X — 1 I 3.x2 —1
121 +j ax

_oo (x2 +x+1)3 |

2-masala. Quyidagi Il-tur xosmas integrallar hisoblansin.
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7

2.1 [(Incosx)-cos2nxdx,n e N.

2.3 jln cos xdx..

x arcsin X

V1-x2
1[‘1 X iaI’CCOSX.

2.5 j

27[

7
2.9 j@xdx.

dx
b2 —2bx

211jJ

213j dx

_1(16 X ) N

2.15 j

dx
x-v3x2—2x—1

3-masala. Quyidagi Il-tur xosmas integrallarni yaginlashishga

tekshiring.

3.1 IE‘%H_)

2 VX -sin V/x

,a>0,b>0.

2.2 [ x-(Insin x)dx.

0

1
2.4 J'x3oln .
a 1—X 1_X2

1+x. dx

2
2.6 j(xsin%—%ces%)dx.

0 X

7
2.8 j\/ﬁxdx.
0

b
2.10 [x- /;(;adx,b > a
3 — X

212 j x'dx

_a(1+x ) V1-x?
2.14 j ax
(4 —-x)-+1-x?

7
2.16 Jln sin xdx.
0

dx
—x)-~1-x

1
2.18 j

1
2.20 jxm3 xdX.

1 dx
3.2 |sin —.
! (cosxj Jx

262



te? 4 x2 — gt

315j dx

0.5y, o
317 (W X)dx.
0 tgﬂx

1 1
3.19 jx“ In” = dx.
. X

7

3.21 Isin‘Z X -cos? xdx.

4-masala. Quyidagi xosmas integrallarni yaginlashishga

tekshiring.

41 J-Inxdx.

dx
4.3 Ix-ln“x'

312j

77
2 .0 COSX

arccosx.

—~/1+2c0sXx

3.14 | €

0

316j

tIn(1+2x)—x

cos° X

dx.

318jx (1-

3.20 jx“ (1-
0
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5 1—cos” x

x)’ -In xdx.

x)” dx.
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arctg 2X dx.

45]

dx
1+x .sin? x

47]

0!

4.9 j arctg

1+Xx

4.19 j arctg dx.

X
2 ++/x
dx

421jalnx

4.10 T In(1+ XT Xa)dx(a >0).

0 X

dx
X% -In” x

412[

dx
X% +x#°

4.16 j [cosg —1)dx.
> X

1
+00 SIin —
4.18 j X___dx.

2
0 VA
X—CO0S—
X

xdx
1+ x%-sin?x

414j

420j

5-masala. Quyidagi xosmas integrallar absolut va shartli

yaginlashishga tekshirilsin.

(L VX1,
5.1
L
0.5 3
5.3 [0 (NX)

xIn x

1

5.5 [(1-x)” sin——adx.
g( X) sin -~ dx

7
5.2 Jsin( _1 ) _dX :
SiInX /) sin“ x
1+ X dx
1-x )
1 a

5.6[ i( sin L dx.
Jex 17 x

54I3|n

264



1 1
sin = dx. 5.8]
x> +1 X o X

1
5.9 J'cos(—— j . sin®
5.10 [—*—dx.
0

57[

a 1
5.11 I .cos—2dx. 5.12 | sin L dx.
— X X . X X
5.13 js'“x 5.4 [ XM X gy
- x4l
515 I (x+1)" -sinx o 516 J cosxdx
In x X +Inx
5.17 [ SN0 o o 5.8 [ S0VX g
1 X X“ -In x
5.19 J' Smxdx,ﬂzo. 5.20 jx“-sin x” dx.
1+x”
0

5.21 Ism( 1 j dx
1-x

6-masala. Quyidagi xosmas integrallarning Koshi ma nosidagi
bosh giymati topilsin.

+00

6.1 V.p. [ sin xdx. 6.2 V.

_'w j (x- 3)

¢ odx
6.3 V.p. : 6.4 V.p.jcosxdx.

osXIn X -
6.5 V.p. [ arctgxdx. 6.6 V.p.j xtgxdx.

—0 0

% +00 1 e

dx 6.8V.p.| (arctgx + ——jdx.
6.7V.p.| ——.
p£3—55inx o 1+x* 2
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’7 © dx
0 ——smx '
2
6.11V p j 134X i 612v.p[ &
17+ %% 0 X2 +X—6
6.13 V.p.? x__ 6.14 V f o
5 1—2sIn X 0 © _cosx
dx " dx
6.15 V. p{m. 6.16 v.p._jw?.
dx Y dx
6.17 V.p j 6.18 V.p.[—
o [ —X
© dx ¢ dx
6.19 V.p._j?. 6.20 V'p'Jl(x—l)S'
6.21V.p.| ———
2 g x2 —3x+2

7-masala. Quyidagi funksiyalarning berilgan to plamda limit
funksiyalarini toping va tekis yaginlashishga tekshiring.

71 f(X’Y):\N'SinL;D={(X,y)e R?:xeR,0< y<+oo}, Yo = +0.

yy

7.2 f(x,n)=x2”;D={(x,y)e R® ZOSXS%,I’]EN}, n, = .

7.3 f(x,n)= L“;D:{(X,n)eRz:1£X<+oo,neN}, n, = oo.
1+n°x
n?x? . x?
7.4 f(x,n)=1+nzx4 -Sln\/ﬁ;D:{(X,n)eRz:lSX<+oo,neN}, n, = .

7.5 f(x, n):sin(ne’”x) D={x,n)eR?:1<x<+omo,ne N},n0 = o,
)

In nx
)_ .

7.6 f(x,n)= D:{(x,n eR2:13x<+oo,neN},no:oo.

e
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4
7.7 f(x,n):n%(lcos%j;D:{(x,n)e R?:0< X < 4o, neN}, n, = oo.

i cos: D:{(x,y)e R2:0<x<1,0<y<+oo}, Yo = 0.
x° y

7.9 f(x,y)=(x—1)arctgx’; Dz{(x, y)eR?:0< x<+w,0< y<+oo}, Yo =+,

7.10 f(X’ Y)Z‘/XZ +%';D={(X, y)e R?:xeR,0< y<+oo}, Yo = +0.
y

7.11 f(x, y)=xy;D:{(x, y)eR?:0<x<10< ygl}, Y, =0.

cos/nx
Jn+2x’

7.13 f(x,n)=\”/1+x”;D:{(x,n)e R? :nggz,neN},no — o,

7.8 f(x,y)=

7.12 f(x,n)= D:{(X,n)eRZZOSX<+oo,neN},n0:+oo.

7.14 f(x,n)= narctgi D= {(x,n)eR2:03x<+oo,neN},nO:oo.
nx?

7.15 f(x,n)=nx%e™™; D:{(x, n)eR?:0<x<+omo,ne N}, n, =oo.

7.16 f(x,n)= \/_smT D= {(X,n)eRz:OSX<+oo,neN},nO:oo.
n

7.17 f(x,n):ln(1+ jﬂ);D:{(x,n)e R?:0<x<+w,ne N},n0 = o,
N+ X

7.18 f(x,y)= X); 2;D:{(x,y)eR2:03x£1,yeR},y0:
1+x°y

7.19 f(x,y)=xsin y;D:{(x, y)eR? ZOSXS?;,yeR}, Yo ="
7.20 f(x, y)=sin§;D:{(x, y)eR*:xeR,0< y<+oo}, Yo = +oo.

7.21 f(x,y)=x*sin y;Dz{(x, y)eR? :03x£5,0<y<7z}, Yo :%.

8-masala. Quyidagi funksiyalarning hosilalarini toping.

In(L+ o)

8.1 Fla Cojsae“*/?dx 8.2 F(a T
0

sina

dx.
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b+a -

8.3 F(a)= | szax dx. 8.4 F(a)= f(x+a,x—a)dx
a+ta 0
8.5 F(a)= d Ism(x +y2—a?ldy. 86 F(a)=[(x+y)f(y)y.
0

X—a

0
)=[(x+y)f(y)dy, f(y)-differensiallanuvchi funksiya; F"(x)—?
0
b

8.7 F(a)=
8.8 F(a)=(f(y):|x—vyldy, a<b Ba f(y)eCla,b]:F"(x)-?
8.9 X2

8.10 F(a j e’ dy.

Fla)=[ £(y)-(x— y)™dy, F(x) -2

X ) siny
8.11 F(a)=[e™ dy. 8.12 F(y)= [ e dx
1 cosy
T X In(@+ xy)
8.13 F(y)= [ f(x+y,x—y)dx 8.14 F(y)= | dx.
ke 2o X
> sin xy Yo,
8.15 F(y)= | < dx. 8.16 F(y)= [27Vdx
1+y y2

8.18

F(y)=] £(y)-(x— y)dy,FV (x)-2

f(y)-[x-yldy, f(y)eC12] F'(x)-?

8.20 F(y)= [(x+y)f(y)dy,F"(x)-2, f(y)- differensiallanuvchi funksiya;
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8.21

F(xy)=

< | < ——

funksiya;

(x,y)-

(x=yz)t(z)dz, Fy

differensiallanuvchi

?, f(z)_

9-masala. Quyidagi integrallarni ko rsatilgan oraligda tekis

yaqginlashishga tekshiring.
9.1 [e™sinxdx; 1<a <+,
0

+00

< COSax

9.3 2dX;—oo<a<+oo.
214X
400 =
Csinx _

95 | —e™™dx;0<a<+x
3 X
+00
< . COSX

97 | e —"dx;0<a<+x
1 X
+00 )

0.9 [e v dx;2<a<3.

—00

+00

9.11 Ie‘x2(l+y2)sin xdy, — oo < X < oo,

0

sin x?

9.13 j dx; p=0.

9.15 jsn1 = oen<a,

X X"
9.17 j\/E-e‘“dex; 0<a<+w.
2
9.19 Ie‘x2(1+y2)cosydy; xeR.
0

9.21 J- oo COSX

p
1 X

9.2 Ix“e‘xdx; 2<a<3.

9.4 J ) 1 0<a <+
9.6 jln—xdx 0< p<10.
1 XA/X

9.8 _[\/Ee“"xz dx;0< @ <+
0

9.10 I g~(xaf dx; — oo < @ < +0.
oo COSX
x?2

912[ “22dx:0 < o < +oo

dx; 0 < n < +o0.

Xn
9.14
I —
X% dx

916].\/x 1)x - 2)°

Sin oX dx; 0<a <1.

| Jx—d]

9.20 jxp—l-ln Lax, p>o.
X

dx;\a\ < E
2

918j

——dx; 0<a <+, p>0-fiksirlangan.

10-masala.
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T

10.1 Agar f(x)eC(0+») va VA>0 uchun | _— dxintegral mavjud
A

bo’Isa, unda ushbu

T’ f (ax)— f(ox) d

x=f(0)-lng (a>0, b>0)

0

Frullani formulasini isbotlang.

10.2 1(a)= [e™ Sin X i (a > 0) integraldan foydalanib, ushbu
X
0

jsmﬂxdx=zsignﬁ.
R 2
Dirixle formulasini isbotlang.

Quyidagi integrallarni hisoblang.

“sin ax — si 10.4
10.3 Ismax o dx (a>0,b>0), "Tarctgax — arctgbx
0 X | - dx (a>0,b>0).
0
oo —ox? —px? T —oX =X
10.5 Ie € dx(a>0,ﬂ>0). 10.6 j%cosmxdx (a>0,ﬂ>0).
0 0
tln 1—a2x2) 1In(l—ozzxz)
10.7 | ————dx (o] <1 10.8 | ——dx (a|<1
L A= [P o lelst
400 2 2 400
10.9 jln(aé +); dx. 10.10 I arctgax-zarctgﬁx dx.
o BT +X 0 X
10.11 . _[Xz+a2]
TIn(l+a2x2)-4ln(1+,82x2)dxl 10.12 {e “Jdx(a > 0).
X

0

10.13
400 e_aXZ e_ﬂxz

10.14 | e~ cosbxdx(a > 0).
dx(e >0, 8> 0). 0

2

0 X
+00 +o0 /= 2
10.15 [xe " sinbxdx(a > 0). 10.16 | (S'” “Xj dx.
0 0 X
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o o’ _ sin®d
1017 [ & =g 10.18 j T dx
] X
o0 /= 3
1019 | (S'”“X] dx. 10.20 j foin® xax 4,
X X2
arctg ax
10.21 —dx.
j 2.x%-1
11-Masala. Quyidagi integrallarni hisoblang.
% : :
111 jln(a sin? x + b2 cos? x)dx 11.2 !In(1—2a003x+a )dx.
114
113 Jarctgx dx _ : N
1-x jcos(ln—j dx,a>0,b> 0.
X) Inx
4o =4 =4
115 jsm ax —sin ﬁxdx. 116 Icosax
X 1+ x?
11.7 j Xsin ax g, 11.8 j COSOX_ix.
o 1+x° (1+X )
11.9 jim X4 11.10 jsin(ax2+bx+c)dx(a¢0).
+x? -
11.11 jsin x2 - cos2axdx. 11.12 [cosx® - cos2axdx.
11.13 j CRYdx. 11.14 [ 20 gx,
a’ — x? a® —x
+00 a—1 Xb—l +00 dx
11.15 j dx(@>0b>0).  11.16 [ e****sin(asinx)—
— X . X
11.17 e 2
o o 11.18 je‘x -cos % dx.
e " cosbx—e ™" - coslxdx x2
| " dx (a,c>0) 0

0
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+o0 ) az
11.19 Ie‘x -sin—zdx.
X

11.21

1 b a
jsin(lnlj-x X dx.a>0,b>0.
5 x) Inx

1+acosx_ dx Qa<1)

7
11.20 j In
1-acosx cosX

Ko'rsatma. 10 va 1l-masalalarni yechishda xosmas integrallarni
parametr bo'yicha differensiallash yoki integrallash hamda Frullani va
Dirixle integrallaridan foydalanish yaxshi natija beradi.

12-Masala. Eyler integrallaridan foydalanib quyidagi

integrallarni hisoblang.

+oo . p-1 .
12.1 jx—'”xdx.
0 1+x

a-1 X—a

—X

123j dx(0 < a <1).

1 2a—1

125j

~dx(0<a<1)
o1+ x?

x
(1+x)°

12.7 j dx.

7y
12.9 J'sin6 X -cos”* xdx.

12.11 j'xzne‘xzdx(n —butun son)
0

m—l
12.13 dx.
I (1+x)"
1
12.15 j (m>0).
0
A

12.17 Jsm X -cos" xdx.

al (1 X)ﬁl

122.[ )+[n’

y (x+a

dx(a >0, 8> 0).

T dx
(1+x )2.

12.10 j (n>1),

Jﬁ

+00 m—1

12.12 |

dx(n > 0).
5 1+ X" ( )

12.14 | X—dx(a>0,b >0,n>0).

0 (a+bx”)p

12.16 [e™"dx(n > 0).
0
12.18 [x™e™"dx

0
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T

2 1 1\
12.19 Itg”xdx. 12.20 J‘(In;} dx.
0
0

b m n
12.21I(X_a) (b-x) dx (0<a<b, ¢>0)
" (X+C)m+n+2
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-C-
Namunaviy variant yechimi.
1.21-Masala. Quyidagi
7 dx
e (x2 + x+1)3 |
xosmas integral hisoblansin.

1
X+E:t
< I:_[ dx - _[ dx —| | almashtirish | | = IL
(x2 +x+1)3 2 : 3\’
o e K)Hl) +3} bajaramiz e (tz +4j
2 4

Bu integralni hisoblash uchun xosmas integralda bo laklab
integrallash usulidan foydalanib, quyidagi ishlarni bajaramiz.

— 2tdt

u 2
_2n dt t*+= 2.3
I - 4 4) |7
B

T’ dt 2 2 oretg 2 2t|”
3° /3 3.

o2 4 S

+00

BH. ¢ i s dt 3¢ dt 4n 377 dt
] dt=2| > -

+2 =
v R e e 2 e e
4l 4 T4 4 4

— 4tdt +oo
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:4.]30 dt _3']3@ dt 167z

2 3 -
IR
4 4

nisbatan ushbu

31. Shunday qilib, berilgan integral | ga

4z _167
3 33
tenglamaga keldik. Bu tenglamadan

| = X _ 57 ekanligini hosil gilamiz.

_J;o (x2 + X +1)3 33
2.21-Masala. Quyidagi

b > a.

'? dx
2(x—a)b-x)
I1-tur xosmas integral hisoblansin.

a x=a vax=>b nuqtalar integral ostidagi funksiyaning maxsus nugtalari
bo’ladi. Agar integralda

X =acos’t + bsin?t

almashtirish bajarsak, berilgan xosmas integral oddiy xos aniq integralga
kelib goladi. Darhagigat,

x=a=t=01 "y a_(b—a)sin’t
7 (va = dx =2(b—a)sintcostdt.
x=b=t=7 b—x=(b—a)cos’t

Bu ifodalarni berilgan integrallarga olib borib goyib topamiz:
jl ox = Z%dt = 7.>.
x—alb—x) g
3.21-Masala. Quyidagi
7.
[sin® x-cos” xdx.
0

integralni yaginlashishga tekshiring.
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<Integral ostidagi funksiya uchun a <0 bo'lganda x=0 nuqta,
B <0 bo’lganda esa x=% nugta maxsus nuqta bo'ladi. Shu sababli

integrallash oralig ini ikkiga ajratamiz:

7 74 .
| = Isin“ X -cos” xdx = Isin“ X -cos” xdx + Isin“ x-cos” xdx =1, + 1,.
0 0 T
4
Xx—0 da sin“x-cosﬂx=0*(sin“x)=0*(x“),x—>% da
g Ta 74
sin® x-cos” x:O*(COSﬂ X):O*((%_Xj } bo’lganligi va Ix“dx=J' d);
X
0 0

20, V2 gy

integral o>-1 da j(——xj dx= [ ——— integral B>-1 da
T 2 x| 7T kd
A

yaginlashishini e'tiborga olsak, tagqoslash alomatiga ko'ra I, integral
a>-1,5-V va l, integral g>-1, a—V bo'lganda yaginlashishini hosil
gilamiz = Berilgan integral « >-1, > -1 da yaqinlashadi.r~
4.21-Masala. Quyidagi
T dx
> x*-In?x
integralni yaginlashishga tekshiring.

«1) Faraz gilaylik a >1 bo’lsin. = &=a -1 deb belgilasak, & >0
bo ladi. Unda

et - 1 1 1
Ty T o Jlte T g ' +€
) 1 1 -
im ———— =0=3A>2:Vvx> A uchun ———— <1 bo’ladi
0% nf x x72 .1 x
1 < g
=Vx>Ada f(x)< = p(x) bo'ladi
1+%
X
o dx T dx T dx
= =1, +1
Jx“-lnﬂx !x“-lnﬂx Jx“ n’x 7



A
dx
desak, 1, =]
> X I’ x

bo’lgani uchun yaginlashuvchi.

integral oddiy uzluksiz funksiyaning integrali

I, = jl integral esa taggoslash alomatiga ko'ra yaginlashuvchi,

2 X% In” x
chunki [ p(x)dx= [ ——— yaginlashuvchi.
A A X1+/2
Shunday gilib, | ax integral « >1 bo’lganda ¥4 uchun
> X“In” x

yaginlashuvchi.
2) Endi a =1 bo’lsin.

