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Annotatsiya 

 

 Qo`llanma matematik analiz fani chuqur o`rganiladigan 

universitetlarning talabalari tomonidan mustaqil ishlarni bajarish uchun 

mo`ljallangan bo`lib, u bakalavriatning «Matematika», «Tatbiqiy 

matematika va informatika», «Informatika va axborot texnologiyalari», 

«Statistika»  va «Mexanika» yo`nalishlari Davlat ta`lim standartlariga mos 

keladi. 

 Qo`llanma ketma-ketlik va funksiya limiti, bir o`zgaruvchili 

funksiyaning differensial va integral hisobi, ko`p o`zgaruvchili 

funksiyaning limiti, uzluksizligi va differensial hisobi, sonli qatorlar, 

funksional ketma-ketlik va qatorlar, xosmas integrallar, parametrga bog`liq 

xos hamda xosmas integrallar, karrali integrallar, egri chiziqli va sirt 

integrallari, maydonlar nazariyasi elementlari va Furye qatorlari 

mavzularini o`z ichiga oladi. Qo`llanmada 8 ta mustaqil ish, 2667 ta misol 

va masalalar keltirilgan bo`lib, ulardan 127 tasi batafsil yechim bilan 

ta`minlangan. 

 

Mualliflar: 

fiz.-mat. fanlari doktori, dots. B.A.Shoimqulov  

fiz.-mat. fanlari nomzodi, dots. T.T.To`ychiyev  
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Taqrizchilar:  

fiz.-mat. fanlari nomzodi, dots. Q.Ataxonov  

fiz.-mat. fanlari nomzodi, dots. A.Karimov  

fiz.-mat. fanlari nomzodi, dots. Sh. Qosimov  

 

Mazkur o`quv qo`llanma Mirzo Ulug`bek nomidagi O`zbekiston Milliy 

universiteti Mexanika-matematika fakul`teti Ilmiy kengashining 2006 yil  6 

sentyabrdagi 1-sonli majlisida nashrga tavsiya etilgan.  
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So`z  boshi  

 Respublikamizda kadrlar tayyorlash Milliy dasturining birinchi 

(1997-2001 yillar) va ikkinchi bosqichlari (2001-2005 yillar)  yakunlandi. 

O`tgan vaqt mobaynida Respublika Oliy ta`limi tizimida katta o`zgarishlar 

bo`ldi, xususan, yangi Davlat ta`lim standartlari ishlab chiqildi va 

tasdiqlandi. Ilm-fan jadal taraqqiy etayotgan, zamonaviy axborot-

kommunikatsiya tizimlari vositalari keng joriy etilgan jamiyatda turli fan 

sohalarida bilimlarning tez yangilanib borishi, ta`lim oluvchilar oldiga 

ularni jadal egallash bilan bir qatorda, muntazam va mustaqil ravishda 

bilim olish vazifasini qo`ymoqda.  

 Qabul qilingan yangi Davlat ta`lim standartlarida ilg`or chet el oliy 

ta`lim muassasalarida keng qo`llaniladigan va yaxshi samara beradigan 

mustaqil ta`lim olish usuliga asosiy e`tibor qaratildi. Talabalarda o`quv 

adabiyotini mustaqil o`rganish va undan foydalana bilish malakalarini hosil 

qilish, mantiqiy fikrlashni o`stirish va matematikaviy madaniyatning 

umumiy saviyasini ko`tarish, tatbiqiy masalalarni matematikaviy 

tomondan tekshirish malakalarini hosil qilish va bu masalalarni 

matematikaviy tilda ifodalashga o`rgatish maqsadida o`quv dasturlariga 

matematik analiz fanidan mustaqil ishlar kiritildi va o`quv rejasida ularga 

mos soatlar ajratildi. 

 Ushbu qo`llanma matematik analiz fani chuqur o`rganiladigan 

universitetlarning talabalari tomonidan mustaqil ishlarni bajarishga 

mo`ljallangan bo`lib, u bakalavriatning «Matematika», «Tatbiqiy 

matematika va informatika» va «Mexanika» yo`nalishlari Davlat ta`lim 

standartlariga mos keladi. 

 Qo`llanma to`qqiz paragrafdan iborat bo`lib, 1-§ da matematik analiz 

fanidan mustaqil ishlarni bajarish jarayonida kerak bo`ladigan asosiy 

formula va qoidalar keltirilgan. Qolgan paragraflarda esa «Ketma-ketlik va 

funksiya limiti», «Funksiya hosilasi va differensiali, ularning tatbiqlari», 

«Aniqmas va aniq integrallar, ularning tatbiqlari», «Ko`p o`zgaruvchili 

funksiyalar», «Sonli qatorlar», «Funksional ketma-ketliklar va qatorlar», 

«Xosmas va parametrga bog`liq integrallar» va «Karrali va egri chiziqli 

integrallar, Sirt integrallari va maydonlar nazariyasi elementlari, Furye 

qatorlari” mavzulari bo`yicha 8 ta mustaqil ish tavsiya etilgan. Har bir 

mustaqil ishni berishdan avval shu mustaqil ishni muvaffaqiyatli bajarish 

uchun lozim bo`ladigan asosiy tushuncha va tasdiqlar keltirilgan (A 

bo`lim). B bo`limda talaba bajarishi va keyin topshirishi lozim bo`lgan 21 

ta variantdan iborat mustaqil ish vazifalari tavsiya qilingan. C bo`limda esa 
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talabaning mustaqil ishni bajarishini va undagi materialni o`zlashtirishini 

yengillashtirish maqsadida 1 ta variantdagi (21-variant) barcha misol va 

masalalar to`liq yechib ko`rsatilgan.  

 Qo`llanmani tayyorlashda mualliflar tomonidan mavzularning oddiy 

va sodda tilda, tushunarli va ravon bayon etilishiga, faqat zarur, lekin fanni 

malakali tushunish uchun yetarli ma`lumotlarni berishga, Mirzo Ulug`bek 

nomidagi O`zbekiston Milliy universiteti Mexanika-matematika fakultetida 

matematik analiz fanining o`qitilishi jarayonida yig`ilgan tajribalardan 

imkon darajasida to`liq foydalanishga harakat qilindi. Shu munosabat bilan 

mualliflar o`quv qo`llanma talabalarda bilim olishga intilish hissi, mustaqil 

fikrlash malakalarining shakllanishiga xizmat qiladi, deb umid bildiradilar. 
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1-§. Asosiy formula va qoidalar. 

1
0
. Qisqa ko`paytirish formulalari va Nyuton binomi 

1.   222
2 bababa  . 

2.   32233
33 babbaaba  . 

3.   322344
464 abbabaaba  4b . 

4.   bababa  22 . 

5.   2233 babababa   . 

6.    
 

 
n

k

n

k

knkk
n

kknk
n

n
baCbaCba

0 0

,                                                      

bu yerda  
 

nn
knk

n
C k

n 


 21!  ,
!!

!
 va .1!0   

7.     








 
1

0

1

0

11
n

k

n

k

knkkknnn bababababa  

   122321   nnnnn babbabaaba    bu yerda .1  ,  nNn  

8.   1342321   nnnnnnn bbababaababa  , bu yerda 1n  

dan katta bo`lgan ixtiyoriy toq natural son.  

2
0
. Daraja va ildizning xossalari. Logarifmlar 

 1. 10 а , yxyx aaа  , yx

y

x

a
a

a  ,   xyyx aa  ,   xxx
baba  , 

x

x

a
a

1
  

2. n

m

n m aa  , mmm baab  , 
m

m

m

b

a

b

a
 ,   m kk

m aa  ,  

kmk m aa  , kkm m aa  . 

3. 









lsa.bo'  0agar    ,

lsa,bo'  0agar    ,2 2

aa

aa
aam m  1212   mm aa , agar 0a  bo`lsa; 

mm ba  , agar ba 0  bo`lsa. 

4. Ixtiyoriy x  uchun 0xa ; 

yxaa yx   
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5. 









lsa.bo'  1a0agar    ,

lsa,bo'  1agar    ,

yx

ayx
aa yx  

6.  .0  ,0  ,0  ,0  byax  baab
log

 , ,1log xx  01log x ,  

  ,logloglog yxxy bbb   yx
y

x
bbb logloglog  , x

k

m
x b

m

bk loglog  , 

a

x
x

b

b
a

log

log
log  ; 

a
b

b

a
log

1
log   

 

3
0
. Trigonometrik funksiyalar va trigonometriya formulalari. 

1. Trigonometrik funksiyalarning ishoralari 

 sinx cosx tgx  ctgx 

2
0


 x  

+ + + + 




 x
2

 
+ - - - 

2

3
  x  

- - + + 




2
2

3
 x  

- + - - 

2. Trigonometrik funksiyalarning ba`zi bir burchaklardagi 

qiymatlari 

Radianlar 0 

6


 

4


 

3


 

2


 

  

2

3
 

2  

Graduslar 0
0
 30

0 
45

0
 60

0 
90

0 
180

0 
270

0 
360

0 

xsin  0 

2

1
 

2

2
 

2

3
 

1 0 -1 0 

xcos  1 

2

3
 

2

2
 

2

1
 

0 -1 0 1 

tgx  0 

3

3
 

1 3  - 0 - 0 
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ctgx  - 3  1 

3

3
 

0 - 0 - 

3. Asosiy trigonometrik ayniyatlar 

1. 1cossin 22  xx . 
2. 








 nx

x

x
tgx 



2
    , 

cos

sin
. 

3.  nx
x

x
ctgx      ,

sin

cos
. 4. 










2
   ,1

n
xctgxtgx


. 

5. 
x

xtg
2

2

cos

1
1  , 








 nx 



2
     . 6. 

x
xctg

2

2

sin

1
1  ,  nx   , 

 .Zn . 

4. Keltirish formulalari 
y   

x
2


 

x  
x

2

3
 

x2  

ysin  xcos  xsin  xcos  xsin  
ycos  xsin  xcos  xsin  xcos  

tgy  ctgx  tgx  ctgx  tgx  

ctgy  tgx  ctgx  tgx  ctgx  

5. Burchak yig`indisi va ayirmasi uchun formulalar 

1.   yxyxyx sincoscossinsin  . 
3.  

tgytgx

tgytgx
yxtg






1
. 

 

2.   yxyxyx sinsincoscoscos    
4.  

ctgxctgy

ctgyctgx
yxctg






1
. 

 
 

6. Ikkilangan va karrali burchak uchun formulalar 
 

1. 
xtg

tgx
xxx

21

2
cossin22sin


 . 

 

2.  
xtg

xtg
xxxxx

2

2
2222

1

1
sin211cos2sincos2cos




 . 
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3. 
tgxctgxxtg

tgx
xtg







2

1

2
2

2
. 4. 

22

1
2

2 tgxctgx

ctgx

xctg
xctg





 . 

6. xxx 3sin4sin33sin  . 7. xxx cos3cos43cos 3  . 

8. 
xtg

xtgtgx
xtg

2

3

31

3
3




 . 8. 

13

3
3

2

3






xctg

ctgxxctg
xctg . 

 

7. Yarim burchak uchun formulalar 

1. 
2

cos1

2
sin

xx 
 .  3. 

x

x

x

x

x

xx
tg

sin

cos1

cos1

sin

cos1

cos1

2










 . 

2. 
2

cos1

2
cos

xx 
 .  4. 

x

x

x

x

x

xx
ctg

sin

cos1

cos1

sin

cos1

cos1

2










 . 

Izoh: Tengliklardagi «» yoki «-» ishora 
2

x
 burchakning qaysi 

chorakda joylashganligiga qarab tanlanadi.  

8. Trigonometrik funksiyalarning darajalari uchun formulalar 

1. 
2

2cos1
sin 2 x

x


 . 2. 
2

2cos1
cos2 x

x


 . 

3. 
4

3sinsin3
sin 3 xx

x


 . 4. 
4

3coscos3
cos3 xx

x


 . 

9. Trigonometrik funksiyalarning yig`indi va ayirmalari uchun 

formulalar 

1. 
2

cos
2

sin2sinsin
yxyx

yx





 .  2. 
2

cos
2

sin2sinsin
yxyx

yx





 . 

3. 
2

cos
2

cos2coscos
yxyx

yx





 . 4. 
2

sin
2

sin2coscos
yxyx

yx





 . 

5. 


















 xxxx 

4
cos2

4
sin2sincos


. 

 

6. 

 yxBAxBxA  sinsin_cos 22 , 

bu yerda ,022  BA  ,sin
22 BA

A
y


   

,cos
22 BA

B
y


   
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7. 

yx

yx
tgytgx

coscos

sin




 . 8. 

 
yx

yx
ctgyctgx

sinsin

sin




 .  

9. 
 

yx

yx
ctgytgx

sincos

cos




 . 10. 

 
yx

yx
tgyctgx

cossin

cos




 . 

10. Trigonometrik funksiyalarning ko`paytmalari uchun formulalar 

1.     yxyxyx  coscos
2

1
sinsin . 2.     yxyxyx  coscos

2

1
coscos . 

3.     yxyxyx  sinsin
2

1
cossin . 4.     yxyxyx  sinsin

2

1
sincos . 

5. 
ctgyctgx

tgytgx
tgytgx




 . 6. 

tgytgx

ctgyctgx
ctgyctgx




 . 

7.     xyyxyx 22 coscossinsin  . 8.     xyyxyx 22 sincoscoscos  . 

Izoh: Yuqorida keltirilgan ayniyatlar va formulalar tenglikning har 

ikkala tomoni ma`noga ega bo`lgan qiymatlarida o`rinli bo`ladi. 

4
0
. Teskari trigonometrik funksiyalar 

1. xy arcsin . 

  ,
2

;
2

)(  ,1 ;1)( 










yEyD     .xfxf   

2. xy arccos . 

   ,;0)(  ,1 ;1)(  yEyD    .arccosarccos xx    

3. arctgxy  . 

         xfxfyEyD 







   ,

2
;

2
  ,;


. 

4. arcctgxy  . 

          arcctgxxarcctgyEyD     ,;0  ,; . 

5
0
. Trigonometrik tenglamalar  

1. 
 










,arcsin11

1
sin

kaxa

xa
ax

k


 bu yerda Zk  va 

2
arcsin

2


 a . 
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2. 











,2arccos1

1
 cos

kaxa

xa
ax


        bu yerda .arccos0  a  

3. ,karctgaxatgx   bu yerda 









2
;

2


arctga  va Ra . 

4. ,karcctgaxactgx   bu yerda  ;0arcctga  va Ra . 

6
0
. Eng sodda trigonometrik tenglamalar yechimlari jadvali  Zk  

a  ax sin  ax cos  

0 kx   
kx 




2
 

1 
kx 


2

2
  

kx 2  

-1 
kx 


2

2
  

kx  2  

2

1
   kx

k





6
1  kx 


2

3
  

-
2

1
   kx

k







6
1

1̀
 kx 


2

3

2
  

2

3
   kx

k





3
1  kx 


2

6
  

-
2

3
   kx

k







3
1

1
 kx 


2

6

5
  

2

2
   kx

k





4
1  kx 


2

4
  

-
2

2
   kx

k







4
1

1
 kx 


2

4

3
  

 

a  atgx   actgx   

0 kx   
kx 




2
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1 
kx 




4
 kx 




4
 

-1 
kx 




4
 kx 




4

3
 

3  kx 



3
 kx 




6
 

- 3  kx 



3
 kx 




6

5
 

3

3
 kx 




6
 kx 




3
 

-
3

3
 kx 




6
 kx 




3

2
 

7
0
. Giperbolik funksiyalar 

1. 
2

:
xx ee

shx


 . 2. 
2

:
xx ee

chx


 . 

3. 
xx

xx

ee

ee

chx

shx
thx








: . 4. 

xx

xx

ee

ee

shx

chx
cthx








: . 

5. 122  xshxch . 6. chxshxxsh  22 . 

7. xshxchxch 222  . 8. 1 cthxthx . 

8
0
. Arifmetik progressiya 

 na :  ,,, 21 naaa  - arifmetik progressiya   Nn  uchun 

daa nn 1  (d -ayirma).  

1. daa nn 1 . 
2.  1    

2

11 


  n
aa

a nn
n . 

3.  dnaan 11  . 4.  kndaa kn    11  nk . 

5. 
2

knkn
n

aa
a  

 ,  11  nk . 
6. ,pkmn aaaa   agar 

pkmn   bo`lsa. 

7. 
 

n
nda

n
aa

aaaS n
nn 







2

12

2

11
21  .  

9
0
. Geometrik progressiya 
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   0    ,,,,  : 121 bbbbb nn   - geometrik progressiya Nn   

uchun qbb nn 1  ( q -maxraj). 

1. qbb nn 1 . 2. 1   ,11

2
  nbbb nnn . 

3. 1
1

 n
n qbb . 4. kn

kn qbb    11  nk . 

5. ,k
knn qbb     11  nk . 6. k

nkn qbb  . 

7. ,
2

knknn bbb     11  nk . 8. ,pkmn bbbb   agar pkmn   

bo`lsa. 

9. 



























1  ,

1  ,
11

1

1

1
1

21

qnb

q
q

bqb

q

q
b

bbbS

n
n

nn   
10. ,

1
lim 1

q

b
SS n

n 



 agar 10  q  

bo`lsa. 

 

10
0
. Tenglamalar 

1. Chiziqli tenglama bax  : 

a) agar 0a  bo`lsa, yagona 
a

b
x   yechimga ega; 

b) agar 0  ,0  ba  bo`lsa, yechimga ega emas; 

v) agar 0 ba  bo`lsa, cheksiz ko`p yechimga ega. Bu holda ixtiyoriy x  

tenglamaning yechimi bo`ladi. 

2. Chiziqli tenglamalar sistemasi  









222

111

cybxa

cybxa
 

 Aytaylik, 1221 baba  , 2112 cbcbx   va 1221 cacay   bo`lsin. 

a) agar 0  bo`lsa, yagona ,





x
x  






y
y  yechimga ega; 

b) agar 0  bo`lib, x  va y  lardan birortasi 0 dan farqli bo`lsa, 

yechimga ega emas; 

v) agar 0 yx  bo`lsa, cheksiz ko`p yechimga ega. 

g) Geometrik talqini: cbyax   tenglama tekislikda to`g`ri chiziqni 

aniqlaydi. 0  shart ikkita to`g`ri chiziqning kesishishini va ularning 

yagona umumiy nuqtaga ega bo`lishini bildiradi. b) dagi shart ikkita to`g`ri 
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chiziqlarning parallel bo`lib, ularning umumiy nuqtaga ega bo`lmasligini 

anglatadi. Va nihoyat, 0 yx  shart ikkita to`g`ri chiziqning ustma-

ust tushishini va ularning cheksiz umumiy nuqtaga ega bo`lishini bildiradi. 

3. Kvadrat tenglama 02  cbxax : acbD 42   bo`lsin. 

a) 0a  bo`lsa kvadrat tenglama yuqorida ko`rilgan chiziqli tenglamaga 

aylanadi; 0a  bo`lib, 

b) 0D  bo`lsa, yagona 
a

b
x

2
  yechimga ega; 

v) 0D  bo`lsa, ikkita 
a

Db
x

2
2,1


  yechimga ega; 

g) 0D  bo`lsa, yechimga ega emas. 

4. Viyet teoremasi:  

a) agar 1x  va 2x  lar 02  qpxx  tenglamaning yechimi bo`lsa, unda  









qxx

pxx

21

21  

bo`ladi; 

b) agar 1x , 2x  va 3x  lar 023  rqxpxx  tenglamaning yechimi bo`lsa, 

unda  















rxxx

qxxxxxx

pxxx

321

323121

321 ,

 

bo`ladi. 

5. ba x  , 0a  tenglama  

a) 0b  bo`lganda bx alog  yechimga ega;  

b) 0b  bo`lganda yechimga ega emas. 

6. bxa log  tenglama 0a  bo`lganda bax   yechimga ega. 

7. Trigonometrik tenglamalar: 

n -ixtiyoriy butun son bo`lsin. 

a) ax sin  tenglama 1a  bo`lganda    nax
n

arcsin1  yechimga ega, 

1a  bo`lganda esa yechimga ega emas; 
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b) ax cos  tenglama 1a  bo`lganda  nax 2arccos  yechimga ega, 

1a  bo`lganda esa yechimga ega emas; 

v) atgx  tenglamaning yechimi  narctgax  bo`ladi. 

g) actgx  tenglamaning yechimi  narcctgax  bo`ladi. 

11
0
. Tengsizliklar 

1. Tengsizliklarning xossalari: 

a) ba     ixtiyoriy c  uchun cbca  ;  

b) ba   va dc     dbca  ; 

v) ba   va 0c    ;bcac   

g) ba   va 0c    bcac  . 

2. Chiziqli tengsizlik bax  : 

a) 0a  va 0b  bo`lsa, yechimga ega emas; 

b) 0a  va 0b  bo`lsa,   ;x  bo`ladi; 

v) 0a  bo`lsa, 







 ;

a

b
x  va 0a  bo`lsa, 










a

b
x ;  bo`ladi. 

3. bax   tengsizlik (-1) ga ko`paytirilish yordamida bax   

tengsizlikka keltiriladi. 

4. Kvadrat tengsizlik :02  cbxax  acbD 42   bo`lsin. 

a) 0a  bo`lsa kvadrat tengsizlik chiziqli tengsizlikka aylanadi; 

b) 0a  bo`lib, 0D  bo`lsa yechimga ega emas; 

v) 0а  bo`lib, 0D  bo`lsa, 











 


a

Db

a

Db
x

2
  ;

2
 bo`ladi; 

g) 0a  bo`lib, 0D  bo`lsa, 











 


a

Db
x

2
  ; 
















 ;

2a

Db
 bo`ladi; 

d) 0a  va 0D  bo`lsa,   ;x  bo`ladi. 

5. 02  cbxax  kvadrat tengsizlik (-1) ga ko`paytirilish 

yordamida 02  cbxax  tengsizlikka keltiriladi. 

6. a) 1a  bo`lganda   )(xgxf aa   tengsizlik )()( xgxf   tengsizlikka 

teng kuchli;  
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b) 10  a  bo`lganda   )(xgxf aa   tengsizlik )()( xgxf   tengsizlikka teng 

kuchli. 

7. a) 1b  bo`lganda    xgxf bb loglog   tengsizlik     0 xgxf  

tengsizlikka ekvivalent; 

b) 10  b  bo`lganda    xgxf bb loglog   tengsizlik    xgxf 0  

tengsizlikka ekvivalent. 

8. Ratsional tengsizliklar intervallar usuli yordamida yechiladi: 

ratsional kasr surat va maxrajining barcha ildizlari butun sonlar o`qini 

intervallarga ajratadi. Har bir intervalda ratsional kasr o`z ishorasini 

o`zgartirmaydi. Kerakli intervallar tekshirish yordamida topiladi. 

9. Trigonometrik tengsizliklar: 

a) ax sin  tengsizlik:  

1) 1a  bo`lsa, yechimga ega emas; 

2) 1a  bo`lsa,    ;x  bo`ladi; 

3) 11  a  bo`lganda,   nanax 2arcsin  ;2arcsin  bo`ladi. 

b) ax sin  tengsizlik: 

1) 1a  bo`lganda yechimga ega emas; 

2) 1a  bo`lsa,    ;x  bo`ladi; 

3) 11  a  bo`lsa,   nanax 2arcsin  ;2arcsin  bo`ladi. 

v) ax cos  tengsizlik:  

1) 1a  bo`lganda yechimga ega emas; 

2) 1a  bo`lsa,    ;x  bo`ladi; 

3) 11  a  bo`lganda,   nanax 2arccos  ;2arccos  bo`ladi. 

g) ax cos  tengsizlik:  

1) 1a  bo`lganda yechimga ega emas; 

2) 1a  bo`lsa,    ;x  bo`ladi; 

3) 11  a  bo`lsa,   nanax 2arccos -2 ;2arccos  bo`ladi. 

d) atgx  tengsizlik 










 nnarctgax

2
   ;  yechimga ega.  
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e) atgx  tengsizlik 










 narctganx   ;

2
 yechimga ega. 

j) actgx  tengsizlik   narctganx   ;  yechimga ega.  

z) actgx  tengsizlik   nnarcctgax   ;  yechimga ega.  

 10. Modul qatnashgan tenglama va tengsizlikni yechish uchun 

modul ostida qatnashgan funksiyalarning barcha nollari topiladi, ular 

yordamida sonlar o`qi oraliqlarga ajratiladi va har bir oraliqda moduldan 

qutilinadi. 
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0
. Ajoyib va muhim limitlar 

1. 0
2

lim 
 nn

n
.  2. 0

!

2
lim 

 n

n

n
. 

3.  1  0lim 


a
a

n
n

k

n
. 4. 0

!
lim 

 n

an

n
  0a . 

5. 1  ,0lim 


qnqn

n
. 6. 1lim 



n

n
a   0a . 

7. 0
log

lim 
 n

na

n
  1a . 8. 1lim 



n

n
n . 

9. 0
!

1
lim 

 nn n
. 10. 71828,2

1
1lim 











e

n

n

n
. 

11. 1limlimlim
sin

lim
0000


 x

thx

x

shx

x

tgx

x

x

xxxx
. 12.  R

x

x

x





   

sin
lim

0
. 

13.   ex x
x




1

0
1lim . 14. 

 
1

1ln
lim

0




 x

x

x
. 

15. 1
1

lim
0




 x

e x

x
. 16.  0  ln

1
lim

0





aa

x

a x

x
. 

17. 
 

 R
x

x

x






   

11
lim

0
. 18.  0   0limlnlimlnlim

0
 






aexxxxx xa

x

a

x

a

x
. 

15. 1
1

lim
0




 x

e x

x
. 16.  0  ln

1
lim

0





aa

x

a x

x
. 

17. 
 

 R
x

x

x






   

11
lim

0
. 18.  0   0limlnlimlnlim

0
 






aexxxxx xa

x

a

x

a

x
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0
. Differensiallashning umumiy qoidalari 

1. constcy  , 0'y . 2.   ''  ,  ucyconstcucy  . 

3. '''  , vuyvuy  . 4. '''  , vuvuyvuy  . 
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5.   
2

''
'  ,0   

v

vuvu
yxv

v

u
y


 . 6.      xu ufyxuuufy '''  ,   . 

7.    yfxxfy 1  ,   
y

x
x

y
'

1
'  . 8. 'ln''  , 1 uvuuvuyuy vvv   . 

14
0
. Asosiy elementar funksiyalarning hosilalari 

1.   1'  nn nxx . 2.    xxx xx ln1'  . 

3.   xx cos' sin  . 4.   xx sin' cos  . 

5.  
x

tgx
2cos

1
'  . 6.  

x
ctgx

2sin

1
'  . 

7.  
x

x
1

' ln  . 8.    1  ,0   
ln

1
' log  aa

ax
xa . 

9.   xx ee ' . 10.    0  ln'  aaaa xx . 

11.  
21

1
' arcsin

x
x


 . 12.  

21

1
' arccos

x
 . 

13.  
21

1
' 

x
arctgx


 . 14.  

21

1
' 

x
arcctgx


 . 

15.   chxshx ' . 16.   shxchx ' . 

17.  
xch

thx
2

1
'  . 18.  

xsh
cthx

2

1
'  . 

19.  
1

1
' 

2 


x
arcshx . 20.  

1

1
' 

2 


x
arcchx . 

21. 


n
n

xlim . 22.  
21

1
' 

x
arccthx


 . 

15
0
. Integrallashning umumiy qoidalari 

1.     dxxfdxxfd  . 2.      cxFxdF . 

3.      dxxfcdxxcf   0 constc . 4.            dxxgdxxfdxxgxf . 

16
0
. Aniqmas integrallar jadvali 

1.   сdx0 . 2.   cxdx . 

3.  Rc
x

dxx 





   ,1   
1

1

. 4.   cx
x

dx
2 . 

5.   c
xx

dx 1
2

. 6.   cx
x

dx
ln . 
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7.   


0   ln
1

acbax
abax

dx
. 8. cedxe xx  . 

9.    1  ,0  
ln

aac
a

a
dxa

x
x . 10.   cxxdx cossin . 

11.   cxxdx sincos . 12.   cctgx
x

dx
2sin

. 

13.   ctgx
x

dx
2cos

. 14.   cchxshxdx . 

15.   cshxchxdx . 16.   ccthx
xsh

dx
2

. 

17.   cthx
xch

dx
2

. 18.  


carctgx
x

dx
21

. 

19.   


0   
1

22
ac

a

x
arctg

axa

dx
. 20.  


cx

x

dx
arcsin

1 2
. 

21.   


0   arcsin
22

ac
a

x

xa

dx
. 22.   







0   ln

2

1
22

ac
ax

ax

aax

dx
. 

23.  0   ln
2

1
22








 ac

xa

xa

axa

dx
. 24.  0   ln 2

2



 acaxx

ax

dx
. 

25.  


cxa
xa

xdx 22

22
. 26.  0   arcsin

22

2
2222  ac

a

xa
xa

x
dxxa . 

 

27. caxx
a

ax
x

dxax 
22

2
2222 ln

22
. 28.   c

x
tg

x

dx

2
ln

sin
.. 

29. c
x

tg
x

dx








 
 42

ln
cos

. 30. cx
tgx

dx
 sinln  

31. cx
ctgx

dx
 cosln  
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0
. Aniq integralning tatbiqlari.  

 

1. Aniq integral yordamida tekis shaklning yuzasini hisoblash. 

a) Dekart koordinatalar sistemasida berilgan shaklning yuzasini 

hisoblash. 

v) Qutb koordinatalar sistemasida berilgan egri chiziq yoyining 

uzunligini hisoblash. 
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 Agar    baCxf ,1  ,    baCxf ,2   bo`lib,  

   








xfyxf

bxa
D

21

,
 

bo`lsa, u holda  

    dxxfxfS
b

a

  12  

bo`ladi. 

 b) Qutb koordinatalar sistemasida berilgan shaklning yuzasini 

hisoblash. 

 Agar  

 








rr
D

0

,
 

bo`lib,     ,Cr  bo`lsa, 

 




 drS 2

2

1
 

bo`ladi. 

2. Aniq integral yordamida yoy uzunligini hisoblash.  

a) Dekart koordinatalar sistemasida berilgan yoy uzunligini hisoblash. 

BA


:      baxxfx ,:,   bo`lib,    baCxf ,'   bo`lsa, unda BA


 egri chiziq 

uzunligi l ushbu  

   
b

a

dxxfl
2

'1  

formula yordamida hisoblanadi. 

b) Parametrik ko`rinishda berilgan egri chiziq yoyining uzunligini 

hisoblash. 

Agar BA


: 
 

 







ty

tx ,
  t  bo`lib,     ,' Ct  va     ,' Ct  

bo`lsa,  

     




 dtxtl
22

''  

bo`ladi. 
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v) Qutb koordinatalar sistemasida berilgan egri chiziq yoyining 

uzunligini hisoblash. 

 Agar BA


:
 








rr

,
 bo`lib,     ,' Cr  bo`lsa, unda  

    




 drrl
22 '  

bo`ladi. 

3. Aylanma sirtning yuzasi. 

:BA


     baxxfx ,:,   bo`lib,   0xf  va    baCxf ,'   bo`lsin. BA


 yoyni 

OX  o`qi atrofida aylantirish natijasida hosil bo`lgan aylanma sirtning 

yuzasi ushbu  

     dxxfxfS
b

a

2
'12    

formula yordamida hisoblanadi. 