+j.’° dx _+j.’° dx _+J‘.’°d(|n x) _|yaginlashadi, 5 >1,
> x“-Infx 5 xinx 3 Infx |uzoglashadi, <1

3) a <1 bo’lsin. Bunda ¢£=1-«a deb belgilab, 1)-holda bajargan
ishlarni bajarsak, berilgan integralning uzoqlashuvchi ekanligiga ishonch
hosil gilamiz.

Demak, berilgan integral « >1 bo'lganda v 8 va a =1 bo'lganda,
S >1 lar uchun yaginlashadi. Qolgan barcha hollarda esa uzoqglashadi. >

5.21-masala. Quyidagi

1 ( 1 j dx
jsm — [ —.
0 1-x) 1-X
integral absolut va shartli yaginlashishga tekshirilsin.

< Berilgan integralning yaginlashishini Dirixle alomatidan
foydalanib, ko rsatamiz.
1 . 1
f(x)= sin va g(x)=1-x
(0= iy v o
deb belgilaymiz va Dirixle alomatining shartlarini tekshiramiz:

1) f(x)ec[on)) va  f(x) ning boshlang’ich  funksiyasi
F(x)= —co{lij -chegaralangan;
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2)  g(x)=1-x funksiya [0,1) da 4 va lim g(x)=0

x—1-0
3) g'(x)=-1ec[o)).
Dirixle alomatining shartlari bajarilayapti =

:>j f(x)- g(x)dx = jsin(i] o yaginlashuvchi.
5 o 1-x) 1-x

Berilgan integral absolut yaqinlashuvchi emas. Bu tasdiq

‘ 1 .1 | .o 1
-Sin > -sin® ——
1-x 1- x\ 1-x 1-x

tengsizlikdan va

T 2( 1 j dx

[sin?[ L)%

0 1-x) 1-x
integralning  uzoglashishidan  kelib  chigdi.  Oxirgi  integralning
uzoglashishini 1°%-punktda keltirilgan 2)-misoldan foydalanib, ko rsatish

giyin emas. Shunday qilib, berilgan integral shartli yaginlashuvchi.

6.21-Masala. Xosmas integralning Koshi ma'nosidagi bosh
giymati topilsin:

+00 dX
V.p.
IC)!J‘x2—3x+2
T dx o dx Yo dx 2 dx
\Y = =V
) plxz 3x+2 -([(x—l)(x—Z) p!(x—l)(x—Z) 1-[)(x—1)(x—2)

Agar [ 1)()( 5 J‘[Xlz_Xinx:ln\x—Z\—ln\x—:u ekanligidan
foydalanib, yuqoridagi limitlarni hisoblasak, ijL ~In2
X —3X+2

tenglikni hosil gilamiz. ~
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7.21-Masala. D= {(x, y)eR?:0<x<5 0<y< 7[}, to’plamda
berilgan  f(x,y)=x’siny funksiyaning vy, :% nugtadagi limit
funksiyasini toping va tekis yaqinlashishga tekshiring.

2

< @(x)=lim f(x,y)= lim xzsinyzgx — limit  funksiya.  f(x,y)

Y—=>Yo yor

funksiya ¢(x) ga tekis yaginlashuvchi ekanligini 4°-punktdagi 3-ta'rifdan
foydalanib ko 'rsatamiz. Ve >0 va quyidagi ayirmani olamiz.

\/5 yz%.COSy+2%}<

X% -sin y—7x

-7
2

2.|2sin

(%, y)—e(x) = = x?

siny —sin =
a 3

2

<x?.2. X2.5<256 = =5="
25

Demak, Ve>0 olinganda ham 5=% deb olsak, <0

gy~
3

tengsizlikni  ganoatlantiruvchi  vye(0,) va wxe[05] lar uchun
1f(x,y)—e(x) <& tengsizlik bajariladi. Bu esa y—>E da f(x,y) funksiya

¢(x) ga tekis yaqginlashuvchi ekanligini anglatadi. >
8.21-Masala. Agar

Xy

)= [(x—yz)f(z)dz bolib, f(z)-differensiallanuvchi funksiya
y
y)

bo'lsa, F,, ( ni toping.

< Bu masalani 4°punktdagi 7-teorema va (10)-tenglikdan
foydalanib yechamiz. Teoremaning shartlari bajarilishi ko'rinib turibdi.
(10)-formuladan ikki marta foydalanish natijasida talab gilingan hosilani
topamiz:

R 0)= 1@z y- (o)) xoy X o[ 2] i@ by ). 1)
ny y .X[O dz +x- f(xy [%)f[g}r(xSxyz)f(xy)i(xyxys)-f’(xy)-x—

<



= x(2 —3y2)f (xy)+y—x2 f(ﬁJ + xzy(l— yz)f (xy). >

9.21-Masala. Quyidagi

+00

| e‘“xgdx;
1 X
integralni O0<a<+w, p>0-fiksirlangan bo’lganda tekis
yaqinlashishga tekshiring.
< Berilgan integralning tekis yaqginlashishini Abel alomatidan (5°-
punktdagi  3-teorema) foydalanib, ko'rsatamiz.  f(x,a)=e™* va

g(x,a)= &ix deb belgilab, Abel alomatining shartlarini tekshiramiz.
X

1)  f(xa)=e® funksiya har bir fiksirlangan « e[0,+o) uchun
monoton va D= {(x, a)eR? :x e[l +w) ac [0,+oo)}, to plamda
chegaralangan |f(x,a) <1.

2)

I—COSde—lntegral Dirixle alomatiga ko'ra 0<a <+ to plamda

tekis yaqlnlashuvchi. Abel teoremasining shartlari bajarildi. = berilgan
intengral 0 < « < +oo to plamda tekis yaginlashadi. >
10.21-Masala. Quyidagi

+00

J- _arctgax
2. \x? —1

integral hisoblang.

a e =+00de. deb belgilab olib, bu integralni parametr
) Ixz-m : . P
boyicha differensiallash amalidan foydalanib hisoblaymiz. Buning uchun
avval xosmas integrallarda parametr bo'yicha differensiallash mumkinligi
hagidagi 6°-punktda Keltirilgan 3-teoremaning shartlari bajarilishini
ko rsatamiz.

arctg ax
fiX,a)=————
() x2.4/x% -1

deb belgilaymiz.

va Dz{(x,a)e R? :1<x<+oo,—oo<a<+oo}
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= < ;
x2.ax2 -1 2x%.-x%-1

1
= <
)1 X(1+a2X2 x2 -1 xx?-1

tengsizliklar va |

1
—dx’ -
1 2x24x% -1 ! Xy x2 -1

ekanligidan Veyershtrass alomatiga ko'ra [f(x,a)dx va | £, (x,a)dx

dx integrallar yaginlashuvchi

1 1
integrallarning —oo < & < +oo to plamda tekis yaginlashishini hosil gilamiz.
Demak berilgan integraldan parametr « bo yicha xosila olish mumkin:

1'(a)= | ax Bu integralda x = cht almashtirish bajarib,
x(1+ a2x2)~ x? -1
() = ”[ i } o’lishini topamiz. Bu tenglikdan 1(«) ni topamiz.
a>0 bo Iganda = Z[ jda+c—£(a—\/1+a2)+c,a20
2 1+a 2
10)=0=c=2= I(a):2(1+a—\/l+a2)a20.

Xuddi shu kabi « <0 bo'lganda 1(« =——£L a—1l+a? )ekanllglnl

topamiz. Ikkala javobni umumlashtirsak,

I(a):%(1+\a\—\/l+ az)sgna, o] <o tenglikni hosil gilamiz.»
11.21-Masala. Quyidagi
1 b a
Jsin(lnijx X dx, a>0, b>0
n X) Inx

integralni hisoblang.

b a
< Bu integralni ushbu =

e J’xydy tenglik va parametrga boglig

integrallarni  parametr bo’yicha mtegrallash hagidagi teoremadan
foydalanib hisoblaymiz:
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1 b a 1 b 1{b
J'sin(lnljx —X dx:j{sin(ln l)J'xydy}dxﬂ'{[xy-sin(ln1 dy}dx:
X) Inx n X )y X

OLa

Uty o 1, | x=e'=dx=—e'dt
=J. jx -sin| In = |dx |dy = _
al 0 X X=0=>t=+00;x=1=t=0

e ) sin tdt}dy =

I
D e T
1
e 8

:[(I = [e™" .sintdt integralda ikki marta bo'laklab integrallasak, | ga
0

nisbatan chiziqli tenglama hosil gilamiz va
-
oL+ (y +1)°

a

b
-1 ekanligini topamiz D =arctg(y +1) .= arctg(b+1)—

(y+1f +1

b—a
1+(a+0)-(b+1)

—arctg(a+1) = arctg

12.21-Masala. Eyler integrallaridan foydalanib, quyidagi

| = i (x zxa215n€?n:zX)n dx(0 <a<b,c>0)

integralni hisoblang.

< Berilgan integralni Eyler integraliga keltirish uchun shunday
almashtirish bajarishimiz kerakki, natijada [a,b] kesma [0,1] kesmaga 0"tsin.
Xx—a b-a

Buning uchun
X+Cc b+c

-t almashtirish bajarish kifoya.

Agar berilgan integralda shu almashtirishni bajarsak,

(x—a) :(b—a) -tm,(b_X] :(b—aj .(1_t)n va
X+C b+c X+C a+c
dx b-a

dt
(x+c)? (b+c)-(a+c)
bo’lib, u quyidagi ko rinishga keladi va oson hisoblanadi:
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b m n m-+n+1 1 m+n+1
| :J'(X_a) '(b_zx) dx = (b—la) . J'tm (1-t)dt = (b_la) — B(m+1,n+1)
> (x+c)™™ (b+c)™ -(a+c)™ 3 (b+c)™ -(a+c)™

Natija. Agar berilgan integrallarda m va n lar natural sonlar bolsa,
unda

(b—a)™" mtn!

: bo'ladi.
(b+c)m+l .(a+c)n+1 (m_+_ n+1)! >
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9-§. 8-MUSTAQIL ISH

Karrali va egri chizigli integrallar. Sirt integrallari va maydonlar
nazariyasi elementlari. Furye gatorlari

Ikki karrali integrallar va ularning asosiy xossalari.
Ikki karrali integrallarni hisoblash.
Ikki karrali integrallarda o zgaruvchilarni almashtirish.
Silindrik va sferik koordinatalar.
Ikki karrali integrallarning ba’zi tatbiglari.
1-tur egri chizigli integral va uni hisoblash.
2-tur egri chizigli integral va uni hisoblash.
Grin formulasi va uning tatbiglari.
1-tur sirt integrali va uni hisoblash.
2-tur sirt integrali va uni hisoblash.
Stoks va Gauss-Ostrogradskiy formulalari.
Maydonlar nazariyasi elementlari.
Furye gatorlari.
-A-
Asosiy tushunsha va teoremalar.
1°. 1kki karrali integralning ta'rifi va uning asosiy xossalari

Rimanning Kkarrali integrallar nazariyasi R" fazodagi Jordan
0 Ichoviga asoslangan. Jordan bo'yicha o’lchovli toplamlarning asosiy
xossalaridan biri, uning chegaralangan bo’lishidir. To plam chegarasining
Jordan o’lchovi 0 ga teng bo'lishi zarur va etarlidir. R? (R®) fazoda Jordan
bo'yicha o'lchovga ega bo lgan to plamga kvadratlanuvchi (kublanuvchi)
soha deyiladi. n>3 bo'lganda karrali integrallar nazariyasi ikki karrali
integrallar nazariyasidan prinsipial jihatdan farg gilmaganligi va ikki
karrali integrallarni tasavvur gilish osonroq bo lganligi sababli biz asosan
ikki karrali integrallar nazariyasini keltirish bilan kifoyalanamiz. Butun
paragraf davomida biz garalayotgan sohani kvadratlanuvchi deb faraz
gilamiz.

Aytaylik bp<Rr? sohada f(x,y) funksiya aniglangan bo’lsin. b sohani
v egri chiziglar to'ri yordamida n ta p,,D,....,0, sohashalarga bo lamiz.

D, sohada v(¢,,7, ) nugta olib, f(z.,7,) ni hisoblaymiz hamda quyidagi

o= tEn)s ()

k=1
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f(x,y) funksiyaning o soha uchun integral yig indisini tuzamiz. Bu yerda
s, — D, sohaning yuzasi.

Ta'rif. Agar (1)-integral yig indining »=maxdiamD, O ga intilgandagi

k=1,n

limiti mavjud bo'lib, u chekli songa teng bo'lsa hamda uning giymati
sohaning bo’linish usuliga va (¢.,»,) nugtalarning tanlanishiga boglig
bo’Imasa, u holda o’sha son f(x,y) funksiyaning o soha bo'yicha ikki
karrali integrali (Riman ma nosidagi integrali) deyiladi va u

I :ijf(x, y)ds yoki I :ij f(x, y)dxdy

kabi belgilanadi. f(x,y) funksiya o sohada integrallanuvchi deyiladi. Aks
holda f(x,y) funkmsiya b sohada integrallanuvchi emas, deyiladi.

Shunday qilib,
= [[f(oy)day=lm> £(&m,)-s, (2)

Izoh. Karrali integrallar uchun integrallanuvchi  funksiya
chegaralangan bo'lishi shart emas. Lekin, biz tasdiglarning sodda bolishi
uchun paragraf davomida integrallanuvchi funksiyalardan ularning
chegaralangan bo'lishini talab gilamiz.

Ikki karrali integralni ham bir o'zgaruvchili funksiyaning aniq
integralidagi kabi Darbu yig indilari yordamida ham aniglash mumkin.

Aytaylik, ™, =sup{f(x,y):(x y)eD,} va m, =inf{f(x y):(x,y)eD,} bo’lib,
o, =M, —m, — f(x,y) funksiyaning b, sohadagi tebranishi bo’lsin.

1-Teorema. f(x,y) funksiya b sohada integrallanuvchi bo'lishi
uchun

méa)ksk =0 (3)

tenglikning bajarilishi zarur va etarlidir.

2-ta’'rif. Agar ve>0 uchun E cR?* to plamni yuzalarining yig indisi
¢ dan kichik bo"lgan sanoqli sondagi to g ri to rtburchaklar bilan goplash
mumkin bo'lsa, u holda E to plamning Lebeg o Ichovi 0 ga teng deyiladi.
Agar E to plamni yuzalarining yig indisi etarlicha kichik bo’lgan chekli
sondagi to'gri to'rtburchaklar bilan goplash mumkin bo’lsa, unda E
to plamning Jordan o Ichovi 0 ga teng deyiladi.

Ta'rifdan ko rinadiki, Jordan o’Ichovi 0 ga teng to plamning Lebeg
o Ichovi ham 0 ga teng bo’ladi. Teskarisi o rinli emas lekin Lebeg o lchovi
0 ga teng kompakt to plamning Jordan o Ichovi ham 0 ga teng bo'ladi.
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Jordan o'lchovi 0 ga teng bo’lgan to plamlarning chekli sondagi
yig'indisining Jordan o'lchovi, Lebeg o’lchovi O ga teng bo'lgan
to plamlarning sanogli sondagi yig indisining Lebeg o'Ichovi 0 ga teng
bo ladi.

2-Teorema. (Lebeg teoremasi). Agar f(x,y) funksiya o’lchovga ega
bo’lgan yopig D sohada chegaralangan va bu sohadagi Lebeg o’Ichovi O
ga teng bo'lgan E sohada uzilishga ega bo’lib, gqolgan barcha nugtalarda
uzluksiz bo’lsa, u holda f(x,y) funksiya D sohada integrallanuvchi
boladi.

Natija. Agar f(x,y) funksiya o’lchovga ega bo’lgan chegaralangan
yopig D sohada uzluksiz bo'lsa, u holda f(x,y) funksiya D sohada
integrallanuvchi bo'ladi.

Ikki karrali integrallar ham oddiy bir o zgaruvchili funksiyaning aniq
integrali uchun o'rinli bo’lgan qator xossalarga ega. Biz ularning
barchasini takrorlamay, o'rta giymat hagidagi teoremalarga to xtalamiz,
xolos.

f(x,y) funksiya D sohada aniglangan bo'lib, shu sohada
chegaralangan bolsin, ya'ni 3m va M sonlar: v(x,y)eD uchun
m< f(x,y)<M
bo’ladi.
3-Teorema. f(x,y) funksiya b sohada integrallanuvchi bo’lsa, u
holda 3 0'zgarmas u« (m<p<m) son mavjudki,

[ =H f(x, y)dxdy=p-S

bo’ladi. Bu yerda S-b sohaning yuzasi.
Natija. Agar f(x,y)ec(p) bo’lib, p-yopiq bo’lsa, unda 3(a,b)e D nugta
topiladiki
I = [ f(x,y)dxdy= f(a,b)-S

bo ladi.

4-Teorema. Agar g(x,y) funksiya b sohada integrallanuvchi bo'lib,
u shu sohada o0’z ishorasini 0 zgartirmasa va f(x,y)ec(p) bo'lsa, u holda
3(a,b)e D nuqta topiladiki,

JI £ (x y)a(x y)ixdy= f(a,b)- [[ g(x, y)xdy

D

bo ladi.
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2°. Ikki karrali integrallarni hisoblash

Ikki karrali integrallar amaliyotda takroriy integralga Kkeltirish
yordamida hisoblanadi. Biz b soha to g ri to'rtburchakli va egri chizigli
trapesiya bo’lgan 2 ta holda ikki karrali integralni takroriy integralga
keltirish hagidagi teoremalarni keltiramiz.

1-Teorema. f(xy) funksiya D={xy)eR?:a<x<b c<y<d} sohada
berilgan va integrallanuvchi bo"Isin. Agar har bir fiksirlangan x <[a,b] da

=] 1 (cy)y

integral mavjud bolsa, u holda ushbu

j{j f(x y)dy}dx

apc

takroriy integral mavjud bo’lib,
[] £ (x, y)dxdy= J.Df X,y dy}dx 4)

tenglik o'rinli bo’ladi.
2-Teorema. f(x,y) funksiya b sohada integrallanuvchi bo’lib,
v fiksirlangan y [c,d]da

x)=if(x y )dy

[

cLa

mavjud bo’lsa, u holda

integral ham mavjud bo ladi va
[] £(x, y)dxdy= j“ f(x, y)dx}dy (5)

tenglik bajariladi.
Endi soha
DZ{(X,y)ERZZaSXSb, (pl(X)SyS(pZ(X)}
egri chizigli trapesiya ko rinishida berilgan bo’lib, ¢,(x) va ¢,(x)eCl[a,b]
bo’lsin.
3-Teorema. f(xy) funksiya b sohada berilgan va integrallanuvchi
bo'Isin. Agar v fiksirlangan x e[a,b] uchun
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integral mavjud bo'lsa, u holda

b e2(x)
I{ ;(x,y)dy}dx

al ;lx

mavjud bo ladi va

tenglik bajariladi.
Agar b soha
={(xy)eR*:y,(y)<x<y,(y) c<y<d]
ko'rinishda bo’lib, w,(y) va w,(y)eClc,d] bo’lsa, unda quyidagi teorema
o rinli boladi.
4-Teorema. f(x,y) funksiya p sohada integrallanuvchi bo'lib, v
fiksirlangan y e[c,d] uchun

Wz(y

)
: jf
vi(y)
mavjud bolsa, unda
d| wa(y)
I f(x, y)dx |dy
¢l waly)
mavjud va
d| waly)
H (x, y)dxdy= [| [ f(x,y)dx d (7)
D cLwily)
boladi.