 4. Aylanma jismning hajmi. 

 Ushbu 
 









xfy

bxa
D

0

,
 egri chiziqli trapetsiyani OX  o`qi atrofida 

aylantirishdan hosil bo`lgan aylanma jismning hajmi 

  
b

a

dxxfV
2  

formula yordamida hisoblanadi. 

 5. O`zgaruvchi kuchning bajargan ishi. 

 OX  o`qida shu o`q bo`ylab biror jism  xFF   kuch ta`sirida harakat 

qilayotgan bo`lsin. Agar    baCxF ,  bo`lsa,  xFF   kuch ta`sirida jismni 

a  nuqtadan b  nuqtaga o`tkazishda bajarilgan ish ushbu 

 
b

a

dxxFA  

formula yordamida hisoblanadi. 

 6. Statik moment. Og`irlik markazi. 

 Egri chiziqning OX  va OY  o`qlariga nisbatan statik momentlari xM  

va yM  lar  
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
l

x ydlM
0

 va 
l

y xdlM
0

 

formulalar yordamida hisoblanadi. Bu yerda    22
dydxdl  -yoy 

differensiali, l esa berilgan egri chiziq uzunligi.  

 Berilgan egri chiziq og`irlik markazining koordinatalari esa ushbu  

l

M
x

y
0 ; 

l

M
y x0  

formulalar yordamida hisoblanadi. 

 7. Geometrik figuralarning statik momentlari va og`irlik 

markazi.  

 Agar geometrik figura  

 








xfy

bxa
D

0
 

egri chiziqli trapetsiyadan iborat bo`lsa, unda  


b

a
x dxyM 2

2

1
,  

b

a
y xydxM

2

1
 va   












S

M

S

M
yx xy

,; 00  

bo`ladi. Bu yerda  dxxyS
b

a

  -trapetsiyaning yuzi.  

18
0
. Matematik belgilar 

 Formula, ta`rif va tasdiqlarni yozishda quyidagi matematik 

belgilardan foydalanish qulay bo`lib, yozuvni ancha ixchamlashtiradi: 

 -tegishli, 

 -tegishli emas, 

 -qism, 

-ixtiyoriy, 

-mavjud, 

! -mavjud va yagona, 

-kelib chiqadi, «...bo`lsa, ...bo`ladi», 

 -teng kuchli, 

: -ta`rifga ko`ra teng, 

:-shunday, 

 -va, 

 -yoki, 

 -isbotning boshlanishi, 

 -isbotning oxiri. 
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2-§. 1-MUSTAQIL ISH 

Ketma-ketlik va funksiya limiti 

Sonli ketma-ketlik va uning limiti.  

Cheksiz kichik va cheksiz katta ketma-ketliklar. 

Monoton ketma-ketliklar va ularning limiti.  

Fundamental ketma-ketliklar.  

Ketma-ketlikning yuqori va quyi limitlari. 

Funksiyaning limiti. 

Funksiyaning uzluksizligi va uzilish nuqtalari. 

Funksiyaning tekis uzluksizligi. 

-A- 

Asosiy tushuncha va teoremalar. 

1
0
. Sonli ketma-ketlik va uning limiti. 

1-Ta`rif. Agar har bir Nn  natural songa biror qonun yoki 

qoidaga ko`ra bitta nx  haqiqiy son mos qo`yilgan bo`lsa,  ,,,, 21 nxxx  sonli 

ketma-ketlik berilgan deyiladi va u  nx  kabi belgilanadi.  

 ,2,1   nxn  miqdorlar  nx  ketma-ketlikning hadlari deyiladi.  

 nx  va  ny  ketma-ketliklar berilgan bo`lsa,  

   ,,  , 2211 yxyxyx nn   

   ,,  , 2211 yxyxyx nn   

   ,,  , 2211 yxyxyx nn   


















 , ,
2

2

1

1

y

x

y

x

y

x

n

n    ),2,1  ,0(  nyn  

ketma-ketliklarga mos ravishda  nx  va  ny  ketma-ketliklarning yig`indisi, 

ayirmasi, ko`paytmasi va nisbati deyiladi. 

 2-Ta`rif. Agar М   m  son mavjud bo`lsaki, Nn  uchun 

 mxMx nn     tengsizlik o`rinli bo`lsa,  nx  ketma-ketlik yuqoridan 

(quyidan) chegaralangan deyiladi. Aks holda esa, ya`ni  mM     son 

olinganda ham Nn  son mavjud bo`lsaki, Mxn    mxn   bo`lsa,  nx  

ketma-ketlik yuqoridan (quyidan) chegaralanmagan deyiladi.  
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 3-Ta`rif. Agar 0M  son mavjud bo`lsaki, Nn  uchun Mxn   

bo`lsa,  nx  ketma-ketlik chegaralangan deyiladi. Aks holda esa, ya`ni 

0M  son olinganda ham Nn  son topilsaki Mxn   bo`lsa,  nx  

chegaralanmagan ketma-ketlik deyiladi. 

 4-Ta`rif. Berilgan  nx  ketma-ketlik uchun shunday a  son topilib, 

0  son olinganda ham   Nann  ,00  son mavjud bo`lsaki, 0nn   

tengsizlikni qanoatlantiruvchi barcha natural sonlar uchun axn  

tengsizlik o`rinli bo`lsa, a  son  nx  ketma-ketlikning limiti deyiladi va 

axn
n




lim  ko`rinishda belgilanadi.  

 Agar 4-ta`rifdagi shartni qanoatlantiruvchi a  son mavjud bo`lmasa, 

 nx  ketma-ketlik limitga ega emas deyiladi. 

 5-Ta`rif (4-ta`rifning inkori). Agar Nn  0  son olinganda ham 

0  ,0 nn   son topilsaki,  axn  bo`lsa, a  son  nx  ketma-ketlikning 

limiti emas deyiladi va axn
n




lim  ko`rinishda belgilanadi. 

 6-Ta`rif. Agar  nx  ketma-ketlik chekli limitga ega bo`lsa, bu ketma-

ketlik yaqinlashuvchi deyiladi. Aks holda bu ketma-ketlik uzoqlashuvchi 

deyiladi. 

2
0
. Cheksiz kichik va cheksiz katta ketma-ketliklar 

1-Ta`rif. Agar  nx  ketma-ketlikning limiti nolga teng ( 0lim 


n
n

x ) 

bo`lsa,  nx  ketma-ketlik cheksiz kichik ketmа-ketlik deyilаdi.  

 2-Tа`rif. Agаr 0M  son olingаndа hаm Nn  0  son mаvjud 

bo`lsаki, 0nn   nаturаl sonlаr uchun Mxn   tengsizlik o`rinli bo`lsа,  nx  

ketmа-ketlik cheksiz kаttа ketmа-ketlik deyilаdi. 

 Agаr  nx  cheksiz kаttа ketmа-ketlik bo`lsа, 


n
n

xlim  ko`rinishdа 

yozilаdi. Agаr  nx  cheksiz kаttа ketmа-ketlik bo`lib, biror nomerdаn 

boshlаb bаrchа hаdlаri musbаt (mаnfiy) bo`lsа, 


n
n

xlim  ( 


n
n

xlim ) 

ko`rinishdа yozilаdi.  
 Hаr qаndаy cheksiz kаttа ketmа-ketlik chegаrаlаnmаgаn bo`lаdi, lekin bu 

tаsdiqning teskаrisi hаr doim hаm o`rinli bo`lаvermаydi.  

 1-Teoremа. Chekli sondаgi cheksiz kichik ketmа-ketliklаr yig`indisi 

cheksiz kichik ketmа-ketlik bo`lаdi.  
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2-Teoremа. Chegаrаlаngаn ketmа-ketlik bilаn cheksiz kichik ketmа-

ketlik ko`pаytmаsi cheksiz kichik ketmа-ketlik bo`lаdi. 

3-Teoremа. Agаr Nn  uchun 0nx  bo`lib,  nx  - cheksiz kаttа 

(cheksiz kichik) ketmа-ketlik bo`lsа, u holdа 








nx

1
 cheksiz kichik (cheksiz 

kаttа) ketmа-ketlik bo`lаdi.  

4-Teoremа. axn
n




lim  bo`lishi uchun    axnn   ketmа-ketlikning 

cheksiz kichik ketmа-ketlik bo`lishi zаrur vа yetаrlidir. 

3
0
. Yaqinlаshuvchi ketmа-ketliklаrning xossаlаri 

 1-Teoremа. Agаr  nx  ketmа-ketlik yaqinlаshuvchi bo`lsа, uning 

limiti yagonа bo`lаdi.  

 2-Teoremа. Agаr  nx  ketmа-ketlik yaqinlаshuvchi bo`lsа, u 

chegаrаlаngаn bo`lаdi. 

 3-Teoremа. Agаr  nx  vа  ny  ketmа-ketliklаr yaqinlаshuvchi bo`lsа, 

u holdа    nnnn yxyx    ,  ketmа-ketliklаr hаm yaqinlаshuvchi bo`lаdi vа  

  n
n

n
n

nn
n

yxyx


 limlimlim , 

  n
n

n
n

nn
n

yxyx


 limlimlim  

formulаlаr o`rinli bo`lаdi.  

 4-Teoremа. Agаr  nx  vа  ny  ketmа-ketliklаr yaqinlаshuvchi bo`lib, 

Nn  uchun 0ny  vа 0lim 


n
n

y  bo`lsа, 








n

n

y

x
 ketmа-ketlik hаm 

yaqinlаshuvchi bo`lаdi vа  

n
n

n
n

n

n

n y

x

y

x








lim

lim
lim  

formulа o`rinli bo`lаdi.  

 5-Teoremа. Agаr axn
n




lim  bo`lib, biror nomerdаn boshlаb cxn   

 cxn   bo`lsа, u holdа ca    ca   bo`lаdi.  

 6-Teoremа. («Ikki mirshаb hаqidаgi teoremа»). Agаr axn
n




lim , 

ayn
n




lim  bo`lib, biror nomerdаn boshlаb nnn yzx   tengsizlik o`rinli bo`lsа, 

u holdа azn
n




lim  bo`lаdi.  
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 Agаr 0lim 


n
n

x , 0lim 


n
n

y  bo`lsа, 
n

n

n y

x


lim  gа 

0

0
 ko`rinishdаgi аniqmаslik 

deyilаdi. 



, 0 ,   vа boshqа ko`rinishdаgi аniqmаsliklаr hаm shu 

kаbi tа`riflаnаdi. 

4
0
. Monoton ketmа-ketliklаr vа ulаrning limiti 

 1-Tа`rif. Agаr  nx  ketmа-ketlikning hаdlаri Nn  uchun 1 nn xx  

 1 nn xx  tengsizlikni qаnoаtlаntirsа  nx  o`suvchi (kаmаyuvchi) ketmа-

ketlik deyilаdi.  

 2-Tа`rif. O`suvchi vа kаmаyuvchi ketmа-ketliklаr monoton ketmа-

ketliklаr deb аtаlаdi. 

 1-Teoremа. Agаr  nx  ketmа-ketlik o`suvchi bo`lib, yuqoridаn 

chegаrаlаngаn bo`lsа, u holdа u yaqinlаshuvchi bo`lаdi.  

 2-Teoremа. Agаr  nx  ketmа-ketlik kаmаyuvchi bo`lib, quyidаn 

chegаrаlаngаn bo`lsа, u holdа u yaqinlаshuvchi bo`lаdi. 

5
0
. Fundаmentаl ketmа-ketliklаr 

 1-Tа`rif. Agаr 0  son olingаndа hаm   Nnn  00  son mаvjud 

bo`lsаki, 0nn   vа Np  sonlаr uchun  npn xx  tengsizlik bаjаrilsа,  nx  

fundаmentаl ketmа-ketlik deyilаdi. 

 2-Tа`rif. (1-tа`rifning inkori). Nn  0  son olingаndа hаm shundаy 

0nn  , ,Np  0  sonlаr mаvjud bo`lib,  npn xx  tengsizlik o`rinli bo`lsа, 

 nx  ketmа-ketlik fundаmentаl emаs deyilаli.  

 Teoremа (Koshi). Ketmа-ketlikning yaqinlаshuvchi bo`lishi uchun 

uning fundаmentаl bo`lishi zаrur vа yetаrlidir.  

6
0
. Qismiy ketmа-ketliklаr. Ketmа-ketlikning yuqori vа quyi 

limitlаri 

  nx  ketmа-ketlik berilgаn bo`lib,  ,,,, 21 nkkk   nkn   o`suvchi nаturаl 

sonlаr ketmа-ketligi bo`lsin.  nx  ketmа-ketlikning  ,,,, 21 nkkk  nomerli 

hаdlаridаn  ,,,,
21 nkkk xxx  ketmа-ketlikni tuzаmiz. Hosil bo`lgаn  

nkx  sonli 

ketmа-ketlik  nx  ketmа-ketlikning qismiy ketmа-ketligi deb аtаlаdi. 

 1-Teoremа. Agаr axn
n




lim  bo`lsа, u holdа uning hаr qаndаy qismiy 

ketmа-ketligining limiti hаm a  gа teng bo`lаdi.  
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 2-Teoremа. (Bolsаno-Veyershtrаss). Agаr  nx  ketmа-ketlik 

chegаrаlаngаn bo`lsа, u holdа bu ketmа-ketlikdаn yaqinlаshuvchi bo`lgаn 

qismiy ketmа-ketlik аjrаtish mumkin.  

 1-Tа`rif.  nx  ketmа-ketlikning qismiy ketmа-ketligi limiti  nx  ketmа-

ketlikning qismiy limiti deb аtаlаdi.  

2-Tа`rif. Yuqoridаn (quyidаn) chegаrаlаngаn ketmа-ketlik qismiy 

limitlаrining eng kаttаsi (eng kichigi) berilgаn ketmа-ketlikning yuqori 

(quyi) limiti deyilаdi vа n
n

x


lim  









n

n

xlim  ko`rinishdа belgilаnаdi.  

 3-Teoremа. axn
n




lim  bo`lishi uchun 


n
n

xlim axn
n




lim  bo`lishi zаrur vа 

yetаrli.  

7
0
. Funksiya

 
tushunchаsi. Funksiya limiti 

 Bizgа biror RX   to`plаm berilgаn bo`lib, x  o`zgаruvchi miqdor X  

to`plаmdаn olingаn bo`lsin. Agаr hаr bir Xx  songа biror qonun yoki 

qoidаgа ko`rа bittа y  son mos qo`yilsа, u holdа X  to`plаmdа funksiya 

аniqlаngаn deyilаdi vа  xfy   kаbi belgilаnаdi, x  o`zgаruvchigа erkli 

o`zgаruvchi (yoki funksiyaning аrgumenti), X  to`plаm  xf  funksiyaning 

аniqlаnish sohаsi, x  sonigа mos keluvchi y  sonigа esа funksiyaning x  

nuqtаdаgi xususiy qiymаti deb аtаlаdi.  xf  funksiyaning bаrchа xususiy 

qiymаtlаr to`plаmi Y  gа  xf  funksiyaning qiymаtlаr to`plаmi (yoki 

o`zgаrish sohаsi) deyilаdi. Shundаy qilib,  

  XxxfyRyY    ,  :  

 Agаr a      ёки XaXa   nuqtаning ixtiyoriy аtrofidа X  to`plаmning a  

dаn fаrqli kаmidа bittа nuqtаsi bo`lsа, u holdа а  nuqtа X  to`plаmning 

limit nuqtаsi deyilаdi.  

 Bundаn keyin butun pаrаgrаf dаvomidа X -  xf  funksiyaning 

аniqlаnish sohаsi, a  nuqtа X  to`plаmning limit nuqtаsi deb tushunilаdi.  

 1-Tа`rif. (Koshi). Agаr 0  uchun   0,  a  topilsаki,  ax0  

tengsizlikni qаnoаtlаntiruvchi Xx  uchun    bxf  tengsizlik bаjаrilsа, 

u holdа b  soni  xf  funksiyaning a  nuqtаdаgi limiti deyilаdi vа   bxf
ax




lim  

kаbi belgilаnаdi.  

 2-Tа`rif. (Geyne). Agаr X  to`plаmning nuqtаlаridаn tuzilgаn, a  gа 

intiluvchi  nx   ... ,2 ,1  ,  naxn  ketmа-ketlik uchun   nxf  ketmа-ketlik 
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hаmmа vаqt yagonа b  sonigа intilsа, shu b  soni  xf  funksiyaning a  

nuqtаdаgi limiti deb аtаlаdi.  

 Keltirilgаn tа`riflаrdаn ko`rinib turibdiki, funksiyaning а  nuqtаdаgi 

limiti mаvjud bo`lishi uchun funksiya а  nuqtаdа аniqlаngаn bo`lishi, ya`ni 

Xa  bo`lishi, mutlаqo shаrt emаs ( a  nuqtаning X  to`plаm uchun limit 

nuqtа bo`lishi yetаrli, ya`ni, umumаn olgаndа, Xa ). 

 Endi 1-vа 2-tа`riflаrgа teskаri tа`riflаrni keltirаmiz.  

 1-tа`rifning inkori. Agаr 0  topilsаki, 0  uchun  ax0  

tengsizlikni qаnoаtlаntiruvchi Xx  mаvjud bo`lib,    bxf  tengsizlik 

bаjаrilsа, b  soni  xf  funksiyaning a  nuqtаdаgi limiti emаs deyilаdi 

  bxf
ax




lim . 

 2-tа`rifning inkori. Agаr а  nuqtаgа intiluvchi  nx  

  ,2 ,1  ,  ,  naxXx nn  ketmа-ketlik topilsаki, ungа mos   nxf  ketmа-ketlik 

b  gа intilmаsа, u holdа b  son  xf  funksiyaning a  nuqtаdаgi limiti emаs 

deyilаdi. 

 1-Teoremа. Funksiya limitining 1- vа 2-tа`riflаri ekvivаlentdir.  

 Biz 1-teoremаdаn quyidаgi xulosаni chiqаrаmiz: funktsiyaning 

limitini hisoblаyotgаndа qаysi tа`rif bo`yichа hisoblаsh oson vа qulаy 

bo`lsа, shu tа`rifdаn foydаlаnish kerаk. 

 Bа`zi bir hollаrdа  xf  funksiyaning a  nuqtаdаgi limiti mаvjud 

bo`lmаydi. Anа shundаy hollаrdа funksiyaning nuqtаdаgi bir tomonli 

(o`ng vа chаp) limitlаri to`g`risidа gаp yuritilаdi.  

 3-Tа`rif (Koshi).  0  uchun   0,  a  topilsаki,  axa  

 axa   tengsizlikni qаnoаtlаntiruvchi Xx  uchun    bxf  tengsizlik 

bаjаrilsа, b  son  xf  funksiyaning a  nuqtаdаgi o`ng (chаp) limiti deb 

аtаlаdi vа  

    bafxf
ax




0lim
0

     bafxf
ax




0lim
0

 

kаbi belgilаnаdi. 

 4-Tа`rif (Geyne). a  nuqtаgа intiluvchi  nx ,  axaxXx nnn      ,  

ketmа-ketlik olingаndа hаm ungа mos   nxf  ketmа-ketlik b  sonigа intilsа, 

b  soni  xf  funksiyaning a  nuqtаdаgi o`ng (chаp) limiti deyilаdi. 
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 2-Teoremа.   bxf
ax




lim  bo`lishi uchun     bafaf  00  tenglikning 

bаjаrilishi zаrur vа yetаrli. 

 Endi funksiyaning x  dаgi limiti tа`rifini berаmiz.  xf  funksiya 

 ,c  cheksiz orаliqdа аniqlаngаn bo`lsin. 

 5-Tа`rif. (Koshi). 0  uchun 0A   cA  topilsаki, Ax   uchun 

   bxf  tengsizlik bаjаrilsа, b  son  xf  funksiyaning x  dаgi limiti 

deyilаdi vа   bxf
x




lim  kаbi belgilаnаdi.  

 6-Tа`rif. (Geyne).   gа intiluvchi  nx   cxn   ketmа-ketlik uchun 

ungа mos   nxf  ketmа-ketlik b  sonigа intilsа, b  soni  xf  funksiyaning 

x  dаgi limiti deb аtаlаdi. 

 3- vа 4-tа`riflаr hаmdа 5- vа 6-tа`riflаr bir-birigа ekvivаlent. 

  bxf
x




lim  ning tа`rifi hаm yuqoridаgigа o`xshаsh аniqlаnаdi. Agаr 

 


xf
x
lim   bxf

x



lim  bo`lsа, u holdа   bxf

x



lim  deb yozilаdi.  

 7-Tа`rif. Agаr   


xf
ax

lim  (   0lim 


xf
ax

) bo`lsа,  xf  funksiya a  nuqtаdа 

cheksiz kаttа (cheksiz kichik) funksiya deyilаdi. 

 Cheksiz kаttа vа cheksiz kichik funksiyalаr hаm cheksiz kаttа vа 

cheksiz kichik ketmа-ketliklаr uchun 2
0
-punktdа keltirilgаn xossаlаrgа egа.  

8
0
. Limitgа egа bo`lgаn funksiyalаrning xossаlаri 

 1-Tа`rif. Ushbu     axRxaU 0  :  to`plаm a  nuqtаning 

o`yilgаn   аtrofi deb аtаlаdi. 

 1-Teoremа.  xf  vа  xg  funksiyalаr a  nuqtаning biror o`yilgаn 

аtrofidа аniqlаngаn bo`lib,   bxf
ax




lim  vа   cxg
ax




lim  bo`lsin. U holdа  

1)          ,limlimlim cbxgxfxgaf
axaxax




 

2)          ,limlimlim cbxgxfxgaf
axaxax




 

3) аgаr 0c  bo`lsа, 
 
 

 

  c

b

xg

xf

xg

xf

ax

ax

ax






 lim

lim
lim  bo`lаdi. 

 2-Teoremа. («Ikki mirshаb hаqidаgi teoremа»). Agаr  ,xf   xg  vа 

 xh  funksiyalаr a  nuqtаning biror o`yilgаn аtrofidа аniqlаngаn bo`lib, shu 
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аtrofdа      xhxgxf   tengsizlikni qаnoаtlаntirsа vа     bxhxf
axax




limlim  

tenglik bаjаrilsа, u holdа   bxg
ax




lim  bo`lаdi.  

 Funksiya limitini hisoblаshdа quyidаgi аjoyib limitlаr kаttа 

аhаmiyatgа egа. 

 Birinchi аjoyib limit: 

1
sin

lim
0


 x

x

x
                (1) 

 Ikkinchi аjoyib limit: 

e
x

x

x













1
1lim              (2) 

9
0
. Funksiya limiti uchun Koshi teoremаsi 

 xf  funksiya X  to`plаmdа berilgаn bo`lib, a  nuqtа X  to`plаmning 

limit nuqtаsi bo`lsin. 

 Tа`rif. Agаr 0  uchun 0  topilsаki, аrgument x  ning ,'0  ax  

 ax ''0  tengsizlikni qаnoаtlаntiruvchi  XxXxxx  '' ,'  '' ,'  qiymаtlаridа 

     ''' xfxf  tengsizlik o`rinli bo`lsа,  xf  funksiya uchun a  nuqtаdа 

Koshi shаrti bаjаrilаdi deyilаdi. 

 Tа`rifning inkori. Agаr 0  son topilsаki, 0  son uchun, 

,'0  ax   ax ''0  tengsizlikni qаnoаtlаntiruvchi Xxx  '' ,'  lаr mаvjud 

bo`lib,      ''' xfxf  tengsizlik bаjаrilsа,  xf  funksiya uchun a  nuqtаdа 

Koshi shаrti bаjаrilmаydi deyilаdi. 

 Teoremа. (Koshi). )(xf  funksiya a  nuqtаdа chekli limitgа egа 

bo`lishi uchun bu funksiyaning a  nuqtаdа Koshi shаrtini bаjаrishi zаrur vа 

yetаrlidir.  

10
0
. Funksiyaning uzluksizligi vа uzilishi 

  xf  funksiya a  nuqtаning biror to`liq аtrofidа аniqlаngаn bo`lsin. 

 1-Tа`rif. Agаr  

   afxf
ax




lim                (3) 

bo`lsа,  xf  funksiya a  nuqtаdа uzluksiz deyilаdi.  

 Funksiya uzluksizligi tа`rifini Koshi vа Geyne tа`riflаri yordаmidа 

hаm berish mumkin. Biz ulаrgа to`xtаlib o`tirmаymiz.  
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 Endi  xf  funksiya a  nuqtаning biror o`ng (chаp) yarim аtrofidа, 

ya`ni  aa  ,  (mos rаvishdа,  aa  , ) yarim intervаldа аniqlаngаn bo`lsin. 

 2-Tа`rif. Agаr  

   afxf
ax


 0

lim      afxf
ax


 0

lim  

bo`lsа,  xf  funksiya a  nuqtаdа o`ngdаn (chаpdаn) uzluksiz deyilаdi. 

 Teoremа.  xf  funksiyaning a  nuqtаdа uzluksiz bo`lishi uchun uning 

shu nuqtаdа o`ngdаn vа chаpdаn uzluksiz bo`lishi zаrur vа yetаrlidir. 

 Fаrаz qilаylik,  xf  funksiya a  nuqtаdа uzluksiz bo`lsin. U holdа 

   afxf
ax




lim  bo`lаdi.      0lim
0




afxf
ax

. Agаr axx  :  - аrgument 

orttirmаsi vа      afxfafy  :  - funksiyaning a  nuqtаdаgi orttirmаsi 

belgilаshlаrini kiritsаk, xax   vа      afxafafy   bo`lаdi. 

Nаtijаdа, biz  

          0limlimlim
000




yafxafafxf
xxax

 

ekаnligini hosil qilаmiz. Shundаy qilib,  

0lim
0




y
x

         (4) 

tenglik bаjаrilsа,  xf  funksiya a  nuqtаdа uzluksiz bo`lаdi. 

 3-Tа`rif.  xf  funktsiya  dc,  intervаlning hаr bir nuqtаsidа uzluksiz 

bo`lsа, funksiya  dc,  intervаldа uzluksiz deyilаdi.  

  xf  funksiya  dc,  dа uzluksiz bo`lib, s nuqtаdа o`ngdаn, d  nuqtаdа 

chаpdаn uzluksiz bo`lsа, undа u  dc,  kesmаdа uzluksiz deyilаdi. 

 X  to`plаmdа uzluksiz funksiyalаr sinfi  XC  kаbi belgilаnаdi. 

 4-tа`rif. Agаr  

   afbxf
ax




lim          (1-hol) 

  


xf
ax

lim                (2-hol) 

  


xf
ax

lim                (3-hol) 

bo`lsа, undа  xf  funksiya a  nuqtаdа uzilishgа egа deyilаdi. 

 Funksiyaning a  nuqtаdа uzilishgа egа bo`lаdigаn hollаrini аlohidа-

аlohidа ko`rib chiqаylik.  
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 а)    afbxf
ax




lim  bo`lsin. 

Bu holdа    0lim
0




afxf
ax

 vа    0lim
0




afxf
ax

 lаr mаvjud bo`lib, 

     afafaf  00  bo`lаdi. Bundаy nuqtа bаrtаrаf qilish mumkin 

bo`lgаn uzilish nuqtаsi deb аtаlаdi. 

 Misollаr. 

1.  









lsabo'  0agar   1,

sa,bo'  0аgar ,2

x

xx
xf  

funktsiya uchun 0x  nuqtа bаrtаrаf qilish mumkin bo`lgаn uzilish nuqtаsi 

bo`lаdi, chunki  

    0limlim
00




xfxf
xax

 vа   10 f  

Agаr   00 f  deb qаbul qilsаk, funksiya uzluksiz bo`lib qolаdi.  

2.  












lsabo'  0agar   2,

lsa,bo'  0аgar ,
1

sin1

x

x
x

x
xf  

funksiya uchun hаm 0x  nuqtа bаrtаrаf qilish mumkin bo`lgаn uzilish 

nuqtаsi bo`lаdi, chunki  

    1limlim
00




xfxf
xax

 vа   .20 f  

b)   


xf
ax 0

lim  bo`lsin. 

Bundа quyidаgi uchtа hol bo`lishi mumkin.  

1)    0lim
0




afxf
ax

 vа    0lim
0




afxf
ax

 lаr   vа    00  afaf . 

Funksiyaning bundаy nuqtаdаgi uzilishi birinchi tur uzilish vа 

   00  afaf  аyirmаgа funktsiyaning a  nuqtаdаgi sаkrаshi deyilаdi. 

Mаsаlаn, 

 















lsabo'  0аgar   0,

lsa,bo'  0аgar ,

21

1
1

x

x
xf x  

funksiya uchun 0x  nuqtа 1-tur uzilish nuqtаsi bo`lаdi vа funksiyaning bu 

nuqtаdаgi sаkrаshi 1 gа teng:  



 

 

 

34 

 
 

        1100000  ffafaf  

2) ax  dа  xf  funksiyaning o`ng vа chаp limitlаridаn hech 

bo`lmаgаndа biri  . Funksiyaning a  nuqtаdаgi bundаy uzilishi ikkinchi tur 

uzilish deyilаdi. 

Misollаr. 

1.  












lsabo'  0agar   x,-

lsa,bo'  0agar ,
1

sin

x

x
xxf  

funksiya 0x  nuqtаdа ikkinchi tur uzilishgа egа, chunki  

    ),0(0limlim
00

fxxf
xx




 lekin   
 x

xf
xx

1
sinlimlim

00
. 

 2.  









lsabo'  ratsionalagar   1,

lsa,bo'  lirratsionaagar ,0

x

x
xD  

funksiya Ra  nuqtаdа ikkinchi tur uzilishgа egа, chunki ax  dа  xD  

funksiyaning o`ng limiti hаm, chаp limiti hаm  .  

 3). ax  dа  xf  funksiyaning o`ng vа chаp limitlаridаn biri 

cheksiz yoki o`ng vа chаp limitlаr turli ishorаli cheksiz. Funksiyaning a  

nuqtаdаgi bundаy uzilishi hаm ikkinchi tur uzilish deyilаdi. 

 v)   


xf
ax

lim  bo`lsа,  xf  funktsiya ax   nuqtаdа ikkinchi tur 

uzilishgа egа deyilаdi. 

11
0
. Uzluksiz funksiyalаrning xossаlаri 

 1-Teoremа. Agаr  xf  vа  xg  funksiyalаr RX   to`plаmdа 

аniqlаngаn bo`lib, ulаrning hаr biri Xa  nuqtаdа uzluksiz bo`lsа, u 

holdа  

1)    ,xgxf   

2)    ,xgxf    

3) 
 
 xg

xf
 ( Xx  uchun   0xg ) 

funksiyalаr hаm shu nuqtаdа uzluksiz bo`lаdi.  

 Izoh: 1-teoremаning аksi hаr doim hаm o`rinli bo`lаvermаydi. 

Mаsаlаn,   xxf   vа  
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 












булса  0  агар 0,

булса,  0 ага,
1

sin

x

x
xxg  

funksiyalаr ko`pаytmаsi    
x

xxgxf
1

sin  funksiya R  dа uzluksiz, lekin 

 xg  funksiya 0x  nuqtаdа uzilishgа egа. 

 Aytаylik,  xfy   funksiya X  to`plаmdа,  yz   funksiya esа 

  XxxfyY  :  to`plаmdа аniqlаngаn bo`lib, ulаr yordаmidа X  

to`plаmdа аniqlаngаn   xfz   murаkkаb funksiya tuzilgаn bo`lsin. 

 2-Teoremа. Agаr  xfy   funksiya Xa  nuqtаdа,  yz   

funksiya esа, ungа mos  afya   nuqtаdа uzluksiz bo`lsа,   xfz   

murаkkаb funksiya a  nuqtаdа uzluksiz bo`lаdi.  

 Bu teoremа limit hisoblаshdа judа muhim rol o`ynаydi vа uning 

yordаmidа 1-§ ning 9
0
 –punktidаgi muhim limitlаr keltirib chiqаrilаdi. 

 3-Teoremа. Agаr   bxf
ax




lim   0b  vа   cxg
ax




lim  bo`lsа, 

   cxf
xg

ax




)(
lim  bo`lаdi. 

    xg
xf  ko`rinishdаgi funksiyagа dаrаjаli-ko`rsаtkichli funksiya deb 

аtаlаdi. 

12
0
. Funksiyaning tekis uzluksizligi 

 Biror  xfy   funksiya X  to`plаmdа berilgаn bo`lsin.  

 Tа`rif. Agаr 0  son uchun   0   son topilsаki, X  

to`plаmning  ''' xx  tengsizlikni qаnoаtlаntiruvchi 'x  vа ''x   Xxx '','  

nuqtаlаridа      ''' xfxf  tengsizlik bаjаrilsа,  xf  funksiya X  

to`plаmdа tekis uzluksiz deb аtаlаdi. 

 Tа`rifning inkori. 0̀  son topilsаki, 0  son olingаndа hаm 

 ''' xx  tengsizlikni qаnoаtlаntiruvchi shundаy 'x ''x X  nuqtаlаr 

mаvjud bo`lib      ''' xfxf  tengsizlik bаjаrilsа,  xf  funksiya X  

to`plаmdа tekis uzluksiz emаs deyilаdi. 

 Kаntor teoremаsi. Agаr  xf  funksiya  ba,  kesmаdа аniqlаngаn vа 

uzluksiz bo`lsа, u shu kesmаdа tekis uzluksiz bo`lаdi. 



 

 

 

36 

 
 

Nаzorаt sаvollаri. 

1. Sonli ketmа-ketlik tushunchаsi. 

2. Ketmа-ketlik limitining tа`rifi vа uning inkori. 

3. Yaqinlаshuvchi vа uzoqlаshuvchi ketmа-ketliklаrning tа`riflаri. 

4. Cheksiz kichik ketmа-ketliklаr vа ulаrning xossаlаri. 

5. Cheksiz kаttа ketmа-ketliklаr vа ulаrning xossаlаri. 

6. Cheksiz kichik vа cheksiz kаttа ketmа-ketliklаr orаsidаgi bog`lаnish. 

7. Yaqinlаshuvchi ketmа-ketliklаrning xossаlаri. 

8. Monoton ketmа-ketlikning tа`rifi. 

9. Monoton ketmа-ketliklаr hаqidаgi Veyershtrаss teoremаsi. 

10. Fundаmentаl ketmа-ketliklаr vа Koshi teoremаsi. 

11. Qismiy ketmа-ketliklаr. Ketmа-ketlikning yuqori vа quyi limitlаri.  

12. Funksiya tushunchаsi. Funksiyaning аniqlаnish sohаsi vа qiymаtlаr 

to`plаmi. 

13. Funksiya limitining Koshi tа`rifi vа uning inkori.  

14. Funksiya limitining Geyne tа`rifi vа uning inkori. 

15. Funksiya limiti Koshi vа Geyne tа`riflаrining ekvivаlentligi. 

16. Funksiyaning bir tomonli limitlаri. 

17. Limitgа egа bo`lgаn funksiyalаrning xossаlаri.  

18. Ikki mirshаb hаqidаgi teoremа.  

19. Birinchi аjoyib limit. 

20. Ikkinchi аjoyib limit. 

21. Funksiya limiti hаqidаgi Koshi teoremаsi. 

22. Funksiyaning nuqtаdаgi vа to`plаmdаgi uzluksizligi tа`riflаri. 

23. Bir tomonlаmа uzluksizlik. 

24. Bаrtаrаf qilish mumkin bo`lgаn uzilish nuqtаsi. 

25. Birinchi tur uzilish nuqtаsi. 

26. Ikkinchi tur uzilish nuqtаsi. 

27. Uzluksiz funksiyalаrning xossаlаri. 

28. Funksiyaning tekis uzluksizligi vа Kаntor teoremаsi. 
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-B- 

Mustаqil yechish uchun misol vа mаsаlаlаr 

1-mаsаlа. axn
n




lim  ekаnligi tа`rif yordаmidа ko`rsаtilsin 

  ?0 n . 

1.1 
2

3
  ,

12

23





 a

n

n
xn . 1.2 2  ,

12

14





 a

n

n
xn . 

1.3 
3

4
  ,

23

14
2

2





 a

n

n
xn . 1.4

2

1
  ,

21

9
3

3





 a

n

n
xn . 

1.5 
2

1
  ,

42

21
2

2





 a

n

n
xn . 1.6 5  ,

1

5



 a

n

n
xn . 

1.7 
2

1
  ,

21

1





 a

n

n
xn . 1.8 

3

2
  ,

53

12





 a

n

n
xn . 

1.9 
2  ,

32

221





 a

n

n

n
x

. 1.10 
3  ,

2

3
2

2




 a
n

n
xn

. 

1.11 
3

2
  ,

31

24





 a

n

n
xn . 1.12 5  ,

6

155





 a

n

n
xn . 

1.13 
2

1
  ,

21

13
2

2





 a

n

n
xn . 1.14 

3

2
  ,

32

12





 a

n

n
xn . 

1.15 
5

3
  ,

15

13





 a

n

n
xn . 1.16 

2

1
  ,

310

15





 a

n

n
xn . 

1.17 3  ,
6

31





 a

n

n
xn . 1.18 2  ,

5

32





 a

n

n
xn . 

1.19 
4

3
  ,

14

23
2

2





 a

n

n
xn . 1.20 

5

3
  ,

54

32
2

2





 a

n

n
xn  

1.21 2  ,
2

2
3

3




 a
n

n
xn . 

 

2-mаsаlа. a  soni  nx  ketmа-ketlikning limiti emаsligi tа`rif 

yordаmidа ko`rsаtilsin. 

2.1   0  ,11  ax
n

n .  2.2 
2

1
  ,

3
cos  a

n
xn


.  
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2.3 
2

1
  ,

6
sin  a

n
xn


.  2.4 1  ,

100
cos  a

n
xn


.  

2.5   0  ,2 1   ax n
n

n

. 2.6   0  ,)1(1  anx n
n . 

2.7   1  ,1  ax
n

n . 2.8   1 ,1
1




ax
n

n . 

2.9 3  ,
cos2

cos2





 a

n

n
xn




. 2.10 1  ,

2

1









 ax

n

n . 

2.11 1  ,
1

3

2




 a
n

n
xn . 2.12 2  ,

32
2




 a
n

n
xn . 

2.13 
12

1




n
xn , 

2

1
a . 2.14 1  ,

2
sin  a

n
xn


. 

2.15 
 

1  ,
1

2




 a
n

xn . 2.16 0  ,
3

sin  a
n

xn


. 

2.17 
2

1
  ,

23

1
2





 a

n

n
xn . 2.18   1 ,1  anx

n

n . 

2.19   0 ,1   anx
n

n . 2.20 1  ,
1

22





 a

n

nn
xn . 

2.21 1  ,12  annxn .  

 

3-mаsаlа. 

 Cheksiz kichik ketmа-ketlikning chegаrаlаngаn ketmа-ketlikkа 

ko`pаytmаsi hаqidаgi teoremаdаn foydаlаnib  nx  ketmа-ketlikning 

yaqinlаshuvchi ekаnligi ko`rsаtilsin.  

3.7 
n

tgn
xn

)sgn(
 . 3.8 

)sin8(

1

nn
xn


 . 

3.9 
  nn

n
x

12

1
2 

 . 3.10 
n

n
xn

cos
 . 

3.11 
2

4
sin

n

n

xn



 . 3.12
 1ln

22














n

nn

xn . 
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Qismiy ketmа-ketlikning limiti hаqidаgi teoremаdаn foydаlаnib 

 nx  ketmа-ketlikning uzoqlаshuvchi ekаnligi ko`rsаtilsin. 

3.13    n

n

n

x
1

5,0


 . 3.14   n
n

n

x 12  . 

3.15   nn

nx 12  . 3.16 
2002

sin
n

xn


 . 

«Ikki mirshаb hаqidаgi teoremа» dаn foydаlаnib  nx  ketmа-

ketlikning yaqinlаshuvchiligi ko`rsаtilsin. 

3.17 
n

n
n

x 









5
. 3.18 

n

n
n

n
x 














12

10
. 

3.19 
 !2

2

n
x

n

n  . 3.20 
n

nn
xn

sin1 
 . 

3.21 
n

n
n

n
x 







 


2

32
. 

 

4-mаsаlа. Koshi kriteriyasi, monoton ketmа-ketlikning limiti 

hаqidаgi teoremа yoki limitlаr ustidаgi аmаllаr hаqidаgi 

teoremаlаrdаn foydаlаnib  nx  ketmа-ketlik yaqinlаshishgа 

tekshirilsin. 

4.1  

n

tgn
nx

n

n

)sgn(1   . 

4.2 
 1ln

221














n

nn

n
xn . 

4.3 
2

2

nn

nn
xn




 . 4.4   










n

n
x

n

n

cos
11 . 

4.5 
2

4
sin

n

n
n

xn















. 

4.6 
 nn

n
xn

sin8

1
2 


 . 

4.7 





























nnx
2

1
1

2

1
1

2

1
1

2


. 

4.8 































)10lg(

1
1

12lg

1
1

11lg

1
1

n
xn 

. 

4.9 

nn

n
x

2

sin

2

2sin

2

sin
2


  . 

4.10 
nn

n
x

2

sin
...

2

2sin

2

1sin

2
 . 



 

 

 

40 

 
 

4.11 
222 )1(

...
3

2

2

1




n

n
xn . 4.12 

n
xn

1
...

2

1
1  . 

4.13 
nn

n

n
x

!
 . 4.14 

n

n
n

x 









1
1 . 

4.15 
22

cos
...

2

2cos
1cos

n

n
xn  . 4.16 

n
xn

1
...

2

1
1  . 

4.17 
n

n
xn

lg
 . 4.18 

!

2

n
x

n

n  . 

4.19 
 тт

7...77,0
n

nx  . 
4.20 

 
 1
1

...
32

1

21

1
1














nn
x

n

n . 

4.21 
!

1
...

!2

1
1

n
xn  . 

 

5-mаsаlа. Sonli ketmа-ketlikning limiti hisoblаnsin  ?lim 


n
n

x   

5.1   32 2  nnnnxn . 5.2   nnnnxn
3 3 5 . 

5.3    941 422  nnnxn . 
5.4 

 
n

nnnn
xn

58 25 
 . 

5.5 nnnxn  232 . 5.6 3 24 nnxn  . 

5.7   322 2  nnnnxn . 5.8 

     3112  nnnnxn . 
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x 2sin

3cos5cos
lim




. 12.10 

22 42

3sin7sin
lim

 



ee

xx

xx
. 

12.11 
2310

)25ln(
lim

2 



 x

x

x
. 12.12 

x

xx

x 



 sin

133
lim

2

1
. 

12.13 
x

x

x sin
lim

22 






. 12.14 

xtg

xx

x 





2235

1

33
lim . 

12.15 
x

x

x 



 sin

162
lim

4
. 12.16 

x
x

x

x cos
2

5
sin

ln2ln
lim

2






. 

12.17 
x

tgx

x 2cos

ln
lim

4




. 12.18 
x

x

x 



 2sin

)29ln(
lim

2

2
. 

12.19 





 

 


25322

21
lim

2

4

2

2

xxx

x

x
. 12.20 

x

x

x 3

cos21
lim

3







. 

12.21 
xx

ee x

x 3sin5sin
lim






.  

13-mаsаlа. Limitlаr hisoblаnsin 

13.1 
1

1

1

3

1

13
lim















 x

x x

x
. 13.2 

ax

ax a

x 










1

sin

sin
lim . 

13.3 
1

1

1

312
lim











  x

x x

x
. 13.4 

2

1

2 2cos

cos
lim











 x

x

x
. 

13.5 
2

1

8

3

1

72
lim















 x

x x

x
. 

13.6   )4/3cos(/1

4

lim
x

x

tgx





. 

13.7 
1

1

1

512
lim











  x

x x

x
. 13.8 

a

x
tg

ax a

x 2
2lim












 . 

13.9   xxctg

x
x

2sin/2

2
coslim


. 13.10   x

x
x

2sin/1

2

2

coslim


. 

13.11 
6

3 3

6
lim

x
tg

x

x










 
. 

13.12   xctgx

x
x

4sin/

4
coslim


. 

13.13   2
1

23lim
x

tg

x
x




 . 13.14   xxtg

x
x

2sin5/5

4
coslim




. 

13.15 
6

3 3

6
lim

x
tg

x

x










 
. 

13.16   xtgtgx

x

x
36

2

sinlim





. 
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13.17   11

1
12lim 


 x

x
x

x
e . 13.18 2

1

2
2

lim














 x

x

x
tg . 

13.19   1

13
1

1
12lim 





 x

x
x

x
e . 13.20   x

x

x
sec

2

3cos1lim 




. 

13.21   ctgxx

x

x
/sin18

2

sinlim




.  

14-mаsаlа. Limitlаr hisoblаnsin 

14.1 
xarctgx

xx

x 32

57
lim

32

0 




. 14.2 

xx

ee xx

x sinarcsin2
lim

23

0 

 


. 

14.3 
xx

xx

x 23sin

76
lim

22

0 

 


. 14.4 

xx

ee xx

x sin2sin
lim

35

0 




. 

14.5 
3

32

0

53
lim

xarctgx

xx

x 




. 14.6 

2

32

0
lim

xarctgx

ee xx

x 




. 

14.7 
xx

xx

x 9sin

23
lim

5

0 




. 14.8 

xarctgx

ee xx

x sin2
lim

24

0 

 


. 

14.9 
xx

xx

x 

 

 arcsin2

512
lim

3

0
. 14.10 

xx

ee xx

x 2sin
lim

27

0 

 


. 

14.11 
xx

xx

x 



 2arcsin

23
lim

75

0
. 14.12 

3

5

0 arcsin
lim

xx

ee xx

x 




. 

14.13 
xxtg

xx

x 



 3

24
lim

7

0
. 14.14 

xxtg

ee xx

x sin2
lim

0 

 


. 

14.15 
arctgxtgx

xx

x 

 

 2

710
lim

2

0
. 14.16 

xx

ee xx

x 5sin3sin
lim

2

0 




. 

14.17 
3

23

0

37
lim

xtgx

xx

x 




. 14.18 

xtgx

ee xx

x sin2
lim

24

0 




. 

14.19 
xx

xx

x 53arcsin

73
lim

2

0 




. 14.20 

tgxx

ee xx

x 

 

 sin2
lim

52

0
. 

14.21 
xxarctg

xx

x 72

29
lim

3

0 




.  

15-mаsаlа.  xfy   funksiyaning 0xx   nuqtаdаgi o`ng vа chаp 

limitlаri topilsin     ?0  ?,0 00  xfxf  
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15.1   1  ,
1

1
0 


 x

x
arctgxf . 15.2   0  ,

1

1
01




 x

e

xf

x

. 

15.3   0  ,
2

||
0 


 x

x

xx
xf . 15.4     0  ,1arccos 0  xxxf . 

15.5   0  ,2 0  xxf ctgx . 15.6   1  ,
|1|)1(3

|1|)1(2
022

22





 x

xx

xx
xf . 

15.7  
2

),(cos 0


 xxsignxf . 15.8    

2
, 0


 xtgxarctgxf . 

15.9  
xx

xf





3

1

3

1
, 30 x . 15.10  

 
1  ,

1
0 


 x

xx
xf . 

15.11     10, 0
2  xxxxf . 15.12  

n

n

n x

x
xf




 1
lim , 10 x . 

15.13   1  ,
1

32
lim 0 







x

x

x
xf

n

n

n
. 15.14   0, 0

2

1




xexf x . 

15.15   0  ,
||

sin
0  x

x

x
xf . 15.16  

 
3,

3
03



 x

x

x
xf . 

15.17   1  ,
1

1
0

3





 x

x

x
xf . 15.18   2  ,

21

2
0

2

1








xxf

x

 

15.19   0  ,
2cos1

0 


 x
x

x
xf . 15.20   0  ,

23

cos
0

sin

1




 x
x

xf

x

. 

15.21  









2  ,12

,2  ,1

xx

xx
xf , 20 x . 

 

16-mаsаlа.  xfy   funksiya 0xx   nuqtаdа uzluksiz ekаnligi tа`rif 

yordаmidа isbotlаnsin (   -topilsin) 

16.1   6  ,15 0
2  xxxf . 16.2   5  ,24 0

2  xxxf . 

16.3   4  ,33 0
2  xxxf . 16.4   3  ,42 0

2  xxxf . 

16.5   2  ,52 0
2  xxxf . 16.6   1  ,63 0

2  xxxf . 

16.7   1  ,74 0
2  xxxf . 16.8   2  ,85 0

2  xxxf . 

16.9   3  ,95 0
2  xxxf . 16.10   4  ,94 0

2  xxxf . 

16.11   5  ,83 0
2  xxxf . 16.12   6  ,72 0

2  xxxf . 

16.13   7  ,62 0
2  xxxf . 16.14   8  ,53 0

2  xxxf . 
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16.15   9  ,44 0
2  xxxf . 16.16   8  ,35 0

2  xxxf . 

16.17   7  ,15 0
2  xxxf . 16.18   6  ,14 0

2  xxxf . 

16.19   5  ,23 0
2  xxxf . 16.20   4  ,32 0

2  xxxf . 

16.21   3  ,42 0
2  xxxf .  

17-mаsаlа. 

Quyidаgi funksiyalаr а  ning qаndаy qiymаtlаridа uzluksiz 

bo`lishi аniqlаnsin 

17.1 

















0  ,

,
2

  ,0  ,2

xa

xxxxctg

y  17.2 














0  ,

,0  ,12

xx

xax

y  

17.3 













0  ),1(

,0  ,cos

xxa

xx

y  17.4 














0  ,1

,0  ,

2

2

xx

xax

y  

17.5 














0  ),1(

,0  ,2

xxa

x

y

x

 
17.6 

 
























2
  ,

,
2

 ,
2

x-,2

xa

xtgxx

y  

17.7 
 














0  ,

,0  ,arcsin

xa

xctgxx

y  
17.8 

















,0 ,0  ,

,0  ,
1

cxa

x
x

c

y

x

 

17.9 

















0  ,

0  ,
)21ln(

xa

x
x

x

y  17.10 















0  ,

,0 ,
2

1

xa

xe
y

x

 

 Quyidаgi funksiyalаr uzluksizlikkа tekshirilsin vа grаfiklаri chizilsin. 

17.11  
1

1
lim

2

2






 n

n

n x

x
xf . 17.12 

 
 t

xt

t e

e





 1ln

1ln
lim . 

17.13  
121

1
lim

 


nn x
xf . 17.14   










x
signxf

1
cos . 

17.15   xxf n

n

2coslim


 . 17.16     xxxf  sin . 

17.17  
nx

nx

n xe

ex
xf






 1
lim . 

17.18   n nn

n
xxxf

2 22 sincoslim 


. 

17.19   n n

n
xxf 21lim 


. 17.20    22 xxxf  . 
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17.21  
nn x

x
xf

2)sin2(1
lim





.  

18-mаsаlа. 

Quyidаgi funksiyalаr berilgаn orаliqdа tekis uzluksizlikkа 

tekshirilsin 

18.1  
24 x

x
xf


 , 11  x . 18.2   10 ,ln  xxxf . 

18.3    x
x

x
xf 0  ,

sin
. 18.4  

x
exf x 1

cos , 10  x . 

18.5    xarctgxxf   , . 18.6    xxxxf 0,sin . 

18.7  














11  ,10  ,1

,01  ,1 2

xxx

xx

xf  18.8  













 xxe

xx

xf
x  ,0 ,

,0 ,1

 

  xfy   funksiya X to`plаmdа tekis uzluksiz emаsligi isbotlаnsin. 

18.9  
x

xf
1

cos ,  1 ,0X . 18.10   ,
1

x
xf    1 ,0X . 

18.11   ,sin 2xxf   RX  . 18.12   ,
1

sin
x

xf    1 ,0X . 

18.13   RXxxf    ,2 . 18.14    3 ,2  ,
2

1



 X

x
xf . 

  xfy   funksiya X to`plаmdа tekis uzluksiz ekаnligi tа`rif 

yordаmidа ko`rsаtilsin (    topilsin). 

18.15   ,1 xxf    ,X . 18.16   ,3 xxf    2 ;0X . 

18.17   ,
1

x
xf    1  ;1,0X . 18.18   ,52 2  xxf   7 ;1X . 

18.19   ,122  xxxf   5 ;2X . 18.20   ,13  xxf   3 ;2X . 

18.21   ,cossin2 xxxf  RX  .  
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-C- 

Nаmunаviy vаriаnt yechimi. 

 Nаmunаviy vаriаnt sifаtidа 21-vаriаntni olib, shu vаriаntdаgi misol 

vа mаsаlаlаrning yechimlаrini keltirаmiz.   

 

1.21-mаsаlа. axn
n




lim  ekаnligi tа`rif yordаmidа ko`rsаtilsin 

  ?  0 n . 

2  ,
2

2
3

3




 a
n

n
xn  

  ( axn
n




lim )      axnnNnn n    :  0 000 .  













3

6

3

622
2

3

2
33

33

3

3

nn

nn

n

n
axn  

 










 


nnnnnn

33323 2323 3

6

93

6

333

6
 
















666
0nn

n
 

 Demаk, 0  son olingаndа hаm 




















6
 ,2max0n  deb olsаk, 0nn   

uchun  axn  bo`lаdi.  axn
n




lim    

 2.21-mаsаlа. a  soni  nx  ketmа-ketlikning limiti emаsligi tа`rif 

yordаmidа ko`rsаtilsin. 

1  ,12  annxn  

  ( axn
n




lim )    axnnNn n : ,0  00  




  112 nnaxn  
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 3.21-mаsаlа. «Ikki mirshаb hаqidаgi teoremа»dаn foydаlаnib 
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sonlаri cheksiz ko`p uchrаydi, chunki Nn  vа Np  uchun keltirish 
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  xf  funksiyani 3x  nuqtаning biror аtrofidа, mаsаlаn (2; 4) 

intervаldа, qаrаymiz.  

 0  son olаmiz vа   2xf  аyirmаni 3x  dа quyidаgi ko`rinishgа 

keltirаmiz: 

  ,
2

333
2

3
2

3

9
2

2

2 
















x

x

x

x

x

x

x

xx

x
xf  

chunki  4 ;2x  edi.  

Oxirgi tengsizlikdаn ko`rinib turibdiki, аgаr  2  deb olsаk, 

 30 x  tengsizlikni qаnoаtlаntiruvchi  4  ;2x  uchun  



 

 

 

55 

 
 

  









2

2

22

3
2

x
xf  

bo`lаdi. Bu yerdаn tа`rifgа ko`rа 2
3

9
lim

2

2

3






 xx

x

x
 ekаnligini hosil qilаmiz   

 11.21-mаsаlа 
2

529
lim

38 



 x

x

x
 hisoblаnsin.  

  
 







































 529

22

2

529
lim

0

0

2

529
lim

233 2

3

2

838 x

xx

x

x

x

x

xx
 

 

  
 .4,2

529

42
lim2

5298

4282

lim
33 2

33 2

8














 


 x

xx

xx

xxx

xx
 

12.21-mаsаlа. 
xx

ee x

x 3sin5sin
lim






 hisoblаnsin. 

  







































  0tx

bajaramizsh almashtiri  

0

0

3sin5sin
lim







tx

xx

ee x

x
 

   

















 tt

e
e

tt

ee t

tt 3sin5sin

1
lim

33sin55sin
lim

0

1

0
 





















t

t

t

t
t

e

e
tt

e
e

t

t

t

t

3

3sin
3

5

5sin
5

1

lim
3sin5sin

1
lim

00
 

 

 

 

13.21-mаsаlа.   ctgx

x

x

x
sin18

2

sinlim




 hisoblаnsin. 

      









































 

  bajaramizsh almashtiri  0
2

2
1sinlim

sin18

2 tx

tx

x ctgx

x

x 




 

  .
235

1
 

1
sin

lim

 1
1

lim

0

0




 



e
et

et

t






















































 

 

 

56 

 
 

       

























izfoydalanamdan   1lim1cos1limcoslim

1

0

cos18

0

cos18

0
ett tgt

t

t
tgt

t

t





 

 





1cos
cos18

lim
0

t
tgt

t

t
e  2

sin2
sin

cos18
lim 2

2

0

t

t

t

te 






2
cos

2
sin2

2
sincos36

lim

22

0 tt

t
t

t

e   .10

2
sin

2
cos

cos18
lim

2

0























ee

t

t

t

t

 

14.21-mаsаlа. Ushbu 

xxarctg

xx

x 72

29
lim

3

0 




 

limit hisoblаnsin. 

  

























7

2

2
2

3

12
3

19

lim
0

0

72

29
lim

3

0

3

0

x

xarctg
xx

xxarctg

xx

x

xx

x


































1lim   ва  ln

1
lim

00 t

arctgt
a

t

a

t

t

t
 

  .
8

9
ln

5

1

72

2ln39ln





  

 15.21-mаsаlа.  xfy   funksiyaning 0xx   nuqtаdаgi o`ng vа chаp 

limitlаri topilsin     ?0  ?,0 00  xfxf   

  2  

,2  ,12

,2  ,1

0 











 x

xx

xx

xf  

          312limlim020
0202

0 


xxffxf
xx

 

          .31limlim020
0202

0 


xxffxf
xx

 

 16.21-mаsаlа.  xfy   funksiya 0xx   nuqtаdа uzluksiz ekаnligi 

tа`rif yordаmidа isbotlаnsin (    topilsin). 

  ,42 2  xxf  30 x  

   xf  funksiyani 30 x  nuqtаning biror аtrofidа, mаsаlаn, (2; 4) 

intervаldа qаrаymiz. 0  son olаmiz vа        30 fxfxfxf   аyirmаni 

bаholаymiz: 

       9218222423 222 xxxfxf  

.314332  xxx  
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 Bu tenglikdаn ko`rinib turibdiki, аgаr 
14


  deb olsаk,  3x  

tengsizlikni qаnoаtlаntiruvchi  4  ;2x  uchun 

    



14

14143143 xfxf  bo`lаdi.     42 2  xxf  funksiya 30 x  

nuqtаdа uzluksiz.   

17.21-mаsаlа.  
  nn x

x
xf

2
sin21

lim





 funksiya uzluksizlikkа 

tekshirilsin vа grаfigi chizilsin.  

   
 





























  

1sin2  ,0

,1sin2  ,
2

,1sin2  ,

sin21
lim

2

x

x
x

xx

x

x
xf

nn
  

.  ,
6

5

6
  ,0

,
6

  ,
2

,
66

-  ,


































Zkkxk

kx
x

kxkx

 

 Bu tenglikdаn ko`rinib turibdiki  xf  funksiya 













 kk

6
  ;

6
 vа 

Zkkk 













  ,

6

5
  ;

6
 orаliqlаrdа uzluksiz hаmdа  

Zkkx 


   ,
6

 nuqtаlаr funksiyaning 1-tur uzilish nuqtаlаri bo`lаdi. 

Yuqoridаgi mа`lumotlаrdаn foydаlаnib funksiyaning grаfigini chizish 

qiyin emаs.   

 18.21-mаsаlа.  xfy   funksiya X  to`plаmdа tekis uzluksiz 

ekаnligi tа`rif yordаmidа ko`rsаtilsin (    topilsin). 

  ,cossin2 xxxf   RX   

   (  xf  funksiya X  to`plаmdа tekis uzluksiz)   

       '''  ''' :'',' ,0  0 xfxfxxXxx . 

 0  son olib    ''' xfxf   ni bаholаymiz:  

         'cos'sin2''cos''sin2''' xxxxxfxf  

    






 



   ва  

2
cos

2
sin2sinsin'cos''cos''sin''sin2 xxxx  












 izfoydalanamdan formulalar  

2
sin

2
sin2coscos


  
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












2

'''
sin

2

'''
sin2

2

'''
cos

2

'''
sin4

xxxxxxxx
 








 

















2

'''
sin

2

'''
cos2

2

'''
2

2

'''
sin

2

'''
cos2

2

'''
sin2

xxxxxxxxxxxx
 

  '''312''' xxxx   

 Bu tenglikdаn ko`rinib turibdiki 
3


  deb olsаk,  ''' xx  tengsizlikni 

qаnoаtlаntiruvchi Rxx  '','  uchun      ''' xfxf  bo`lаdi.    xf  

funksiya R  dа tekis uzluksiz.   
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3-§. 2-MUSTAQIL ISH 

Funksiya hosilasi va differensiali. Ularning tatbiqlari. 
Funksiya hosilasi va differentsialining ta`riflari. 

Hosilaning geometrik va meхanik ma`nolari. 

Turli usulda berilgan funksiyalarning hosilalari. 

Yuqori tartibli hosila va differensiallar. 

Differensial hisobning asosiy teoremalari. 

Lopital qoidasi. 

O-simvolika. 

Teylor formulasi. 

Funksiyani to`liq tekshirish. 

-A- 

Asosiy tushuncha va teoremalar 

1
0
. Hosila va differensial ta`riflari. Hosilaning geometrik va 

meхanik ma`nolari  

  xfy   funksiya  ba,  oraliqda aniqlangan bo`lib,  bax ,  bo`lsin. 

Bu x  nuqtaga shunday x  orttirma beraylikki, xx   ba,  bo`lsin. 

1-Ta`rif.   xf  :
   

x

xfxxf

x

y

xx 









 00
limlim  (1) – funksiyaning x  

nuqtadagi hosilasi. 

2-Ta`rif.  0 xf :
   

x

xfxxf

x

y

xx 









 00
limlim  - o`ng hosila. 

 0 xf :
   

x

xfxxf

x

y

xx 









 00
limlim  - chap hosila. 

1 va 2-ta`riflardan quyidagilar chiqib keladi: 

1) Agar  xfy   funksiya x  nuqtada  xf   hosilaga ega bo`lsa, u 

holda  0 xf  va  0 xf  lar mavjud va  0 xf   0 xf   xf   

bo`ladi.  

2) Agar  0 xf  va  0 xf  lar mavjud bo`lib,  0 xf   0 xf  

bo`lsa, unda  xf   ham mavjud va  xf  q  0 xf   0 xf  bo`ladi. 
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1-Teorema. Agar 0x  nuqtada  0xf   mavjud bo`lsa, u holda  xfy   

funksiya grafigining   00 , xfx  nuqtasiga urinma o`tkazish mumkin va bu 

urinmaning burchak koeffitsienti  0xf   ga teng bo`ladi. 