3°. Ikki karrali integrallarda o’ zgaruvchilarni almashtirish. Silindrik
va sferik koordinatalar sistemasi

D<R? soha berilgan bo’lib, f(x,y) funksiya o da integrallanuvchi
bo’lsin. = [[ £(x, y)dxdy—3

= [ (x,y)dxdy (7)

deb belgilaymiz. Bizdan (7) ni hisoblash talab gilinsin. Ravshanki, f(x,y)
funksiya hamda b soha murakkab bo’lsa, (7)-integralni hisoblash giyin
bo ladi.
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Ko'p hollarda x va u o'zgaruvchilarni boshga o°zgaruvchilarga
almashtirish natijasida funksiya ham, soha ham soddalashib, ikki karrali
integralni hisoblash osonlashadi.

Aytaylik, 2 ta xOu va uOv tekisliklar berilgan bolsin. xOu tekisligida
chegaralangan, chegarasi ép sodda, bo’lakli sillig chizigdan iborat bo"lgan
D sohani garaylik. Ikkinchi uov tekisligida ham xuddi shunga o xshash A
sohani olamiz.

o(u,v) va y(u,v) funkrsiyalar A da berilgan shunday funksiyalar
bo’lsinki, ular A sohadagi w(u,v) nugtani b sohadagi (x,y) nuqtaga
akslantirsin, ya'ni

x=gp(u,v)

{y =y(uv) ®)

funksiyalar A sohani b sohaga akslantiradi.
Faraz gilaylik, bu akslantirish quyidagi shartlarni ganoatlantirsin:

1) (8)-akslantirish o"zaro bir giymatli,
2) o(xy),w(x,y)ec(D) bo’lib, bu funksiyalarga teskari bo’lgan funksiyalar
¢.(u,v),w,(u,v)e C(a) va ularning barcha birinchi tartibli xususiy hosilalari 3
bo’lib, ular ham mos sohalarda uzluksiz bo’lsin,

3) (8)-sistemadagi funksiyalarning xususiy hosilalaridan tuzilgan
determinant (yakobian) uchun

o o

I(u,v)= D(x,y): oo 20 (9
D(u,v) y o
ou ov

shart bajarilsin.

Teorema. Faraz qilaylik, (8)-sistema yordamida aniglangan
funksiyalar A sohani b sohaga akslantirsin va yugoridagi 1)-3)-shartlarni
ganoatlantirsin. U holda

= [ (x y)dxdy=[[ f[o(u,v)y(u,v)]- I (u,v)dudv (10)

bo’ladi.
(10)-formulaga ikki karrali integrallarda o zgaruvchilarni
almashtirish formulasi deyiladi.

Uch Kkarrali integrallarda o zgaruvchilarni almashtirish formulalari
ham shu kabi bo"ladi. Masalan,
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x = ¢(u,v,w)
y =w(u,v,w)
z=y(u,v,w)
funksiyalar AcR® sohani DcR® sohaga akslantirib, yugoridagi 1)-3)

shartlarni ganoatlantirsin. Agar D sohada integrallanuvchi f(x,y,z)
funksiya berilgan bo’lsa, u holda

jtj)j f(x,y,z)dxdydz= jij[(p(u,v, w), w(u, v, w), x(u,v, w)]-[1(u,v,w) - dudvdw

tenglik o'rinli bo’ladi. Bu yerda

OX OX OX
U ovoow
I (u,v,w)= D(x.y.2) |y & & _
D(u,v,w) [6u ov ow
oz 0z o0z
u v ow

-berilgan akslantirishning yakobiani.

Ikki karrali integrallarni hisoblashda qutb koordinatalar sistemasiga
o'tish (x=rcose, y=rsing, |1 =r), uch Kkarrali integrallarni hisoblashda esa
silindrik yoki sferik koordinatalar sistemasiga o tish ko p hollarda yaxshi
natija beradi.

Silindrik koordinatalar sistemasida vM e R® nuqgta M(e,r,z) kabi
beriladi (10-chizma).

10-chizma.
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Silindrik koordinatalar sistemasini Dekart koordinatalar sistemasi bilan
bog lovchi formulalar (11) va (12) tengliklarda keltirilgan.

X =T COSQ

y=rsing (11)
1=1, 0<¢p<2r, 0<r <+,

qa:arctg% (12)

=1

(11)-sistema uchun yakobian

11-chizma.

Sferik koordinatalar sistemasida vM e R® nuqta M(e, p,w) kabi beriladi (11-
chizma). Sferik koordinatalar sistemasini Dekart koordinatalar sistemasi
bilan bog lovchi formulalar (13)-tenglikda keltirilgan.
X = pCoS¢@-siny
{y—psin(p-sinw 0<@<2rm, 0<p<+wo, 0<y<m (13)
Z=pCoSy
(13)-sistema uchun yakobian

2)

D(x, Y, , .
Ho.p, v =‘—‘=p -siny
o) D(¢.p, )

4° 1kki karrali integrallarning ba’zi bir tatbiglari
a) Jismning hajmi. R® fazoda yuqoridan z=f(x,y) sirt bilan, yon
tomonlaridan yasovchilari 0Z o’qiga parallel bo'lgan silindrik sirt hamda
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pastdan OXY tekisligidagi o soha bilan chegaralangan (v) jismning hajmi
V ushbu

V = [ f(x,y)dxdy (14)
formula yordamida hisoblanadi.
Misol. Ushbu
x_2+y_2+ﬁ <1
a® b®> c?

ellipsoidning hajmi topilsin.
< Agar {z>0} yarim fazodagi ellipsoid bo lagining hajmini v, desak,
unda

VooV, =20([ J1-X - Y dxd
=2V, =2c —— —=dx
! 'g a’ b? y
bo’ladi. Bu yerda
X2 y2
D:{g'i‘b—zgl}
X =ar cos - . .
{ 7 almashtirish bajaramiz, unda D soha
y =brsing
A={r,p):0<r<10<¢p<27} to g ri to rtburchakka akslanadi va yakobian
XX ox
or o acoso,—arsin ¢
1(r,p)== = =abr
oy oy bsin ¢,brcose
or op
bo’ladi. Unda

1 ys 1
V= ZCﬂ V1-r? -abrdrde = 2abc'|‘{r\/1— r jdgp}dr = 4nabcjr\/1— redr = 4?ﬁabc. >
A 0 0 0

b) Yassi shaklning yuzasi
Ikki karrali integralning ta'rifiga ko'ra, o sohaning yuzasi

S = [[ dxdy (15)

formula yordamida hisoblanadi.
Xususan, soha D={xy)eR?:a<x<h, 0<y<f(x)} egri chizigli trapesiya
bo'lsa, u holda
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b[ f(x) b
Szﬂdxdyzj{ jdy}dx:jf(x)dx

a

bizga ma’lum bo lgan formulaga kelamiz.
V) Sirtning yuzasi. Aytaylik , z=t(x,y)ec!(p) bo'lib , bu funksiyaning
grafigi R® fazoda (S) sirtdan iborat bo’Isin. U holda bu sirt yuzasi

Sz'g\/lJ{fX’(x, y)}2 +[fy'(x, y)dedy (16)

formula yordamida hisoblanadi.

g) Ikki karrali integrallar yordamida mexanikaga oid masalalarni
yechish.

Aytaylik, p-xOu tekisligida berilgan zichligi p(x,y) ga teng bo'lgan bir
jinsli plastinka bo’lIsin. Unda quyidagi formulalar o’rinli bo ladi.
M = [[p(x, y)dxdy (17)

(17)-plastinkaning massasi.
M, = [[y-plx y)dxdy,

D

(18)
M, =[] x- p(x, y)dxdy

(18)-plastinkaning 0X va 0Y o°qglariga nisbatan statik momentlari.

My
cTw 19
T, (19)
Yo = M

(19)-plastinka og irlik markazining koordinatalari.
L= [ y? - p(x y)dxdy,

(20)
l, = szp(x, y Jdxdy

(20)-plastinkaning 0X va 0Y o qglariga nisbatan inersiya momentlari.
=1, +1, = [[(x* +y*)-p(x, y)dxdy (21)

(21)-plastinkaning koordinata
boshiga nisbatan inersiya momenti.

Eslatma. Ikki karrali integral oddiy bir o zgaruvchili funksiya aniq
integralining ganday umumlashmasi bo’lsa, uch karrali integral ham ikki
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karrali integralning shunday umumlashmasi bo’ladi va prinsipial jihatdan
undan farg gilmaydi. Shu munosabat bilan uch karrali integralning ta’rifi,
uni hisoblash usullari va ularning tatbiglarini o'qib, o'rganib olishni
0 quvchining o°ziga havola gilamiz.
5°. Birinshi tur egri chizigli integrallar va ularni hisoblash

Ushbu x=¢(t) y=w(t) funksiyalar [o,p] kesmada aniglangan va
uzluksiz bo’lib, ular t ning turli giymatlariga R? da turli nugtalarni mos
go’ysin. Bu holda [a,p] kesmaning

{chp(t)
y=yl(t)
funksiyalar yordamida R? da hosil bo'ladigan aksi y ga sodda egri chiziq
deyiladi:
y={xy)eR? :x=0lt).y =y(t)t e[o,B]}.

A=y(a) ga egri chizigning boshlang’ich nugtasi B=y(B) nugtaga esa
egri chizigning oxirgi nuqtasi deb ataladi. Biz garalayotgan egri chiziq
to g rilanuvchi, ya ni chekli uzunlikka ega bo"lsin deb faraz gilamiz.

Aytaylik, xOy tekisligida biror sodda AB egri chiziq yoyi va bu yoyda
f(x,y) funksiya berilgan bo’lsin. AB egri chizigni A dan V ga qarab

ajratamiz. A A, yoyning uzunligini AS, va A= max AS, deb belgilaymiz.

k=0,n-1
Endi v(g,.n)eAA,, (k=0n-1) nugtalar olamiz va quyidagi

n

o= ) f(gk’nk)'ASk

k

LN

1l
o

yig indini tuzamiz.

Ta'rif. Agar limo -3 bo'lib, u chekli I soniga teng bo'lsa va | ning
giymati AB ning bo'linish usuliga hamda (&,,7,) nugtalarning tanlanishiga
bog'lig bo Imasa, u holda shu | soniga f(x,y) funksiyaning AB egri chiziq
bo yicha birinshi tur egri chizigli integrali deb ataladi va u

[ £(xy)ds

kabi belgilanadi.
Shunday qilib,

[ f(x, y)ds=|ima=IkirTE)nzlf(ik,nk)-ASk (22)
A—0 —0k-0

AB
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ekan.

Birinchi tur egri chizigli integrallar quyidagi xossalarga ega.
1) J f(x,y)ds = J f(x, y)ds
2) AB=ACUCB= _[f(x, y)ds = _[f(x, y)ds + _[ f(x,y)ds

AB

3) Jicf (x,y)ds=c- j f(x, y)ds(c = const)

4) [[f(xy)xg(x y)ds = [ f(x,y)ds+ [g(x y)as

AB

5) Agar v(x,y)e AB da f(x,y)>0 bo’lsa, u holda jf(x, y)ds >0

AB

6) I f(x,y)ds

AB

7) 3(c,,c,)e AB nugta topiladiki, jf(x, y)ds = f(c,,c,)-S bo’ladi.

AB

< j| f(x, y)ds

Izoh. Yuqoridagi xossalarning hammasida f(x,y)eC(AB) deb faraz
gilinadi.

Teorema. Agar AB={xy)eR?:x=glt)y=y(t)tela, p]} sodda egri
chiziq va f(x y)eC(AB) bo'lsa,

[ £0ey)ds= ffow] o OF + wOFat  (23)

AB o

bo’ladi.

Bu teoremadan quyidagi muhim natijalar kelib chigadi.

1-Natija. Agar AB={xy)eR’:y=y(x)c<x<b| (y(a)=Ay(b)=8) bo'lib,
y'(x)e Cla, p] DO Isa, u holda
[ 10 y)ds = [ £[x, y(OI- 1+ [y’ (x)] ox (24)

bo ladi.
2-Natija. Agar AB = {(r,gp): r= r(go), @, <@< gpz} bo'lib, r'(gp)e C[(pl,(oz]
bo’lsa, u holda

I f(x, y)ds =

AB

Zf(rcosq),rsin 9)-r? +[r'(p) do (25)

1

3

hS)

bo ladi.
Eslatma. Agar 1-tur egri chizigli integralda f(x,y)=1 desak,
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[as=1tim as, = ¢ bo'ladi, ya'ni
(= jds (26)- AB yoyning uzunligini hisoblash formulasi.

6°. Ikkinchi tur egri chizigli integrallar va ularni hisoblash

Tekislikda biror yopig bo’lmagan sodda AB egri chiziq berilgan
bo'lib, f(x,y) funksiya shu chizigda aniglangan bo’lsin. AB egri chizigni
A, (k=0,n) nuqgtalar yordamida n ta A A, ,(k=0,n-1) bo lakka ajratamiz va
v(£..n, ) e A A, nugtalar olib, quyidagi yig indini tuzamiz:

U:nz_: f (&) AX,
k=0

Bu yerda ax, =x.,, -x, — AA,, Yoyning 0X o gidagi proeksiyasi,
A= max AS,, AS, —A A, Ning uzunligi, deb belgilaymiz.

Ta'rif. Agar limo =1 mavjud va chekli bo’lib, I ning giymati AB ning
bolinish usuliga va (¢,.,7,) nugtalarning tanlanishiga bog'lig bo'Imasa, u

holda | soniga f(x,y) funksiyadan AB egri chizig bo'yicha olingan
ikkinchi tur egri chizigli integral deb ataladi hamda u

| = J:f(x, y )alx
kabi belgilanadi. )
Shunday qilib,
= [yl tmS G (27)
ekan. : 7

Xuddi shunga o'xshash f(s.,7) larni Ax,ga emas, Ay, larga
ko paytirib,
n-1
1= [f(xy)dy=lim 3" f (& m Ay (28)
AB k=0
ni hosil gilamiz.
2-tur egri chizigli integral ta'rifidan quyidagi xossalar kelib chigadi.
1) Jif(x, y)dx:—_[f(x, y)dx va Jif(x, y)dy:—jf(x, y)dy .

2) Agar AB yoy 0X o'qiga (OY o'giga) perpendikular bo’lgan to'g'ri
chiziq kesmasidan iborat bo"lsa, u holda
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[ f(x,y)ax=0 Uf(x,y)dyzoj
bo ladi.

Endi faraz gilaylik, AB egri chiziqda 2 ta P(x,y) va Q(x,y) funksiyalar
berilgan bo’lib,

JiP(x, y)dx va [Q(x, y)dy

2-tur egri chizigli integrallar mavjud bo’lsin. Ushbu
[ PO y)ax+ [Q(x. y)dy

yig indi 2-tur egri chizigli integralning umumiy ko rinishi deb
ataladi va
_[P(x, y)dx +Q(x, y)dy

kabi yoziladi. Demak,
[ PO y)ax+Q(x, y)dy = [P(x, y)dx+ [Q(x,y)dy (29)

Aytaylik, AB egri chiziq, sodda yopiq egri chizig bo'lsin, ya'ni A va
V nugtalar ustma-ust tushsin. Bu yopiq chizigni y deb belgilaymiz. Bu
yopiq chizigda ikkita yo'nalish bo'ladi. Ularning birini musbat (soat
strelkasiga garama-qgarshi yo nalganini) ,ikkinchisini manfiy yo nalish deb
gabul gilamiz.

Faraz gilaylik, y da f(x,y) funksiya berilgan bo'lsin. Bu y chizigda 2
ta vA=B nugtalar olamiz. Natijada y yopiqg chizig 2 ta AaB va BbA egri
chiziglarga ajraladi (12-chizma).

Agar [ f(xy)dx+ [f(xyJdx integral mavjud bo’lsa, u f(xy)

funksiyaning » yopiq chiziqg boyicha 2-tur egri chiziqgli integrali deb
ataladi va { f(x,y)dx kabi belgilanadi.

12-chizma.
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§P(x, y)dx + :fQ(x, y)dy bo’lgan umumiy xol ham xuddi shunga o xshash

V4

ta'riflanadi.
Agar AB egri chiziq fazoviy chizig bo’lib, f(x,y,z) funksiya shu
chiziqda aniglangan bo’lIsa, u holda
[f(y.z)dx [f(xy,z)dy, [f(xy,z)dz larva

JP(X, y,2)dx+Q(x, y,z)dy + R(x,y,z)dz =
= [P(x,y,2)dx+ [Q(x,y,2)dy+ [R(xy,2)dz

lar ham yugoridagidek aniglanadi.
Endi ikkinchi tur egri chizigli integrallarni hisoblashni o'rganamiz.
Faraz gilaylik, AB={(x,y):x=ol(t),y =w(t)t e, g]} bOlib,
olt)w(t) e Clex, Sl (pla) wla))= A
o(B)w(B))=B bo’lsin, hamda t parametr « dan g ga garab o zgarganda
x,¥)=(p(t),w(t)) nugta A dan V ga garab o zgarsin.
1-Teorema. Agar ¢'(t)<Cla, 8] bo'lib, f(xy)eC(AB) boIsa, u holda
B

[fboyix=Tflotlplb @ (30)

N N

bo'ladi.
2-Teorema. Agar v/(t)eCle, 8] b0'lib, f(x,y)eC(AB) bo'lsa, u holda
B
J 10 y)y=] floft) wt)' )t (31)
bo'ladi.

1-Natija. Agar ¢/(t).y/(t)<Cla. 8] bo’lib, P(x,y)Q(x y)eC(AB) bo'lsa, u
holda
B

) P(x, y)dx+Q(x, y)dy = J [P(o(t) w(the'(t)+ Qlelt) wt)w'®)Ht  (32)
bo’ladi.
2-Natija. Agar AB={(x,y):y=y(x)a<x<b}, y'(x)eClab] bo’lib
P(x,y).Q(x,y)e C(AB) boIsa, u holda

b

[ POx y)x+Q(x, y)dy ==[[P(x, y(x))+Q(x, y(x))- y'(x ). (33)

AB a

bo ladi.
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Misol. Agar OA egri chizig 0(0,0) va A1) nugtalarni tutashtiruvchi
a) to"g ri chiziq kesmasi.
b) ORA siniq chiziqg, P=(1,0) nuqgta;
v) OQA siniq chizig, Q=(01) nuqta bo’lsa,
| = j(x—yz)dx+2xydy

OA

hisoblansin.

<a) OA:y=x0<x<1= 1 :j[(x—x2)+2x211x:%
0
b) 1= I(X—yz)dX+2xydy= | (x— y? Jix + 2xydly + I(X—yz)dx+2xydy:
opP PA

OPA
OP:y=0,0<x<1=dy=0 ¢ h
= y X=2=dy :dex+_[2ydy:§.
PA:x=10<y<1=dx=0 0 0 2

V) 1= J'(x—yz)jx+2xydy= _[(x—yz)dx+2xydy+.[(X—yz)dx+2xde=
OQA oQ QA

1 1 1
:J'Ody+'f(x—1)dx:—5.>

0 0

{[OQ:X_O,O<y<1:>dx—O}

QA:y=10<x<1=dy=0

Izoh. Bu misoldan ko'rinib turibdiki, 2-tur egri chizigli integralning
giymati umuman olganda, A va V nugtalarni tutashtiruvchi integrallash
yo liga bog'lig ekan.

Qanday shartlar bajarilganda uning qiymati integrallash yo'liga
bog lig bo’Imaydi, degan savolga keyingi punktda javob beramiz.

7°. Grin formulasi va uning ba’zi bir tatbiglari
a) Grin formulasi.