     000 xxxfxfy  -(2) - urinma tenglamasi. 

 
 

 0

0

0

1
xx

xf
xfy 


 -(3) - normal tenglamasi. 

Agar  tfS   moddiy nuqtaning sonlar o`qidagi t vaqtga mos 

keluvchi o`rnini bildirsa, unda    tfttff   - nuqtaning t  vaqt 

oralig`idagi ko`chishi, 
   

t

tfttf




 - o`rtacha tezlik,  tf   esa t 

momentdagi oniy tezlik bo`ladi. 

3-Ta`rif. Agar y  ni ushbu 

         xxxxxAxfxxfy  , ,        (4) 

bu yerda 0x  da   0, xx  ko`rinishda ifodalash mumkin bo`lsa, 

unda  xfy   funksiya x  nuqtada differensiallanuvchi deyiladi. 

  xxA   ifoda funksiya orttirmasining chiziqli bosh qismi yoki funksiya 

differensiali deb ataladi va dy kabi belgilanadi. 

 xx ,  ifoda funksiya orttirmasining qoldiq hadi deb ataladi. Agar 

0-simvolikadan foydalansak, 0x  da  xоxAy   tenglikni хosil 

qilamiz. 

2-Teorema.  xfy   funksiya x  nuqtada differensiallanuvchi 

bo`lishi uchun shu nuqtada chekli  xf   mavjud bo`lishi zarur va yetarli. 

3-Teorema. Differensiallanuvchi funksiya uzluksiz bo`ladi. 

Agar 2-teorema shartlari bajarilsa       dxxfxxfxdf   bo`ladi. 

Differensiallashning asosiy qoidalari va elementar funksiyalar uchun 

hosilalar jadvali 1-§ ning 013  va 014  punktlarida keltirilgan. 

2
0
. Turli ko`rinishda berilgan funksiyalarning hosilalari 

a) Murakkab funksiyaning hosilasi 

Aytaylik,  ufy   va u   x  funksiyalar berilgan bo`lib, ular 

yordamida fy  [  x ] murakkab funksiya tuzilgan bo`lsin. Agar u   x  

funksiya x  nuqtada va  ufy   funksiya x  nuqtaga mos keluvchi u 

nuqtada hosilaga ega bo`lsa, unda   
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xux uyy '''       (5) 

 tenglik o`rinli bo`ladi. 

b) Teskari funksiyaning hosilasi  

Agar  xfy   funksiya x  nuqtada   0 xf  hosilaga ega bo`lsa, bu 

funksiyaga teskari  yfx 1  funksiya x  nuqtaga mos bo`lgan у  nuqtada 

hosilaga ega va  

x

y
y

x



1

    (6) 

bo`ladi. 
v) Parametrik ko`rinishda berilgan funksiyaning hosilasi 

Faraz qilaylik,  xyy   funksiya parametrik ko`rinishda. 

 

 







ty

tx




    t       (7)  

sistema yordamida aniqlangan bo`lsin. Agar  t va  t  funksiyalar 

differensiallanuvchi bo`lib,   0' t  bo`lsa, unda (7)-sistema 

differensiallanuvchi   xy 1   funksiyani aniqlaydi va  

 
 t
t

x

y
y

t

t
x













       (8) 

tenglik o`rinli bo`ladi. 

g) Oshkormas funksiyaning hosilasi 

Agar biror oraliqda differensiallanuvchi bo`lgan  xyy   funksiya 

  0, yxF  tenglik yordamida aniqlansa, unda oshkormas ko`rinishda 

berilgan funksiyaning  xyy   hosilasini ushbu  

  0, yxF
dx

d
     (9) 

tenglikdan topish mumkin. 

Masalan, ushbu 035  xyyy  tenglik yordamida oshkormas 

ko`rinishda berilgan  xyy   funksiyaning y  hosilasini topaylik. 

  (9)-tenglikka ko`ra  

  


 035
xxyyy .

135

1
01'35

24

24




yy
yyyyyy  
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3
0
. Differensialning taqribiy hisoblashga tatbiqi 

Ma`lumki,  xfy   funksiya 0x  nuqtada differensiallanuvchi bo`lsa, 

unda 

     xoxdfxf  00  

tenglik o`rinli bo`ladi. Agar   00 xdf  bo`lsa, bu tenglikdan yetarlicha 

kichik x  lar uchun 

   00 xdfxf   

yoki 

      xxfxfxxf  000      (10) 

taqribiy hisoblash formulasini hosil qilamiz. 

4
0
. Yuqori tartibli hosila va differensiallar 

a)  xfy   funksiyaning юqori tartibli hosila va differensiallari ushbu 

        xfxf nn 1     ,,...3,2n  

 yddyd nn 1         ,,...3,2n  

tengliklar yordamida aniqlanadi. 

b) Asosiy formulalar  

1)   aaa nxnx ln   a;    xnx ee   

2)   










2
sinsin

n
xx

n   

3)   










2
coscos

n
xx

n  

4)   
    ,1...1 nn

xnx    R  

5)       
n

n
n

x

n
x

!11
ln

1






 

v) Leybnis formulasi 

 Agar  xuu   va  xvv   funksiyalar n-tartibli hosilalarga ega bo`lsa, 

unda    xvxuy   funksiya ham n-tartibli hosilaga ega bo`ladi va  

       




n

k

knkk
n

nn vuCvuy
0

)(          (11) 
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tenglik o`rinli bo`ladi. Bu yerda     vvuu  00     ,  va 
 !!

!

knk

n
C k

n


 . 

(11)-formulaga n-tartibli hosilani hisoblash uchun Leybnis formulasi 

deyiladi. 

    xvxu   funksiyaning n-tartibli differensiali  vud n   uchun ham 

Leybnis formulasi o`rinli. 

5
0
. Differensial hisobning asosiy teoremalari 

 Aytaylik  xfy   funksiya  ba,  oroliqda aniqlangan bo`lsin. 

 1-Teorema. (Ferma teoremasi). Agar 

1)    baCxf , , 

2)  bax ,  uchun chekli    xf , 

3) ichki  bac ,  nuqtada  xf  funksiya eng katta (yoki eng kichik) 

qiymatga erishsa,  

unda   0 cf  bo`ladi. 

 2-Teorema. (Roll teoremasi). Agar 

1)    baCxf , , 

2)  bax ,  uchun chekli    xf , 

3)    bfaf   

bo`lsa,  bax ,0   nuqta topiladiki ,   00  xf  bo`ladi. 

 3-Teorema. (Lagranj teoremasi). Agar 

1)    baCxf ,  

2)  bax ,  uchun chekli    xf  

bo`lsa  bax ,0   nuqta topiladiki  

       abxfafbf  0  

bo`ladi. 

 1-Natija. Agar  bax ,  uchun   0 xf  bo`lsa, unda  ba, da       

  constxf    bo`ladi. 

 2-Natija. Agar  xf  funksiya  ba,  intervalda chegaralangan  xf   

hosilaga ega bo`lsa, u holda  xf   ba,  da tekis uzluksiz bo`ladi. 
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 Lagranj teoremasini ba`zi bir tengsizliklarni isbotlashda qo`llash 

mumkin. Masalan,   xx 


 11  Bernulli tengsizligi x  1  va  1 da 

o`rinli ekanligi isbotlansin. 

 1-hol. x bo`lsin. Unda    uuf  1 ,  xu ,0  funksiya uchun 

Lagranj teoremasiga ko`ra  xx ,00   nuqta topiladiki  

        xxxfxf 
 1

01110  x   bo`ladi    x1  x1  

 2-hol.-1x0 bo`lsin. Unda    uuf  1 ,  0,xu  funksiya uchun 

Lagranj teoremasini qo`llaymiz.  0;0 xx   

              
 xxxxxxxff 11101110 0

1

0  1 x . 

 3-hol x bo`lsin. Unda   111  xx 
  bo`ladi. Endi 3 ta holni 

umumlashtirsak, isbot qilishimiz kerak bo`lgan Bernulli tengsizligini hosil 

qilamiz.   

 4-Teorema (Koshi teoremasi).  Agar  

1)      baCxgxf ,,  , 

2)  bax ,  uchun chekli  xf  va  xg  -  hamda   0 xg  bo`lsa, unda 

 bax ,0   nuqta topiladiki,  

   
   

 
 0

0'

xg

xf

agbg

afbf







 

tenglik o`rinli bo`ladi. 

6
0
. Aniqmasliklarni ochish. Lopital qoidalari 

 2-§ da ko`rganimizdek funksiya limitini hisoblashda biz 



  ,

0

0
 

,  1  ,  ,0 , 00  va shu kabi aniqmasliklarga duch keldik. Bu 

aniqmasliklarni ochishda Lopital qoidalari katta yordam beradi. 

 Teorema.  xf  va  xg  funksiyalar uchun quyidagi shartlar o`rinli 

bo`lsin. 

1)  xf va  xg  funksiyalar a nuqtaning biror atrofida aniqlangan va chekli 

hosilaga ega, 

2)     0limlim 


xgxf
axax

, 

3) a nuqtaning shu atrofida       0
22
 xgxf , 

4) 
 
 xg

xf

ax 




lim -chekli yoki cheksiz. 



 

 

 

65 

 
 

U holda 

 
 

 
 xg

xf

xg

xf

axax 





limlim  

tenglik o`rinli bo`ladi. 

 Izoh: Agar bu teoremaning shartlari a nuqtaning chap (yoki o`ng) 

yarim atrofida bajarilsa, unda teorema 
 
 xg

xf
 ning a nuqtadgi chap (yoki 

o`ng) limitiga nisbatan o`rinli bo`ladi. 

 Yuqoridagi 
0

0
 ko`rinishidagi aniqmasliklar uchun keltirilgan Lopital 

teoremasi 



 ko`rinishidagi aniqmasliklar uchun ham o`rinli bo`ladi. 

Boshqa ko`rinishdagi aniqmasliklar esa 
0

0
 va 




 ko`rinishidagi 

aniqmasliklarga keltiriladi. 

7
0
. O-simvolika 

 Funksiya limitini hisoblashda va funksiyaning asimptotik хarakterini 

o`rganishda «o-kichik» va «O-katta» tushunchalari muhim ahamiyatga ega. 

Biz а  nuqta deganda chekli son yoki   ni tushunamiz. а  chekli bo`lgan 

holda nuqtaning atrofi deganda quyidagi to`plamlardan biri tushuniladi: 

 aa ; ,  aa; ,   aa ; , bu yerda 0 . Agar a  bo`lsa, u holda a  

nuqtaning atrofi deganda quyidagi to`plamlardan biri nazarda tutiladi: 

  ; ,  ,  yoki     ,; , bu yerda 0 . Aytaylik, berilgan 

funksiyalar a  nuqtaning biror atrofida aniqlangan bo`lsin. 

1-Ta`rif. Agar shunday o`zgarmas K  son topilsaki, topilsaki, a  nuqtaning 

biror atrofida  

   xKx   

tengsizlik bajarilsa, u holda shu atrofda  x  funksiya  x  ga nisbatan O  -

katta deyiladi va     xOx    kabi belgilanadi. 

 2-Ta`rif. Agar a  nuqtaning biror atrofida      xxx   tenglik 

o`rinli bo`lib,   0lim 


x
ax

 bo`lsa, unda ax  da  x  funksiya  x  ga 

nisbatan o  -kichik deyiladi va     xox   kabi belgilanadi. 

 1-Ta`rifdan ko`rinadiki, agar   0 x  bo`lsa, unda 
 
 

0lim 




 x

x

ax
 

bo`lganda     xox   bo`ladi. 
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 Izoh. Quyidagi tengliklar o`rinli: 

1)         ,xfoxfoxfo    

2)      ,xfoxfoK   

3)         ,xfoxfoxfo   

4)         ,xfoxfOxfo   

5) 0x  da   nmxox nm   

6) x  da   nmxox nm  . 

 3-Ta`rif. Agar ax  da       xoxx   bo`lsa, unda ax  da 

 x  va  x  funksiyalar ekvivalent deyiladi hamda    xx  ~  kabi 

belgilanadi.  

 Bu ta`rifdan ko`rinadiki, agar   0 x  bo`lsa, unda 
 
 

1lim 




 x

x

ax
 

bo`lganda    xx  ~  bo`ladi. 

 1-Teorema. Agar ushbu  

    
    xox

xox

ax 




lim  yoki 

 
 x

x

ax 




lim   

limitlardan birortasi mavjud bo`lsa, unda  

    
    






 xox

xox

ax
lim

 
 x

x

ax 




lim   

tenglik o`rinli bo`ladi.  

 1-teoremadan foydalanish samaradorligi Teylor formulasi yordamida 

yanada oshadi. 

 2-Teorema. Agar  xf  funksiya a  nuqtada  af ' ,  af '' ,...,   af n  

hosilalarga ega bo`lsa, u holda a  nuqtaning biror atrofida ushbu  

   
 

 
  

    nn
n

axoax
n

af
ax

af
afxf 

!
...

!1

'
 

Peano ko`rinishidagi qoldiq hadli Teylor formulasi o`rinli bo`ladi.  

 Natija. 0x  da quyidagi tengliklar o`rinli bo`ladi.  

1.  
       nnm

xox
n

nmmm
x

mm
mxx 







!

1...1
...

!2

1
11 2  
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2.  n
n

x xo
n

xx
xe 

!
...

!2
1

2

 

3.      n
n

n
xo

n

xx
xx 

1
2

1...
2

1ln  

4.  
 

 n
n

n
xo

n

xx
xx 2

12
1

3

!12
1...

!3
sin 





  

5.  
 

 12
22

!2
1...

!2
1cos  n

n
n

xo
n

xx
x  

6.  43

3

1
xoxxtgx   

7.  43

3

1
xoxxarctgx   

 Misol. 
tgxx

xx

x 



 sin

cosln
lim

2

0
 hisoblansin. 

   

 

     



















 22

222

0

2

0

2

1
1ln

lim
sin

cosln
lim

xoxxox

xxox

tgxx

xx

xx
 



   

 























 22

22222

0

2

1

2

1

lim
xox

xxoxoxox

x
 

 

  2

12

1

lim2

1

lim
2

2

022

222

0







 x

x

xox

xxox

xx
   

 Izoh. Limitni hisoblash jarayonida biz natijada keltirilgan 5, 4, 6, 3 

tengliklardan va 1-teoremadan foydalandik. 

8
0
.Funksiyalarni tekshirish 

a) Funksiyaning monotonligi 

 Faraz qilaylik ,  xfy   funksiya  ba,  oroliqda berilgan bo`lsin. 

 1-Ta`rif. 12 xx   tengsizlikni qanoatlantiruvchi  baxx ,, 21   uchun 

   12 xfxf       12 xfxf   bo`lsa,  xf  funksiya  ba,  oraliqda o`suvchi  

(kamayuvchi)deyiladi. 
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 Agar funksiya o`suvchi yoki kamayuvchi bo`lsa, bunday funksiyaga 

monoton funksiya deyiladi. 

 1-Teorema.  xf  funksiya  ba,  intervalda chekli  xf   hosilaga ega 

bo`lsin. Bu funksiya shu intervalda o`suvchi (kamayuvchi) bo`lishi uchun 

 ba,  da   0 xf    0 xf  bo`lishi zarur va yetarli. 

b) Funksiyaning ekstremumlari 

  xfy  funksiya  ba,  intervalda berilgan bo`lib,  bax ,0   bo`lsin. 

 2-Ta`rif. Agar 0x nuqtaning     0x  atrofi mavjud bo`lsaki, 

x   0x  uchun 

   0xfxf         0xfxf   

tengsizlik o`rinli bo`lsa,  xf  funksiya 0x  nuqtada maksimumga 

(minimumga) erishadi deyiladi.  0xf  qiymat  xf  ning maksimum 

(minimum) qiymati deyiladi va 

 
 

 )( max
0

0 xfxf
xx 



   
 

 


















)(min
0

0 xfxf
xx 

 

kabi belgilanadi. 

 Funksiyani maksimum va minimumi umumiy nom bilan uning 

ekstremumi deyiladi. 

 2-Teorema.(Ekstremumning zaruriy sharti). Agar  xf  funksiya 0x  

nuqtada    bax ,0   chekli  0xf   hosilaga ega bo`lib, bu nuqtada  xf  

funksiya ekstremumga erishsa, u holda   00  xf  bo`ladi. 

 Endi funksiya ekstremumga erishishining yetarli shartlarini 

keltiramiz. 

 Faraz qilaylik,  xfy   funksiya 0x nuqtada uzliksiz bo`lib, 

  0x g` 0x  da chekli  xf   hosilaga ega bo`lsin. 

 3-Teorema. Agar  xf   hosila 0x  nuqtadan o`tishda o`z ishorasini 

musbatdan (manfiydan) manfiydan (musbatdan) o`zgartirsa, unda 

 xf funksiya 0x nuqtada maksimumga  (minimumi) erishadi. Agar  xf   

ishorasini o`zgartirmasa, u holda  xf funksiya 0x nuqtada ekstremumga 

erishmaydi. 
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 4-Teorema.  xf  funksiya 0x  nuqtada  nfff ,...,   hosilalarga ega 

bo`lib, 

       ,0... 0

1

00   xfxfxf n     00 xf n  

bo`lsin. Unda 

1) agar n juft son bo`lib, 

   00 xf n     00 xf n  

bo`lsa,  xf  funksiya 0x  nuqtada maksimumga  (minimumga) erishadi. 

2) agar n toq son bo`lsa,  xf  funksiya 0x  nuqtada ekstremumga 

erishmaydi. 

 Funksiyaning hosilasi nolga aylanadigan yoki hosilasi mavjud 

bo`lmagan nuqtalariga uning kritik nuqtalari deyiladi. 

 Izoh: Funksiya hosilasi mavjud bo`lmagan nuqtalarda ham funksiya 

ekstremumga erishishi mumkin. Masalan,   xxf   fuksiya uchun   0f  

mavjud emas, lekin funksiya 0x  nuqtada minimumga erishadi. 

  ba,  kesmada uzluksiz bo`lgan  xf  funksiya o`zining shu kesmadagi 

eng katta (eng kichik) qiymatiga kritik nuqtada yoki kesmaning chegaraviy 

nuqtasida erishadi. 

v) Funksiyaning qavariqligi, egilish nuqtalari 

 3-Ta`rif. Agar  ba,  oraliqda berilgan  xfy   funksiya grafigi 

   baxx ,, 21   kesmaning chetki nuqtalarini tutashtiruvchi vatardan 

yuqorida (pastda) yotsa, unda   xfy   funksiya  ba,  oraliqda qavariq 

(botiq) deb ataladi. 

 5-Teorema.  xfy   funksiya  ba,  intervalda aniqlangan va bu 

intervalda chekli  xf   hosilaga ega bo`lsin.  xf  funksiyaning  ba,  da 

qavariq  (botiq ) bo`lishi uchun  xf  ning  ba, da kamayuvchi 

(o`suvchi) bo`lishi zarur va yetarli. 

 6-Teorema.  xfy   funksiya  ba,  intervalda aniqlangan va bu 

intervalda ikkinchi tartibli  xf   hosilaga ega bo`lsin.  xf  ning  ba,  

intervalda    bo`lishi uchun shu intervalda   0 xf    0 xf  

tengsizlikning bajarilishi zarur va yetarli. 
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 4-Ta`rif. Agar ax   nuqtadan o`tishda  xfy   funksiyaning grafigi 

qovariqligi yoki botiqligini o`zgartirsa, u holda ax   nuqta funksiya 

grafigining egilish nuqtasi deyiladi. 

g) Funksiya grafigining asimptotalari 

 5-Ta`rif. Agar   


xf
ax

lim  bo`lsa, ax   to`g`ri chiziq   xfy   

funksiya grafigining vertikal asimptotasi deyiladi. 

 6-Ta`rif. Agar   bxf
x




lim  bo`lsa, by   to`g`ri chiziq  xfy   funksiya 

grafigining gorizontal asimptotasi deyiladi. 

 7-Ta`rif. Agar      0lim 


baxxf
x

 bo`lsa, baxy   to`g`ri 

chiziq  xfy   funksiya grafigining og`ma asimptotasi deyiladi. 

 7-Teorema.  xfy   funksiya grafigi x da baxy   og`ma 

asimptotaga ega bo`lishi uchun  

 
,lim a

x

xf

x



    baxxf

x



lim  

bo`lishi zarur va yetarlidir. 

 Bu teorema x  da ham o`rinlidir. 

9
0
. Funksiyalarni to`liq tekshirish va grafiklarini chizish 

 Funksiyani to`la tekshirish va grafigini yasash quyidagilarni aniqlash 

yordamida amalga oshiriladi.  

1) Funksiyani aniqlanish soхasini topish. 

2) Aniqlanish sohasining chegaraviy nuqtalaridagi хarakterini aniqlash. 

3) Funksiyaning juft yoki toqligini va, agar imkon bo`lsa, boshqa 

markaz va simmetriya o`qlarini aniqlash. 

4) Davriylikka tekshirish. 

5) Uzilish nuqtalarini topish va ularning turini aniqlash (2-punktni 

to`ldiradi). 

6) Koordinata o`qlari bilan kesishish nuqtalarini topish. 

7) Funksiyaning ishorasi o`zgarmaydigan oraliqlarni aniqlash. 

8) Monotonlik va ekstremumga tekshirish. 

9) Egilish nuqtalari, qavariqlik va botiqlik oraliqlarini topish. 

10) Asimptotalarni aniqlash  
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11) Tekshirish natijalarini yo`llari      xfxfxfyx   , , , ,  larga mos bo`lgan 

jadval ko`rinishida ifodalash (oхirgi yo`lda faqat ishora aniqlanadi). 

12) Jadvaldagi nuqtalarni tekislikda ifodalash. 

13) Asimtotalarni yasash. 

14) Yuqoridagi tekshirish natijalarini hisobga olgan holda tekislikdagi 

nuqtalarni chiziq yordamida tutashtirish. 

  Izoh: Agar funksiya parametrik ko`rinishda yoki qutb koordinatalar 

sistemasida berilgan bo`lsa ham u yuqoridagi sхema yordamida 

tekshiriladi. 

Nazorat savollari 

1. Funksiya hosilasining ta`rifi.  

2. Bir tomonli hosilalar. 

3. Hosilaning geometrik ma`nosi. 

4. Urinma tenglamasi.  

5. Normal tenglamasi.  

6. Hosilaning meхanik ma`nosi. 

7. Funksiya differensialining ta`rifi. 

8. Differensiallanuvchi va uzluksiz funksiyalar orasidagi bog`lanish. 

9. Murakkab funksiyaning hosilasi. 

10. Teskari funksiyaning hosilasi. 

11. Parametrik ko`rinishda berilgan funksiyaning hosilasi. 

12. Oshkormas ko`rinishda berilgan funksiyaning hosilasi. 

13. Differensial yordamida taqribiy hisoblash.  

14. Yuqori tartibli hosila va differensiallar. 

15. Leybnis formulasi. 

16. Ferma teoremasi. 

17. Rollь teoremasi. 

18. Lagranj teoremasi. 

19. Lagranj teoremasining natijalari. 

20. Koshi teoremasi. 
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21. Lopitalning birinchi qoidasi. 

22. Lopitalning ikkinchi qoidasi. 

23. O -simvolika. 

24. Teylor formulasi. 

25. Funksiyaning monotonligi. 

26. Birinchi tartibli hosila yordamida funksiyaning ekstremumini topish.  

27. Yuqori tartibli hosilalar yordamida funksiyaning ekstremumini topish. 

28. Funksiyaning qavariqligi va egilish nuqtalari. 

29. Funksiya grafigining asimptotalari.  

30. Funksiyani to`la tekshirish va grafigini yasash. 
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-B- 

Mustaqil yechish uchun misol va masalalar 

1-masala. Hosila ta`rifidan foydalanib  0f   topilsin (agar u mavjud 

bo`lsa). 

1.1  






















.0 ,0

0  x,
1

sin23

x

x
xxtg

xf   1.2  























.0 ,0

,0 ,
3

sinsin

x

x
x

x

xf  

1.3  























.0 ,0

,0,
3

2

9

1
cosarcsin 2

x

xx
x

x

xf  

1.4 

    
.0x,1

1
sin1ln1

0,  x,0

2

2






















x
x

xf

 

1.5  























.0  ,0

,0,
5

1
cos

x

x
x

xarctg

xf  1.6  

































.0  ,0

,0,1sin

5
sin2

x

xxe

xf

xx

 

1.7  



































.0  ,0

,0,
1

sinsin1ln 2

x

x
x

x

xf  
1.8 

 
















.0,
23

4
cos

0,  x,0

2
2 x

x

x
x

xf

 

1.9  

































.0 ,0

,0,
3

1
sin2

3

3

x

x
x

xxarctg

xf  1.10  
















.0 ,0

,0,
11

cos22

x

x
x

x

xf  

1.11  
















.0 ,0

,0,
5

cossin

x

x
x

x

xf  1.12  
















.0  ,0

,0,
1

cos2 22

x

x
x

xx

xf  

1.13  
























.0  ,0

,0,
6

sinarcsin 2

x

x
x

xx

xf  1.14  
















.0  ,0

,0,
cosln

x

x
x

x

xf  
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1.15  



































.0  ,0

,0,12
8

1
cos2

x

xxtg

xf

xx

 
1.16  














0,0

0,
1

sin6

x

x
x

xx
xf  

1.17  
















.0  ,0

,0,
7

sin

x

x
x

arctgx

xf  1.18  
















.0  ,0

,0  ,15sin

x

xe

xf

xx

 

1.19 
 














0.  x,0

0,  x,
9

1
cos2 2  2

x
xxxf

 1.20  















.0  ,0

,0  ,213

2
sin2

x

xx
xf

x
x

 

1.21 
 



















.0,
cos

0,  x,0

2

x
x

xe
xf

x

 

 

 2-masala. Funksiya grafigining abssissasi 0x  bo`lgan nuqtasiga 

o`tkazilgan normal (2.1-2.12 variantlarda) yoki urinma (2.13-2.21 

variantlarda) tenglamasi topilsin. 

2.1 2,
4

4
0

2




 x
xx

y . 

2.3 1, 0

3  xxxy . 

2.5 1, 0

3  xxxy . 

2.7 4,
1

1
0 




 x

x

x
y . 

2.9 1,132 0

2  xxxy . 

2.11 64,3 0
3  xxxy . 

2.13 1,32 0

2  xxy . 

2.15 1,
1

2 0  x
x

xy . 

2.17 1,
1

1
04

5





 x

x

x
y . 

2.2 2,132 0

2  xxxy . 

2.4 4,328 0

2  xxxy . 

2.6 8,20 0

3 2  xxy . 

2.8 16,708 0
4  xxy . 

2.10 3,
63

02

2




 x
x

xx
y . 

2.12 2,
2

3
03

3





 x

x

x
y . 

2.14 1,
1

6
04

29





 x

x

x
y . 

2.16 
 
 

1,
13

22
04

8





 x

x

x
y . 

2.18 1,
51

9
02

16





 x

x

x
y . 
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2.19   1,23 0
3  xxxy . 

2.21 2,
1

02



 x

x

x
y . 

2.20 2,
23

1
0 


 x

x
y . 

 

 3-masala. Differensial yordamida ifodaning taqribiy qiymati 

hisoblansin. 

3.1 76,7,3  xxy . 

3.3 98,0,
2

5 2




 x
xx

y . 

3.5 97,0,523 2  xxxy . 

3.7 021,1,11  xxy . 

3.9 03,1,3 2  xxy . 

3.11 56,2,14  xxy . 

3.13 016,1,
12

1

2



 x

xx
y . 

3.15 16,4,
1

 x
x

y . 

3.17 002,2,7  xxy . 

3.19 78,1,34  xxy . 

3.21 012,1,73 3  xxxy . 

3.2 54,27,3  xxy . 

3.4 08,0,arcsin  xxy . 

3.6 97,1,32  xxxy . 

3.8 998,0,21  xxy . 

3.10 01,2,6  xxy . 

3.12 03,1,5 2  xxy . 

3.14 01,0,sin1  xxxy . 

3.16 01,0,cos33  xxxy . 

3.18 02,1,
2

sin24  x
x

xy


. 

3.20 97,1,52  xxy . 

 

 

 4-masala. Hosila hisoblansin. 

4.1 
2

3

2 




x

xx
y . 

4.3 
 

72

123






x

xx
y . 

4.5 
4

2

12

2

x

x
y




 . 

4.7 
1

1
2 




xx

xx
y . 

4.9 
726

7

2 




xx

x
y . 

4.2 
x

x
y






1

1
2 . 

4.4 
 

2

212

x

xxx
y


 . 

4.6 
  55

1

22 




xx

x
y . 

4.8 
 

3

22

9

332

x

xx
y


 . 

4.10   5
32 1

1
x

xxy  . 
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4.11 
 

3
2

1

1
3






x

x
y . 

4.13 
1

1
3

3 2






x

xx
y . 

4.15 
  542

1

2 


xxx
y . 

4.17 
 

24

231

x

xx
y


 . 

4.19 
2

2

212

1

x

x
y




 . 

4.21 
3

36

1

2

x

xx
y




 . 

4.12 
 

2

232

x

xx
y


 . 

4.14 
3

36

8

1288

x

xx
y




 . 

4.16 
 

3

32

3

1

x

x
y


 . 

4.18 
 

3

22

24

42

x

xx
y


 . 

4.20 
 3 23

3

2

34

xx

x
y




 . 

 

 

 5-masala. Hosila hisoblansin. 

5.1   arctgx
arctgxy

ln
2

1

 . 

5.3  
xe

xy
5

sin . 

5.5  
x

xy
3

ln . 

5.7  
xe

xctgy
2

3 . 

5.9  
xe

tgxy
4

 . 

5.11    xx
xxy

sinsin
sin . 

5.13 
3sin xxy  . 

5.15   2

5

sin
x

xy  . 

5.17 1919

19 xy x  . 

5.19  
xe

xy

1

sin . 

5.21 xxxy 52   

5.2   x

xy
sinln

sin . 

5.4  
xe

xy arcsin . 

5.6 xxy arcsin . 

5.8 
tgxexy  . 

5.10  
xe

xy 5cos . 

5.12  tgx
xy 43  . 

5.14  ctgx
xy 54  . 

5.16   x
xy

cos2 1 . 

5.18 xxxy 23  . 

5.20 
xexy

sin

 . 

 

6-masala. Funksiya grafigining abssissasi  00 txx   bo`lgan nuqtasiga 

o`tkazilgan urinma va normal tenglamalari topilsin. 
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6.1 












3
,sin

cos3

0


tty

tx

 

6.3 










1,3

2

0

3

2

ttty

ttx
 

6.5 












3
,cos2

sin2

0

3

3


tty

tx

 

6.7 
 

 











3
,cos13

sin3

0


tty

ttx

 

6.9 












6
,cos

sin

0

2

2


tty

tx

 

6.11





















1,
1

1
arccos

1
arcsin

0
2

2

t
t

y

t

t
x

 

6.13 


















1,
ln23

ln1

0

2

t
t

t
y

t

t
x

 

6.15 















2,
2

2

3

1

02

2

t
tt

y

t

t
x

 

6.17 












6
,cos

sin

0

3

3


ttay

tax

 

6.19 
 

 











4
,cossin

cossin

0


ttttay

tttax

 

6.2 
 

 











4
,cos2sin

sin2cos

0


ttttty

ttttx

 

6.4 





















2,
1

3

1

3

02

2

2

t
t

at
y

t

at
x

 

6.6 
 













4
,

1ln2

0


tctgttgty

ctgtx

 

6.8 












2
,sin

cos

0


ttaty

tatx

 

6.10 


















1,
1

1

0t
t

t
y

t

t
x

 

6.12 
 









1,

1ln

0

2

tarctgtty

tx
 

 

6.14 
 









0,cos

sin1

0ttty

ttx
 

6.16 






















2
1

1

1

02

2

3

t
t

t
y

t

t
x

 

6.18 












4
,sin4

cos3

0


tty

tx

 

6.20 










1, 0

32

4

ttty

ttx
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6.21 










2,

1

0

3

2

ttty

tx
 

7-masala. Parametrik ko`rinishda berilgan funksiyaning ikkinchi 

tartibli hosilasi hisoblansin. 

7.1 








ty

tx

2sec2

2cos
 

7.3 












t
y

tx

1

1 2

 

7.5 










tey

tex

t

t

sin

cos
 

7.7 








ty

ttx

cos2

sin
 

7.9 















21

1

1

t
y

t
x

 

7.11 













t
y

tx

1

1  

7.13 











ty

tx

sec

sin

 

7.15 












t
y

tgtx

2sin

1  

7.17 













1

1

t

t
y

tx

 

7.19 










3 1ty

tx
 

7.21 











ty

ttx

cos2

sin

 

7.2 










ty

tx

ln

13

 

7.4 












t
y

tx

1

1

 

7.6 










ttgy

tx

2

2cos
 

7.8 
 








2ln

3

ty

tx
 

7.10 
 








ty

tx

cosln

sin
 

 

7.12 








ty

ttx

cos2

sin
 

7.14 
 








ty

tx

sinln

cos
 

7.16 








ttty

tttx

cossin

sincos
 

7.18 








ty

ex t

arcsin
 

7.20 
 

 







ty

ttx

cos24

sin2
 

 

8-masala. n-tartibli hosila hisoblansin. 
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8.1  1cos2sin  xxy . 

8.3 
32

74






x

x
y . 

8.5 xy 32 . 

8.7 
 1313

52






x

x
y . 

8.9   xxy 2cos1sin  . 

8.11 
15

154






x

x
y . 

8.13 xy 57 . 

8.15 
x

y
4

 . 

8.17 325  xy . 

8.19 13  xey . 

8.21  72lg  xy . 

 

8.2 5 17  xey . 

8.4  25lg  xy . 

8.6 
 232 


x

x
y . 

8.8 534  xy . 

8.10 3 12  xey . 

8.12  13lg  xy . 

8.14 
 949 


x

x
y . 

8.16 
 3213

15






x

x
y . 

8.18   xxy 5cos13sin  . 

8.20 
56

1211






x

x
y . 

9-masala. Quyidagi tengsizliklar isbotlansin. 

9.1  x1ln  x
x

x
,

1
0 . 

9.3 xe  Rxx  ,1 . 

9.5 nn ab     0,1 naabn  a Nnb , . 

9.7 xcos  x
x

,
2

1
2

 0 . 

9.9 xsin  x
x

x ,
6

3

 0 . 

9.11 Nnx
n

xx
xe

n
x  ,0,

!
...

!2
1

2

. 

9.13   0,
32

1ln
32

 x
xx

xx . 

9.15
b

a
ln   0,

b

ba 
b  a . 

9.17   0 ,1 yxpxyx ppp    pxy   , 1. 

9.2  x1ln  xx, 0 . 

9.4 xe  xex, 1. 

9.6   10,  pbaba ppp .  

9.8 x2  x
x

,
1

3 1. 

9.10 arctgx  x 0,
3

3x
 1x . 

9.12 arctgx  0,
6

3x
x   1x . 

9.14 0,
!2

1
2

 x
x

xe x . 

9.16 0,
!2

1
2

 x
ex

xe
x

x . 

9.18   0,
2

1ln
2

 x
x

xx . 
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9.19 baarctgbarctga  . 

9.21 nn ab     0,1 nbabn ab , Nn . 

9.20 
b

a
ln  0,

a

ba 
b  a . 

 

10-masala. Limit hisoblansin. 

10.1 
10

lim
x

e x

x




. 

10.3 
100

1

0

2

lim
x

e x

x




. 

10.5 
10

1

0
lim

x

e x

x




. 

10.7  x

x
x 01.0lim 100


. 

10.9 
xe

xx
xx cos

sin
lim

2






. 

10.11 
xx

xx

x cos

ln
lim

3

3






. 

10.13 
x

x

x ex

ex
2

2

sin
lim






. 

10.15 
xe

xx
xx sin

cos
lim

4






. 

10.17  xctgx
x

22

0
lim 


. 

10.19 
x

x x

tgx
1

0
lim 










. 

10.21   x
x

x sin

1

0
coslim


. 

10.2   xctgx
x




1lnlim
01

. 

10.4   xtg

x

x


22lim

2

1




. 

10.6   1

2

sin1lim




 xtgx
x


. 

10.8 xx
x

2

0
lnlim


. 

10.10 s

x
xsin

0
lim


. 

10.12   xx
x

11

1
ln1lim 


 . 

10.14  xx
x

22

0
sinlim 


 . 

10.16 tgx

x
x 2

0
lim 


. 

10.18   11

0
1lim 


 xe x

x
. 

10.20   xtg

x

tgx
2

4

lim




. 

 

11-masala. Quyidagi masalalar yechilsin. 

11.1 Yig`indisi o`zgarmas a soniga teng bo`lgan 2 ta musbat sonning m va 

n darajalari (m,n) ko`paytmasining eng  katta qiymati topilsin. 

11.2  Ko`paytmasi o`zgarmas a soniga teng bo`lgan 2 ta musbat sonning 

m va n darajalari (m,n) yig`indisining eng  kichik qiymati 

topilsin. 

11.3 Yuzasi Sga teng bo`lgan barcha to`g`ri to`rtburchaklar ichidan 

perimetri eng kichik bo`lganini aniqlang. 
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11.4 Kateti va gipotenuzasi yig`indisi o`zgarmas bo`lgan to`g`ri burchakli 

uchburchaklar ichida юzasi eng katta bo`lganini aniqlang. 

11.5 V hajmli yopiq tsilindrik bankaning o`lchamlari qanday bo`lganda u 

eng kichik to`la sirtga ega bo`ladi? 

11.6 1
2

2

2

2


b

y

a

x
 ellipsga tomonlari ellipsning o`qlariga parallel bo`lgan 

shunday ichki to`g`ri to`rtburchak chizingki, uning yuzasi eng katta 

bo`lsin. 

11.7 R radiusli yarim sharga asosi kvadratdan iborat bo`lgan shunday 

ichki to`g`ri parallelepipedni chizingki, uning hajmi eng katta 

bo`lsin. 

11.8 R radiusli sharga shunday ichki silindr chizingki, uning hajmi eng 

katta bo`lsin. 

11.9 R radiusli sharga shunday ichki silindr chizingki, uning to`la sirti eng 

katta bo`lsin. 

11.10 R radiusli sharga shunday  tashqi konus chizingki, uning hajmi eng 

kichik bo`lsin. 

11.11 Yasovchisi l ga teng bo`lgan eng katta hajmli konusning hajmini 

toping. 

11.12  M(p,p) nuqta va pxy 22   parabola orasidagi eng qisqa masofani 

toping. 

11.13 A(2,0) nuqta va 122  yx  aylana orasidagi eng qisqa va eng uzun 

masofalar topilsin. 

11.14 1
2

2

2

2


b

y

a

x
 (0b a ) ellipsning B( b;0 ) nuqtasidan o`tuvchi eng katta 

vatarini toping. 

11.15 1
2

2

2

2


b

y

a

x
 ellipsda shunday  yxM ,  nuqtani topingki, shu nuqtadan 

ellipsga o`tkazilgan urinma va koordinata o`qlari yordamida hosil 

bo`lgan uchburchakning yuzasi eng kichik bo`lsin. 

11.16 R radiusli doiraga shunday ichki to`g`ri to`rtburchak chizingki, uning 

perimetri eng katta bo`lsin. 

11.17  2;1A  nuqtadan shunday to`g`ri chiziq o`tkazingki, shu to`g`ri chiziq 

va musbat yarim o`qlar yordamida hosil bo`lgan uchburchakning 

yuzasi eng kichik bo`lsin. 
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11.18 a musbat sonni shunday 2ta musbat qo`shiluvchiga ajratingki, ular 

kublarining yig`indisi eng kichik bo`lsin. 

11.19 Uzunligi l ga teng bo`lgan setka bilan bir tomoni devor bilan 

to`silgan shunday to`g`ri to`rtburchak shaklidagi yer uchastkasini 

o`rash kerakki, uning yuzasi eng katta bo`lsin. 

11.20 Teng yoqli uchburchakni 2 ta teng yuzali uchburchakka ajratuvchi 

eng kichik kesmaning uzunligi topilsin. 

11.21 Derazaning perimetri P ga teng, yuqori qismi yarim doiradan iborat 

bo`lgan to`g`ri to`rtburchak shaklga ega. Derazaning o`lchamlari 

qanday bo`lganda undan eng ko`p yorug`lik o`tadi? 

12-masala. Birinchi tartibli hosiladan foydalanib funksiyaning grafigini chizing. 

12.1  22 2 xxy . 

12.3 3232 xxy  . 

12.5 432 23  xxy . 

12.7    22
31  xxy . 

12.9 386 xxy  . 

12.11 532 23  xxy . 

12.13    22
1212  xxy . 

12.15 2812 32  xxy . 

12.17 
 

x
xx

y 



4

27 23

. 

12.19 
 

16

4
22 


x

y . 

12.21 
 
16

4
22 


xx

y . 

12.2 96
4

9 23




 x
xx

y . 

12.4    22
11  xxy . 

12.6 32 23 xxy  . 

12.8 5
4

3 23





xx

y . 

12.10  22 116  xxy . 

12.12 32 8122 xxy  . 

12.14 xxxy 1292 23  . 

12.16    22
3212  xxy . 

12.18 
 

8

12 2xx
y


 . 

12.20 41216 23  xxy . 

13-masala. Funksiyaning asimtotalarini toping va grafigini yasang. 

13.1 
2

23

1

232

x

xxx
y




 . 

13.3 
34

112






x

x
y . 

13.2 
1

92

2

2






x

x
y . 

13.4 
2

23

31

1232

x

xxx
y




 . 
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13.5 
2

12

2

2






x

x
y . 

13.7 
2

23

32

223

x

xxx
y




 . 

13.9 
12

73 2






x

x
y . 

13.11 
49

2

2

2






x

x
y . 

13.13 
54

17 2






x

x
y . 

13.15 
43

4
2

3






x

xx
y . 

13.17 
2

23

32

2834

x

xxx
y




 . 

13.19 
2

62 2






x

x
y . 

13.21 
14

34
2

3






x

xx
y . 

13.6 
97

21 2






x

x
y . 

13.8 
89

16

2

2






x

x
y . 

13.10 
23

462






x

xx
y . 

13.12 
34

1

2

2






x

x
y . 

13.14 
84

94 2






x

x
y . 

13.16 
23

3

2

2






x

x
y . 

13.18 
2

23

42

1322

x

xxx
y




 . 

13.20 
2

3

35

5

x

xx
y




 . 

14-masala. Funktsiyani to`liq tekshiring va grafigini yasang. 

14.1 
2

3 4

x

x
y


 . 

14.3 
xx

y
2

2
2 

 . 

14.5 
1

332






x

xx
y . 

14.7 
1

142






x

xx
y . 

14.9 
 

2

2
1

x

x
y


 . 

14.11 
2

1
1 










x
y . 

14.13 
132

369
2

2





xx

xx
. 

14.2 
2

2

3

4

x

x
y


 . 

14.4 
29

12

x

x
y


 . 

14.6 
2

34

x

x
y


 . 

14.8 
2

3 12

x

x
y


 .  

14.10 
 2

2

1


x

x
y . 

14.12 
12

312
2

2






x

x
y . 

14.14 
4

8
2 


x

x
y . 

14.16 
3

4 13

x

x
y


 . 
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14.15 
2

1

1














x

x
y . 

14.17 
 2

1

4




x

x
y . 

14.19 
32

4
2 


xx

y . 

14.21 
1

12






x

xx
y . 

14.18 
 

 2
1

18






x

x
y . 

14.20 
32

72
2

2






xx

xx
y . 
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-C- 

Namunaviy variant yechimi. 

1.21-masala. Hosila ta`rifidan foydalanib  0f   topilsin. 

 















0,0

0,
cos

2

x

x
x

xe

xf

x

 



 
       



































 202000

cos11
lim

cos
lim

0
cos

lim
00

lim:0

22

2

x

xe

x

xe

x

x

xe

x

fxf
f

x

x

x

x

x

xx

.
2

3

2

1
1

2

2
sin

lim
2

1
12

sin2

lim1
cos1

lim
1

lim

2

02

2

02020

2













































 x

x

x

x

x

x

x

e

xxx

x

x
 

2.21-masala. Funksiya grafigining absissasi 0x  bo`lgan nuqtasiga 

o`tkazilgan urinma tenglamasi topilsin. 

12 


x

x
y  , 20 x  

  Ma`lumki, urinma tenglamasi 

     000 xxxfxfy   

ko`rinishga ega.    
  5

2

12

2
2

20 



 fxf  

 
   

   

 
    




































25

3

25

41
2

1

1

1

21

1

11

1

022

2

22

22

22

22

2

fxf
x

x

x

xx

x

xxxx

x

x
xf

 

  2
25

3

5

2
xy  Urinma tenglamasi: 016253  yx    

 

 3.21-masala. Differensial yordamida ifodaning taqribiy qiymati 

hisoblansin. 

3 3 7xxy  , 012,1x  

  Taqribiy qiymat 
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      xxfxfxxf  000        (1) 

formula yordamida hisoblanadi. 

 Bizda 

  3 3 7xxxf  , 10 x ,      



















  3

1
33 3 77012,0 xxxxxfx  

   
 

  271

73

73
77

3

1 3
0

3 23

2
33

2
3 










xf

xx

x
xxxx , 

 
6

5

12

10

43

10
0 


 xf . 

Topilgan ifodalarni (1) tenglikka olib borib qo`yamiz: 

  01,2002,052012,0
6

5
2012,17012,13 3

  

4.21-masala. Hosila hisoblansin. 

2

36

1

2

x

xx
y




  

     
 


































2
2

236236

2

36

1

1212

1

2

x

xxxxxx

x

xx
y  

   
    

 















22

36225

2

2

36225

11

2136

1

12

2
2136

xx

xxxxxx

x

x

x
xxxxx

 

 
 


22

346

11

23265

xx

xxxxx




  

5.21-masala. Hosila hisoblansin. 

xxxy 52   

            











  5lnln255ln5 225ln5ln2 22

xxxxxeexy xxxxxxxx xxx

  

    .5ln255ln2ln25 222 xxxx xxxx   

6.21-masala. Funksiya grafigining abssissasi  00 txx   bo`lgan 

nuqtasiga o`tkazilgan urinma va normal tenglamalari topilsin. 











2,

,1

0

3

2

ttty

tx
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  Biz      000 xxxfxfy  -(2) (urinma tenglamasi), 

 
 

 0

0

0

1
xx

xf
xfy 


 -(3) (normal tenglamasi), 

va 
t

t
x

x

y
y




 -(4) (parametrik ko`rinishda berilgan funksiyaning hosilasi) 

formulalardan foydalanamiz: 

;321 2

0 x    ;622 3

0 xf  
 

 
  .

4

11

4

431

2

31

1
0

2

2

3


















 xf
t

t

t

tt
yx  

Topilgan qiymatlarni (2)va(3)-tengliklarga olib borib qo`yib urinma va normal 

tenglamalarni topamiz: 

 

  





















normalyx

urinmaxy

xy

xy

078114

09114

3
11

4
6

3
4

11
6

    

7.21-masala. Parametrik ko`rinishda berilgan funksiyaning ikkinchi 

tartibli hosilasi hisoblansin. 









ty

ttx

cos2

sin
 

  Bu masalani (4)-formuladan ikki marta foydalanish yordamida 

yechamiz. 

 

  t

t

tt

t

x

y
y

t

t
x

cos1

cos

sin

cos2
















  

   

   
.

cos1

sin

cos1

sincoscos1sin

cos1

cos1

cos

332

t

t

t

tttt

t

t

t

x

y
y

t

tx

x































  

8.21-masala. n-tartibli hosila hisoblansin. 

 .72ln  xy  

   
 

 72ln
10ln

1

10ln

72ln
72lg 


 x

x
xy  

 
72

1

10ln

2
72

72

1

10ln

1










x
x

x
y  

 
 

 
 2

2

2
72

1

10ln

2
72

72

1

10ln

2


























x
x

x
yy  
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 
 3

3

72

!2

10ln

2







x
yy  

Bu jarayonni davom ettirish natijasida Nn  uchun  

   
 

 n
n

nn

x

n
y

72

!1

10ln

2
1

1






  tenglikni hosil qilamiz.  

 

9.21-masala. Quyidagi  

nn ab     0,1 nbabn  a  Nnb ,  

tengsizlik isbotlansin. 

  Bu tengsizlikni Lagranj teoremasidan foydalanib isbotlaymiz. 

  nxxf   funktsiya uchun  ba,  kesmada Lagranj teoremasini qo`llaymiz: 

       ,0 abxfafbf      abxnabbax
nnn 
1

00 ,    .1 nbabn  

10.21-masala. Limit hisoblansin. 

 sin

1

0
coslim x

x
 

   
 















 0

0

sin

cosln
lim

sin

1

0

01coslim eex x

x

s
x

x ((Lopital teoremasidan 

foydalanamiz )) 
  

    10cos

sin
lim

cos

cos

sin

lim
sin

cosln
lim

200
0

 








eeee x

x

x

x

x

x

x

xx
x

 

11.21-masala. Derazaning perimetri P ga teng, юqori qismi 

yarim doiradan iborat bo`lgan to`g`ri to`rtburchak shaklga ega. 

Derazaning o`lchamlari qanday bo`lganda undan eng ko`p  yorug`lik 

o`tadi? 

  Masala shartiga ko`ra deraza 1-chizmada ko`rsatilgan shaklga ega. 

Chizmadan ko`rinadiki,  
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1-chizma. 

2

x
R  . Unda 




2
22

x
yxRyxP  

.
422

xxP
y


  

Endi derazaning yuzasini topamiz: 

82284222

222222 xxPxxxxPxR
yxS


                          (5) 

Derazadan eng ko`p yorug`lik o`tishi uchun derazaning yuzasi eng 

katta bo`lishi kerak. Buning uchun (5)-funksiyaga maksimum qiymatni 

beruvchi x ni topishimiz lozim. 

  ;
42

x
x

P
xS


   

1
4

2

2
1

4
0 0
















P

x
P

xxS -statsionar nuqta. Bu 

nuqtada  
4

10


 xS  max0 . Demak, derazadan yorug`lik eng ko`p 

o`tishi uchun uning asosi 
4

2





P
x  bo`lishi kerak ekan. Balandligi esa  

 
 

  442

24

4242422 























 PPPPPxxP
y  bo`lar ekan.   

12.21-masala. Birinchi tartibli hosiladan foydalanib  

 
16

4
22 


xx

y  

funksiyaning grafigini chizing. 

  Berilgan funksiyaning hosilasini hisoblaymiz: 

      
 

      
.

4

42

8

424
4

16

42
4242

16

1 22 








xxxxxx
xx

xx
xxxxy  

Intervallar usulidan foydalanib bu ifodaning ishorasi saqlanadigan 

oroliqlarni topamiz va quyidagi jadvalni tuzamiz. 

x  0;  0  2;0  2  4;2  4  ;4  

y` - 0   0 - 0   

y  
0

min   
1

max   
0

min   
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Jadvaldagi ma`lumotlardan foydalanib berilgan funksiyaning grafigini 

chizamiz (2-chizma).   

 

 2-chizma. 

 

13.21-masala 
14

34
2

3






x

xx
y  funksiyaning asimptotalarini toping va 

grafigini yasang. 

  
 

  




























































2

1

2

1

2

3

2

3

1212

34

14

34 2

2

3

xx

xxx

xx

xx

x

xx
y   
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a) Vertikal asimptota: 
2

1
x  va 

2

1
x  to`g`ri chiziqlar vertikal asimptota 

bo`ladi , chunki   


xf
x

2

1
lim  va   



xf
x

2

1
lim . Funksiyaning shu nuqtadagi 

o`ng va chap limitlarini ham hisoblaymiz: 

  


xf
x 0

2

1
lim ,    



xf
x 0

2

1
lim  

  


xf
x 0

2

1
lim     



xf
x 0

2

1
lim  

b) Gorizontal asimptota:  



xx

xf limlim 




14

34
2

3

x

xx
 gorizontal asimptota 

yo`q. 

v) Og`ma asimptota: 
 

 
,1

14

34
limlim

2

3







 xx

xx

x

xf
a

xx
  

   xy
x

x

x

xxxx
x

x

xx
axxfb

xxxx



























0

14

2
lim

14

434
lim

14

34
limlim

22

33

2

3

-

og`ma asimptota. 

Bu asimtotalardan foydalanib funksiya grafigini chizamiz (3-chizma).   

 

3-chizma. 

 

14.21-masala. 
1

12






x

xx
y  funksiyani to`liq tekshiring va grafigini 

chizing. 
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  Funksiyani paragrafning A bo`limi 9-punktida taklif qilingan 

sхema asosida to`liq tekshiramiz. 

Funktsiyaning aniqlanish sohasi:    1 xyД   

Funktsiya juft ham, toq ham, davriy ham emas. 

1x  nuqta funktsiyaning 2-tur uzilish nuqtasi, chunki   


xf
x 01
lim  

va   


xf
x 01
lim  OY o`qi bilan kesishish nuqtasi:   10  fy . 

OX o`qi bilan kesishish nuqtasi:  xxxy 010 2 Ø  OX o`qi 

bilan kesishishmaydi. 

 Funktsiyaning ishorasi o`zgarmaydigan oraliqlar: 

Х  1;   ;1  

Y -   
Endi funksiyani monotonlik va ekstremumga tekshiramiz: 

     
     

 

 22

2

2

22

2

22

1

2

1

2

1

1132

1

11112

1

1





































x

xx

x

xx

x

xxxx

x

xxxx

x

xx
y

Intervallar usulidan foydalanib bu ifodaning ishorasi saqlanadigan 

oraliqlarni topamiz va quyidagi jadvalni tuzamiz: 

х  0;  0  1;0  1   2;1  2  ;2  

y    0 -   - 0   

y  
1

max


     
3

min   

Qavariqlikka tekshirish uchun y  ni hisoblaymiz: 

 
     

x
xxx

xx
yy 





































322

2

1

2

1

1
1

1

2
 да1  va x да1 . 

Funksiya asimptotalarini topamiz: 

a) Vertikal asimptota: 1x -vertikal asimptota. 

b) Gorizontal asimptota:   





 1

1
limlim

2

x

xx
xf

xx
gorizontal 

asimptota yo`q. 

v) Og`ma asimptota: 
 

 
1

1

1
limlim

2







 xx

xx

x

xf
a

xx
 



 

 

 

93 

 
 

   xy
xx

xxxx
x

x

xx
axxfb

xxxx






























0

1

1
lim

1

1
lim

1

1
limlim

222

 og`ma asimptota. 

 Endi topilgan ma`lumotlardan foydalanib funktsiya grafigini 

chizamiz (4-chizma). 

4-chizma. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

94 

 
 

4-§  3-MUSTAQIL ISH 

Aniqmas va aniq integrallar ularning tatbiqlari 

 

Boshlang`ich funksiya.  

Aniqmas integral. 

Aniqmas integralni hisoblash usullari. 

Ratsional funksiyalarni integrallash. 

Ba`zi irratsional ko`rinishdagi funksiyalarni integrallash. 

Binomial differensial va trigonometrik funksiyalarni integrallash.  

Aniq integral va uning tatbiqlari.  

Elliptik integrallar. 

-A- 

Asosiy tushuncha va teoremalar 

1
0
. Aniqmas integral va uni hisoblash usullari 

 xf  funksiya biror  ba,  intervalda aniqlangan bo`lsin. Quyidagi 

masalani qaraymiz:  xF  funksiyani topish kerakki  bax ,  uchun 

   xfxF   bo`lsin. 

 1-Ta`rif. Agar  bax ,  uchun    xfxF   bo`lsa u holda  xF  

funksiya  ba,  intervalda  xf  funksiyaning boshlang`ich funktsiyasi 

deyiladi. 

Ma`lumki  xF  funksiya boshlang`ich funksiya bo`lsa   cxF   ham 

boshlang`ich funksiya bo`ladi. 

2-Ta`rif.  ba,  intervalda berilgan  xf  funksiya boshlang`ich 

funksiyalarining umumiy ifodasi   cxF   shu  xf  funksiyaning aniqmas 

integrali deb ataladi va  

  dxxf  

kabi belgilanadi. 

Demak  

     cxFdxxf        (1) 
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Integrallashning umumiy qoidalari va aniqmas integrallar jadvali 1-§ 

ning 12
0
 va 13

0
 punktlarida keltirilgan. Biz ularga to`xtalmay aniqmas 

integralni hisoblash usullarini keltiramiz. 

1-Teorema.(O`zgaruvchilarni almashtirish). Agar  

    ctFdttf         (2) 

bo`lsa  unda  

         cxFdxxxf        (3) 

bo`ladi ((3)-tenglikda      xxtf  ,,  funksiyalar uzluksiz deb faraz qilinadi). 

2-Teorema. Agar  xuu   va  xvv   funksiyalar  ba,  intervalda 

uzluksiz  xu  va  xv  hosilalariga ega bo`lsa  unda shu intervalda ushbu  

             xduxvxvxuxdvxu        (4) 

bo`laklab integrallash formulasi o`rinli bo`ladi. 

 Amaliyot shuni ko`rsatadiki bo`laklab integrallash usulini qo`llab 

hisoblanadigan integrallarni asosan uch guruhga ajratish mumkin. 

 Birinchi guruhga ko`paytuvchining biri ma`lum funktsiyaning 

hosilasi bo`lgan ikkinchisi esa ushbu  

       ,...ln,arccos,,,arccos,arcsin,ln
22

xxarctgxarctgxxxx   

funksiyalardan biriga teng bo`lgan funksiyalarning integrallari kiritiladi. 

Bu holda  xu  deb shu funksiyalar belgilanadi. 

 Ikkinchi guruhga          dxcxbaxdxcxbax
nn

sin,cos  va 

   dxebax cxn  ko`rinishidagi integrallar kiritiladi. Bu holda    nbaxxu   

deb olinib bo`laklab integrallash formulasi n marta qo`llaniladi. 

 Uchinchi guruhga        ,...lncos,lnsin,sin,cos dxxdxxbxdxebxdxe axax  

ko`rinishidagi integrallar kiritiladi. Bunda integralni I deb belgilab 

bo`laklab integrallash formulasini ikki marta qo`llasak, I ga nisbatan 

chiziqli tenglamaga kelamiz. 

 Bu uchta guruhga kirmagan ba`zi bir integrallarni ham bo`laklab 

integrallash usuli bilan hisoblash mumkin.Masalan 

 
  


 Nn

ax

dx
I

nn ,
22
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integral yuqoridagi uchta guruhga kirmaydi lekin bu integralni ham 

bo`laklab integrallash usuli bilan rekkurent formulaga keltirish 

yordamida hisoblash mumkin: 

 
nnn I

an

n

ax

x

na
I

22221

1

2

12

2

1






        (5) 

 


 c
a

x
arctg

aax

dx
I

1
221  Agar (5)-tenglikda 1n  desak 

  





 c
a

x
arctg

aax

x

aax

dx
I

2222222
2

2

1

2

1
 ekanini topamiz. 

 Izoh: Ma`lumki, elementar funksiyaning hosilasi yana elementar 

funksiya bo`lar edi, lekin integral olish uchun bu tasdiq o`rinli bo`lishi 

shart emas, ya`ni ba`zi bir elementar funksiyalarning integrallari elementar 

funksiya bo`lmay qolishi mumkin. Masalan, ushbu  

1. dxe x


 2

 2.  dxx2cos  

3.  dxx2sin  4.  1,0  
ln

 xx
x

dx
 

5.    0  
cos

xdx
x

x
 6.  dx

x

xsin
. 

integrallarning har biri elementar funksiyalar yordamida ifodalanmaydi. Bu 

funksiyalar amaliyotda ko`p uchraganligi sababli ularning qiymatlarini 

hisoblash uchun alohida jadvallar tuzilgan va ularning grafiklari yasalgan. 

Shu yo`l bilan elementar funksiyalarda integrallanmaydigan funksiyalar 

ham to`la o`rganilgan. 

2
0
. Ratsional funksiyalarni integrallash 

3-Ta`rif. Agar  xR  funksiyani ikkita ko`phadning nisbati 

ko`rinishida yozish mumkin bo`lsa, u holda  xR  ratsional funksiyalar ( 

yoki ratsional kasr) deyiladi, ya`ni 

 
 
 xQ

xP
xR

m

n .      (6) 

  nxPn  -tartibli,   mxQm  -tartibli ko`phad. 

 Agar mn   bo`lsa kasr noto`g`ri kasr; nm  bo`lsa to`g`ri kasr 

deyiladi. 

 Ixtiyoriy noto`g`ri kasr berilgan bo`lsa, ko`phadni ko`phadga bo`lish 

yordamida har doim uni ko`phad va to`g`ri kasrning yig`indisi shaklida 
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ifodalash mumkin. Ixtiyoriy to`g`ri kasrni quyidagi 4ta ko`rinishdagi sodda 

kasrlarning yig`indisi kabi ifodalash mumkin. 

 I. ,
ax

A


 II. 

 
 ,...4,3,2


k

ax

A
k

,  III. 
qpxx

NMx




2

,  IV 

 
 ,..3,2

2





m

qpxx

NMx
m

. 

III va IV da 02  qpxx ,  ya`ni 
4

2p
q  > 0 . 

I va II ko`rinishidagi sodda kasrlar to`g`ridan to`g`ri integrallanadi. 

III va IV ko`rinishidagi sodda kasrlarni integrallash uchun esa t
p

x 
2

 

almashtirish bajarish lozim. 

3
0
. Ba`zi irratsional ko`rinishidagi funksiyalarni integrallash. 

Eyler almashtirishlari. 

  yxR ,  deganda x va y  o`zgaruvchiga nisbatan ratsional bo`lgan 

funksiyani tushunamiz. 

 a)  
















dx

dcx

bax
xR n,  integralni hisoblashda n

dcx

bax
t




  almashtirish 

bajarilsa,  ratsional funksiyani integrallashga kelinadi. 

 b)    dxcbxaxxR 2,  integralni hisoblashda quyidagi 3ta hol 

qaraladi. 

 1-hol. cbxax 2 kvadrad uchhad har xil 1x  va 2x  haqiqiy ildizlarga 

ega bo`lsin.   .21

2 xxxxacbxax  Bunda  

    121 xxtxxxxa          (7) 

almashtirish bajaramiz. 