1-Teorema. (Grin). b<Rr? soha berilgan bo’lib, uning shegarasi o
bo lakli-sillig chizigdan iborat bo’Isin. Agar P(x,y) va Q(x,y) funksiyalar b

da berilgan va P(xy),Q(x.y), ap(axx’ y) an, Y) cc(5) bo'lsa, u holda

§P(x, y)dx+Q(x, y)dy= H(% —%dedy (34)

tenglik o rinli bo’ladi.
(34)-formulaga Grin formulasi deyiladi.
Grin formulasidan b sohaning yuzasini hisoblash uchun ushbu

S= —;f ydx, (35)
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S = {xdy, va (36)

S= %aj[;xdy— ydx, (37)

formulalar kelib chigadi.

2-Teorema. Agar P(x,y) va Q(x,y) funksiyalar b sohada Grin

teoremasining shartlarini bajarsa, unda quyidagi 4 ta shart bir-biriga
ekvivalent boladi.

oP _aQ . .. .
1) Dbpda EYry (38) tenglik bajariladi.
2) D sohadagi v yopiq kontur » uchun §de+Qdy=0

3)  vABeD nugtalar va bu nugtalarni tutashtiruvchi AB yoy uchun
dex +Qdy
AB

integralning giymati integrallash yo'liga bog'lig emas;
4) P(x,y)dx+ Q(x,y)dy ifoda to'liq differensial bo'ladi, ya'ni b sohada
shunday u(x,y) funksiya topiladiki du=Pdx+Qdy tenglik bajariladi va unda

_[de +Qdy=u(B)-u(A) boladi.

Agar du=Pdx+Qdy bo’lsa, unda u(x,y) funksiya ushbu

X

ulxy)= [Py [Qbyly+c  (39)

Xo Yo

formula yordamida topiladi. Bu yerda (x,,y, )< D -ixtiyoriy nuqta.
Misol. Agar y chiziq koordinata boshidan o tmaydigan va yo nalishi
musbat bo'lgan v yopiq chizig bo’lsa,

| _ xdy — ydx
_f x2+y2

4

integralni hisoblang.
< y chiziq bilan chegaralangan sohani o deb belgilaymiz.

22
Y X P _Q_ y-x

Q= = = Grin
x° +y? x> +y? oy  ox (x2+y2)2

1-hol. o¢D bo’lsin. P=-

formulasiga ko'ra 1 =0

2-hol.oeDp bo’lsin. Bu holda Grin formulasidan foydalana olmaymiz,
chunki, P(x,y) va Q(x,y) funksiyalar 0(0,0) nugtada aniglanmagan.
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13-chizma.

D sohaning ichida yotuvchi v y, ={x y):x* + y? =r?} aylana olamiz. Endi
G soha sifatida » va y, chiziglari bilan chegaralangan sohani olamiz. G da
P _R
oy 0oX
§ Pdx+Qdy =0=>0={Pdx+Qdy + § Pdx+Qdy = { Pdx+Qdy — { Pdx+Qdy =

G y Y Y Yr

va 0¢G. Unda Grin formulasiga ko'ra

- =rcost,0<t < 2x,dx =—rsintdt 27
| py-yde_([x=ro mdx=rsindt)) o
X“+y y =rsint,dy = rcostdt 3

8°. Birinchi tur sirt integrallari va ularni hisoblash

Birinchi tur egri chizigli integrallar oddiy aniq integrallarning ganday
umumlashtirilishi bo’lsa, birinchi tur sirt integrallari ham ikki Kkarrali
integrallarining shunday tabiiy umumlashtirilishidir.

Bizga bo'lakli sillig kontur bilan chegaralangan ikki tomonli sillig
(yoki bo’lakli sillig) (s)cR® sirt berilgan bo'lib, f(x,y,z) funksiya shu
sirtda aniglangan bo’lsin. (S) sirtni v tarzda o tkazilgan egri chiziglar to'ri
yordamida (s,)(s,)...(S,) gismlarga ajratamiz. (s,) ning yuzasini S, deb
belgilaymiz (k=1 n) .Har bir (s,) da v(,7.<,) nugta olib

O':Zn‘,f(ék177k'§k)sk

integral yig indini tuzamiz va i =maxdiam(s, ) deb belgilaymiz.

Ta'rif. Agar limo =1 mavjud va chekli bo'lib, I ning giymati (S)
sirtning bo’linish usuli hamda (&,,7,.<,) nugtalarning tanlanishiga bog'liq

bo'Imasa, u holda I ga f(x,y,z) funksiyadan (S) sirt bo’yicha olingan 1-tur
sirt integrali deyiladi va
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H f(x,y,z)ds

(§)
kabi belgilanadi.
Teorema. Agar sirt ushbu
(s)={x v.z)eR*:z=1(x,y),(x,y)e D} korinishda berilgan bo'lib,
z(x,y) 2, (x,y). 2, (x, y)eC(D) va f(xy,z)e C[(S)] bo’lsa, u holda
(J;f X,y,2)ds = [[ f[x v, 2(x, y)]\/1+ [z, (x, y)] + [z'y (x, y)[F dxdy (40)
bo’ladi.

9°. Ikkinchi tur sirt integrallari va ularni hisoblash
Bizga ikki tomonli sillig (yoki bo'lakli silliq) (S)cR® sirt berilgan
bo’lib, f(xy,z) funksiya shu sirtda aniglangan bo'lsin. (S) sirtni v tarzda
o tkazilgan egri chiziglar to'ri yordamida (s,).(S,)...(S,) qismlarga
ajratamiz. (s,) (k=1 n) ning OXY tekislikdagi proeksiyasini b,, b, ning
yuzasini esa s, deb belgilaymiz. Har bir (s,) da v(,.n,..¢,) nuqta olib
quyidagi

6= Zn:f(ék P )

1

yig indini tuzamiz va = maxdlam(S ) deb belgilaymiz

Ta'rif. Agar limo=1 mavjud va chekli bo'lib, I ning giymati (S)
sirtning bo’linish usuliga hamda (&,7,.¢,) nugtalarning tanlanishiga
bog'lig bo'Imasa, u holda | ga f(x,y,z) funksiyadan (S) sirtning tanlangan
tomoni bo"yicha olingan ikkinchi tur sirt integrali deyiladi va

H f(x,y,z)dxdy
©)

kabi belgilanadi.
Shunday qilib,

=[] £ 00y, 2y = im > £(&,m0.605 (41)
) =

Shuni aytib o'tish kerakki, funksiyadan (S) sirtning bir tomoni
bo'yicha olingan ikkinchi tur sirt integrali, funksiyadan shu sirtning
ikkinchi tomoni bo’yicha olingan ikkinchi tur sirt integralidan fagat
ishorasi bilangina farq giladi.

Ushbu H f(x,y,z)dydz va jj' f(x,y,z)dzdx ikkinchi tur sirt integrallari ham
©) ®)

yugoridagidek ta riflanadi.

302



Ikkinchi tur sirt integralining umumiy ko rinishini keltiramiz. Faraz
qgilaylik, (S) sirtda p(x,y,z), Q(x,y,z) va R(x,y,z) funksiyalar berilgan bo"lib,

Ushbu
[P y.2)axdy, [[Q(xy.z)dydz, [[R(x,y,z)dzdx
(s) (s) )

integrallar mavjud bo'lsa, u holda ularning vyigindisi 2-tur sirt
integralining umumiy ko rinishi deb ataladi va

H P(x, y,z)dxdy +Q(x, y, z)dydz + R(x, y, z)dzdx
(s)

kabi belgilanadi.

Endi rR® fazoda biror (V) jism berilgan bo’lsin. Bu jismni o'rab turgan
yopiq sirt sillig sirt bo'lib, uni (S) deylik. f(x,y,z) funksiya (S) da berilgan
bo’lsin. 0XY tekislikka parallel bo’lgan tekislik bilan (V) ni 2 gismga
ajratamiz: (v)=(v,)u(v,). Natijada, uni orab turgan (S) sirt (s,) va (s,)
sirtlarga ajraladi. Ushbu

(H) f(x, y,z)dxdy + (ﬂ)f (x, y,z)dxdy (42)

integral (agar u mavjud bo’lsa) f(x,y,z) funksiyaning yopiq sirt bo'yicha 2-
tur sirt integrali deb ataladi va

ﬁ f(x,y,z)dxdy
(s)

kabi belgilanadi. Bu yerda (42)-munosabatdagi birinchi integral (s,)
sirtning ustki tomoni, ikkinchi integral esa (s,) sirtning pastki tomoni
boyicha olingan. Xuddi shunga o xshash

ﬁ f(X, y,Z)dde ) ﬁ f(x, y,z)dzdx
(s) (s)

hamda umumiy holda

ﬂ: P(x,y,z)dxdy + Q(x, y, z)dydz + R(x, y, z)dzdx
(s)

integrallar aniglanadi.
Teorema. Agar sirt ushbu
(s)= {(x y,2)eR®:z=2(x,y).(x,y)e D}
ko'rinishda berilgan bo’lib, z(xy). z,(xy) z,(x y)ec(D) va f(xy,z)eC[(S)]
bo’lsa, u holda
[[ f(x.y, z)dxdyzg f[x, y, z(x, y)jdxdy (43)

(s)

bo ladi.
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Izoh. Agar (S) sirtning pastki tomoni garalsa, unda barcha s, lar
manfiy bo'lib,
[[ £(x,y, 2)dxdy=—~[[ f[x,y, z(x, y)ldxdy
(s) D

boladi.
Natija. Agar (S) sirt yasovchilari OZ o giga parallel bo lgan silindrik
sirt bo'lsa, unda

H f(x,y,z)dxdy =0
(s)

bo ladi.

Demak ikkinchi tur sirt integrallari ikki karrali Riman integrallariga
keltirilib hisoblanar ekan.

Agar (S)-ikki tomonli sillig sirt bo’lib, P(x,y,z), Q(x.y,z) R(x,y,z)eC[(S)]
bo’lsa va (S) sirt normalining yo naltiruvchi kosinusilarini cosa, cosp, cosy
desak, u holda 1 va 2-tur sirt integrallari orasida quyidagi munosabat
o rinli.

J] P(x,y,z)dydz +Q(x, y, z)dzdx + R(x, y, z )dxdy =
($)

- ﬂ)[P(x y,z)cosa +Q(x, y, z)cos B+ R(x, y,z)cos y His (44)

Izoh. Agar (S) sirt z=z(x,y) tenglama yordamida berilgan bo’lsa,
sirtning (x,,v,.z,) huqtadagi normalining OX, OY, OZ oqglarining musbat
yo nalishlari bilan tashkil gilgan burchaklarini mos ravishda «, g, y orqgali
belgilasak,

o ()

)T

1

(e (=)

bo ladi va ular normalning yo naltiruvchi kosinuslari deyiladi.

Ildiz oldida ma’lum bir ishorani tanlab olish bilan biz sirtning aniq bir
tomonini tanlab olgan bo’lamiz. Masalan, ildiz uchun musbat ishorani

cos 3 =

Cosy =
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olsak, cosy >0, ya ni normal OZ o°qi bilan y o'tkir burchak tashkil etadi va
bu holda (S) sirtning “yugori” tomonini tanlab olgan bo"lamiz.
10°. Stoks va Gauss-Ostrogradskiy formulalari

(S):{(x,y,z)eR3:z=z(x,y),(x,y)eD} bo’lib, a(s)-bo’lakli sillig egri chiziq
va 4(S)-ning OXY tekisligiga proyeksiyasi oo bo’lsin.

Faraz qilaylik, (S) sirtda uzluksiz p(x,y,z), Q(x,y,z) R(x,y,z) funksiyalar
aniglangan bo'lib, bu funksiyalarning barcha birinchi tartibli xususiy
hosilalari (S) sirtda uzluksiz bo'lsin.

1-Teorema. (Stoks).Agar yuqgoridagi shartlar bajarilsa, u holda
ushbu

(11 R -2 ety +
jP(x, y,2)Jdx +Q(x,y,z)dy + R(x, y,z)dz = (g){ ay}d dy

a(s)
+ {@ -~ @}dydz + {E -~ @}dzdx. (46)
oy o oz ox

Stoks formulasi o rinli boladi.

Shunday qilib, Stoks formulasi (S) sirt bo'yicha olingan 2-tur sirt
integrali bilan shu sirtning chegarasi bo'yicha olingan egri chizigli
integralni bog lovchi formuladir.

Endi Ostrogradskiy formulasini keltiramiz. R®  fazoda pastdan
z=¢,(x,y) tenglama bilan aniglangan sillig (s,) sirt bilan, yugoridan
z=p,(x,y) tenglama yordamida aniglangan (s,) sirt bilan, yon tomondan
esa yasovchilari OZ o'qiga parallel bo'lgan tsilindrik (s,) sirt bilan
shegaralangan (v) jismni qaraylik. Bu jismning OXY tekisligidagi
proeksiyasini D deb belgilaymiz. Faraz qilaylik, (v) da uzluksiz

: : - P 0Q 6R
P(x,y,z), Q(xy,2), R(x,y,z) funksiyalar berilgan bo’lib, &’E'EEC[(V)]

shartlar bajarilsin,

2-Teorema. (Ostrogradskiy). Agar yugoridagi shartlar bajarilsa, u
holda ushbu

oP 0Q OR
'[\[J; (& + E + Ededydz = g Pdydz + Qdzdx + Rdxdy 47)

Gauss-Ostrogradskiy formulasi o rinli bo’ladi.
11°. Maydonlar nazariyasi elementlari

Uch o’Ichovli Yevklid fazosi R® ni olib, undagi nugtalarni (x, y, z),
koordinata o qlari bo ylab yo'nalgan birlik vektorlarni esa e, e,, e, kabi
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belgilaymiz. Aytaylik, D « R® sohadagi har bir (x, y, z) nugtaga A(x, y, z)
vektor mos qo'yilgan bo’lib, tanlangan koordinatalar sistemasida u
A(x v, z), A(x y, z), Alx v, z) ko'rinishga ega bo’lsin. U holda D
sohada vektor funksiya aniglangan yoki D da vektorlar maydoni berilgan
deyiladi. agar har bir A(x v, z), k=1 2 3 funksiya uzluksiz,
differensiallanuvchi va hakozo bo’lsa, unda A vektor maydon uzluksiz,
differensiallanuvchi va hakozo deb ataladi. Agar D sohada U(x, y, z)
funksiya aniglangan bo’lsa, u holda D da U skalyar maydon berilgan
deyiladi. Tanlangan koordinatalar sistemasida garalayotgan skalyar va
vektorlar maydoni kerakli darajada silliq bolIsin deb faraz gilamiz.

Ushbu

gradU:=(

oJ ouU ou oU oU ouU
ox oy oz x oy oz

operatorni (gradiyent) aniglaymiz. U bilan bir gatorda A vektorni U
skalyar maydonga akslantiruvchi

8Al+8A2+8A3:A—>U

ox oy oz
operatorni (divergensiya) garaymiz. Vektor maydon vektor maydonga
quyidagi

€ € &

rotA= Qﬁ ﬁ A—> B

OX OX 0z
A A A

formula yordamida aniglanadigan rotor operatori yordamida akslanadi.

Agar simvolik nabla differensial operatorini (Gamilton operatori)

0 0 0
V=e—+e,—+€,—
OX oy oz
tenglik yordamida aniglasak, u holda
gradU =VU,
rotA=VxA,
divA=V-A
bo ladi.

Kiritilgan operatorlardan foydalanib, quyidagi tengliklarning o rinli
bolishini ko rsatish giyin emas:
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1) rotgradU=VxVU =0,

2) divrotA=V-(Vx A)=0,

3) graddivA=V(V-A)

4) rotrotA=V x(Vx A),

5) divgradu=V-vU

(44)-formuladan foydalangan holda Stoks formulasini quyidagi
ko rinishda yozish mumkin:

[P(x,y,2)dx+Q(x,y,z)dy +R(x,y,z) =
a(s)

cosa COosP cosy
Y AR
sy Ox oy oz

P Q R

Agar bu tenglikdagi P, Q, R funksiyalar o'rniga A vektor
maydonning komponentalarini olsak va dS=(dx,dy,dz) deb belgilasak,
tenglikning chap tomonidagi integralostidagi funksiyani A.dS deb yozish
mumkin. Agar n=(cosa, cosp, cosy)-birlik normal vektor bo’lsa,
tenglikning o 'ng tomonidagi integral ostidagi funksiyani rotA-n deb yozish
mumkin bo’lib, Stoks formulasining vektor ko rinishi quyidagicha bo ladi:

§ A-dS=[[n-rotAdS (48)
a(s) (s)

(48)-tenglik maydonlar nazariyasi tilida quyidagicha aytiladi: A
vektor maydonnning sirtning chegarasi bo'yicha olingan sirkulyasiyasi
rotA maydonning (S) sirt bo’yicha olingan ogimiga teng.

(44) formuladan foydalanib, Gauss-Ostrogradskiy formulasi vektor
ko rinishida quyidagicha yoziladi:

[JA-ndS = [[[divAdV, (49)

ov \%
bu yerda dV = dxdydz hajm elementi.
(48) va (49) formulalar vektorlar maydonidagi rotor va divergensiya
operatorlarining invariant ekanligini ko rsatish imkoniyatini beradi.
1-Ta'rif. Agar 4 vektor maydon uchun shunday skalyar U maydon
topilib, gradu=A tenglik bajarilsa, unda A vektor maydon potensial

maydon deyiladi. U funksiya esa A maydonning skalyar potensiali deb
ataladi.
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2-Ta'rif. Agar A vektor maydon ushun shunday B vektor maydon
topilib, rotB= A tenglik bajarilsa, u holda A maydon solenoidal maydon
deyiladi. V vektor maydon esa A maydonning vektor potensiali deb ataladi.

Punktning oxirigacha biz maydonlar uch o’lchovli fazoda
garalayapti, deb faraz gilamiz.

1-Teorema. A maydon potensial maydon bo’lishi uchun rotA=0
bolishi zarur va yetarli.

2-Teorema. A maydon solenoidal bo'lishi uchun divA=0 bo’lishi
zarur va yetarli.

(48)-Stoks formulasidan va 1-teoremadan quyidagi tasdigq kelib
chigadi: Agar A potensial maydon bo’lsa, u holda maydonning yopiq
egri chizig bo yicha olingan sirkulyasiyasi 0 ga teng bo"ladi.

(49)-Gauss-Ostrogradskiy va 2-teoremadan quyidagi tasdig kelib
chigadi: agar A solenoidal maydon bo’lsa, u holda maydonning biror
jismni o rovchi yopiqg sirt bo'yicha olingan ogimi 0 ga teng bo’ladi.

Shuni ta'kidlash lozimki, ixtiyoriy vektor maydonni potensial va
solenoidal maydonlarning yig indisi ko rinishida ifodalash mumekin.

11°. Furye gatorlari

1-Ta'rif. f(x) funksiya [-mn] kesmada absolut integrallanuvchi
bo’Isin. Koeffisientlari

a, == [ f(x)cosnxdx, n=0,12,...

T

b =1jf(x)sinnxd>g n=12,..

T _r
formulalar yordamida aniglangan ushbu
f(x)~ a—2° +3(a, cosnx+b, sinnx) (50)
n=1
trigonometrik gator f(x) funksiyaning Furye qgatori, a,, b, sonlar esa-
Furye koeffisientlari deyiladi.