2-hol. a0  bo`lsin. Unda  

 xatcbxaxѐкиxatcbxax  22        (8) 

almashtirish bajaramiz. 

 3-hol. c0  bo`lsin. U holda 

 ctxcbxaxѐкиctxcbxax  22        (9) 

almashtirishni bajarish yordamida hisoblanishi kerak bo`lgan integral 

ratsional funksiyani integrallashga keltiriladi. 
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(7)-(9)  almashtirishlarga Eyler almashtirishlari deb ataladi. 

4
0
. Binomial differensiallarni va trigonometrik funksiyalarni 

integrallash. 

a) 4-ta`rif. Ushbu   dxbxax
pnm   ko`rinishidagi ifodaga binomial 

differensial deb ataladi. Bu yerda m, n, p, -lar ratsional sonlar. 

   dxbxaxI
pnm        (10) 

integral quyidagi 3 ta holda ratsional funksiyaning integraliga kelar ekan. 

 1-hol. p-butun son. Ntx   almashtirish bajariladi. Bu yerda N soni m 

va n ratsional sonlar (ya`ni kasrlar) maxrajlarning eng kichik  umumiy 

karralisi. 

 2-hol. 


n

m 1
butun son. Bu holda pNZbxa Nn  ,  ratsional sonning 

maxaraji,  almashtirish bajarish kerak. 

 3-hol. 


p
n

m 1
butun son. Bunda pNZb

x

a N

n
 ,  ning maxraji,  

almashtirish bajarish yetarli. 

 b)    dxxxRI cos,sin   

integral berilgan bo`lsin. Bu integralni ushbu  

t
x

tg 
2

    x  

universal almashtirish yordamida har doim ratsional funksiyani 

integrallashga keltirish mumkin: 

,
1

2
sin

2t

t
x


  

2

2

1

1
cos

t

t
x




  

21

2

t

dt
dx


 . 

v) Aytaylik, 

   ZmnxdxxI mn , ,cossin  

integral berilgan bo`lsin. Bu integralni hisoblash uchun quyidagi hollar 

qaraladi. 

 1-hol. n-toq, m-juft tx  cos  almashtirish bajariladi. 

 2-hol. n-juft, m-toq tx  sin  almashtirish bajariladi 

 3-hol. n va m –toq. Bunda txtx  sin,cos  yoki ttgx   

almashtirishlardan biri bajariladi. 
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 4-hol. n va m –juft. Bu holda 

xxx cossin22sin   va xxx 22 sincos2cos   

formulalardan foydalanib tartib pasaytiriladi va yuqoridagi hollardan biriga 

keltiriladi. 

5
0
. Aniq integral va uning tatbiqlari. 

Aniq integral tushunchasi va uni hisoblash usullari maktab kursida 

qisman va ma`ruzalarda batafsil o`tilishini hisobga olib, biz aniq integralni 

hisoblash usullariga qisman to`xtalamiz hamda asosiy etiborimizni uning 

tatbiqlariga qaratamiz. 

1. Nyuton-Leybnis formulsi. Agar  xf  funktsiya  ba,  kesmada 

uzluksiz bo`lsa va    xfxF '  tenglik bajarilsa, u holda  

        b

a

b

a

xFaFbFdxxf   

formula o`rinli bo`ladi. 

Formulaning isbotida uzluksiz  xf  funksiya uchun ham 

bajariladigan  

   xfdttf
dx

d x

a









  

tenglikdan foydalaniladi. 

2. Bo`laklab integrallash formulasi. Agar  xf  va  xg  funksiyalar  ba,  

kesmada uzluksiz differensiallanuvchi bo`lsa, u holda  

            
b

a

b

a

b

a

dxxgxfxgxfdxxgxf ''  

bo`ladi. 

3. O`zgaruvchini almashtirish. Agar  t  funksiya  ,  kesmada 

uzluksiz differensiallanuvchi va  t   , G`  a G`  b  bo`libG` 

 xf  funksiya  ba,  kesmada uzluksiz bo`lsa, unda  

      




 dtttfdxxf
b

a

'  

bo`ladi. 

4. O`rta qiymat haqidagi birinchi teorema. 
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 Agar  xf  va  xg  funksiyalar  ba,  kesmada chegaralangan va 

integrallanuvchi bo`lib,  xg  funksiya  ba,  da ishorasini o`zgartirmasa, 

shunday  Mm   ,  
 

  
 

  







 xfMxfm

baba ,,
sup  ,inf  nuqta topiladiki, 

      
b

a

b

a

dxxgdxxgxf  

tenglik bajariladi. 

a) Aniq integral yordamida tekis shaklning yuzasini hisoblash. 

1) Dekart koordinatalar sistemasida berilgan shaklning yuzasini 

hisoblash. 

   baCxf ,  bo`lib  bax ,  uchun   0xf  tengsizlik bajarilsin va D  

soha quyidagicha aniqlansin: 

D
 









xfy

bxa

0
 -egri chiziqli trapetsiya. 

Unda  

 
b

a

dxxfS           (11) 

tenglik o`rinli. 

 Agar        baCxfbaCxf ,  ,, 21   bo`lib, 

D
   









xfyxf

bxa

21

 

 bo`lsa, u holda 

     
b

a

dxxfxfS 12        (12) 

bo`ladi. 

2) Qutb koordinatalar sistemasida berilgan shaklning yuzasini 

hisoblash. 

 Agar D soha qutb koordinatalar sistemasida 

D
 













rr0
 

ko`rinishida berilgan bo`lib,     ,Cr   bo`lsa, 
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 





 drS 2

2

1
        (13) 

formula o`rinli bo`ladi. 

b) Aniq integral yordamida yoy uzunligini hisoblash. 

1) Dekart koordinatalar sistemasida berilgan yoy uzunligini 

hisoblash. 

 xf  funksiya  ba,  kesmada aniqlangan bo`lsin. Uning grafigi 

quyidagi 

     baxxfx ,:,   

nuqtalar to`plamidagi iborat. Shu grafikdagi   afaA ,  va   bfbB ,  nuqtalar 

orasidagi 


AB  egri chiziq yoyi uzunligi l ni topish talab qilinsin. Agar 

   baCxf ,  bo`lsa, unda  

   

b

a

dxxfl
2

1         (14) 

bo`ladi. 

Agar (14) da xb   desak,      

x

a

dxxfxl
2

1  bo`lib,  

      dxxfdlxf
dx

dl 22
11  . 

Bu ifodaga yoy differensiali deb ataladi. 

2) Parametrik ko`rinishda berilgan egri chiziq yoyining uzunligi 

hisoblash. 

Agar  

 

 







,
:

ty

tx
AB




   t  

bo`lib,     ,Ct   va     ,Ct   bo`lsa, 

     





 dtttl
22       (15) 

bo`ladi. 

 3) Qutb koordinatalar sistemasida berilgan egri chiziq yoyining 

uzunligi hisoblash. 
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Agar  

 











rr
AB

,
:  

bo`lib,     ,Cr   bo`lsa, unda  

     





 drrl
22        (16) 

formula o`rinli bo`ladi. 

 v) Aylanma sirtning yuzasi. 

Aytaylik,    baCxf ,  bo`lib,   0xf  bo`lsin. 


AB yoyni OX o`qi 

atrofida aylantiramiz va aylanma sirtni hosil qilamiz. Agar    baCxf ,  

bo`lsa, unda shu aylanma sirtning yuzasi ushbu 

     

b

a

dxxfxfS
2

12          (17) 

formula yordamida hisoblanadi. 

g) Aniq integral yordamida hajm hisoblash. 

 Faraz qilaylik, bizga biror T jism berilgan bo`lib, uning OY 

 o`qiga parallel bo`lgan kesimlarining yuzasi ma`lum bo`lsin. Bu yuza 

x o`zgaruvchining funksiyasi bo`ladi, uni  xSS   deb belgilaylik. Agar 

   baCxS ,  bo`lsa, unda T jismning hajmi V ushbu  

 
b

a

dxxSV        (18) 

formula yordamida hisoblanadi. 

 Natija. (Aylanma jismning hajmi). Ushbu 

D
 









xfy

bxa

0
 

egri chiziqli trapetsiyani OX o`qi atrofida aylantirishdan hosil bo`lgan 

aylanma jismning hajmi 

  

b

a

dxxfV
2

        (19) 

formula yordamida hisoblanadi. 

d) O`zgaruvchi kuchning bajargan ishi. 
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OX o`qida shu o`q bo`ylab biror jism  xFF   kuch ta`sirida harakat 

qilayotgan bo`lsin. Agar    baCxF ,  bo`lsa,  xFF   kuch ta`sirida jismni 

a  nuqtadan b  nuqtaga o`tkazishda bajarilgan ish ushbu  

 
b

a

dxxFA        (20) 

formula yordamida hisoblanadi. 

e) Statik moment. Og`irlik markazi. 

Aytaylik, m massaga ega bo`lgan M(x,y)-material nuqta berilgan 

bo`lsin. my va mx ko`paytmalarga mos ravishda berilgan nuqtaning OX 

va OY o`qlarga nisbatan statik momentlari deb ataladi. 

 Egri chiziqning OX va OY o`qlarga nisbatan statik momentlari 

XM va yM  lar ham shu kabi aniqlanadi hamda  


l

x ydlM
0

, 
l

y xdlM
0

        (21) 

formulalar yordamida hisoblanadi. Bu yerda    22
dydxdl  -yoy 

differensiali, l esa berilgan egri chiziq uzunligi. 

 Berilgan egri chiziq og`irlik markazining koordinatalari esa ushbu  

,
l

M
x

y




 
l

M
y x


          (22) 

formulalar yordmida hisoblanadi. 

j) Geometrik figuralarning statik momentlari va og`irlik markazi. 

 Agar geometrik figura  

D
 









xfy

bxa

0
 

egri chiziqli trapetsiyadan iborat bo`lsa, unda  


b

a

x dxyM ,
2

1 2  
b

a

y xydxM
2

1
        (23) 

va  



















 

S

M

S

M
yx xy

,,           (24) 

bo`ladi. Bu yerda  
b

a

dxxyS -trapetsiyaning yuzi. 
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6
0
.Elliptik integrallar. 

 5-Ta`rif. Ushbu 

  







0

22 sin1
,

xk

dx
kF    (25) 

  



0

22 sin1, dxxkkE    (26) 

ko`rinishdagi integrallar I  va II-tipdagi elliptik integrallarning Lejandr 

formasi deb ataladi. 

 (25) va (26)-integral ostidagi funksiyalarning boshlang`ich 

funksiyalari elementar funksiyalar yordamida ifodalanmaydi. Shuning 

uchun ham ularning qiymatlarini hisoblash uchun maxsus jadvallar 

yaratilgan. 

 Agar (25) va (26)-integrallarda 
2


   bo`lsa, u holda bunday 

integrallar to`liq elliptik integrallar deb ataladi va ular    kEkF ,  kabi 

belgilanadi.  

 Demak,  

  



2

0
22 sin1



xk

dx
kF         (27) 

  dxkkE  
2

0

22 sin1



         (28) 

To`liq elliptik integrallarning qiymatlari ham maxsus jadvallar 

yordamida hisoblanadi. 

 Misol. Ushbu  1
2

2

2

2


b

y

a

x
 ellips yoyining uzunligi hisoblansin. 

 Ellipsni parametrik ko`rinishida 








20,sin

sin

ttby

tax
 kabi ifodalab 

olamiz. 

 Unda 

          dttbtadttbtadttytxll
2

0

2222
2

0

2222
2

0

22

1 sinsin14sincos444



  



aE
a

ba
aEdtt

a

ba
a 44sin14

2

0

22
2

2

22














 



    bu yerda 

a

ba 22 
 -

ellipsning ekstsentrisiteti.  
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Nazorat savollari. 

1. Boshlang`ich funksiya tushunchasi. 

2. Aniqmas integral va uning xossalari. 

3. Aniqmas integralda o`zgaruvchini almashtirish. 

4. Aniqmas integralda bo`laklab integrallash formulasi. 

5. Ratsional funksiyalarni integrallash. 

6. Ba`zi irratsional ko`rinishdagi funktsiyalarni integrallash. 

7. Eyler almashtirishlari. 

8. Binomial differensiallarni integrallash. 

9. Trigonometrik funksiyalarni integrallash. 

10. Aniq integral tushunchasi. 

11. Nyuton-Leybnis formulasi. 

12. Aniq integralda bo`laklab integrallash formulasi. 

13. Aniq integralda o`zgaruvchini almashtirish. 

14. O`rta qiymat haqidagi birinchi teorema. 

15. Dekart koordinatalar sistemasida berilgan shaklning yuzasini 

hisoblash. 

16. Qutb koordinatalar sistemasida berilgan shaklning yuzasini hisoblash. 

17. Dekart koordinatalar sistemasida berilgan yoy uzunligini hisoblash. 

18. Parametrik ko`rinishda berilgan egri chiziq yoyining uzunligini 

hisoblash. 

19. Qutb koordinatalar sistemasida berilgan yoy uzunligini hisoblash. 

20. Aylanma sirtning yuzasini hisoblash. 

21. Aniq integral yordamida hajm hisoblash. 

22. O`zgaruvchi kuchning bajargan ishi. 

23. Egri chiziqning koordinata o`qlariga nisbatan statik momentlarini 

topish. 

24. Egri chiziq og`irlik markazining koordinatalarini topish. 

25. Geometrik figuralarning statik momentlari. 

26. Geometrik figura og`irlik markazining koordinatalarini topish. 

27. Elliptik integrallar. 
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-B- 

Mustaqil yechish uchun misol va masalalar. 

1-masala. Aniqmas integral topilsin. 

1.1  x

xdx
2sin

. 

1.3    xdxx 3sin82 . 

1.5    xdxx 5sin34 . 

1.7    xdxx 3sin5 . 

1.9    xdxx 4cos52 . 

1.11    xdxx 2cos32 . 

1.13   xdxx 2cos65  . 

1.15   dxxarctg 13 . 

1.17    dxxe x 923 . 

1.19    dxx 14ln 2 . 

1.21    xdxx 2cos24 . 

1.2  xdxx 2sin . 

1.4  x

xdx
2cos

. 

1.6    xdxx 4sin107 . 

1.8    xdxx 2sin32 . 

1.10    xdxx 5cos38 . 

1.12    xdxx 3cos74 . 

1.14    xdxx 5cos23 . 

1.16 dxxarctg 15 . 

1.18    dxxe x 342 . 

1.20    xdxx 2sin42 . 

2-masala. Aniqmas integral hisoblansin. 

2.1 
12xx

dx
. 

2.3 
12xx

dx
. 

2.5 
 124 xx

xdx
. 

2.7    dxxtgx cosln . 

2.9. 
 


dx

x

x
22

3

1
. 

2.11. 
 




dx

xx

xx
5

sincos

cossin
. 

2.13  


dx

x

xx

14

3

. 

2.2 


dx
x

xln1
. 

2.4 dx
x

xx


 22 ln
. 

2.6 
 





dx

x

x

2

3

1

1arccos
. 

2.8. 
 
 



dx

x

xtg

1cos

1
2

. 

2.10 
 



dx

xx

x
2

sin

cos1
. 

2.12 
 

dx
xx

xxx



2

sin

sincos
. 

2.14 
 124 xx

xdx
. 
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2.15. 
3 1x

xdx
. 

2.17 
 

 



53

2

13

1

xx

dxx
. 

2.19   42

3

x

dxx
. 

2.21 
 




dx

xx

xx
3

cos3sin2

sin3cos2
. 

2.16 
 

 


dx

x

x

1

1ln1
. 

2.18  


dx

x

xarctgx
21

4
. 

2.20  


dx

xx

xx

sin2

cos
2

. 

3-masala. Aniqmas integral hisoblansin. 

3.1  


dx

xx

x
2

3 1
. 

3.3 dx
x

x
 



1

13
2

3

. 

3.5  


dx

xx

x

34

17
2

3

. 

3.7  


dx

xx

x

2

52
2

3

. 

3.9  


dx

xx

x

6

12
2

3

. 

3.11  


dx

xx

x

23

253
2

3

. 

3.13 
    


dx

xxx

xx

321

32 23

. 

3.15 
    


dx

xxx

xx

122

123 23

. 

3.17 
    

dx
xxx

x

211

3

. 

3.19 dx
xx

xx
 



5

125
2

35

. 

3.21 



dx

xx

xx

2

282
2

35

. 

3.2 
    


dx

xxx

xx

234

123 23

. 

3.4 
   


dx

xxx

xx

34

123 23

. 

3.6 
   


dx

xxx

xx

21

24 23

. 

3.8  


dx

xx

x
3

3 23
. 

3.10 
  

dx
xxx

xx
 



24

123 23

. 

3.12 dx
xx

xx





2

35 1
. 

3.14  


dx

xx

xx
2

35 13
. 

3.16  


dx

xx

xx

2

7123
2

35

. 

3.18 
    


dx

xxx

xxx

511

2355 23

. 

3.20  


dx

xx

xx

3

49
2

35

. 

4-masala. Aniqmas integral hisoblansin. 

4.1 
   




dx

xx

xxx

11

234
22

23

. 4.2 
   




dx

xxx

xxx

12

113133
22

23

. 
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4.3 
   




dx

xxx

xxx

12

1772
22

23

. 

4.5 
   




dx

xxx

xxx

221

1242
22

23

. 

4.7 
   




dx

xxx

xxx

221

696
22

23

. 

4.9 
   




dx

xxx

xxx

322

1016112
22

23

. 

4.11 
   




dx

xx

xxx

21

1563
22

23

. 

4.13 
   




dx

xx

xxx

33

21219
22

23

. 

4.15 
   




dx

xx

xxx

42

886
22

23

. 

4.17 
   




dx

xx

xxx

42

4125
22

23

. 

4.19 
   




dx

xxx

xxx

541

121642
22

23

. 

4.21 
   




dx

xxx

xxx

11

244
22

23

. 

4.4 
   




dx

xxx

xxx

11

102
22

23

. 

4.6 
   




dx

xxx

xxx

223

2820244
22

23

. 

4.8 
   


dx

xxx

xx

11

1
22

3

. 

4.10 
   


dx

xxxx

xxx

21

2242
22

23

. 

4.12
   


dx

xxx

xx

11

434
22

2

. 

4.14 
   


dx

xxx

xx

11

12
22

2

. 

4.16 
    


dx

xxx

xx

11

1
22

3

. 

4.18 
    


dx

xxx

xxx

11

12
22

23

. 

4.20 
   


dx

xxx

xxx

11

1222
22

23

. 

 

 

5-masala. Aniqmas integral hisoblansin. 

5.1 dx
xx

x






4 3

1
. 

5.3 



dx

xx

x

3 2

3 1
. 

5.5 


dx
xx

x31
. 

5.7 



dx

xx

x

9 4

3 31
. 

5.9 



dx

xx

x

9 8

3 3 21
. 

5.11 
 





dx

xx

x

9 5

3
2

31
. 

5.2 
 





dx

xx

x

8 7

4
3

1
. 

5.4 
 





dx

xx

x

62

4
3

3 21
. 

5.6 



dx

xx

x
82

4 31
. 

5.8 


dx
x

x
2

3 4 31
. 

5.10 
 





dx

xx

x

42

3
2

4 31
. 

5.12 
 





dx

xx

x

10 9

5
4

1
. 
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5.13 
 

dx
xx

x






92

3
2

3 21
. 

5.15 
 

dx
xx

x






6 5

3
2

1
. 

5.17 


dx
x

x
2

3 21
. 

5.19 



dx

xx

x
2

1
. 

5.21 
 





dx

xx

x

5 22

4
3

5 41
. 

5.14 
 

dx
xx

x






52

5
4

3 21
. 

5.16 



dx

xx

x
52

5 41
. 

5.18 



dx

xx

x
152

3 5 41
. 

5.20 
 





dx

xx

x

32

3
2

5 41
. 

6-masala. Aniq integral hisoblansin. 
 

6.1 
 








1

1

2

1

1ln1
e

e

dx
x

x
. 

6.3  


1

0

21

4
dx

x

xarctgx
. 

6.2 
 

 



1

0

23

2

13

1

xx

dxx
. 

6.4  

2

0

2

3

4x

dxx
. 
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6.5  






2

2 sin2

cos
dx

xx

xx
. 

6.7 


2

1

0
241

28

x

xarctgx
. 

6.9 


8

3
2 1

1

dx
x

x
x

. 

6.11
 

 


3

0

2

4

1
dx

x

arctgxx
. 

6.13 
 





1sin

0
2

2

1

1arcsin
dx

x

x
. 

6.15 


8

3
2 1xx

dx
. 

6.17 dx
x

xx
e




1

22 ln
. 

6.19 
 




1

0

22

3

1x

dxx
. 

6.21 


1

0
24 1xx

xdx
. 

6.6 
 

dx
xx

xx






4

0
3

cos3sin2

sin3cos2
. 

6.8  

1

0

4 1x

xdx
. 

6.10 dx
x

xarctgx
 


3

0

21
. 

6.12  

1

0

2

3

1
dx

x

x
. 

6.14 
 



3

1 1

1
dx

xx

x
. 

6.16 dx
x

x
e




1

ln1
. 

6.18   
4

0

cosln



dxxtgx . 

6.20 
 







2

2
sin

cos1
dx

xx

x
. 

7-masala Aniq integral hisoblansin. 

7.1  




0

2

2 2cos65 xdxxx . 

7.3  




0

1

2 cos34 xdxxx . 

7.5   xdxxx cos127

0

4

2




 . 

7.7   



0

2 3cos1199 xdxxx . 

7.9   

2

0

2 2cos53 xdxx . 

7.11   

2

0

2 2cos73 xdxx . 

7.13  




0

1

2 3sin12 xdxxx . 

7.2  



0

2

2 3cos4 xdxx . 

7.4  




0

2

2
3cos2 xdxx . 

7.6   



0

2 2cos742 xdxxx . 

7.8   



0

2 4cos17168 xdxxx . 

7.10   

2

0

2 3cos152 xdxx . 

7.12   

2

0

2 4cos81 xdxx . 

7.14   

3

0

2 2sin3 xdxxx . 
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7.15   



0

2 sin23 xdxxx . 

7.17  




0

3

2 2sin96 xdxxx . 

7.19   

3

4

2 2sin3


xdxxx . 

7.21     

3

2

23
1ln1 dxxx . 

7.16   
2

0

2 3sin65



xdxxx . 

7.18   
2

0

2 sin51



xdxx . 

7.20 
2

1

2ln xdxx . 

 

8-masala Aniq integral hisoblansin. 

8.1 
 



2

0

2
sincos1

cos


xx

xdx
. 

8.3 




0

3

2 sincos1

cos

 xx

xdx
. 

8.5  

2

0
sincos1

cos

xx

xdx
. 

8.7  

2

0
sincos1

sin


xx

xdx
. 

8.9  

2

3

cossin1

cos


 xx

xdx
. 

8.11  

2

0
cos45

cos


x

xdx
. 

8.13 
  

2
12

3
12

sin1sin

arctg

arctg
xx

dx
. 

8.15 
 

dx
x

xx




2

0

2
sin1

sincos


. 

8.17 
  

22

2

2 cos1sin

arctg

xx

dx



. 

8.19 
  

22

2

2 cos1sin

arctg

xx

dx



. 

8.21 
 


2

0

2
sin1

sin


x

xdx
. 

8.2 
 

  

2

1
2

0
cos1cos

sin1
arctg

xx

dxx
. 

8.4 
 




0

2

2
sincos1

cos

 xx

xdx
. 

8.6 
   

3
12

0
sin1cos1

cos
arctg

xx

xdx
. 

8.8 
 


2
12

0

2
sin1

sin1
arctg

dx
x

x
. 

8.10 
 

 

2

0
sincos1

cos1


xx

dxx
. 

8.12 dx
xx

x
 

3
2

0
sincos1

sin1


. 

8.14 
 



2

2
12

2
cossin1



arctg
xx

dx
. 

8.16 
  

32

22
cos1cos

arctg

arctg
xx

dx
. 

8.18 
 


2

2

1
2

3
cos1

cos


arctg
x

xdx
. 

8.20  

2

0
cos2

cos


x

xdx
. 
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9-masala. Aniq integral hisoblansin. 

9.1 
2

0

8

4
sin dx

x
. 

9.3 




2

88 sin2 xdx . 

9.5  



0

264

2
cos

2
sin2 dx

xx
. 

9.7  

2

0

44 cossin xdxx . 

9.9 




0

2

448 cossin2


xdxx . 

9.11  

2

0

62

4
cos

4
sin dx

xx
. 

9.13  



0

84

2
cos2 dx

x
. 

9.15 


0

2

88 sin2


xdx . 

9.17 
2

0

8sin xdx . 

9.19 



2

268 cossin2 xdxx . 

9.21  





2

628 cossin2 xdxx . 

9.2  

2

0

26

4
cos

4
sin dx

xx
. 

9.4 


0

444 cossin2 xdxx . 

9.6  



0

444

2
cos

2
sin2 dx

xx
. 

9.8 
2

0

62 cossin xdxx . 

9.10 




0

2

628 cossin2


xdxx . 

9.12 
2

0

8

4
cos dx

x
. 

9.14 


0

268 cossin2


xdxx . 

9.16 
2

0

26 cossin xdxx . 

9.18 


0

624 cossin2 xdxx . 

9.20 
2

0

44 3cos3sin xdxx . 

10-masala Aniq integral hisoblansin. 

10.1 


4

2

4

2 4
dx

x

x
. 

10.3 
 




2

0
32

4

8 x

dxx
. 

10.5 
 




3

1
321 x

dx
. 

10.2 


6

3

4

2 9
dx

x

x
. 

10.4 
 




2

0
3216 x

dx
. 

10.6 




3

3

22 9 dxxx . 
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10.7 
 



22

0
22

4

1616 xx

dxx
. 

10.9 
 




34

0
3264 x

dx
. 

10.11 


2
5

0
2

2

25 x

dxx
. 

10.13 
 




4

0
2

3
216 x

dx
. 

10.15 
 




1

0
2

3
2

4

2 x

dxx
. 

10.17 
 




2
2

0
32

4

1 x

dxx
. 

10.19 
 




3

0
2

3
29 x

dx
. 

10.21 
 



2

0
22 44 xx

dx
. 

10.8 


22

2

4

2 2
dx

x

x
. 

10.10 dxxx 

5

0

22 25 . 

10.12  

4

0

22 16 dxxx . 

10.14 


2

0
2

2

16 x

dxx
. 

10.16 
 




3

0
324 x

dx
. 

10.18 


2

1

4

2 1
dx

x

x
. 

10.20 
 



5

0
22 2525 xx

dx
. 

11-masala. Quyidagi chiziqlar bilan chegaralangan shaklning 

yuzasi hisoblansin. 

11.1   .84;2
3

 xyxy  

11.3 .2;4 22 xxyxy   

11.5  20;0;4 22  xyxxy . 

11.7 3;1;0;
ln1

1
exxy

xx
y 


 . 

11.9 .0;0;arccos  xyxy  

11.11  60;0;36 2  xyxxy . 

11.13 3;0;  xyxarctgxy . 

11.15 2ln;0;1  yxex y . 

11.17 1;0;
1




 xy
x

x
y . 

11.19 
 

1;0
1

;
22




 xy
x

x
y . 

11.2  30,0;9 2  xyxxy . 

11.4 .1;0;0;4 2  xxyxy  

11.6 2ln;0;1  xyey x . 

11.8   .1;1 22
 xyxy  

11.10 34;32 22  xxyxxy . 

11.12 .0;0;arccos  yxyx  

11.14  220;0;8 22  xyxxy . 

11.16  20;0;4 2  xyxxy . 

11.18   84;2
3

 yxyx . 

11.20 .2;4 22 yyxyx   

11.21   .1;1 22
 xyxy  
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12-masala. Tenglamalari qutb koordinatalar sistemasida 

berilgan chiziqlar bilan chegarlangan shaklning yuzasi hisoblansin. 

12.1 .sin5;sin3   rr  

12.3 6cos2r . 

12.5  sincos r . 

12.7 6sinr . 

12.9  cos
2

5
;cos

2

3
 rr . 

12.11 sin21r . 

12.13 cos
2

1
r . 

12.15  sin2;sin  rr . 

12.17 sin
2

1
r . 

12.19 3cosr . 

12.2 ;sin2 r  sin4r . 

12.4  sincos r . 

12.6 4sin2r . 

12.8  cos3;cos2  rr . 

12.10 4cos4r . 

12.12  sin
2

3
;sin

2

5
 rr . 

12.14  cos2;cos  rr . 

12.16  33;3cos6  rrr  . 

12.18  33;3sin6  rrr  . 

12.20. 3sin3r . 

12.21  2.2;3cos4  rrr  . 

13-masala. Parametrik ko`rinishda berilgan egri chiziq yoyining 

uzunligi hisoblansin. 

13.1      ttyttx 0;cos15;sin5 . 

13.2     20;2sinsin23;2coscos23  tttyttx . 

13.3    ;sincos4;sincos4 tttytttx  20  t . 

13.4      tttttyttttx 0;sin2cos2;cos2sin2 22 . 

13.5 
2

0;sin10;cos10 33 
 ttytx . 

13.6      ttteyttex tt 0;sincos;sincos . 

13.7      2;cos13;sin3  ttyttx . 

13.8 
3

2

2
;2sin

4

1
sin

2

1
;2cos

4

1
cos

2

1 



 tttyttx . 

13.9    
3

0;cossin3;sincos3


 ttttytttx . 

13.10    
3

0;sin2cos2;cos2sin2 22 
 tttttyttttx . 

13.11 
3

0;sin6;cos6 33 
 ttytx . 

13.12     


 ttteyttex tt

2
;sincos;sincos . 

13.13     


 ttyttx
2

;cos15,2;sin5,2 . 
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13.14    
2

0;2sinsin25,3;2coscos25,3


 tttyttx . 

13.15      ttttytttx 0;sinsin6;sincos6 . 

13.16    
2

0;sin2cos2;cos2sin2 22 
 tttttyttttx . 

13.17 
6

0;sin8;cos8 33 
 ttytx . 

13.18     20;sincos;sincos  ttteyttex tt . 

13.19    
3

2

2
;cos14;sin4


 ttyttx . 

13.20    
3

0;2sinsin22;2coscos22


 tttyttx . 

13.21    
4

0;cossin8;sincos8


 ttttytttx . 

14-masala.Quyidagi sirtlar bilan chegaralangan jismning hajmi 

topilsin. 
 

14.1  0.0;;1
9

2
2

 yzyzy
x

. 

14.3 3;0;1
49

2
22

 zzz
yx

. 

14.5 0;1;1
4916

222

 zz
zyx

. 

14.7 .3;92  zyxz  

14.9 16;1
64169

222

 z
zyx

. 

14.11 4;82 22  zyxz . 

14.13 12;1
3694

222

 z
zyx

. 

14.15 5,5 22  zyxz . 

14.17 20;1
100259

222

 z
zyx

. 

14.19 6,94 22  zyxz . 

14.21 ;1
2

2

2

2

2

2


c

z

b

y

a

x
 

14.2 2;42  zyxz . 

14.4 12;1
3649

222

 z
zyx

. 

14.6  0.0;;922  yzyzyx . 

14.8 .3;0;1
4

22
2

 zzzy
x

 

14.10 0;2;1
16916

222

 zz
zyx

. 

14.12 .2;0;1
2581

2
2

 zzz
yx

 

14.14 3;0;1
3694

222

 zz
zyx

. 

14.16 4;0;1
49

2
22

 zzz
yx

. 

14.18 0;4;1
64916

222

 zz
zyx

. 

14.20 6,182 22  zyxz . 

15-masala. Quyidagi chiziqlar bilan chegaralangan shaklni 1-16 

variantlarda Ox o`qi atrofida, 17-21 variantlarda esa OY o`qi 

atrofida aylantirishdan hosil bo`lgan jismning hajmi topilsin. 
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15.1 0;652  yxxy . 

15.3  xxyxy 0;sin;sin3 . 

15.5 0,
2

,sin 2  yxxy


. 

15.7 1,0,  xyxey x . 

15.9 2;2 2  xyxxy . 

15.11 0, 22  xyxy . 

15.13 1,2,1 2  xyxxy . 

15.15 xyxy  ,2 . 

15.17  0,2,2  yxxy . 

15.19 0,2,ln  yxxy . 

15.21 1,0,,12  xxxyxy . 

15.2 042;02 22  yxxyxx . 

15.4 .0;0;cos;cos5  xxxyxy  

15.6 1,1,23  yxyx . 

15.8 0;2;2 2  xxyxxy . 

15.10 1,0,0,2   xxyey x . 

15.12   12
22  yx . 

15.14 2,1,2  xyxy . 

15.16 2,
2

sin xy
x

y 


 . 

15.18   1,1
2

 yxy . 

15.20 0,2,122  yxxxy . 

 

16-masala. 

Quyidagi chiziqlarni aylantirishdan hosil bo`lgan aylanma sirtlarning 

yuzalari hisoblansin. 

16.1 
2

2x
y    5,10  y   OY o`qi atrofida. 

16.2 xy  42   2x  OX o`qi atrofida. 

16.3 1243 22  yx  ellipisni OY o`qi atrofida. 

16.4 yyx ln
2

1

4

1 2    ey 1  OX o`qi atrofida. 

16.5 yxy ln242    21  y  OY o`qi atrofida. 

16.6 3xy    10  x  OX o`qi atrofida. 

16.7 teytex tt cos;sin   









2
0


t  OX o`qi atrofida. 

16.8 ttyttx 2sinsin2,2coscos2   ni OX o`qi atrofida. 

16.9 1
2

2

2

2


b

y

a

x
 ellipsning OX o`qidan yuqorida joylashgan 

bo`lagigining koordinata o`qlariga nisbatan statik momentlari topilsin. 

16.10 0,0,1  yxyx  chiziqlar bilan chegaralangan 

uchburchakning OX va OY o`qlarga nisbatan statik momentlari topilsin. 

16.11  20,0,22  xyxy  parabola yoyining OX va OY o`qlarga 

nisbatan statik momentlari topilsin. 
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16.12 









22
cos


xxy  egri chiziq yoyining OX o`qiga nisbatan 

statik momenti topilsin. 

16.13 1
b

y

a

x
 to`g`ri chiziqning koordinata o`qlari orasida 

joylashgan kesmasining koordinata o`qlariga nisbatan statik momentlari 

topilsin. 

16.14 
21

2

x
y


  va 2xy   chiziqlari bilan chegaralangan shaklning 

OX o`qiga nisbatan statik momenti topilsin. 

16.15 0,222  yayx -yarim aylananing og`irlik markazi topilsin. 

16.16 0,0,3
2

3
2

3
2

 yxayx  -astroida yoyining og`irlik markazi 

topilsin. 

16.17  0,01
2

2

2

2

 yx
b

y

a

x
 ning og`irlik markazi topilsin. 

16.18 yyx ln
2

1

4

1 2    21  y  chiziq yoyining og`irlik markazi 

topilsin. 

Quyidagi chiziqlar bilan chegaralangan tekis shaklning og`irlik 

markazi topilsin. 

16.19 ,2yax   2xay    0x . 

16.20 ,
2

xy


  xy sin   0x . 

16.21 0;01642  yyx . 
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-C- 

Namunaviy variant yechimi. 

1.21-masala.    xdxx 2cos24  aniqmas integral hisoblansin. 

  Bu integralni bo`laklab integrallash usulidan foydalanib 

hisoblaymiz: 

   













































 xdxx
x

xv

dxdu

xdxdv

xu

xdxx 2sin22sin
2

24

2sin
2

1

4

,

2cos

24

2cos24  

  cxxx  2cos2sin12  

2.21-masala. 
 

dx
xx

xx





3

cos3sin2

sin3cos2
 aniqmas integral hisoblansin. 

Bu integralni o`zgaruvchilarni almashtirish usulidan foydalanib 

hisoblaymiz: 
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 aniqmas integral hisoblansin. 

  Biz bu integralni ratsional funksiyani integrallash usulidan 

foydalanib hisoblaymiz. Avval noto`g`ri kasrni to`g`ri kasrga keltiramiz, 

so`ngra uni  sodda kasrlarga yoyamiz: 
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 4.21-masala.
   


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dx

xxx

xxx
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244
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 aniqmas integral hisoblansin. 

  Bu integral ostida ham ratsional funksiya turibdi. Bu funksiyani 

sodda kasrlarga yoyaamiz. 
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Bu tenglikning o`ng tomonidagi noma`lum A, B, C va D larni noma`lum 

koeffitsientlar usulidan foydalanib topamiz. Buning uchun tenglikning 
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o`ng tomonini umumiy maxrajga keltiramiz va berilgan kasr hamda hosil 

bo`lgan kasrlarning suratlarini bir-biriga tenglaymiz: 
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   aniqmas integral hisoblansin. 

 Integralni differentsial binomni integrallashdan foydalanib 

hisoblaymiz: 
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 6.21-masala. 
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xdx
 aniq integral hisoblansin. 
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7.21-masala.     
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1ln1 dxxx  aniq integral hisoblansin. 

Bu integralni bo`laklab integrallash usulidan foydalanib hisoblaymiz: 
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8.21-masala. 
 


2

0

2
sin1

sin

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xdx
 aniq integral hisoblansin. 

Bu integralni hisoblash uchun t
x

tg 
2

 universal almashtirish bajaramiz. 
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Almashtirishdan so`ng berilgan integral quyidagi ko`rinishga keladi: 
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 9.21-masala.  
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628 cossin2 xdxx  aniq integral hisoblansin. 
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  Bu integralni hisoblashda uchun 2-hol uchun Eyler almashtirishini 

bajaramiz, ya`ni xtx  42  almashtirish bajaramiz. 
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11.21-masala. Quyidagi   1,1 22
 xyxy  chiziqlar bilan 

chegaralangan shaklning yuzasi hisoblansin. 
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sistemani yechib, bu chiziqlarning kesishish nuqtalarini 

topamiz:  0;11M  va  1;22M  Bu chiziqlar bilan chegaralangan soha 5-

chizmada tasvirlangan. 
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 12.21-masala. Tenglamalari qutb koordinatalari sistemasida 

berilgan chiziqlar bilan chegaralangan shakilning yuzasi hisoblansin. 

;3cos4 r   2,2  rr  

 Birinchi navbatda bu funksiyaning aniqlanish sohasini topamiz va 

uning chizmasini chizamiz. 
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6-chizma. 
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 13.21-masala. Parametrik ko`rinishda berilgan egri chiziq 

yoyining uzunligi hisoblansin. 
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
ttytx

ttttttty

tttttttx
8

sin8sincoscos8

cos8cossinsin8 22  

       
4

0

2

4
0

2
4

0

22
.

4
48







ttdtdttytxl  
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 14.21-masala. Quyidagi 1
2

2

2

2

2

2


c

z

b

y

a

x
 sirt bilan chegaralangan 

jismning hajmi topilsin. 

 Hajimni (18)-formulaga ko`ra 

 
2

1

X

X

dxxSV  

formula yordamida hisoblaymiz. Buning uchun  xS  ni topish lozim. 

 O`zgaruvchi x ni fiksirlasak, ellipsoid kesimida. 

2

2

2

2

2

2

1
a

x

c

z

b

y
  yoki 1

11

2

2

2

2

2

2

2

2



































a

x
c

z

a

x
b

y
 ellips hosil bo`ladi. Bizga 

ma`lumki, 1
2

2

2

2


n

z

m

y
 ellipsning yuzasi mn  ga teng edi.  

    
 




















a

a

a

a

dx
a

x
bcdxxSV

a

x
bc

a

x
c

a

x
bxS

2

2

2

2

2

2

2

2

1111   

.
3

4

3 2

3

abc
a

x
xbc

a

a

















 

 Natija. Agar Rcba   bo`lsa ellipsoid sharga aylanadi va shar 

xajmini hisoblash ucun  

3

3

4
RV   

formulani hosil qilamiz. 

 15.21-masala. Quyidagi  

1 ,0 ,  ,12  xxxyxy  

chiziqlar bilan chegaralangan shaklni OY o`qi atrofida 

aylantirishdan hosil bo`lgan jismning hajmi topilsin. 

 Avval OY o`qi atrofida aylantirish kerak bo`lgan D  sohani chizib 

olamiz (7-chizma). 

7-chizma. 
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    







  

1

0

2

1

2

2121 11 dyydyyVVVDDD   

.
6

11

2

3
3

3

1

2
2

3

2

1

2
1

0

3 
 




























y
y

y
 

 16.21-masala. Quyidagi 

0,01642  yyx  

chiziqlar bilan chegaralangan shakilning og`irlik markazi topilsin. 

 Masala shartidan ko`rinadiki, berilgan chiziqlar bilan chegaralangan 

D  sohani ushbu  
















4
40

44

2x
y

x

D  

ko`rinishda ifodalash mumkin. Bu shaklning og`irlik markazining 

koordinatalarini (23) va (24)-formulalardan foydalanib, topamiz. 

 
 




















4

4

4

4

32

.
3

64

12
4

4
4

x
xdx

x
S  

  
   














































4

4

4

4

4

4

4

4

534
2

2
2

2 .
15

512

1653

2
16

2

1

16
216

2

1

4
4

2

1

2

1 xx
dx

x
xdx

x
dxyM x  

  
   





























4

4

4

4

4

4

4

4

4
2

32

0
16

2
4

4
4

4
x

xdx
x

xdx
x

xxydxM y  

Bu yerdan 





























 

5

8
 ,0 , ,

S

M

S

M
yx xy  ekanligini topamiz.  
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5-§. 4-MUSTAQIL ISH 

Ko`p  o`zgaruvchili funksiyalar 
mR  fazo 

mR  fazoda ketma-ketlik va uning limiti. 

Ko`p o`zgaruvchili funksiyaning limiti va uzluksizligi.  

Ko`p o`zgaruvchili funksiyaning hosila va differensiallari.  

Yo`nalish bo`yicha hosila. 

Ko`p o`zgaruvchili funksiyalarning ekstremumlari. 

Shartli ekstremum. 

O`zgaruvchilarni almashtirish. 

-A- 

Asosiy tushuncha va teoremalar. 

1
0
. mR  fazoda ketma-ketlik va uning limiti 

Ushbu  

  mkRxxxxRRRR km

m

m ,1,:,...,, 21

та




   

to`plamga m o`lchovli Yevklid fazosi deyiladi. 

 Ixtiyoriy   m
m Rxxx  ,...,1  va   m

m Ryyy  ,...1  nuqtalarni olaylik. 

Quyidagi 

       



m

k

kkmm xyxyxyyx
1

222

11 ...,       (1) 

miqdor x va y nuqtalar orasidagi masofa deb ataladi. 

U quyidagi xossalarga ega: 

1)   0, yx  va   ;0, yxyx   

2)    ;,, xyyx    

3)      ;,,, zyyxzx    (uchburchak tengsizligi). 

Natural sonlar to`plami N va mR  fazo berilgan bo`lib, f har bir Nn  

ga mR  fazoning biror        mn

m

nn Rxxx  ,...,1  nuqtasini mos qo`yuvchi 

akslantirish bo`lsin: 

mRNf :  yoki  nxn   

 mRNf :  akslantirish obrazlaridan tuzilgan 

     ....,..., 21 nxxx         (2) 

to`plam ketma-ketlik deb ataladi va u   nx  kabi belgilanadi. 
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 Demak, (2)-ketma-ketlikning xadlari mR  fazo nuqtalaridan iborat. 
  nx  ketma-ketlikning mos koordinatalaridan tuzilgan      n

m

n xx ,...,1  lar sonli 

ketma-ketlik bo`lib,   nx  ketma-ketlikni shu m ta ketma-ketlikning 

birgalikda qaralishi deb hisoblash mumkin. 

 Aytaylik mR  fazoda   nx  ketma-ketlik va   m

m Raaa  ,...,,1  nuqta 

berilgan bo`lsin. 

1-Ta`rif.       axnnNn n ,:,0 00 , unda a nuqta   nx  ketma-

ketlikning limiti deb ataladi va   ax n

n



lim  kabi belgilanadi. 

 Limitga quyidagicha ham ta`rif berish mumkin. 

 2-Ta`rif. Agar a nuqtaning     
 axRxa m ,:  atrofi olinganda 

ham    
 axnnNn n00 : , unda a nuqta   nx  ketma-ketlikning limiti 

deb ataladi. 

 Teorema. mR  fazoda         n

m

nn xxx ,...,1  ketma-ketlikning 

  m
m Raaa  ,...,1  nuqtaga yaqinlashishi uchun n  da bir yo`la 

   
m

n

m

n axax  ,...,11  bo`lishi zarur va yetarli. 

 mR  fazodagi ketma-ketlik uchun ham sonli ketma-ketlik uchun o`rinli 

bo`lgan xossalar o`rinli. Biz ularga to`xtalmaymiz. 

2
0
. Ko`p o`zgaruvchili funksiya limiti va uning uzluksizligi 

Ko`p o`zgaruvchili funksiya, funksiyaning aniqlanish sohasi va 

qiymatlar to`plami, ko`p o`zgaruvchili murakkab funksiya ta`riflari bir 

o`zgaruvchili funksiyadagi mos ta`riflar kabi kiritiladi. 

mRM   to`plam berilgan bo`lib, a nuqta M to`plamning limit nuqtasi 

va    mxxfxfy ,...,1  funksiya M to`plamda aniqlangan bo`lsin. 

1-Ta`rif. Agar 0  uchun   0,  a  ushbu    ax,0  tengsizlikni 

qanoatlantiruvchi Mx  uchun    bxf  tengsizlik bajarilsa, unda b  

soni  xf  funksiyaning a nuqtadagi limiti (yoki karrali limiti) deyiladi va  

  bxf
ax




lim  yoki   bxf

mm ax

ax





.........

11

lim  

kabi belgilanadi. 

 Agar a  yoki b  bo`lsa , unda ham shu kabi ta`riflarni berish 

mumkin. Ko`p o`zgaruvchili funksiyalar uchun boshqa formadagi limit 

tushunchasini ham kiritish mumkin. Masalan, bunda avval bir o`zgaruvchi 
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bo`yicha limitga o`tilib , qolgan 1m  ta o`zgaruvchini fiksirlangan deb 

faraz qilinadi. Keyin, qolgan 1m  ta o`zgaruvchining biri bo`yicha limitga 

o`tilib, 2m  ta o`zgaruvchini fiksirlangan deb faraz qilinadi. Bu jarayonni 

m marta qaytarish natijasida hosil qilingan limitga  mxxf ,...,1  funksiyaning 

takroriy limiti deyiladi. m o`zgaruvchili funksiyaning jami m! ta takroriy 

limitini qarash mumkin. Masalan, ikki o`zgaruvchili  21, xxf  funksiya 

uchun 2 ta  21,limlim
2211

xxf
axax 

 va  21,limlim
1122

xxf
axax 

 takroriy limitni ko`rish 

mumkin. 

 Misol. Ushbu  

 













0,0

,0,
1

sin
,

x

x
x

yx
yxf  

funksiyaning (0,0) nuqtadagi takroriy va karrali limitlari hisoblansin. 

  ,0lim,limlim
000




xyxf
xyx

  

  









 x
yyxf

xyxy

1
sinlimlim,limlim

0000
, lekin 

  




yxf

y
x

,lim

0
0

 va 0 . Darhaqiqat, 

      0,lim0
1

sin0,0

0
0






yxfxyx
x

yxyxf

y
x

 

Tabiiy savol tug`iladi: Qanday shartlar bajarilganda karrali va 

takroriy limitlar bir-biriga teng bo`ladi? 

Bu savolga quyidagi teoremalar javob beradi. 

Aytaylik,  yxf ,  funksiya  

  2010
2  ,:, ayyaxxRyxM   

to`plamda aniqlangan bo`lsin. 

1-Teorema. Agar  

1)   ,,lim

0

0






byxf

yy
xx

 

2) Har bir fiksirlangan x da     


xyxf
yy

,lim
0

 bo`lsa, u holda 

 yxf
yyxx

,limlim
00 

 takroriy limit   bo`lib,   byxf
yyxx




,limlim
00

 bo`ladi. 

2-Teorema. Agar  
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1)   




byxf

yy
xx

,lim

0

0

 

2) Har bir fiksirlangan y da     


yyxf
xx

,lim
0

  bo`lsa, unda 

 yxf
xxyy

,limlim
00 

  va b  ga teng bo`ladi. 

Natija. Agar bir vaqtning o`zida 1 va 2-teoremalarning shartlari 

bajarilsa, unda  

  



yxf

yy
xx

,lim

0

0

 yxf
yyxx

,limlim
00 

  yxf
xxyy

,limlim
00 

 bo`ladi. 

Endi funksiyaning uzluksizligi ta`rifini beramiz. 
mRM   to`plamda    mxxfxf ,...,1  funksiya berilgan bo`lib, 

  Maaa m  ,...,1  nuqta M to`plamning limit nuqtasi bo`lsin. Quyidagi 

belgilashlarni kiritamiz: 

     mmm aafxaxafaf ,...,,..., 111   funksiyaning a nuqtadagi 

to`liq orttirmasi; 

     ььлkkлk aafaaxaaafafx ,...,,...,,,,..., 1111   -funksiyaning a 

nuqtadagi kx  o`zgaruvchi bo`yicha xususiy orttirmasi  mk ,1 . 

2-Ta`rif. Agar    afxf
ax




lim   





















0lim

0
.............
01

afѐки

mx

x
 bo`lsa , unda  xf  

funksiya a nuqtada uzluksiz deb ataladi. 

3-Ta`rif. Agar   0lim
0




af
k

k

x
x

 bo`lsa,  mxxf ,...,1  funksiya  maaa ,...,1  

nuqtada kx  o`zgaruvchi bo`yicha uzluksiz deb ataladi. Odatda 

funksiyaning bunday uzluksizligi uning hususiy uzluksizligi deb ataladi. 

3-Teorema. Agar  mxxf ,...,1 funksiya Ma  nuqtada uzluksiz bo`lsa, 

funksiya shu nuqtada har bir o`zgaruvchisi bo`yicha ham hususiy uzluksiz 

bo`ladi. 

Izoh: Teoremaning aksi har doim ham o`rinli bo`lavermaydi. 

Masalan, 

 













0,0

0,
2

,
22

22

22

yx

yx
yx

xy

yxf  
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funksiya (0,0) nuqtada har bir o`zgaruvchi bo`yicha xususiy uzluksiz, 

lekin shu nuqtada bir yo`la uzluksiz emas, bu nuqtada hatto limitga ega 

emas. 

4-Ta`rif. Agar   


xf
ax

lim  yoki  , yoki    afbxf
ax




lim  bo`lsa, u 

holda  xf  funksiya a nuqtada uzilishga ega deyiladi. 

5-Ta`rif. Agar 0   uchun   0  M to`plamning    xx ,  

tengsizlikni qanoatlantiruvchi x  va x   nuqtalarida      xfxf  

tengsizlik bajarilsa,  xf  funktsiya M to`plamda tekis uzluksiz funksiya 

deb ataladi. 

4-Teorema. (Kantor teoremasi). Agar  xf  funksiya chegaralangan 

yopiq mRM   to`plamda  uzluksiz bo`lsa, u holda funksiya shu to`plamda 

tekis uzluksiz bo`ladi. 

3
0
. Ko`p o`zgaruvchili funksiyaning hosila va differensiallari. 

1-Ta`rif. Ushbu  

 
 mk

x

xf

k

x

x

k

k

,1 ,lim

0

0







 

limitga    mxxfxf ,...,1  funksiyaning 0x  nuqtadagi kx  o`zgaruvchi 

bo`yicha xususiy hosilasi deyiladi va u 
 

kx

xf



 0

 kabi belgilanadi. 

Xususiy hosilaning geometrik ma`nosini bilish uchun 2RM   

to`plamda aniqlangan  yxfz ,  funksiyani  qaraymiz. Aytaylik   Myx 00 ,  

bo`lib, bu nuqtada 
 

x

yxf



 00 ,
 va 

 
y

yxf



 00 ,
 lar   bo`lsin.  yxfz ,  funksiya  

grafigi 3R  da biror sirtni aniqlaydi.   0, yxfz   ning grafigi sirt bilan 0yy   

tekislikning kesishishida hosil bo`lgan 1Г  chiziq bo`ladi.  yxfz ,0 ning 

grafigi 2Г  chiziq bo`ladi. Agar 1Г  va 2Г  chiziqlarning   0000 , , , yxfyx  

nuqtasiga o`tkazilgan urinmaning Oxy  tekisligi bilan hosil qilgan 

burchaklarini mos ravishda   va   deb belgilasak, unda  

 





tg

x

yxf 00 ,
 va 

 





tg

y

yxf 00 ,
 

bo`ladi. Bundan  yxfz ,  sirtning  000 ,, zyx  nuqtasiga o`tkazilgan urinma 

tekislik tenglamasi ushbu  
 

 
 

 0
00

0
00

0

,,
yy

y

yxf
xx

x

yxf
zz 









      (3) 

ko`rinishda bo`lishi hosil  qilamiz. 
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 1-Teorema. Agar  xf  funksiya 0x  nuqtada chekli 
   mk
x

xf

k

,1,
0





 

xususiy hosilaga ega bo`lsa, unda  xf  funksiya shu nuqtada mos kx  

o`zgaruvchi bo`yicha xususiy uzluksiz bo`ladi. 

 2-Ta`rif. Agar  xf  funksiya 0x  nuqtadagi  0xf  orttirmasini  

 0xf mmmm xxxAxA   ...... 1111     (4) 

ko`rinishda ifodalash mumkin bo`lsa ,  xf  funksiya 0x  nuqtada 

differensiallanuvchi deyiladi. Bu mAA ,...,1  lar mxx  ,...,1  ga bog`liq 

bo`lmagan o`zgarmaslar va  mkk

x

x

m

,1,0lim

0
.............
01






 tengliklar bajariladi.  

 (4)-tenglik ushbu  

    oxAxAxf mm...110     (5) 

tenglikka ekvivalent. Bu yerda    22

1 ... mxx  . 

  2-Teorema. Agar  xf  funksiya 0x  nuqtada differensiallanuvchi  

bo`lsa, u holda bu funksiya shu nuqtada uzluksiz bo`ladi. 

3-Teorema. Agar  xf  funksiya 0x  nuqtada differensiallanuvchi  

bo`lsa, unda bu funksiyaning shu nuqtadagi barcha hususiy hosilalari   va 
   

m

m

A
x

xf
A

x

xf









 0

1

1

0

.,..,  tengliklar o`rinli bo`ladi. 

Izoh: Teoremaning aksi har doim ham o`rinli bo`lavermaydi, ya`ni 

barcha xususiy hosilalari   bo`lgan funksiya differensiallanuvchi bo`lishi 

shart emas. 

Masalan,  
   

   












0,0,,0

0,0,,
, 22

yx

yx
yx

xy

yxf  

funksiyaning (0,0) nuqtada hususiy hosilalari  , lekin u bu nuqtada 

differensiallanuvchi emas. 

Demak, xususiy hosilalari   bo`lishi funksiyaning 

differensiallanuvchi bo`lishi uchun zaruriy shart ekan. 

4-Teorema. (etarli shart). Agar  xf  funksiya 0x  nuqtaning biror 

atrofida barcha o`zgaruvchilari bo`yicha xususiy hosilalarga ega bo`lib, 

bu xususiy hosilalar 0x  nuqtada uzluksiz bo`lsa, unda  xf  funksiya shu 0x  

nuqtada differensiallanuvchi bo`ladi. 

Ushbu  



 

 

 

132 

 
 

     
m

m

dx
x

xf
dx

x

xf
xdf











0

1

1

0
0 ...  va 

 
   mkdx
x

xf
xfd k

k

xk
,1,

0

0 



  

ifodalarga mos ravishda  xf  funksiyaning 0x  nuqtadagi differensiali 

(to`liq differensiali) va kx  o`zgaruvchi bo`yicha xususiy differensiali 

deyiladi. 

 Agar  xf  funksiya 0x  nuqtada differensiallanuvchi bo`lib,   00 xdf  

bo`lsa 

      oxdfxf 00  va 
 
 

1lim
0

0

0




 xdf

xf


 bo`ladi    00 xdfxf   yoki 

       
m

m

mmm x
dx

xdf
x

dx

xdf
xxfxxxxf 

0

1

1

0
00

1

0

1

0

1 ...,...,,...,     (6) 

bo`ladi (6)-formulaga taqribiy hisoblash formulasi deyiladi. 

 Endi yo`nalish bo`yicha hosila tushunchasini kiritamiz. 

 Ikki o`zgaruvchili  yxfz ,  funksiya ochiq 2RM   to`plamda 

berilgan bo`lsin.   MyxA  000 ,  nuqta olib, bu nuqtadan biror   

to`g`ri chiziq o`tkazaylik.Bu to`g`ri chiziqning OX va OY koordinata 

o`qlari bilan hosil qilgan burchaklari   va   bo`lsin. 

 3-Ta`rif. Agar A nuqta   to`g`ri chiziq bo`ylab 0A  nuqtaga 

intilganda ushbu  

   
 AA

AfAf

AA ,
lim

0

0

0 




 

limit mavjud bo`lsa, uning qiymatiga    Afyxf ,  funksiyaning  000 , yxA    

nuqtadagi   yo`nalish bo`yicha hosilasi deyiladi va 
 


 0Af
 yoki 

 


 00 , yxf
 

kabi belgilanadi. 

 Demak, 

 





:0



Af    
 AA

AfAf

AA ,
lim

0

0

0 




        (7) 

 5-Teorema. Agar  yxf ,  funksiya  000 , yxA   nuqtada 

differensiallanuvchi bo`lsa, u holda shu funksiya 0A  nuqtada   yo`nalish 

bo`yicha hosilaga ega va  
 





:0



Af  





cos

, 00

x

yxf  





cos

, 00

y

yxf
    (8) 
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tenglik o`rinli. 

 Izoh: Funksiya biror nuqtada differensiallanuvchi bo`lmasa ham u 

shu nuqtada biror yo`nalish bo`yicha hosilaga ega bo`lishi mumkin. 

 Agar differensiallanuvchi  zyxfw ,,  va  ,,vux   vuy ,  

 vuz ,  funksiyalar berilgan bo`lib, ular yordamida 

        vuFvuvuvufw ,,,,,,   murakkab funksiya aniqlangan bo`lsa, 

unda murakkab funksiya ham differensiallanuvchi bo`ladi va  

















































































.

,

v

z

z

w

v

y

y

w

v

x

x

w

v

w

u

z

z

w

u

y

y

w

u

x

x

w

u

w

           (9) 

tengliklar o`rinli bo`ladi. 

 Ko`p o`zgaruvchili funksiyaning ikkinchi tartibli xususiy hosilalari 

quyidagi tenglik yordamida aniqlanadi: 

 mki
x

f

xxx

f
f

ikki

xx ki
,1,  ,:

2
























            (10) 

Agar ki   bo`lsa, 2
2

22

kx
kkk

f
x

f

xx

f










 kabi yoziladi. 

Agar ki   bo`lsa 
ki xx

f



 2

 - aralash hosila deb ataladi. 

 Yuqori tartibli xususiy hosilalar ham shu kabi aniqlanadi. 

 M  to`plamda 1,2,3,...,k-tartibli uzluksiz xususiy hosilalarga ega 

bo`lgan funksiyalar sinfi   RMС k ;  yoki   MС k  kabi belgilanadi. 

 4-Ta`rif. Agar  xf  funksiyaning x nuqtadagi barcha ikkinchi tartibli 

xususiy hosilalari mavjud bo`lsa, unda funksiyaning ikkinchi tartibli 

differensiali quyidagi tenglik yordamida aniqlanadi: 

 xfd 2  
 xfdx

x
dx

x
dxdx

xx

xf
m

m

m

ki
ki

ki

2

1

11,

2

...: 























 



 

Xuddi shunga o`xshash  

  fdx
x

dx
x

fddfd

n

m

m

nn




















  ...: 1

1

1            (11) 

bo`ladi. 

 6-Teorema. (Teylor formulasi). Agar x  va hx   nuqtalarning o`zi 

va ularni tutashtiruvchi kesma M  to`plamga tegishli bo`lib,     MCxf n  
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bo`lsa, u holda ushbu Peano ko`rinishidagi qoldiq hadli Teylor formulasi 

o`rinli bo`ladi: 

    mmm xxfhxhxf ,,,, 111   

   .
!

1

1 1

1























m

k

n

k

m

m hoxf
x

h
x

h
k

  

4
0
. Ko`p o`zgaruvchili funksiyaning ekstremumlari 

    mxxfxf ,...,1  funksiya ochiq 2RM   to`plamda berilgan bo`lib, 

  Mxxx m  00

10 ,...,  bo`lsin. 

 5-Ta`rif. Agar 0x  nuqtaning  
Mx  0  atrofi topilsaki,  

0xx  

uchun    0xfxf         0xfxf   

bo`lsa,  xf  funksiya 0x  nuqtada min (max) ga ega deyiladi.  0xf  qiymat 

esa  xf  funksiyaning lokal (max) min qiymati deyiladi va  

 
 

  xfxf
xx 

0
max0


     

 
   xfxf

xx 



0

min0  

kabi belgilanadi. 

 Funksiyaning max va min qiymatlari uning ekstremumlari deb 

ataladi. 

 0x  nuqtaning  

0x  atrofida  

   0xfxf          (12) 

ayirmani ko`raylik. 

 Agar bu ayirma  

0x da o`z ishorasini saqlasa ya`ni har doim 

 00   bo`lsa,  xf  funksiya 0x  nuqtada min (max) ga erishadi. Agar   

ayirma 0x  nuqtaning   atrofida ham o`z ishorasini saqlamasa, unda  xf  

funksiya 0x  nuqtada ekstremumga ega bo`la olmaydi. 

 1-Teorema. (zaruriy shart)  xf  funksiya 0x  nuqtada ekstremumga 

erishsa va shu nuqtada    0

0 ,...,
1

xfxf
mxx
  xususiy hosilalar   bo`lsa , unda  

    0... 0
01

 xfxf
mxx      (13) 

bo`ladi. 

 1-Izoh. Teoremaning aksi har doim ham o`rinli bo`lavermaydi. 