Absolut integrallanuvchi funksiyaning Furye koeffisientlari n— o da
0 ga intiladi. Agar funksiya juft bo'lsa, Furye gatori fagat kosinuslarni, toq
bo lsa fagat sinuslarni 0"z ichida saqglaydi.

1-Teorema. (Rimanning lokallashtirish prinsipi). f(x) funksiya
Furye qatorining x, nuqtada yaginlashishi, ixtiyoriy kichik >0 soni
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uchun f(x) funksiyaning [x, —8&;x, +38] kesmadagi qiymatlarigagina bog’liq
bo’lib, bu kesmadan tashgaridagi giymatlariga bog lig emas.
2-Teorema. Agar f(x) funksiya [-m;n] kesmada bo’lakli-uzluksiz
bo’lib, har x nuqgtada chekli bir tomonli
£'(x)= fim f(x+Ax)—f(x+O)’

AX—+0 AX

£(0)= lim f(x+Ax)- f(x-0)

Ax—>-0 AX
hosilalarga ega bo'lsa, u holda f(x) funksiyaning Furye gatori har bir x
f(x+0)-f(x-

nugtada yaqginlashadi va uning yig indisi 0) ga teng bo ladi.

Xususan, funksiya uzluksiz bo’lgan nugtada Furye gatori funksiyaning shu
nugtadagi giymatiga yaginlashadi.
Yaginlashuvchi Furye gatorining yig indisi davri 2r ga teng bo’lgan
davriy funksiya bo"ladi.
3-Teorema. Agar f(x) funksiya [-m;n] kesmada kvadrati bilan
integrallanuvchi funksiya bo'lsa, u holda quyidagi Bessel tengsizligi
o rinli:
2 5 n
a—°+2(a§+bf)££jf2(x)dx. (51)
2 n=1 T 1
Agar funksiya [-mn] da uzluksiz va f(-n)=f(r) bo’lsa, unda ushbu
Parseval tengligi orinli:
a_§ AN PP
+Z(an+bn)_ [ £2(x)dx. (52)
2 n=1 T _»
Agar f(x) funksiya [a, b] kesmada berilgan bo’lib, ma’lum shartlarni
ganoatlantirsa, unda uni umumiyroq ko rinishdagi trigonometrik gatorga

yoyish mumkin. Buning uchun t:—n+2n£ akslantirish yordamida

[a, b] kesmani [-r; =] kesmaga akslantiramiz. Natijada,

£ () oft) = f(a+t2+_"(b_a))

7T
bo'lib, o(t) funksiya [-m; =] kesmada aniglangan. o(t) funksiya [-=;7]
kesmada Furye qatoriga yoyiladi va t o zgaruvchidan x 0 zgaruvchiga
qaytsak, f(x) funksiyaning [a, b] kesmadagi Furye gatorini hosil gilamiz.
Masalan, f(x) funksiya [-I;1] kesmada 2-teoremaning shartlarini
ganoatlantirsa va u shu kesmada uzluksiz bo’lsa, u holda
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f(x):ﬁ+§:(an cosm+bnsin%j
2 n=1 I |
tenglik o'rinli bo’lib,
|
a, =|}jf(x)cos#dx, n=0,12,..,

|
b =I}jf(x)sin#dx, n=12,..,

n
-

boladi.

Agar f(x) funksiya [0; 2I] oraligda berilgan holda ham yugqoridagi
tengliklar o'rinli bo’ladi, fagat koeffisientlarni hisoblashda integrallarni
[0; 21] oralig bo"yicha olish kerak.

Nazorat savollari.
Ikki karrali integralning ta'rifi.
Darbuning yugori va quyi yig indilari hamda ularning xossalari.
Lebeg teoremasi.
Ikki karrali integralning asosiy xossalari.
O'rta giymat hagidagi teoremalar.
Ikki karrali integrallarni hisoblash.
Ikki karrali integrallarda o"zgaruvchilarni almashtirish.
Silindrik koordinatalar sistemasi.
Sferik koordinatalar sistemasi.
. Ikki karrali integral yordamida hajm hisoblash.
. Tekis shaklning yuzasini hisoblash.
. Sitr yuzasini hisoblash.
. Ikki karrali integrallarning mexanika masalalariga tatbiglari.
. 1-tur egri chizigli integral tushunchasi.
. 1-tur egri chizigli integrallarning xossalari.
. 1-tur egri chizigli integrallarni hisoblash.

© 0N Ok wWwhNE

e e o e
oA WN EFE O

17. 2-tur egri chizigli integral tushunchasi.
18. 2-tur egri chizigli integrallarning xossalari.
19. 2-tur egri chizigli integrallarni hisoblash.

N
o

. Grin formulasi.
. Grin formulasining tatbiqglari.

N
[ES
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22,
23.
24,
25,
26.
217,
28.
29,
30.
31.
32,
33.

1-tur sirt integrali tushunchasi.
1-tur sirt integralini hisoblash.
2-tur sirt integrali tushunchasi.
2-tur sirt integralini hisoblash.
Stoks formulasi.
Gauss-Ostrogradskiy formulasi.
Maydonlar nazariyasi elementlari.
Furye gatorining ta rifi.
Rimanning lokallashtirish prinsipi.
Furye gatorining yaginlashishi.
Bessel tengsizligi.

Parseval tengligi.
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-B-
Mustaqil echish uchun misol va masalalar
1-masala. Berilgan egri chiziglar bilan chegaralangan D soha
uchun H f(x,y)dxdy ikki karrali integral takroriy integralga keltirilsin
D

va integrallash chegaralari ikki xil tartibda qo yilsin.

1.1 y=0, y=3, y=x, y=x—6. 1.2y=1 2y=x, 2y=8-x, y=0.
1.3 y=x,y=x+3y=2xy=2x-3. 1.4 y=x% x-y+2=0.
1.5 x? +y?>2a?, x? +y? <2ax 1.6 y=2x—x2, y=—x.
1.7 y=x*-4x y=x. 1.8 xy=4, yz%xz, y <6.
1.9 y<9-x?, y>2x2 1.10 y=x, y=4x, xy>4, y<8.
1.11 y=x, y=4x, xy>4, y<6. 1.12

y=+2ax, x? +y?>>2ax, x=0, x=2a, y=0.
113 y=x*—4x 2x-y=5. 114 y=—x*, yJ3-x, 0<xsL
1.15 xy=9, x+y=10, 1<y<3. 1.16 y? +8x=16, y? — 24x=48.
1.17 y>x®+4x,y=x+4. 1.18 y2>x2—4x, y<x, x>1.
1.19 y2 —3x=4, y? +4x=11. 1.20 y?<6+3x, y2<8-4x, |y|£\/§.

1.21 y>x%+2x, y=x+2.
2-masala. Integrallash tartibini o zgartiring.

-1 0 0 0 1 0 V2 0
2.1 Jdy [ fdx+ [dy [ fox 2.2 jdyj fdx+jdy jfdx.

-2 —\f2ry 1 -y 0 -Jy 1 oy

1oy V2 2y 1y 2 2y
2.3 [dy[ fox+ [dy | fox 2.4 [dy [ fax+ [dy [ fdx.

0 0 1 0 0 0 1

I3 ¢ e I }/ arcsin arccos
2:5 de_&f? fdy*fldxi fdy. 2.6 fdy [ o+ j dy [ fox

0 0 %E 0

2.7 _fdyJ? fdx + Tdy?fdx. 2.8 jdy T fdx+EIjnydyljnyfdx.

) 0 3000 0 -y 1 -1

1 22 0 x? -3 0 0 0
2.9 [dx [ fdy+ [ox[ fdy. 210 [dx [ fdy+ [ dx | fdy

V2 0 -1 0 -2 —V4-x? -3 4-x2-2
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1 Yy 22—y
2.11 jdxj fdy+jdxjfdy 2.12 [y [ fax+ [dy [ fox
0 0 1 0

1 Inx

sin / cos -+ 9 0 9
213 fdy J‘y folx + fdy nydx 2.14 _J.de_(zjlx) fdy+:|.1dx3£fdy
2.15 jdyj fdx+jdyjfdx 2.16 jdyj' fdx+.2[dy J.fdx
1 Iny 0o —Jy 1 2=
217jdyjfdx+jdy jfdx 218jdyffdx+jdyjfdx
~J2-y?
2.19 Idx i fdy+jdx Ifdy 2.20 :[dy T fdx+.|.dyffdx.
0 4?2 NEE -2 —(2+y) 13y

1 X2 NN
2.21 jdxjfdy+jdx jfdy
0 0 1 0

3-masala Ko rsatilgan b soha uchun |[ f(x y)xdy integralda qutb

koordinatalariga (x=rcose,y =rsing) 0 tib, integrallash chegaralari ikki
xil tartibda goyilsin.

3.1 D:{(x, y):x2 +y? s2y}.

3.2 D:{(x, y):a? <x? +y? sbz,a>0,b>0}.

3.3 Dz{(x, y):(x2 + y2)2 =a2(x2 —yz),xso}

3.4 p soha x=0, y=0, y=1—x chiziglar bilan chegaralangan.

3.5 D soha x*=ay, y=a (a>0) chiziglar bilan chegaralangan.

3.6 D={x):
3.7 D= {(x y):0 Sygz,ygxgx/—y}
3.8 D= {(x y):0 gxsZ,OsyS\/_x}

):

0<x<1x? <y<x}

3.9 D={(r,¢):r>2cosg,r <4coso}

3.10 Dz{(x,y) X2 +y? <4, x+y>2}

3.11 D={xy):x? +y2 =8,x? +y? <4x}

3.12 D={xy):x* +y? =18 x? + y* <6y}
3.13 Dz{(x,y) X2 +y2+4x>0, x> +y +8x<0}
3.14 D={x,y):x>y,x+y<6, y>0}

3.15 Dz{(x,y):xz+y2<4x,|y|<|x|}
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3.16 D= {(r 0): I’ZZSin(p,rSSSin(p,OS(pﬁg}.

3.17 D {(x y):x? +y? <16,x*> +y >4x}
3.18 D={(r,p):r<2cos3¢,r>1(1 Ba IV wopaxmaru Kucmm),}.
3.19 Dz{(x,y) X2 +yiexx2+y SZX}.
3.20 Dz{(x y):x2 +y?<ax,x?+y >2y}

3.21D={(x,y):0<x<12x<y<3x}
4-masala. Hisoblang.
4.1 Ij(12x2y2+16x3y3)dxd)c D:x=1 y=x2, y=—vx.

4.2 H( y2+48x3y3)dxdy, D:x=1y=4/%X y=—x>
D

4.3 [[(36x2y? ~96x°y* Jixdy, D:x=1 y=%x,y=—x".

4.4 jD(18x y2 +32°y* Jixdy, D:x=1y=x%y=-x.

4.5 jD(27x y2 +48x°y* Jixdy, D:x=1y=x2,y=-Yx.

4.6 jD(18x y2 +32¢°y* Jixdy, D:x=1, y=¥x, y=—x.

4.7 jD(18x 2y2 1 32x%y3 Jixdy;, Dix=1y=x%, y=—vx.

4.8 jD(27x Y2 + 48y Jixdy, D:ix=1, y=1x y=—x°.
b

IN
©
D —

4xy+3x2y2)dxdy, D:x=1 y=x2, y=—vx.

O

(12xy+9x2y2)dxdy, D:x=1y=4X y=—x°

OI

11

—_—

O

(8xy+9x2y2)dxdy, D:x=1y=3x, y=-x°.

O 2

12 (24xy+18x2y2)dxdy, D:x=1 y=x%, y=-3/x.

O 2

13 (12xy+27x yz)dxdy, D:x=1 y=x2, y=-3/x.

O 2

14 I (8xy+18x2y2)dxdy, D:x=1 y=3%x, y=-x°.

O

xy+1%x2y2jdxdy, D:x=1 y=x°, y=—Jx.

xy+9x2y2jdxdy, D:x=1 y=4x y=-x%
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17 I (24xy 48x3y3)dxdy, D:x=1 y=x?, y=—vx.

D

.18 ”(6xy+24x3y3)dxdy, D:x=1 y=4/x, y=—x?

D

19 J' (4xy+16x3y3)dde D:x=1 y=3%x, y=-x°

D

4.20 I (4xy+16x3y3)dxdy, D:x=1y=x,y=-3x.

D

4.21 ”(xy—4x3y3)dxdy D:x=1 y=x3 y=—Jx.
5-masala. Hisoblang.

ﬁ
5.1 ”yezdxdy, D:y=In2, y=In3, x=2, x=4
D
5.2 [[y2sinZdxdy, D:x=0, y=+m, y==
ijy 2 y=my 2
5.3 [[ycosxydxdy Di=y=7, y=m x=1 x=2.
D
N
5.4 [[y%e “dxdy; D:x=0, y=2, y=x
D
55 ﬂysin xydxdy; D:yzg, y=m x=1 x=2.
D

. T T
5.6 JJlZystxydxdy, D:yzz, y=3, X=2, X=3.

5.7 {[y?cosY dxdy; D:x=0, =\/E, X
ijy 2 Y92 Y73

5.8 ﬂyzcosxydxdy, D:x=0, y=r, y=x
D
59 H4ye2xydxdy, D:y=In3, y=In4, x=%, x=1
D
x
5.10 [[ye*dxdy, D:y=In2, y=In3, x=4, x=8
D

511 H4y2 sin xydxdy, D:x=0, y:\/%, y=X.
D

5.12 If4yzsin 2xydxdy, D:x=0, y=+/2n, y=2x.
D

1
5.13 cos2xydxdy, D: =E, =7, X=—, X=1.
ijy ydxdy, Diy=2), y=m x==
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5.14 ([2ycos2xydxdy D:x=2= y=T x=1 x=2.
IDIy ydxdy; Vs

X
5.15 ”yz-e 8dxdy; D:x=0, y=2, y:%
D

X
5.16 2.e 2dxdy, D:x=0, y=+2, y=x.
y ) y y
D
517 ﬂysinxydxdy, D:y=mn y=2m, x=%, x=1.
D
5.18 2 cos2xydxdy, D:x=0, =\/E, X
IDIy ydxdy; y=y5 V=5
1 1
5.19 [[8ye®™dxdy, D:y=In3, y=In4, x==, x==
IDI y y, Duy y 5 X5
5.20 J-J‘3y25inﬁdxdy, D:x=0, y= ﬂ yzgx.
J 2 \ 3

5.21 Hycosxydxdy, D: y=n,y=3n,x=%,x=1.
D

6-masala. Hisoblang.

o _ (z=x+y,x+y=1

6.2 I(y)ls(y +z )dxdydz, (V)'{xzo,y:0,2=0-
. . y=XYy=0x=1

6.3 I(i_[(Bx+4y)dxdde, (V)-{Z:5(X2+y2),220_

y=Xxy=0x=1

6.4 I(H) (27x + 54y° Jdxdydz; (V):{Z _ xy.2=0.

Xy, z_
65 [[] —2%%2 . )6t 8 3
16 8 3

L . (z2=10y,x+y=1
6.6 .[J.[(Sx +y )dxdde, (V)'{xzo,y:0,2=0-

z=x*+3y?*,z=0,

6.7 I(J;J)‘(15x+302)dxdydz; (V):{y ey Ox-1
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y=x%y=0x=1

6.8 '[\J:j)(4+823)dxdydz; (V):{z:\/@,z=0.

y=36x,y=0,x=1

6.9 w)(1+2x3)dxdydz; (V):{Z:M,ZZOI

y=Xy=0x=2

6.10 J;JJ)‘ 21xzdxdydz; (V):{Z —xy,z=0.

X y, z
6.11 _[ﬂ; dxdydz T; (V):{E+§+§Ol

e X Y2 x=0y=02=0.

108 3
612{”@0y+mnwmwt;Wy{Y=xy=Qx:1
v) z=x*+y%*z=0.
y=9%y=0x=1

6.13 J(l{(%wrgjdxdydz; (V):{ZZM,Zz&

y=4x,y=0,x=1

6.14 j(ﬂ)(9+182)dxdydz; (V)i{zz\/@,zzo_

X z
6.05 [ —SHE ). 153746
w>1+X+Y+ZJ Xx=0,y=0,2=0
2 476

y=Xy=0x=1
6.16 12  (V):
gl@y+ mewﬁ’(){z:3ﬁ+zy{z=a
y=XYy=0x=1
6.17 dxdydz; (V):
QBX+W)XyZ (){z=mm2+aw{z=0

X

6.18 m dxdydz . v): 6
Vg X, ¥y, 2

6 4 16 X=0y=02=0

6.19 [|] y*dxdydz; (V)i{

V)

T S
4 16

z=1003x+y)x+y=1
x=0,y=0,z=0.

37 y:x,y:O,X:l
6.20 [|f| 5x+ - dxdydz; (V):
M( * 2) ryez; (V) {z=x2+15y2,2=0-

x+y+Z_1
dxdydz 8 3 5
621 [l — i )83
\%
(l+8+3+5j X:O,y:O’Z:O'
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7-masala. Quyidagi chiziglar bilan chegaralangan shaklning

yuzasi hisoblansin.
7.1 y=§, y=4e* y=3 y=4.
X

7.3 x?+y?=72 6y=—x* (y<0)
3 x

7'5 y:_! y:8e ’ y:31 y:8
X

1.7 x=5-y?, x=-4y.

7.9 x2+y2 =12, —6y=x% (y<0).
3 3
7.11 yZE\/;, y=5, x=9.

7.13 y=sinx, y=cosx, x=0 (x>0).

7.15 y=20-x?, y=-8x

7.17 y=32-x*, y=-4x.
7.19 y=sinx, y=cosx, x=0 (x<0)

7.21 y=v6-x%, y=/6-6-x>.

7.2 x=4/36-y?, x=6—+/36—y.

7.4 x=8-y? x=-2y.

7.6 y:g, y=—, x=16.

1
2X
7.8 y:g, y=5e*, y=2, y=5.

X
7.10 x2 +y?2=36, 3J/2y=x2 (y=0)

7.12 y=3Jx, y=§, X=4.
X
25 5
7.14 y=22_ %2 y=x-=.
y 4 Xhy=x 2
2 x
7.16 y==, y=7e*, y=2, y=7.
X

7.18 x=72-y?, 6x=y?, y=0 (y=0).

7.20 y=8-x2, y=—-2x

8-masala. Quyidagi chiziglar bilan chegaralangan shaklning

yuzasi topilsin.

8.1 y2 -2y +x*=0; y? -4y +x*=0; y=

%, y =3x

8.2 x2 —2x+y?=0; x> —10x+y? =0; y=0, y=+/3x.

8.3 x2—4x+y?=0; x? —8x+y?=0; y=0, y=

X
N

8.4 y*—62y+x*=0; y* -10y+x° =0; y=x, x=0.

8.5 y2—6y+x2=0; y2-8y+x%>=0; y=

X y=3x

J3

8.6 xZ —2x+y?=0; x* —4x+y? =0; yzy\@, y =+/3x.

8.7 x? —2x+y?=0; x> —4x+y?=0; y=0, y=x.

8.8 y? -2y +x*=0; y* —4y+x*=0; y=+/3x, x=0.

8.9 y2-8y+x?=0; y2 10y +x2=0; y=——, y=+3x

J3

8.10 x? —2x+y?=0; x* —6x+Yy2=0; yZy\@’ y =3,

8.11 x*> —4x+y?=0; x> -8x+y?=0; y=0, y=x.
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8.12 y2 —4y+x2=0; y? —6y+x>=0; y=+/3x, x=0.

8.13 y2—4y+x2=0; y2—6y+x>=0; y=x, x=0.

8.14 x* —2x+y?=0; x* -8x+y>=0; y= %, y=+/3x.
X2 —2x+y2=0; x2 -8x+y2=0; y /\/éy\/_x

8.15 y2—2y+x%=0; y2 —6y+x2=0; y:y\/é, x=0.
8.16 x?—2x+y2=0; x? —6x+y2=0; y=0, y:y\/é.
8.17 x?—2x+y2=0; x2 —4x+y2=0; y=0, yzy\/é.
8.18 y? -4y +x2=0; y2 -10y +x? =0; y:%a y =/3x.
8.19 y2 -2y +x2=0; y? -10y + x* =0; y:y\/g, y =+/3x.

8.20 x® —2x+y?=0; x> —6x+y?=0; y=0, y=x.

8.21 y? —2y+x?=0; y? -4y +x?=0; y=x, x=0.

9-masala. Zichligi p=p(x,y) bo’lgan va quyidagi tengsizliklar
yordamida berilgan b plastinkaning massasi topilsin.

2 2
9.1 D:x2+yT£1; p=y2 9.2 D:XTer2 <1 x>0; y=0, p=6x°-y°.
9.3 D:1§ﬁ+y—2£2; y>0; ysgx; o=Y/. 94 D-1<X_2+y2<25' x>0 y>§-p:i
9 4 3 xSRBS S X2R Y E5P= 0
95 x? y2 2 9.6 x? y2 2.,2
O Di—+=—<1 y>0;, p=x--YV. O D.—+—<1 p=xX .
4 TpshYER P y gt ste=xYy
2 2 7X2 X2
9.7 D: X 4+ Y <1 y>0 o= 9.8 D: 2 +y?<1 x>0: y>0; p=5xy’.
o 5 YTV PTG 167 y=hp=eY

2 2
9.9 D:lsXT+ y2£4;y20;y2§x.p=8%3. 9.10 D:XT+ y2 <1 x>0; y>0; p=30x3y’.

9.11 D: X/ +y2 <L x>0; p=T7xy" 912 D XY sy 2
: : <L x20; : 12 pia<X v Y <zys0y<ixp=Y/.
/o gt SFYE0ySoxp 4
2 2
9.13 DIXA+YZSJJP=4Y4- 9.14 D:x2+;—531;y20p=7x4y.
9.15 D-1<ﬁ+y—2<4-x>o-y>3x/2 p=y 9.16 D'x2+y—2<1'y>0'p=35x4y3
S+ S4x20y23x/2. v : g <Ly=0 :
9.17 D 1<ﬁ+y—2<4-x>o-y>x/2 =X 9.18 D'ﬁ+y—2<1' =x?
. 6 T SAhxz0y2 P A . ' 9_,.p .
X2 yZ y2
9.19 D:T+?£l;x20;y20.p=x3y. 9.20 D:lsxz+Es9;y20;ys4x.p=%2.

2 2

9.21 D:lgx—+y—§25;x20;y22x;p:§.
4 16 y
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10-masala.
10.1 §+g—§=1, y=>0. chiziglar bilan chegaralangan plastinkaning og irlik
a

markazi topilsin (p =1)

10.2 r?=a%cos2¢ (0'ng Yyaproq) egri chizig bilan chegaralangan
plastinkaning og irlik markazi topilsin. (p =1)

10.3 x*+y*=a’x>0,y>0 tengsizliklar bilan aniglangan plastinka uchun
.1, inersiya momentlari topilsin (p =1)

10.4 y* =4x+4 va y?=-2x+4 chiziglar bilan chegaralangan plastinkaning
og irlik markazi topilsin (p =1)..

2

10.5 :—z+g—2=1 egri chizig bilan chegaralangan plastinka uchun 1,1

X1y

inersiya momentlari topilsin (p =1).

10.6 3%:1, 2%:1, y=0 chiziglar bilan chegaralangan plastinka uchun

,.1, lar topilsin(p =1).

10.7 x?+y? <16, x>2y3 tengsizliklar bilan aniglangan plastinkaning og irlik
markazi topilsin (p=1)..

10.8 xy=1,xy =2,y =2x,x =2y chiziglar bilan chegaralangan plastinka uchun
.1, inersiya momentlari topilsin (p=1)

10.9 Agar 1<x*+y?<4 doiraviy halganing har bir nuqgtasidagi massa
zichligi p=x?y? formula bilan aniglansa, uning massasi topilsin.

10.10 Agar y=x2-4x; y=x chiziglar bilan chegaralangan plastinkaning har
bir nugtasidagi massa zichligi p=x+y formula bilan aniglangan bo’lsa,
shu plastinka og irlik markazi topilsin.

10.11 xy:4,y:%x2,y:6[y2%x2J chiziglar  bilan  chegaralangan

plastinkaning ogirlik markazi topilsin (p =5x+3).

10.12 y* =3x+4 va y?+4x=11 (y>0) chiziglar bilan chegaralangan plastinka
massasi topilsin (p=y).

10.13 Ikkita ¢=0 va @=x nurlar hamda r=ap (0<p<n) Arximed spirali
yoyi bilan chegaralangan plastinkaning og irlik markazi topilsin (o =1).
10.14 y=x% x+y=2,x=0 chiziglar bilan chegaralangan plastinkaning
og irlik markazi topilsin (p =1).

320



Quyidagi 10.15-10.19 misollarda plastinkaning chegarasini
aniglovshi chiziglar berilgan. Har bir plastinkaning og irlik markazi
topilsin (p=1).

10.15 x=a(t—sint), y=a(l—cost), 0<t<2m, y=0.

2 2

10.16 x? +y%=a?; X—2+y—2=1; x=0, x=0; y=>0.
a b
10.17 r=a(l+sing).

10.18 r=asin 29, OS(pSE.

10.19 r=+2, r=2sing, %S(pﬁ%t.

10.20 ay=2ax-x?, y=0 chiziglar bilan chegaralangan plastinkaning 1,,
inersiya momentlari topilsin (p=1).

10.21 r=a(1+cosg) kardioda bilan chegaralangan plastinkaning Ox va Ou
o glariga nisbatan 1, 1, inersiya momentlari topilsin (p=1).

a

ly

11-masala. Quyida ko rsatilgan sirtlarning yuzalari topilsin.
11.1 y*+z*=x* sirtning x*-y?=a?-silindr va y=+b-tekisliklar bilan
ajratilgan qismi.
11.2 z? =4x sirtning y? =4x-silindr va x=1- tekisliklar bilan ajratilgan
qismi.
11.3 (x* + yz)% +z =1 sirtning z =0 tekislik bilan ajratilgan gismi.
11.4 x* +y? ==+ax silindrlarning x? +y? +z? =a? shar ichidagi gismi.
115  (x+y)+2z°=2a®  silindrik  sirtning  1-oktandagi  qismi
(sz, y>0, 220, x? +y? +2? ;tO)
11.6 (x+y)’z=x+y sirtning 1< x? + y? <4,x>0,y >0 sohadagi gismi.
11.7 az=xy giperbolik paraboloid sirtning (x*+y?) =2a?xy silindr ihidagi
qismi.
11.8 z? =2xy konus sirtning \/§+\/g<l, x>0, y>0, z=0, x? +y*=20 a>0b>0
sohadagi gismi.
11.9 3z=2x/x+yyfy) sirtning x=0,y=0x+y=1 tekisliklar orasidagi
joylashgan qismi.
11.10 z=4/x2+y?> konus sirtining x*>+y>=2x silindr ichida joylashgan
qismi.
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11.11 x*>+y*=2az paraboloid sirtining (x+y)* =2a’*xy(a>0) silindrik sirt
ichida joylashgan gismi.

11.12 az =xy giperbolik paraboloid sirtning x* +y? =a?(a>0) silindr ichida
joylashgan gismi.

2
11.13 G+%) +%=1 sirtning x=0,y=0,z=0 koordinata tekisliklari orasida

joylashgan gismi.

11.14 z>=2xy konus sirtning x+y=1,x=0,y=0 tekisliklar orasida
joylashgan gismi.

11.15 : =%(x2 —y?) giperbolik paraboloid sirtining (x*+y? )’ = x* —y? silindr
ichida joylashgan gismi.

11.16 z=x* +y?va x+2z=a Sirtlar bilan chegaralangan jismning to"la sirti
(a>0)

11.17 §+%+§ ~1(a,b,c > 0) sirtning 1-oktantdagi gismi.

11.18 x*+y?+2? =R? sfera sirtining (x2+y?J =R?-(x* —y?) silindr ichidagi
qismi.

11.19 x? +y? =6z sirtning (x* +y?)f =9-(x* —y?) silindr ichidagi gismi.

11.20 z? =4xsirtning y? = 4x,x =1 sirtlar bilan ajratilgan gismi.

11.21 y? +z% = x? sirtning x? =ay sirt bilan ajratilgan gismi.

12-masala. Quyidagi sirtlar bilan chegaralangan jismning hajmi
hisoblansin.

x> +y? =2y 12.2

12.1 , X2 +y> =7x,x*+y*=10x, y=0 (y<0)
z:y—x2 z=0

4 ’
2= x*+y?, z=0.

x2+y2:y, x2+y2=4y, x2+y2=8\/§y

12.3 12.4 .
z=x"+y?, 2=0, z=x>+y’-64, 2=0 (2>0)
X% + y? =8+/2x X*+y>=2y

125, 126
z=x"+y>—64, z=0 (2>0) Z=Z—X2,Z=O
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X +y?+4x=0 X’ +y* =3y, X’ +y? =6y,

12.7 : 12.8
z=8-y*, z=0 z=x*+y*, z=0.
12.9 X% + y? = 6+/2x
x> +y®>=6x, X’ +y>=9x; y=0 (y<0), 12.10 .
z=x"+y*-36, z=0 (z>0)
z=+x"+y*,2=0.
X2 +y2 =642y X%+ y? =242y,

12.11 . 1212 :
z=x"+y*-36,z=0 (z2>0) z=x*+y°—4,2=0 (z>0)
X*+y?=2y X* +y? =4x,

12.13 12.14 :

Z:%_Xz’ 220 7=12-y*, =0
x> +y* =2y, x*+y* =5y, 12.16

12.15 x> +y® =8x, x> +y*> =11x, y=0 (y<0)

7=x*+y*, z=0.
z=x"+y*, z=0.
X2 +y?+2J2y=0 X2 +y? =42x,

12.17 : 12.18 :
z=x"+y°-4,2=0(z2>0) z=x"+y*-16, z=0 (z>0)
X +y? =4x, X® +y? =4y,

12.19 : 12.20 :
z=10-y?* z=0 z=4-x% =0
X>+y? =4y, x> +y’ =7y,

12.21
Z=+X*+Vy?, z=0.

13-masala. Quyidagi sirtlar bilan chegaralangan jismning hajmi
hisoblansin.
z7=2-12(x* +y?), 7= 24(x2 +y?)+1,
13.1 +2. 13.2 1.
Z=24x Z=48x+
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2=10[x-2 + ]2, 2=2-18fx-1 + ']
13.3 13.4
z=21-20x. z=-36Xx-34.
z= 8(x2 + y2)+ 3, z7= —16(x2 + yz)—l,
13.5 13.6
z=16x+3. z=-32x-1.
2=2-20[(x +1) +y?] 2=30[(x +1) +y2|+1,
13.7 13.8
z=-40x-38. z=-60x-61.
z=4—14(x2+y2), z=26(x2 +y2)—2,
13.9 13.10
z=-34-28x. Z=-52X-2.
2=28-|(x+1F +y?]+3 z=-2|(x-17 +y?]-1
13.11 13.12
Z=56X+59. Z=4Xx-5.
7 =32(x% +y?)+3, z=-2(x*+y?)-1,
13.13 13.14
z =3-64x. z=4y-1.
2:4—6[(x—1)2+y2], 2:26[(x—1)2+y2]—2,
13.15 13.16 .
z=12x-8. z=50-52x
7=2-4(x* +y?)+3, 2 =30(x% +y?)+1,
13.17 13.18 :
Z=8x+2. z=60y+1
z=22-[(x—1)2+y2]+3, z:—16[(x+1)2+y2]—1,
13.19 13.20
Z =47 —44x. z=-32x-33.
7=2-18(x* +y?)
13.21
z2=2-36Y.

14-masala. Quyidagi sirtlar bilan chegaralangan jismning hajmini
uch karrali integral yordamida hisoblang.

14.1 (x2 + y2)3 +2° =a’xyz. 14.2 (x2 +y2+ zz)3 =a° -(x2 + yz)fl.
14.3 (x2 + y2)2 +z¢=a’ - (x-y)

144 (X V) 2
" la? p?

¢t h
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X2+y?+22=1x2+y*+2? =16, 14.6: :10(x2 + y2)2 +1,z=1-20y.

14.5

2’ =x>+y*(x>0,y>0,2>0)
14.7 X_2+y_2222,222x7:+y?2_ 14.82=24(x* +y?) +1,2 = 48x+1.
14.9 x* +y? =3z,x+y=6. 14.10 z=2- 20x +y) 7 =2-40y.

14.11 z=6-\x*+y®,2=16—x* + Yy 1412\/7 \/7 \/7 11, x=0,y=0,z=0.

1413 z=\/64-x"—y?,2=1X*+y* =60 1414 27— 2x2 + Y y’ axz+ L y’ ~1z-0.
(silindr tashqarisida). 3 9

14.15z:%/ixuyz,zzg_xz_yz_ 14.16

y?+22=a’,y’ +2* =x*,x=b(0<a<b)

14.17 z:‘/E—xz—yz,Zz:szryz. 14.18 _+_2+£ _ ﬁ+y_2 z
9 a’ b? c? a’> b?)c

14.19 7=4-14(x* +y*),z = 4—28x
14.20 x+y+z=ax+y+2=2aX+y=2X+y=22y=xy=3x

z°.

1421 x* +y*+z2° =2az, x> +y* =z2°, x> +y* ==
15-masala. Egri chizigli integrallar hisoblansin.

15.1 [sin ydx+sinxdy, v:A(0,x) VaB(r,0) nuqtalarni tutashtiruvchi kesma.

152 X+ aq 0), B(0; 1), C(-L 0), D(O; 1)

soton M+ Y]

153j-x+ydx (x y)dy . 4y —a?
x2 +y?
15.4 [(2a-y)dx+xdy; y:x=a(t—sint), y=a(l-cost), 0<t<2r.
Y
2 2

15.5 :f (x+ y)dx+ (x — y)dy, v: X—+y—2=1.
a® b

15.6 J'(x +y )dx+(x2 —yz)dy, yiy=1-fl-x, 0<x<2.

15.7 I(xz —2xy)dx+(y2 —2xy)dy, yiy=x?, —1<x<1.
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2 2

15.8 xdx+ ydy y:x—2+y—2=1, x>0, y>0.

S l+xZ+y? @’ b

15.9 fydx—xdy, y:x=acos’t, y=asin’t (Ogtsg}
Y

15.10 J-ydzx—xcziy' y:x=acos’t, y=asin’t (Ostg
X2 +y

)

, va (2;0) nugtalarda bo’lgan

N a

Y

15.11 {ycos xdx +sin xdy,  :uchlari (z; o), (0; 2

N—"

uchburchak konturi.
15.12 §2xdx—(x+2y)dy,y:uchlari (-1 0), (0; 2), va (2 0) nugtalarda bo’lgan

uchburchak konturi.
15.13 [(x* +y?Jix+xydy, y:y=e* chizigning (0; 1) va (& e) nuqtalari orasidagi

yoyi.
15.14 [xdy, y:§+%=1 to'g'ri chizigning (a; 0) va (0; b) nugtalar orasidagi

kesmasi.
15.15 [lyjds, v:(x? + y2f =a?(x + y)-lemniskata yoyi.

15.16 j(x% + y%)ds, y:x% + y% —a’5 _ astroida.
15.17 [(x+y)ds, y:p® =a’-cos2¢ - lemniskata.
15.18 szds, vix2+y?=a? x>0.

15.19 [yds y: y?=2x, y: parabolaning (o; 0) va (12) nuqtalari orasidagi

yoy.
15.20 [—2  4s v:(0: 0) va (@ 2) nugtalarni tutashtiruvchi to'g'ri chizi
kesmasi.

15.21 jxyds, v:3x+4)y|=12, y>0.
Y

16-masala. Hisoblang.
(2:3)
16.1 dey+ yax

(-12)
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16.2

—

(23)
(x+ y)dx +(x — y)dy.
(02)

o
=

=y
N

)

ydx — xdy

>X2

(
16.3
<

N
=

16.4 j ydx % _0y 0°qini kesmaydigan chiziglar bo'ylab.
3

3)
16.5 '[(4xy 15x%y Hix + (2x? —5x° + 7 dy.
(0:2)
(6:8)

16.6 j XX+ Y% _ koordinata boshini kesib 0'tmaydigan chiziglar bo"ylab.

[N
o
[0’
'—.
Nt H/—\v
.:>
+
N
éw
=
>
+
o
>
<
NS
ol
<
=
<

16.9 dex + ydy.
0:1)

(0
16.10 | Xdy y)dx - x t0°g’ri chizigni kesmaydigan chiziglar bo’ylab.
(-1 \X—Y

16.11 jf(x+ y)-(dx+dy), f (u)-uzluksiz funksiya.
0;0)

(a;b)
16.12  [e*(cos ydx —sin ydy).

(0;0)

16.13-16.21 misollardagi ifodalarning biror F(x,y) funksiyaning
to'liq differensiali bo’lishi yoki bo'lmasligini aniglang. Agar u to'liq
differensial bo'lsa, F(x,y) funksiyani toping.

16.13 (x? +2x— y2 Jax+(x? — 2xy — y2 .
16.14 (12x y+—de+{4x ——de

16.15 — =X Y
y- x2+y oyt
16.16 (x +2Xy + 5y )dx+(x —2xy+y )dy

(x+y)
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ydx — xdy
16.17 -
3X° —2xy + 3y

16.18 e*-[e’(x—y+2)+ ylix+e* - [e¥ - (x—y)+1jy.
16.19 *y—vex

x% +4y?
Ay y
1620 20=2)g,, € 4
(1+x2) 1+x

16.21 | ——X 4y lox+| —L— +xlox
e ]
17-masala. Quyidagi I-tur sirt integrallari hisoblansin.
17.1 [[yx® +y?ds, (s)—éﬂ—j—;—z:o, 0<z<b. Konusning yon sirti
©) a

a

17.2 [[(x* +y?)us. (s)-ushbu y/x* +y? <z <1 jismni chegaralovchi sirt.
©)

17.3 [[(xy+xz+yz)ds, (S)- z=+x*+y? Kkonus sirtining x*+y*=ax sirt bilan
(s)

ajratilgan qgismi.
17.4 j_[(xz + yz)zds, (S)-x*+y?+z%=a? z>0.
(s)

17.5 [[zds, (s)-birinchi oktantdagi x+y+z=1 tekislik bilan ajratilgan
(s)

tetraedrning to"liq sirti.
17.6 J‘J'(x2 + yz)ds, (S)—x*+y?+z°=a?
(s)

17.7 (jj)(x+y+z)ds, (s)-ushbu 0<x<a0<y<a0<z<a kubning to'lig sirti.
17.8 (jj)(6x+4y+3z)ds, (s)—x+2y +3z =6tekislikning I-oktantdagi qismi.
S

17.9 (jj)zds, (S)- z=+16—x% —y? sirtning x>0,y >0,x+y <4 sohadagi gismi.
17.10 (jj)(xz +y2+2%fs, (S)—x? +y? +4x=0, 2<z<4 silindrning to’liq sirti

S
17.11 ([zds, (S)-z=xy sirtning x*+y? =4 silindr ishidagi gismi.
17.12 ((jj;yds, (S)—x=2y? +1(y>0) sirtning x=y*+z?,x=2,x=3 sirtlar orasidagi

S

gismi.
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17.13 [[\y*-x*ds, (s)-x*+y®=2z* konus sirtining x*+y*=a* silindr bilan
©)

ajratilgan gismi.

2 2 2 2 2 2
17.14 X—4+g—4+z—ds, (5)- =+ +Z ~1(a>b>c>0)
(5)'a

c* a? b? ¢

17.15 ﬁ%, (S) - x+y+z<1, x>0, y>0, z>0 tetraedrning chegarasi.
) (x+y+1)

17.16 f(xy+yz+2)ds, (S)—z=4/x" +y?, x* + y* < 2ax
(s)

17.17 j‘:'f(x2 +y2 s, (8)-4/x? + y? <z<1 jism chegarasi.
(s)

17.18 ﬁ[xz +y? +z—%}ds, (S) - 2z=2-x*-y?, z>0 paraboloid gismi
(s)

17.19 ﬁ(3x2+5y2+322—2)ds, (S)-y=+vx*+z%2.konusning y=0 Vva y=b
(s)
tekisliklar orasidagi gismi.

17.20 ([ xyzds, (S) - 2° =2xy, z>0 konusning x* +y?* =a* silindr ichidagi gismi.
($)

17.21 ([|xyzds, (s)-z=x* +y?, sirtning z =1 tekislik bilan ajratilgan gismi.
(s)

18-masala. Quyidagi Il-tur sirt integrallari sirtning ko rsatilgan
tomonlari boyicha hisoblansin.
18.1 {fx*dydz+ ydzdx+z%dxdy, (S): x* +y® +z* =a’ sferaning tashqi tomoni.

)

18.2 {fz°dxdy, (s):ﬁ+y—j+é -1 elipsoidning tashqi tomoni.
(s)

a’ c

(=2

18.3 ﬁxzdydz+y2dzdx+zzdxdy, (s):0<x<a, 0<y<a, 0O<z<a Kub sirtining tashqi
(s)

tomoni.

18.4 {f xdydz+ ydzdx+ zdxdy, (S): piramidaning ushbu x+y+z=a, x=0, y=0, z=0
©)

tekisliklar bilan chegaralangan tashqi sirti.

18.5 {f xdydz+ ydzdx+ zdxdy, (S): x* +y* + z* =a® sferaning tashqi tomoni.
©)

18.6 §f(y—z)dydz+(z —x)dzdx+(x—y)dxdy, (S): x* +y*=2> (0<z< h) konus sirtning
©)

tashqgi tomoni.
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18.7 ﬁxzyzdydz+ xy2zdzdx + xyz2dxdy, (S): x? +y? +z%2=1, x=0, y=0, z=0 Sirtlar bilan
(s)
chegaralangan jismning to"lig tashqgi tomoni.

18.8 :f:fx3dydz+ y3dzdx+ 2dydz, (S): x* +y? +22 =2z, z=2 sirtlar bilan
(s)
chegaralangan jismning to"lig tashqgi tomoni.

18.9 {fxdydz+ ydzdx+ zdxdy, (S): x* +y* +2* =a* 0<z<H silindr to’liq sirtining
©)
tashqi tomoni.

18.10 §f yzdxdz, (S): X, +§=1, z>0 sirtning tashgi tomoni.
©) ¢

cr|~<
N N

aZ

2

18.11 gxdydz ()X Y

2 2

<

_1 z>0 Sirtning tashqi tomoni.

Q.)

O

O|N
N

18.12 ﬂx zdydz, (S): 4x* +y? +422 =4, x>0, y>0, z>0 Sirtning tashqi tomoni.

18.13 ﬁ)zdxdy, (s): x? +y?+z? =Rr?sferaning tashqgi tomoni.

S
18.14 ﬁ(x—z)ddeJr(z2 - yz)dzdx+(x+ z)dxdy, (S): x? +y?+2*=R?, z=0, z=b
silindrning yon(ss)irti (tashqgi tomoni).
18.15  ff xdydz+(y + z)dzdx+ (z - y)dxdy, (S): x* +y® + 2> =9, x>0, y=0, z=0 Sirtning
tashqi tc()sr)noni.

18.16 §f xydydz+ yzdzdx+ 2xdxdy, (S): (z-1)? _T+y? 1<z<5 konus sirtining tashqi
©)
tomoni.

18.17 ﬁxdydz+ydzdx+zdxdy, (s): 0<x<1 0<y<1 0<z<1 Kkub sirtining tashqi
(s)
tomoni.

18.18 {{ydzdx, (s): 0z 0°qining musbat gismini o'z ichiga olgan va z=0,z =2

tekisliklar orasida joylashgan z = x* + y? paraboloid sirtining yuqori gismi.

18.19 §f yzdydz+ xzdzdx+ xydxdy, (S): x* +y® =a®, 0<z<h silindrik sirtning tashqi
(s)

tomoni.

18.20 ﬁx?’dydu y3dxdz+ 2dxdy, (S): x* +y? +z2 =x sferaning tashqi tomoni.
(s)
Z2

2 2 . . . . .
18.21 ﬁdydﬂ dzdx | dxdy (). X—2+Z—2+—2=1 elipsoidning tashqi tomoni.
©*x ¥y 7z a

o
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19-masala. Stoks formulasidan foydalanib, quyidagi integrallar
hisoblansin.

19.1 :fydx+ zdy + xdz,y:x=acos’t,y =ay/2sint-cost,z=asin?t(0<t <) aylana.

Y

19.2 §(y-2)dx+(z—x)dy+(x—y)dz, y:x* +y* =a’, §+%=1(a>0, b>0) ellips, bunda

OX musbat yarim o°qda turib garalganda harakat soat millari harakatiga
garama-garshi yo nalishda bo’ladi.

19.3

ffydx+zdy+xdz,7/:x: Rcosa -cost,y = Rcosa -sint,z = Rsina(a —const)0 <t < 2z elli
Y

ps, bunda harakat parametr t ning o'sishiga garab olingan.
19.4 §xydx+yzdy+zxdz,7:x2 +y?+22 =2RX,z =X aylana, bunda

0(0;0;,0;)koordinatalar boshidan garalganda kontur bo'yicha harakat soat
millari harakati bilan bir xil bo"ladi.

19.5 fyzdx +22dy + x?dz, ABCA : A(a;0;0), B(0;a;0;),C(0;0;a;) uchburchak konturi.

ABCA

19.6 :fx2y3dx+dy+dz,7/:x2 +y?=a%z=0 aylana.
Ve

19.7 :fydx+zdy+xdz,y:x2+y2+22:Rz,x=0,y=0,z:0 yopig kontur (I-
V4

oktantdagi).

19.8 §xydx+yzdy+zxdz,;/:x2+y2 =1,x+y+z=1 ellips.
Y

19.9 :fydx—zdy+zdz,7:x2+y2+zz:4,x2+y2=22,z>0 aylana; bunda OZ
V4

0 gining musbat yo nalishidan garalganda yurish soat millari harakatiga
teskari.

19.10 :fydx +22dy+x%dz,y:x*+y?+22 =4,z=+3 aylana; bunda A(0,0;2)
Ve

nugtadan garalganda kontur bo yicha yurish soat millari harakatiga teskari.

Gauss-Ostrogradskiy ~ formulasidan  foydalanib  quyidagi
integrallar hisoblansin.

X2 2
19.11 [[z%dxdy, (S): —2+y—
(s)

2 +é=1 ellipsoidning tashqi tomoni.
a c

19.12 jszdydz+ y2dzdz+ z%dxdy, (S): 0<x<a, 0<y<a, 0<z<a Kub sirtining tashqi
(s)

tomoni.
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19.13 deydz+ ydzdx+ zdydx, (S): x+y+z=a, x=0, y=0, z=0 tekisliklar bilan
(s)
chegaralangan piramidaning tashqi sirti.
19.14 [[xdydz+ ydzdx+ zdydz, (S): x+y+z=a’, sferaning tashqi tomoni.
(s)
19.15 {(y-z)dydz+(z - x)dzdx+ (x— y)dxdy, (S): x* +y* =2°, (0<z<h) konus sirtining

tashqi tomoni.
19.16 'szyzdydz+ xy2zdzdx + xyz2dxdy, (S): x? +y%+2%2=1 x=0, y=0, z=0  Sirtlar
S

bilan chegaralangan jismning to’liq tashqi sirti.

19.17 [[x*dydz+ y*dzdx+ 2dxdy, (S): x* +y* =2z, z=2 sirtlar bilan chegaralangan
S

jismning to"lig tashqi sirti.

19.18 J'J'xdydz+ ydzdx+ zdydz, (S): x2 +y?=a?, 0<z<H silindr to’lig sirtining
S

tashqi tomoni.
19.19 nydydz+yzdzdx+xzdydz, (S): x+y+z=a? x=0, y=0, z=0 piramidaning
(s)

tashqi tomoni.

19.20 Jj4x3dydz+4y3dzdx624dxdy, (s): x2 +y?=a?, z=0, z=h silindrning tolig
©)

tashqi sirti.

19.21 [[x*dydz+ y*dzdx+ z*dxdy, (S): x* +y* +2° =R?, sferaning tashqi tomoni.
©)

20-masala. Furye gatoriga yoying.
20.1. f(x)=xcosx, xe|0; ] da kosinuslar bo"yicha.

20.2. f(x)=xsinx, xe[0; =] da sinuslar boyicha.

20.3. f(x)=x-cosx, xe[-m; 0] dasinuslar boyicha.
20.4. f(x)=x+sinx, xe[-m; 0] da kosinuslar boyicha.
20.5. f(x)=x*-3x boyicha.

20.6. f(x)=3x"+sin®x bo’yicha.

20.7. f(x)=¢*, [ ﬂ da sinuslar bo'yicha.

20.8. f(x)=e7, X€|: 2} da sinuslar bo"yicha.

20.9. f(x)=sinbx, xe(~2;2).
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20.10. f(x)=cosbx, xe(-2;2).
20.11. f(x)=cosbx, xe(L 2).
20.12. f(x)=sinbx, xe(L3).
1-qcosx
20.13. f(x)= : 1.
) 1-2qcosx+q° al<
2014, f(x)=—3MX g,
(x) 1-2qcosx+q° al<
20.15. f(x)=arcsin(sinx).
20.16. f(x)=arccos(cosx)
20.17. f(x)=€"sinx
20.18. f(x)=e*cosx.
-1, -, 0
20.19. f(x):{xz xel-m0)
x?, xe[0; 7]
2 .
20.20. f(x)= 2x%, xe[-m; 0)
3x+2, xe(0; nj
20.21. f(x):x(ngxj, XE‘:O;g:l da toq yoylarning kosinuslari bo’yicha.

21.1.
21.2.
21.3.
21.4.

21.5.

21.6.
21.7.

Izoh. Oraliq ko"rsatilmagan holda [-r; =] kesma nazarda tutiladi.

21-masala. r =(x,y,z) vektor maydonning ogimi topilsin.

x? +y? <z* (0<z<h) konusning yon sirti bo’yicha.

x* +y? <z® (0<z<h) konusning asosi boyicha.

x? +y? <a® (0<z<h) silindrning yon sirti bo’yicha.

x* +y* <a® (0<z<h) silindrning asosi bo yicha.

z=1-x*+y* (0<z<1)sirt boyicha.

x> +y*+z°=1, x>0, y>0, z>0 sferaning musbat oktanti bo ylab.
Ushbu x=0, y=0, z=0, x+y+z=a (a>0) tekisliklar bilan

chegaralangan piramidaning to"la sirti bo ylab.

21.8.

21.9.

x* +y? +2° =x sfera boylab.

Hisoblang.

div[g rad(tgm )J
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21.10. divigradf(r)], r=+x*+y?
21.11. div(ugradu) va div(ugradv)
21.12. rot(ugradu)

Berilgan U maydon uchun gradU(A) va gradU(B) orasidagi
burchak topilsin.

2113 U :%,

Y AL 3), B(-2; 5).

1
21.14. U =In(x* +y2 ]2, A(3,0), B(0;-6).
21.15. U =x’y+xsiny, AL 1), B(4; 0).
21.16. U =3xy® —cos(xy), A(2;0), B(0;2).
21.17. U =y* =3xyz, AL L 2), B(0;2;0).
21.18. U =xy°z%, AL 2 -1), B(-1 L 1).
21.19. U =In(xy)+xyz, AL L 1), B(2 L 2).
21.20. U =x°*—y7z*, A(0; 1, 1), B(2;-1,0).
21.21. A= grad(arctg%} maydonning C:x*+y?=1 aylana bo'ylab
sirkulyasiyasi topilsin.
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-C-
Namunaviy variant yechimi.
1.21-masala. Ushbu Y= X2 42X,y =X+2 chiziglar bilan
chegaralangan b soha uchun | f(x y)xdy ikki karrali integral takroriy

integralga keltirilsin va integrallash chegaralari ikki xil tartibda
goyilsin.

aBirinchi navbatda y=x*+2x=(x+1°-1 va y=x+2 chiziglarning
kesishish nugtalari m,(-2,0), m,@®3) larni topamiz va sohani chizmada
tasvirlaymiz (14-chizma).

14-chizma.

>

14-chizmadan ko'rinadiki, D sohani tengsizliklar yordamida
quyidagicha ifodalash mumkin:

D={(x,y):—2£xs1, X% +2x< y3x+2}={(x, y):—l—,/y+1sx§—1+,/y+1;—1sysO}u
u{(x,y): y—2<X<—14.y+1,0< y£3}.

Bu vyerdan 2%-punktdagi 3 va 4-teoremalarga ko'ra quyidagi
tengiklarni hosil gilamiz:

” f(x, y)dxdx= W er (x, y)dy]dx = T{_ij;l(x, y)dx]dy + }[_ijfﬂ(x, y)dx}dy >,

-2 x2+2x -1 1-/y+1 y-2

2.21-masala. Integrallash tartibini o zgartiring.

1 x V2 2
jdxjfdy+jdx jfdy.
0 0 1 0

2

<Masala shartiga ko 'ra

D:{(x,y):OSXSLOSySXZ}U{(x,y)ASXS\/E, OSyS\/Z—XZ} D soha 15-
chizmada tasvirlangan.
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0 1 V2 >
15-chizma.

15-chizmada ko'rinadiki, b sohani quyidagicha ham ifodalash
mumkin:

: N 2y
Dz{(x,y):WSXS\IZ—yz, OSysl}:jdx]‘ fdy + J?dx ZIX fdy:Jl'dy 2nydx.l>
0 0 1 0 0 Jy

3.21-masala. D={xy): 0<x<1 2x<y<3x} soha uchun ] £(x, y)dxdy

integralda qutb, koordinatalariga x=rcose,y=rsing 0'tib, integrallash
chegaralari ikki xil tartibda qgo yilsin.

< Integrallash chegarasini qo'yish uchun avval b sohani chizmada
tasvirlab olamiz (16-chizma).

g y=3x
3‘- é/hzx
i A
o C _
1 >
x=4
16-chizma.

Ikki karrali integralda o zgaruvchilarni almashtirish uchun birinchi
navbatda akslantirish yakobianini hisoblaymiz.
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or 0 CoS@ —rsin
D(r,¢) dy & | fsine rcose
or o

Undan so'ng b sohani qutb koordinatalar sistemasida ifodalaymiz,
ya ni b sohaning akslantirish natijasidagi obrazi A ni topamiz va (10)-
formuladan foydalanamiz.

< AOC =arctg2, <BOC =arctg3, OA=+1? + 22 =/5, OB=+1% +3? =410; x=1=

:>r005(p=1:>r=i:D={(r,(p):arctg23(psarctgs, 0<r< 1 }:
(o) cose
=D, UD, = {(r,(p):arctQZS(pg arctg3,0<r S\/g}u

u{(r,(p): arctg%g p<arctg3, J5<r< \/1_0} =

arctg3 /5 J5 arctg3
[[ f(x y)ixdy="[ deo [rf(rcosg,rsinekr= [dr [rf(rcose,rsing)de+
D arctg2 0 0 arctg2
V1o  arctg3
+ j dr jrf (rcose,rsin@)de >
V5 arctg%

4.21-masala. Hisoblang.
I=H(xy—4x3y3)dxdm D:x=1 y=x% y=—Jx.

< D sohaning shaklini chizib olamiz (17-chizma) va Kkarrali integralni
takroriy integralga keltirib, uning giymatini hisoblaymiz:

Yl

A

\V’P\

X=

.

17-chizma.

<[l =05 xen sy -

D

3

dx (xy —4x3y? )dy =
K

O ey
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1 2 x? 1/ 7 2 8 16 3 6\
=J(x-y——x3y4j dx:j(x——xls—X—+X5de=(x——x——x—+x—] =0p.
772 a2 2 16 16 6 6)

5.21-masala. Hisoblang.

I:Hycosxydxdy, D:y=m y=3n, x=%, x=1
D

< Masala shartiga ko ra
Dz{(x, y): %SXSL n< ysSn} soha to'gri to rtburchakdan iborat.

3n 1

Unda | =ﬂycosxydxdy=Jl‘deycosxydszdyj'ycosxydx= j(y%sin xyjldyz
D 1 % T 1

T =

2 2

3n 3n
= J'(sin y —sin %jdy:(— CoSy + 2COS%) =0.>

6.21-masala. Hisoblang.
X Z
I=J'ﬂ' dxdydz ; (V)Z §+3+g—1,
V) (1+x+y+z] =0,y =0,

< Masala shartidan ko rinadiki (v) jism uchburchakli piramida
bo'ladi va uning shakli 18-chizmada tasvirlangan. (v) jismni

tengsizliklar yordamida quyidagicha yozish mumkin:
(v): {(x, y,z): 0<x<8, 0< y$3(1—gj, 0<z 35[1%—%)}

18-chizma.
Berilgan uch Kkarrali integralni takroriy integralga keltirish yo'li bilan
hisoblaymiz:
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8 8
3 y
0 0 1+—+1 0 41+—+X
8 3 8 3 0

8

3 3( «x 3 3. 3 x? 2
=] “oa 320 8)" O T B
0 4(1+Xj 142
8

—§—i( —4)—3+2=—§—§—3+2=1.>
8 32 8 8 8 8

Izoh. Agar 6.21-misolda o'zgaruvchilarni almashtirsak, ya'ni
x=8u, y=3v, z=5w almashtirish bajarsak, integralni hisoblash ancha

yengillashadi.

800
Bunda yakobian 2%YY) _| 5 3 ¢ |-120 bo'lib,
D(x, y,w)
005

(V) jism ushbu (A)={u,v,w): 0<u<1, 0<v<i-u, 0O<sw<i-u-v} jismga akslanadi
va 0 zgaruvchilarni almashtirish formulasiga ko'ra quyidagilarga ega
bo lamiz.

1 1-u 1-u-v
I :120_c[du£dv .([ Crovial

dw

Bu integralni hisoblab, 1 =1 ekanligini tekshirish giyin emas.
7.21-masala. Quyidagi
y=v6-x%, y=v6-6-x*
chiziglar bilan chegaralangan shaklning yuzasi topilsin.
y=6-6-x*

nugtalarini topamiz.

sistemani echamiz va bu chiziglarni kesishish
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3 3
V6—X2 =46 -V6—X> = X, =——— X, =—.
N RN

Berilgan chiziglar bilan chegaralangan o sohaning shaklini chizamiz
(19-chizma) va bu sohaning yuzasini (15)-formula yordamida
hisoblaymiz.

19-chizma.
%F -x? % -2 %f
s = [ dxdy= Izdx 6[ dy=2-fdx Gj dy=2[3[2\/6— 2—£]dx=
D 3 Je-e-x® 0 Jo-6-x2 0
7z
2
(U\/az - xzdx=§\/a2 — x? +a?arcsin§+c, formuladan foydalanamizD:

3

e
=2(x\/6—x2 +6arcsini—\/6_xj =2-(%-\/§+6arcsin§—3ﬁj=
0

NG
:z.(zn_¥}4n_3ﬁ kv.birl.o

8.21-masala. Quyidagi
y2—2y+x%=0, y* —4y+x*=0, y=x, x=0.
chiziglar bilan chegaralangan shaklning yuzasi topilsin.
y2 -2y +x*=0 = x? +(y-1f =1
<
y2—4y+x2=0= x*+(y-2)" =4
Bu tengliklardan foydalanib, berilgan chiziglar bilan chegaralangan b
sohaning chizmasini osongina chizamiz (20-chizma).
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Y=X

4

o

D

2

L ¥

! -

0 1 2 X

20-chizma.

D sohani tengsizliklar yordamida yozib olamiz:

Dz{(x, y): 2y —y? <x<y; 1Sys2}u{(x, y): 0<x <4y —y?; ZSys4}
Bu munosabatdan foydalanib b sohaning yuzasini hisoblaymiz:

4y-y

2 y 4 \/72 2 4
Szﬂdxdyzfdy _[ dx+fdy I dx=j(y—1/2y—szdy+J}/4y—y2dy=

D 1 foyy? 2 0

2 4 yZ y_l 1 2
J(y— 1—(y—1)2)dy+_[ 4—(y—2)2dy:(——— 1—(y—1)2—§arcsin y—l] +
1 2 1

2 2
+ y=2 4—(y-2) +2arcsiny—_2 ls= 2 Larcsin1 —£+2arcsin1:§+§arcsin1:
2 2 2 2 2 2
:§[1+Ej=3(2+”) kv. birlik.>
2 2 4

9.21-masala. Zichligi p=§ bo"lgan

X2 y2
D=<(X,y): 1<—+-—<5;, x>0;y>2x
{( V) 1<+ y }

plastinkaning massasi topilsin.
< Plastinkaning massasini  (17)-formula, ya'ni M ={[p(x,y)dxdy

formuladan foydalanib topamiz. Bu integralni hisoblashni yengillashtirish
uchun umumlashgan qutb koordinatalar sistemasiga o tamiz:

X = 2I COS @ 2c0s@ —2rsin@
=l =

y =4rsing

D(x,y) _

D(r.0) o

4sing 4rcoso
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NG

y =2X 4rsin @ = 4rcose ¢= o . . N
= = = Bajarilgan almashtirishdan so'ng

x=0 2r coso

(p:

NN

berilgan b plastinkaga ushbu A:{(r,(p):gécpé%; 1<r< } plastinka akslanadi
= M = [[ p(x, y)dxdy=

% s
. 2r coso COS(p r?
— [[8rp(2r cose, 4 drde =8 [ do|r - d —4 B}

4

= nsmcpn = nsin——Insin— |=48 —In— |=48-Inv2 =24In2.>
aginfsin o2 = 44 Insin ™~ Insin ™ | = 4¢ — In—= | =482 = 24In2
z 2 4 V2

10.21-masala. r=a(+cosp) kardioda bilan chegaralangan
plastinkaning 0x va Oy o"qglariga nisbatan 1, va I, inersiya momentlari
topilsin.(p=1)

<« Berilgan plastinkaning Ox va Oy o glariga nisbatan inersiya
momentlari (20)-formulalarga ko'ra

L = [[p- y?dxdy=[[ y?dxdy Va 1, = [[px*dxdy= [[ x*dxdy tengliklar yordamida
D D D D

topiladi.
Bu formulalar qutb koordinatalar sistemasida quyidagi ko rinishga
keladi:

= Hrs sin gdrdp va I, = H r® cos? pdrde,
bu yerda A:{(r,(p): —gﬁcpﬁn; o<r<a(l+ COS(p)} (21-chizma).

Y

21-chizma.
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a(l+cosg)

Ingﬁsinzgpdrdgo:isinijd(p _[ r3dr:32a4]§sin2%-coslo%dgo=

0

sin£:2:>(p=2arcsinz:>dgo= 2dz
2 1_22 ) .
=||p=0=12=0 —6da* [22-(1-2?)dz =

p=r=1=1

1 1 3

:[{Zzztde:%tzdtB 32a jt? (1- t)zdt 32a* jt? (- t)?’ldt_

311 F@)F(lzlj 217a’*
=32a* B(Z j 32a*- = :

r(7) 32
a(l+coso)

=”r cos? gdrde = ”r3drd(p—l —_[d(p _[r3dr—l

: e

=8a%[cos® L —dp—1, =8a* 1, =T

a Icos , ~do—1, =82 e =

Demak, 1, =22ra*, 1, =22 rat >
32 Y32

11.21-masala. Quyida ko rsatilgan sirtning yuzasi topilsin.
(S): y* + 2% =x? sirtning x* =ay sirt bilan ajratilgan gismi.
< Yuzasini topishimiz kerak bo’lgan sirtning Oxy tekisligidagi
proyeksiyasi 22-chizmada tasvirlangan.

1Y x=yay
=X

h a. A e — —

1 |

‘ |

! |

| N
“a 0 a s

22-chizma.

Sirtning  yuzasini  (16)-formuladan foydalanib  hisoblaymiz. Agar
Dz{(x,y):OSysa,ySXS\/a_y} desak, unda S=4-II\/1+(Z;)2+(Z;)2dxdy boladi,
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chunki, y?+z2=x* konus sirtning Oxy tekislikka nisbatan simmetrik
joylashgan z>0 va z<0 tengsizliklar bilan tasvirlanadigan gismlari bor,
ham D soha (s) sirtning Oxy tekislikdagi proyeksiyasining yarim bo"lagi.

: ' , ; V2
x:—%ﬁ, z, =- —xzy— . :>\/1+(zx)2+(zy)2= = _Xyz =

=X -y* =1

a Jay
S=4J§Idyj x2 —y? dy 4\/_J‘\/ay y2dy=
0 y \[X -
a al’
4\/5-31' a—z—(y—i 2dy—4\/5- y_Ew/ay—yz+a—2arcsiny_E _ﬁ
V4 2 2 8 a V2
2 o

Shunday qilib, s :’%zkv. birl. o

12.21-masala. Quyidagi
X2 +y% =4y, X2 +y2 =Ty, z=4x>+y?, 2=0
sirtlar bilan chegaralangan jismning hajmi hisoblansin.
< Jismning hajmini ikki karrali integral yordamida (14)-formuladan
foydalanib, hisoblaymiz:

Vv :” f(x, y)dxdy:'”’\/x2 + y2 dxdy,

bu yerda D soha x*+y?=4y va x*+y* =7y aylanalar bilan chegaralangan
(23-chizma).

23-chizma.

Hisoblashni yengillashtirish uchun qutb koordinatalar sistemasiga o tamiz:
X=rcose, y=rsing
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Unda b soha ushbu A={r,¢): 0<e<r, 4sinp<r<7sine} Sohaga akslanadi
va hajm osongina hisoblanadi.

n 7sin 7sing % 3 7sing

V—Hrzdrd —Id jQrzdr—Z-de jrzdr—zjr—
=JJrtdrdo=]do =2 [do =2]

0 4sing 0 4sing 0

%
d(p=186_|‘sin3 odop =
0

4sing

3 3 %
- 186[ (cos? ¢~ L)d (cosp) =186 {COZ ?_ cos@J 186 g ~124,
0 0

Demak, v =124 kub. birlik.

13.21-masala. Quyidagi z=2-18(x*+y?) va z=2-36y sirtlar bilan
chegaralangan jismning hajmi hisoblansin.

< Bu jismning hajmini ham (14)-formuladan foydalanib hisoblaymiz.
Awval jismning Oxy tekisligidagi proyesiyasi b ni topamiz:

{z = 2—18(x2 + y2)

= 2-18(x> +y?)=2-36y = x> +y* 2y =0= x> +(y -1 =1=
z=2-36y

D= {(x y):x2 +(y-1) =1}
Demak,

\Y; =ﬂ [2 —18(x2 + y2)—(2—36y)}jxdy=—18ﬂ(x2 +y?— 2y)dxdy=—18J‘J' lx2 +(y-1) —1dedy=

{[xrcow:Mr, A={r,0):0<p<2m, 0<r<1}

H = —181:[d(pJ:' r(r2 —1)dr =

y—-1=rsino

21/ .4 2\!
8[| =T | dp=22.27 oz kub. birlik. »
0 4 2 0 4

14.21-masala. Quyidagi
x> +y2 422 =2az, x> +y? =12%, X +y? _1,
sirtlar bilan chegaralangan jismning hajmini uch karrali integral
yordamida hisoblang.
< lIzlangan hajmni topish uchun avval (13)-formulalardan foydalanib,
X= pCoS¢-Siny,
y = psing-siny,
Z= pCosy.

akslantirish yordamida sferik koordinatalar sistemasiga o'tamiz. Bunda
yakobian

D(x,v,2)

2 -
=p?-siny
D(p, o, v)
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bo'lib, (v) jism (a) jismga akslanadi. Izlangan hajmni hisoblash uchun
Vv =mdxdydz =ﬂjp2 sinydpded
V) (x)
formuladan foydalanamiz.

Berilgan sirtlarning tenglamalarini sferik koordinatalarida yozamiz.
{2 +y? +2% = 2az}— {p = 2acos /),

24y =22 {tgzllle}j{‘//:%}'

R LA R
3 3 6)
Demak, (v) jism quyidagicha bo ladi.
(A):{(p,(p,\u):OSQSZn, gS\yS%, OSpSZaCOS\V}

Shunday qilib, izlangan hajmni onsongina hisoblaymiz:

w7 wev o lemt 5+ (ub.birl
V= [do[si dp = sinpdy = > ub.birl)s.
_([ go;[smn//dz// ! pidp="—= J:cos w-sinydy T ( )
6 6

15.21-masala. Egri chizigli integral hisoblansin.
Ixyds, 73X +4y|=12, y>0.

e

< y yoy Oxy tekislikda ABS siniq chizigni beradi. (24-chizma).

AY
cl=

oo
f
H‘

-4 0

24-chizma.

.3
AC:3x+4y=120<x<4 AC:y=—7x+30<x<4

—
BC:-3x+4y=12-4<x<0 BC;y:%x+3,—4SXSO
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Birinchi tur egri chizigli integralning qiymatini (24)-formuladan
foydalanib, hisoblaymiz:

Ixyds— _[ xyds + Ixyds—jx ——x+3 ‘/1+(—— dx+j x+3 ‘/1+( j dx
:jx(—%x+3j-%dx _T x+3 dx_—-(%— J (X3+3)2( j =
0 -4 "

:%(24—16)+%(16—24):O|>

16.21-masala. Ushbu

X y
— d — dy.
[ X2+y2 +y} X+( X2+y2 +XJ Vi
ifodaning biror F(x,y) funksiyaning to'liq differensiali bo’lishi yoki
bolmasligini aniglang. Agar u to'lig differensiali bo'lsa, F(xy)
funksiyani toping.

X y
P(x,y)= va Q(x,y)=
< P(xy) N Qlx.y) oy
deb belgilasak, pdx+Qdy ifodaning to'liq differensiali bo’lishi uchun (38)-
tenglik, ya ni

+ X

P_RQ
oy ox
munosabat bajarilishi kerak. Shuni tekshiramiz:
oP X Xy aQ ' '
== +y| =-———2——+1=—== Berilgan ifoda biror F(xy)
oy {wlxz +y? ]y ( [2 + yz) OX

funksiyaning to’'liq differensiali. F(x,y) funksiyani topish uchun (39)-
formuladan foydalanamiz. Soddalik uchun x, =0, y, =1 deb olamiz.

F(x, y)=.IP(x, y)dx+_:fQ(O, y)dy = 'I(\/xz)iriyz + y]dx+jlfdy+c =JX*+y? +xy+c.
Demak, F(x,y)=+x*+y? +xy+c.>
17.21-masala. Quyidagi I-tur sirt integrali hisoblansin,
[[[xyzds, (8)-z=x*+y?, ~ (s): z=x*+y’sirtning z=1 tekislik bilan
(s)

ajratilgan gismi.
< z=x*+y? paraboloid aylanma sirtdir, unda z>0
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Demak, integral ostidagi funksiya

f(xy,2)=]xyz| =z: [
ko'rinishda  yozilishi mumkin. To'rtta oktantda olingan
M, (X, y.z), M,(=xy,2), My(-x-y,2), M,(x—y,z) nhugtalarda bu funksiyaning
giymati 0" zaro teng.
Shuning uchun integrallashni I-oktantda (unda f(x,y,z)=xyz ) olib boramiz
va natijani 4 ga ko paytiramiz.

I=4-1=4. ”xyzds=4-_nyz-\/1+(lej2 +(z’y)2dxdy,
(S1) D

bu yerda (s,) sirt (S) sirtning I-oktantdagi gismi, b esa (S,) ning Oxu
tekisligidagi proyeksiyasi (25-chizma).

AY
D
-
; 1 >
25-chizma.

Xx=rcosep = 0<r<1

z, =2, zy’ =2y = = | =4”‘xy(x2 +y2 N1+ 4x% + 4y?dxdy= =
D

y=rsing = OS(psg

j N1+ 4r? drjsmm cospdp=2- Ir 1+4r dr 2_[r N1+4ridr=

Vi+4r? =t, decar, r=0=t=1, r’ =%(t2 ~1)
1
r=1=t=45, rdr =~ tdt

=—jt (2 -1f dt = (125\/_ 1)

18.21-masala. Quyidagi I1-tur sirt mtegrall sirtning ko rsatilgan
tomoni bo yicha hisoblansin.
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dydz dzdx dxdy x* oy? o7
I=J'.[ + ; = (S).?+—2+—2=1

O
()

ellipsoidning tashgi tomoni.
ﬂdx_dy =l o, -1l dzdx, deb belgilasak, 1=1,+1,+I,

bo’ladi, (s ) sirtni ham ( Ju(s 2) deb olamiz, bu yerda (s,) ellipsoidning
z =0 tekislikdan yugorida, (s, ) esa pastda joylashgan gismi. Unda

e R
) (81) (S2)

bo'ladi . Integral (s,) sirtning pastki tomoni bo'yicha olinganligi sababli
ikkinchi integralning oldiga minus ishorasi qo’yildi. Ikkinchi tur sirt
integralini (43)-formula yordamida hisoblaymiz. Bu yerda

{(x y): X—Z g—jsl} ellips va (s,) da

2 2 2 2
7=c 1_:_2+Z_2, (s,) da esa z:—c,/l—%+g—2, bo'ladi. Bularni (43)-

formulaga qo’yib, quyidagilarni hosil gilamiz.

dxdy dxdy dxdy X= arcos<p
y? y? y= bI’SIn(p
1_7_7 1—f—bT 1_7_72
_2abj T _4nmabt rdr
= A={r¢):0<p<2m, 0<r<i |I|=abr} =
o -t
4_7zab.(_1ll_r2 |%)) 4mab
c
Xuddi shunga o xshash
|, =40y |3=$ ekanligini  hisoblash  giyin  emas.
a
A
=I=I+1,+1,=——(a’h? +b%c® +c%a’| >
1 2 3 abC( )

19.21-masala. Gauss-Ostrogradskiy formulasidan foydalanib,
guyidagi integralni hisoblang.

”xzdydz + y?dzdx + z%dxdy, (S):x*+y®+z°=R?
S
sferaning tashqi tomoni.

< P=x*Q=y? R=z"> va (V):{(x,y,z)eR3:x2+y2+zzsR2} desak,
Ostrogradskiy teoremasining barcha shartlari bajariladi. Unda
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[[ x*dydz + y*dzdx + z*dxdy, [[f (E LR, %jdxdydz =2[[] (x+ y + z)dxdydz =
(S) v\ox oy o W)

=((sferik koordinatalar sistemasiga 0 tamiz
X =pCoSQSin y
y=psing-siny = ‘I(p,(p,\p)(:pz siny, 0<p<2x, 0<y<m 0<p<R))
Z=pCcosy

21 T R

:2Id(pfdwfp3[(003(p+sin(p)-sin2\V+COS\|J-Sin\|J]dp=
0 0 0
4 n 2n
:7j[(sin<p—coscp)-sin2\y+cosxysin\p-(p] dy =
0 0
7 2|7
=7R* [ cosysinydy =nR* SNV o
=Y 0

20.21-masala. f(x)=x(§+xj funksiyani XE‘:O;g:I da yoylarning

kosinuslari boyicha Furye gatoriga yoying.
< Masala shartiga ko'ra Furye gatori

S"a,, , cos(2n —1)x

n=1
ko'rinishga ega bo'lishi kerak. Manfiy x lar uchun funksiyani

f(x)=f(~x) tenglik yordamida aniglasak, ya'ni juft funksiya sifatida

davom ettirsak, barcha n lar uchun b, =0 bo'ladi. Yana a,, =0 shartni ham
bajarishimiz lozim. Buning uchun

f(n—x)=—f(x), Xe(g; nj *)

shartning bajarilishi kifoya.

Darhagiqgat,
g 22 27
a,, =— [ f(x)cos2nxdx= = [ f (x)cos2nxdx+ = [ f (x)cos2nxdx
To To TEE

2
Ikkinchi integralda x=n—t almashtirish bajaramiz. cos2n(n—t)=cos2nt
tenglik va (*) shartning bajarilishidan
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f (n—t)cos2ntdt=0

o —nN |3

Ay, = %T f (x)cos2nxdx+
0

alm

ekanligini hosil gilamiz. Endi

Ay, = %T f (x)cos(2n —1)xdx+ %T f (x)cos(2n —1)xdx
0 x
2

koeffisientni hisoblaymiz. Ikkinchi integralda x=r—t almashtirish bajarib
va cos(2n—1)r—t)=—cos(2n-1}x ekanligini e'tiborga olib, quyidagini hosil
gilamiz:

n/2 /2

ay _4 jf(x)cos(Zn—l)xdx:ﬂ [ X(E+xjcos(2n—1)xdx:
T o T o 4
_()™se 8
2n-1{ 2 n(2n-1) |

2 (=)™ | 3n 8
f(x)= E(Zn—_l) {?— on 1) }cos(Zn—l)x. >

Demak,

y

21.21-masala. A:grad(arctg—J maydonning C: x*+y* =1 aylana
X

bo'ylab sirkulyasiyasi topilsin.

< A=(A,A,) maydonning komponentalari A = 2—)’2 va
X +Yy
A2=X2Xyz bo'ladi. Shuning uchun maydonning sirkulyasiyasi
+

quyidagicha hisoblanadi:
X

y
dx+ Ady=4¢— dx+ dy =
e v v

:((C dax® +y? =1 )):
= {— ydx+xdy = ((x =cost; y=sint; 0<t<2n))=
C
2n

2n
= [[-sint-(~sint)+cost +cost]dt = [dt=2m.>
0 0
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