Masala,   yxyxf ,  funksiya uchun     00,00,0 
yx ff , lekin funksiya (0,0) 
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nuqtada ekstremumga erishmaydi, chunki u (0,0) nuqtaning   atrofida har 

hil ishorali qiymatlarni qabul qiladi. 

 2-Izoh. Agar  xf  funksiya 0x  nuqtada differensiallanuvchi  bo`lsa, u 

holda funksiyaning ekstremumga erishishining zaruriy shartini   00 xdf  

ko`rinishda yozish mumkin. 

 2-Teorema. (etarli shart.)  xf  funksiya 0x  nuqtaning biror  

0x  

atrofida berilgan bo`lib quyidagi shartlarni bajarsin: 

1)  xf  funksiya  

0x  da uzluksiz birinchi va ikkinchi tartibli xususiy 

hosilalarga ega; 

2) 0x  nuqta  xf  funksiyaning statsionar nuqtasi; 

3) koeffitsientlari    mkixfa
kixxik ,1, ,0   bo`lgan. 

  



m

ki

kiikm aQ
1,

1,...,       (14). 

kvadratik forma musbat (manfiy) aniqlangan. 

 U holda  xf  funksiya 0x  nuqtada min (max) ga erishadi. Agar 

kvadratik forma noaniq bo`lsa, unda  xf  funksiya 0x  nuqtada 

ekstremumga erishmaydi. 

 Bu teoremani 2m  bo`lgan holda alohida ko`ramiz: 

 
2
1

02

11
x

xf
a




   

 
21

02

12
dxx

xf
a




   

 
2
2

02

22
x

xf
a




  

2221

1211

aa

aa
 2

122211 aaa   bo`lsin. Unda  

1) 0,0 11  a  bo`lsa, min; 

2) 0,0 11  a  bo`lsa, max; 

3) 0  bo`lsa, ekstremum mavjud emas. 

4) 0  bo`lsa, shubhali hol bo`ladi. 

Biz shu vaqtgacha hech qanday shart berilmaganda  mxxxfy ,...,, 21  

funksiya ekstremumini topish masalasi bilan shug`ullandik. Lekin 

matematikaning ko`p tatbiqlarida funksiyaning argumentlari ba`zi bir 

shartlarni qanoatlantirgandagi ekstremumlarini topish talab qilinadi. Biz 

shunday masalani eng sodda hol uchun keltiramiz. 
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Aytaylik, 

 yxfu ,          (15) 

funksiyaning  

  0, yxF          (16) 

shartni qanoatlantiruvchi ekstremumini topish talab qilinsin. Bunday 

ekstremumga shartli ekstremum deyiladi. 

Agar (16)-tenglamadan  xy   funksiyani topish mumkin bo`lsa, u 

holda shartli ekstremumni topish masalasi 

    xxxfu  ,      (17) 

funksiyaning oddiy ekstremumini topish masalasiga keladi. Lekin har doim 

ham  xy   funksiyani topish imkoni yo`q. Shuning uchun (16)-

tenglamani yechmay turib shartli ekstremumni topishni o`rganamiz. Bunda 

Lagranj usuli yaxshi natijaga olib keladi. 

Ushbu 

     yxFyxfyx ,,,       (18) 

Lagranj funksiyasini olamiz. (18) dagi   hozircha noma`lum 

o`zgarmas ko`paytuvchi. 

 yx,  funksiyaning oddiy ekstremumi  yxf ,  funksiyaning   0, yxF  

tenglamani qanoatlantiruvchi shartli ekstremumi bilan ustma-ust tushadi. 

 yx,  funksiyaning statsionar nuqtasi va noma`lum koeffitsient   

quyidagi 

 




























0,

0

0

yxF

y

x

           (19) 

shartlardan topiladi. Faraz qilaylik,  000 , yxM  nuqta  yx,  funksiyaning 

statsionar nuqtasi bo`lsin. Agar 0
0

2 
M

d  bo`lsa min va 0
0

2 
M

d  bo`lsa 

max bo`ladi. Bu yerda 


















2

2 dy
y

dx
x

d  
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O`zgaruvchilari soni ko`p bo`lgan funksiyalar qaralganda shartli 

ekstremum shu kabi aniqlanadi va Lagranj funksiyasi yordamida topiladi. 

5
0
. O`zgaruvchilarni almashtirish 

a) Oddiy hosilani o`zida saqlovchi ifodalarda o`zgaruvchilarni 

almashtirish 

Aytaylik,  xyy   funksiya va  

 ,...,,, xxх yyyxA             (20) 

differensial ifoda berilgan bo`lib, 

 ,,utfx    utgy ,            (21) 

va  tuu   bo`lsin. Differensial ifodada yangi t o`zgaruvchiga o`tish talab 

qilinsin. Unda (21) ga ko`ra  

t

t

t

t
x

u
u

f

t

f

u
u

g

t

g

x

y
y

























  

ekanligini topamiz. Shunga o`xshash yuqori tartibli ,...xxy   hosilalar ham 

topiladi va (20) ga olib borib qo`yib, yangi 

 ,...,,,1 ttt uuutA   

differensial ifoda hosil qilinadi. 

 

b) Xususiy hosilani o`zida saqlovchi ifodalarda o`zgaruvchilarni 

almashtirish. 

Faraz qilaylik,  yxzz ,  funksiya va  
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differensial ifoda berilgan bo`lib, 

 vufx ,   vugy ,         (23) 
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hususiy hosilalar ushbu  
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................................  
tengliklardan topiladi va ular (22) ga olib borib qo`yib, yangi  
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differensial ifoda hosil qilinadi. 

Umumiy holda (22) ifodada ushbu  

 wvufx ,, ,  ,,, wvugy  ,  wvuhz ,,         (24) 

almashtirish bajarilgan bo`lib, u,v lar yangi erkli o`zgaruvchilar va 

 vuww ,  yangi funksiya bo`lsin. Unda ,...,
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.................................................................................  

tenglamalar hosil qilinadi. Bu tenglamalar yordamida xususiy hosilalar 

topiladi va (22) ga olib borib qo`yib, yangi  
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differensial ifoda hosil qilinadi. 

 

Nazorat savollari. 

1. mR  fazo. 

2. mR  fazoda metrika. 

3. mR  fazoda ketma-ketlik tushunchasi va uning limiti. 

4. Ko`p o`zgaruvchili funksiya (k. o`. f.) tushunchasi. 

5. K. o`. f. ning karrali limiti tushunchasi. 

6. K. o`. f. ning takroriy limiti tushunchasi. 

7. Karrali va takroriy limitlar orasidagi bog`lanish. 

8. Karrali va takroriy limitlarning tengligi haqidagi teorema. 

9. K. o`. f. ning uzluksizligi. 
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10. K. o`. f. ning tekis uzluksizligi va Kantor teoremasi. 

11. K. o`. f. ning xususiy hosilasi ta`rifi. 

12. Urinma tekislik tenglamasi. 

13. K. o`. f. ning differensiallanuvchiligi. 

14. K. o`. differensiallanuvchi va uzluksiz funksiyalar orasidagi bog`lanish. 

15. Taqribiy hisoblash formulasi. 

16. Yo`nalish bo`yicha hosila.  

17. K. o`. f. uchun Teylor formulasi. 

18. K. o`. f. ning ekstremumlari. 

19. Shartli ekstremum, Lagranj usuli. 

20. Oddiy hosilani o`zida saqlovchi ifodalarda o`zgaruvchilarni 

almashtirish. 

21. Xususiy hosilani o`zida saqlovchi ifodalarda o`zgaruchilarni 

almashtirish. 
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-B- 

Mustaqil yechish uchun misol va masalalar 

1-masala. 

2R  fazoda quyidagi ketma-ketliklarning limiti  2Raa   ekanligi ta`rif 

yordamida isbotlansin. 
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1.11   nx  0,0;
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. 

2R  fazoda quyidagi ketma-ketliklarning limiti topilsin. 
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1.20   nx  










 nnn

n

n

285,
4

21
...

64

9

16

5

4

3 3 3 . 
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2-masala. Quyidagi funksiyalarning aniqlanish sohalari topilsin 

va chizmada ko`rsatilsin. 
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3-masala. Karrali limitlar hisoblansin. 
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yx

yx
. 

4.15   yxf , 0,

1
sin

00

2






yx
yx

y
x

x

. 4.16   yxf ,















0,,0

,

00

22

yxyx

yx
yx

yx

 

4.17   yxf ,
 

0,1;
ln

00
22





yx

yx

ex y

. 4.18   yxf , 0;
255

00 


yx
xy

xy
. 

4.19   yxf , 0;
11

0022

22





yx

yx

yx
. 4.20   yxf ,

 
0,1;

ln
00 


yx

y

yx
. 

4.21   yxf ,
 





00;

32
sin yx

yx

yx
.  

 

5-masala. 

5.1  
yx

x
yxf




2

,   funksiya  0,0O  nuqtada cheksiz kichik bo`lishi 

isbotlansin. 

5.2   yxf ,    22lnsin yxyx   funksiya  0,0O  nuqtada cheksiz kichik 

bo`lishi isbotlansin. 

5.3   yxf ,
24

2

yx

yx


 funksiya quyidagi hossalarga ega ekanligi 

isbotlansin. 

a)  yxM ,  nuqta  0,0O  nuqtaga shu  0,0O  nuqtadan o`tuvchi   to`g`ri 

chiziq bo`ylab intilganda ham funksiya limiti 0 ga teng. 

b)  0,0O  nuqtada funksiya limiti mavjud emas. 

 00 , yx  nuqtada  yxf ,  funksiyaning karrali va takroriy limitlari 

mavjudmi? 

5.4   yxf , 0; 0022

22





yx

yx

yx
. 

5.5   yxf ,   0,1;log 00  yxyxx . 
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5.6   yxf , 0,
sinsin

00 



yx

yx

yx
. 5.7   yxf , 0; 00 




yx

yx

yx
.  

5.8   yxf ,
 222

22

yxyx

yx


 000  yx . 5.9   yxf ,   ;

1
sin

1
sin

yx
yx  000  yx . 

5.10   yxf , 0;
2

0022



yx

yx

xy
. 

5.11   yxf ,

   

   


















0  .0,0,,0

0,0,,

00

24

33

yxyx

yx
yx

yx

 

5.12   yxf ,
























00.0,1

0,
1

1

yxyx

yx
yx

yx

 

 

Quyidagi funksiyalarni berilgan nuqtalarda har  bir o`zgaruvchi  

bo`yicha xususiy va ikkala o`zgaruvchi bo`yicha birgalikda 

uzluksizlikka tekshiring. 

5.13   yxf ,













0,0

,0,

44

44

44

22

yx

yx
yx

yx

  0,00  va  2;1A . 

5.14   yxf ,













0,0

,0,

44

44

44

23

yx

yx
yx

yx

  0,00  va  54 10;10 A . 

5.15   yxf ,















0,0

,0,
22

yx

yx
yx

yx

  0,00  va  1;1A . 

5.16   yxf ,















0,1

,0,

22

22

22

22

yx

yx
yx

yx

  0,00  va  1;0A . 

5.17   yxf ,















0,1

,0,
sinsin 22

yx

yx
yx

yx

  0,00  va 









3
;

3


A . 

5.18   yxf ,















0,0

,0,
coscos

yx

yx
yx

yx

  0,00  va 






 

4
;

4
A . 
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5.19   yxf ,
   

   












.0,0,,0

0,0,,
1

22

yx

yx
yx   0,00  va  0;1A . 

5.20   yxf ,


















0,0

,0,

22

22

24

2

yx

yx
yx

yx

  0,00  va  0;1A .  

5.21   yxf ,













0,0

,0,
2

22

22

22

yx

yx
yx

xy

  0,00  va  1;1A . 

6-masala. 

 yxf ,  funksiyani M to`plamda chegaralanganlikka tekshiring. 

6.1   yxf , 22 yx   ,   25,, 222  yxRyxM . 

6.2   yxf , 22 yx      25,, 222  yxRyxM . 

6.3   yxf , ,
32

22

22

yx

yx




   0,, 222  yxRyxM . 

6.4   yxf ,
   

,
coscos

xy

yxyx 
  0,, 2  xyRyxM . 

6.5   yxf ,
   

,
sinsin

xy

yxyx 
  0,, 2  xyRyxM . 

6.6   yxf , ,
lnln

yx

yx




  yxRyxM  ,, 2 . 

Quyidagi funksiyalarning ko`rsatilgan to`plamda 

chegaralanganligini isbotlang, uning aniq chegaralarini toping va 

funksiya shu qiymatlarga erishish-erishmasligini aniqlang. 

6.7   yxf , ,
22

22

yx

yx




   0,, 222  yxRyxM . 

6.8   yxf , ,
22

66

yx

yx




   90,, 222  yxRyxM . 

6.9   yxf , ,
44

22

yx

yx


   0,, 442  yxRyxM . 



 

 

 

146 

 
 

6.10   yxf , ,xyxye     0,0,, 2  yxRyxM . 

6.11  
 

222

222 24
,,

zyx

zyx
zyxf




     0,,, 223  zyxRzyxM . 

 yxf ,  funksiyaning M to`plamda tekis uzluksiz bo`lishi ta`rif 

yordamida isbotlansin(   ?  ). 

6.12   yxf , ,532  yx  2RM  . 

6.13   yxf , 22 yx     4,, 222  yxRyxM . 

6.14   yxf , 22 yx   2RM  . 

6.15   yxf , 32  yx ,  2RM  . 

Quyidagi funksiyalarni ko`rsatilgan to`plamda tekis 

uzluksizlikka tekshiring. 

6.16   yxf , ,
44

22

yx

yx




   10,, 222  yxRyxM . 

6.17   yxf , ,
22

44

yx

yx




  10,, 22  xRyxM . 

6.18   yxf ,
y

x
1

sin   10,10 ,, 2  yxRyxM . 

6.19   yxf , ,
1

sin
y

xy   10 ,10 ,, 2  yxRyxM . 

6.20   ,
1

cos,
x

yyxf     10 ,10 ,, 2  yxRyxM  

6.21   yxf , 33 yx   funksiyaning   10,21,, 2  yxRyxM  

to`plamda tekis uzluksiz ekanligi ta`rif yordamida isbotlansin. 

7-masala. Quyidagi funksiya  0,0О  nuqtada xususiy hosilalarga 

egami va bu nuqtada differensiallanuvchimi? 

7.1   yxu , 22 yx  . 
7.2   yxu ,




















0 ,0

0,
33

yx

yx
yx

yx

 

7.3   yxu , 3 xy . 7.4   yxu , xxy sin . 

7.5   yxu , 3 44 yx  . 7.6   yxu , tgxyx 3 2 . 
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7.7   yxu , yx sin3 .    

7.9   yxu , 4 44 yx  . 

7.8   yxu , 4 33 yx  . 

7.10   yxu , 22 32 yx  . 

7.11   yxu , 44 yx  . 7.12   yxu ,












0,0

0

44

44
,

1
44

yx

yxe yx

 

7.13   yxu , 3 22 yx . 7.14   yxu , 43 yx  . 

 

7.15   yxu , 3 33 yx  . 7.16   yxu ,




















0  ,0

0,
44

yx

yx
yx

yx

 

7.17  yxu ,















0,0

0

22

22
,

1
22

yx

yxe yx

 

 

7.18   yxu , xyx sin3 2  . 

7.19   yxu , tgxy 3 . 7.20  yxu , 3 sin xyx . 

7.21   yxu ,















0,0

,0,

22

22

22

44

yx

yx
yx

yx

 

 

8-masala. 

Sirtga ko`rsatilgan nuqtada o`tkazilgan urinma tekislik 

tenglamasi topilsin. 

8.1 ;xyz    0 ,0 ,1A . 8.2  xyz sin  














2

3
,

3
,1


A . 

8.3 ;2yxz   1 ,1 ,0A .  8.4 ,yxez   1 ,1 ,1A . 

8.5 ;33 yxz   0 ,1,1A .  8.6 22 yxz   5 ,2 ,1A . 

8.7 ;169222  zyx  12 ,4 ,3A .  8.8 ,
x

y
arctgz  







 

4
 ,1 ,1A . 

8.9 ;ln
z

x
yz   1,1,1A .  

0z  tekislik  ,0,0,0O  nuqtada quyidagi sirtga urinma tekislik 

bo`ladimi? 

8.10 ;22 yxz  -aylanma paraboloid. 
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8.11 22 yxz  -konus. 

8.12 ;xyz  -giperbolik paraboloid. 

Quyidagi miqdorlarning taqribiy qiymatlarini hisoblang. 

8.13. 
32 004,3003,2002,1  . 8.14 

00 4629sin tg . 

8.15. 4 33

2

05,198,0

03,1


. 

8.16 
07,0sin67,2 . 

8.17 
33 97,102,1  . 8.18 09,359,1sin tg . 

 8.19 133 223  xyyxxz  funksiya  M(3; 1) nuqtada shu nuqtadan (6; 

5) nuqtaga qarab yo`nalgan yo`nalish bo`yicha hosilasi topilsin. 

8.20  xyarctgz   funksiyaning M(1;1) nuqtada birinchi chorakning 

bissektrissasi yo`nalishi bo`yicha hosilasi hisoblansin. 

8.21 13322  yxyyxz  funksiyaning M(2;1) nuqtada shu nuqtadan 

koordinata boshiga qarab yo`nalgan yo`nalish bo`yicha hosilasi 

hisoblansin. 

9-masala. 

Quyidagi murakkab funksiyalarning xususiy hosilalarini toping (f 

va g-differensiallanuvchi).  

9.1  222222 ,, xzzyyxfu  . 9.2  xyxyyxfu ,, 22  . 

9.3     yxg
yxfu

,
 .  9.4  xyyxfu , . 

9.5    yzgxyfu  . 9.6  22, yxyxf  . 

9.7 









x

y

y

x
fu , . 

 

Agar f-ixtiyoriy differensiallanuvchi funksiya bo`lsa,  yxu ,  

funksiya mos tenglamani qanoatlantirishini tekshiring. 

9.8  22 yxfu  ;  0









y

u
x

x

u
y . 

9.9 









x

y
fxu n

; nu
y

u
y

y

u
x 









2 . 

9.10  22 yxyfu   xu
y

u
xy

x

u
y 








2

. 
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9.11  ,
3

2

xyf
x

y
u    022 









y

y

u
xy

x

u
x . 

9.12 ,, 









 x

z

x

y
fxu n

 nu
z

u
z

y

u
y

x

u
x 














. 

9.13 ,,ln 









x

z

z

y
xfx

z

xy
u  z

xy
u

z

u
z

y

u
y

x

u
x 














. 

Funksiya differensialini ko`rsatilgan nuqtalarda toping. 

9.14 ,
x

yz
u    zyxM ,,  va  3,2,10M . 

9.15  ,cos xzxyu    zyxM ,,  va 








6
,

6
,10


M . 

9.16 ,yxu    ,, yxM  va  3,20M . 

9.17  ,ln xyxu    ,, yxM  va  1,10 M . 

x

u




 va y

u




 xususiy hosilalarni hisoblash va f va g fuksiyalarning 

hosilalarini (f va g-differensiallanuvchi funksiyalar) yo`qotish yo`li 

bilan shunday tenglama tuzingki,  yxu ,  funksiya uni qanoatlantirsin. 

9.18 









z

y

y

x
fu , .  

9.19  zyyxfu  , . 

9.20 









2y

x
xfu . 

9.21  xyfxu  . 

 

10-masala. Ko`rsatilgan tartibdagi xususiy hosilalar va 

differensiallar hisoblansin. 

10.1 nm

nm

yx

u

yx

yx
u












; . 10.2 ;nm yxu   nm

nm

yx

u



 

. 

10.3 ;
2

cossin2 y
eyeu xx   nm

nm

yx

u



 

. 10.4 ;xyzeu   zyx

u



3

. 

10.5 ;2cossin yxu   64

10

yx

u




. 10.6 ;sincos 44 xyyxu 

44

8

yx

u




. 

10.7   ;
102 tgxyxu   9

10

yx

u




.  10.8 ;sin xyu   yx

u




2

3

 va 2

3

yx

u




. 
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10.9 ;22 xyeyxu   ud 2

.  
10.10 ;

z

y

x
u 








 ud 2

. 

10.11 ;yzxu  ud 2

.  10.12  ;, 22 yxyxfu  ud 2

. 

10.13    ;xzgxyfu  ud 2

.  10.14  ;cossin yxfu  ud 2

. 

10.15  ;, 2zyxfu  ud 2

. 10.16  ;, 22 yxxyfu  ud 2

. 

10.17  ;432 zyxfu  ud n

. 10.18  ;2,3,2 zyxfu  ud n

. 

 yxzz ,  bo`lsa, x

z




 va y

z




 lar  topilsin. 

10.19   0,, zxyzxyF . 10.20   0,  yxxyzF . 

10.21   0,,  xyzzyxzxyF .  

11-masala. Quyidagi funksiyalar ekstremumga tekshirilsin. 

11.1 yx
yxyxu

1122  . 11.2 yxyxyxu  22

. 

11.3 axyyxu 333  . 11.4 xyyxu 3644  . 

11.5 
2244 242 yxyxyxu  . 11.6 

5422 2 yyxyxu  . 

11.7  yyxeu x 222  . 11.8 yxyyxu 30183 32  . 

11.9 zxyzxyu  .  11.10    2222 yxeyxu  . 

11.11   3
2

224 yxu  .  11.12 16422 222  zyxzyxu . 

11.13 xzxyzyxu  422 222

. 11.14 1322 223  yzzxyxyxu . 

11.15 
221 yxu  . 11.16  2

1 yxu . 

11.17 
2244 22 yxyxu  .  11.18  yxyxu  632

. 

11.19 
2244 2 yxyxyxu  .  11.20  22 1 yxu . 

11.21 zyzzyxyxu 66642 222  .  

12-masala.  

Berilgan funksiyaning ko`rsatilgan to`plamdagi eng katta va eng 

kichik qiymatlari topilsin. 
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12.1 ,
2

2
2 xy
yxxyu   20,10  yx . 

12.2 4183 22  yxyxu 10,10  yx . 

12.3 ,33 23 xyyxu   10,20  yx . 

12.4 ,
862

22 xyyxxy
u  1

43
,0,0 

yx
yx . 

12.5 ,363 2266 yxyxyxu   20  xy . 

12.6  ,coscoscos yxyxu     yx 0,0 . 

12.7    3 22 ,1 xyxu   22  xy . 

12.8 ,27933  xyyxu 60,60  yx . 

12.9 ,,242 2244 yxyxyxu  20,20  yx . 

12.10 ,zxyzxyu   9222  zyx . 

12.11 ,zyxu   122  zyx . 

12.12  ,sinsin2sin2 yxyxu 
2

0,
2

0


 yx . 

Oshkormas ko`rinishda berilgan  xyy   funksiyaning 

ekstremumlari topilsin. 

12.13 20,0sin22  xxyy . 12.14   06
3

 xxy . 

12.15   0, 22522  yxxxy . 12.16 2722  xyyx . 

Oshkormas ko`rinishda berilgan  yxzz ,  funksiyaning 

ekstremumlari topilsin. 

12.17 08822 222  zyzzyx . 12.18  222444 2 zyxzyx  . 

12.19 072222555 222  yzxzxyzyx . 12.20 0322  xxyxyzz . 

12.21 0463245 222  xxyyzyz .  

13-masala. 

13.1 a tomoni va uning qarshisidagi A burchagiga ko`ra berilgan 

uchburchakning eng katta yuzini toping. 
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13.2 Uchburchakning a,v tomonlri va ular orasidagi S burchak ma`lum. Bu 

uchburchakning a va v tomonlaridan shunday kesma bilan teng ikkiga 

(yuzaga nisbatan) bo`lingki, natijada kesma uzunligi eng kichik bo`lsin. 

13.3 2xy   parabola va 02  yx  to`g`ri chiziq orasidagi eng kichik 

masofani toping. 

13.4  000 ,, zyx  nuqta bilan DCzByAx   tekislik orasidagi eng kichik 

masofani toping. 

13.5 1
2

2

2

2

2

2


c

z

b

y

a

x
 ellipsoidga ichki chizilgan eng katta hajmli to`g`ri 

burchakli paralepepipedning o`lchamlarini toping. 

13.6 O`lchamlari qanday bo`lganda ko`ndalang kesimi yarim doira, 

sirtining yuzasi 23 м  bo`lgan ochiq tsilindrik vanna eng katta hajmga ega 

bo`ladi? 

13.7 O`lchamlari qanday bo`lganda usti ochiq, xajmi 32 sm
3
 bo`lgan 

to`g`ri burchakli banka eng kichik sirtga ega bo`ladi? 

13.8 Hajmi 54  bo`lgan tsilindrik banka, asos diametri d va balandligi h 

ning qanday qiymatlarida eng kichik sirtga ega bo`ladi. 

13.9 Musbat a sonini 5 ta shunday musbat sonlarning yig`indisi 

ko`rinishida ifodalangki ularning ko`paytmasi eng katta bo`lsin. 

13.10 Qirralari uzunliklarining yig`indisi a ga teng bo`lgan to`g`ri 

burchakli parallelepipedning o`lchamlari qanday bo`lganda uning hajmi 

eng katta bo`ladi? 

13.11 Hajmi V ga teng bo`lgan to`g`ri burchakli parallelepipedning 

o`lchamlari qanday bo`lganda uning to`la sirti eng kichik bo`ladi? 

 

Lagranj usulidan foydalanib  yxuu ,  (yoki  zyxuu ,, ) funksiyaning 

berilgan shartni qanoatlantiruvchi ekstremumlari topilsin. 

13.12 ,xyzu   3222  zyx . 

13.13 ,
2

2

2

2

2

2

c

z

b

y

a

x
u   1222  zyx   0 cba . 

13.14 zyxu  2  122  zyx . 

13.15 ,32 zxyu   632  zyx   0 ,0 ,0  zyx . 

13.16 ,5333  zyxu  0 zyx . 
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13.17 222 2zyxu   1 zyx . 

13.18 xyu   122  yx . 

13.19 ,yxu   
222

111

ayx
 . 

13.20 ,22 yxu  1
b

y

a

x
. 

13.21 ,22 zyxu  1222  zyx . 

14-masala. u va v larni yangi erkli o`zgaruvchi sifatida qabul 

qilib, quyidagi tenglamalarda o`zgaruvchilarni almashtiring. 

14.1 ,22 









y

z
xy

x

z
x  ,xyu   .

x

y
v  . 

14.2 ,42 xx ye
y

z
e

x

z
y 









 ,2 xeyu   xeyv  2 . 

14.3 ,0








xy

x

z
x

y

z
y  .

x

y
u   3yxv  . 

14.4 022 








y

y

z

x

z
y , ,vy   

2

4 2v
x


 . 

14.5 xy
x

z

y

z
y 









4 , 2,vx    2

vuy  . 

14.6     0










y

z
zy

x

z
zx , xu   

zx

zy
v




 . 

14.7 z
y

z
y

x

z
x 









, xu   .

x

y
v  . 

14.8 
22 yxey

y

z
x

x

z
y 









, ,22 yxu   yv  . 

14.9     0










y

z
yx

x

z
yx , ,ln 22 yxu   

x

y
arctgv  . 

14.10  2

2

2z
y

z
yz

x

z
x 

















, ,ln xu   yv ln . 

14.11 0









y

z
x

x

z
y , xu   ,22 yxv   

14.12 z
y

z
y

x

z
x 









, ,74 yxu   

x

y
v  8 . 
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14.13 ,0
2

2

2

2











y

z

x

z
 ,yxu   yxv  . 

14.14 ,0
2

1
2

2

2

2
















y

z

y

z
y

x

z
  ,0y  ,xu   yv 2 . 

14.15 0522
2

22

2

2





















x

z

y

z

yx

z

x

z
,  ,

3

1
yxu    yxv  2

3

1
. 

14.16 0









y

z
y

x

z
x , ,cosvux   vuy sin . 

14.17 0









y

z
x

x

z
y , ,cosvux   vuy sin . 

14.18 0

22



























y

z

x

z
, ,cosvux   vuy sin . 

14.19 0
2

2

2

2











y

z

x

z
, ,cosvux   vuy sin . 

14.20 04
2

2

2

2










z

y

z

x

z
, ,cos4 vex   vey sin4  . 

14.21 0
2

2
2

2

2
2 










y

z
y

x

z
x , ,xyu   

y

x
v  . 
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-C- 

Namunaviy variant yechimi. 

1.21-masala. 2R  fazoda ushbu  

 

  


















n

nn
x n 284 2...222;

1

1
...

32

1

21

1
 

ketma-ketlikning limiti topilsin. 

  
 1
1

...
32

1

21

1










nn
yn  va 

n

nz 284 2...222   deb belgilasak. 

1
1

1
1lim

1

11
...

3

1

2

1

2

1
1limlim 























 nnn
y

nn
n

n
 va  

222limlim 2

1
1

2

1

2

1
...

2

1

2

1

2

1
32






n

n
n

n
z  bo`lib,  2;1lim )( 



n

n
x  ekanligini hosil qilamiz.  

2.21-masala. Quyidagi  y
y

x
u  1arcsinarcsin

2
 funksiyaning 

aniqlanish sohasi topilsin va chizmada ko`rsatilsin. 

      222

22
2

,20:,

20
11

1

yxyyRyx

y

yxy

y

y

x

uD 






























  Bu soha 8-

chizmada tasvirlangan.   

 

 

8-chizma. 

3.21-masala. Ushbu  
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 

12

ln
lim

22

2

0
1 




 xyx

yx

y
x

 karrali limit hisoblansin. 

  
 

      







yxyxyx
xyx

yx

y
x

1~11lnln
12

ln
lim

22

2

0
1

 


 

 


































































0

0

1

sin

   cos1

1

1
lim

22

2

0
1

r

y

x

ry

rx

yx

yx

y
x

 

 
  0limsincos

sincos
lim

0

22

0






r

r

r

rr



   

4.21-masala.  yxf
yyxx

,limlim
00 

 va  yxf
xxyy

,limlim
00 

 takroriy limitlar 

hisoblansin. 

 
 





 00;

32
sin, yx

yx

yx
yxf


 

    


yxf
yyxx

,limlim
00

 
2

3

3
sinlim

32
sinlimlim 









xyx yx

yx
 va 

  


yxf
xxyy

,limlim
00

 
1

2
sinlim

32
sinlimlim 









yxy yx

yx
  

5.21-masala. Quyidagi funksiyani berilgan nuqtalarda har bir 

o`zgaruvchi bo`yicha xususiy va ikkala o`zgaruvchi bo`yicha 

birgalikda uzluksizlikka tekshiring. 

      1,1  0,0 ,

0,0

0,
2

,

22

22

22

АваО

yx

yx
yx

xy

yxf


















  

  Ma`lumki, agar  

1)    ,,,lim 000
0

yxfyxf
xx




 

2)    ,,,lim 000
0

yxfyxf
yy




 

3)    ,,,lim 00

0

0

yxfyxf

yy
xx






 

bo`lsa , unda  yxf ,  funksiya  00 , yx  nuqtada  

1) x o`zgaruvchi bo`yicha xususiy, 

2) y o`zgaruvchi bo`yicha xususiy 

3) x va y o`zgaruvchilar bo`yicha birgalikda uzluksiz bo`ladi. 
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Shular asosida masalani yechamiz. 

a) O(0,0) nuqtada tekshiramiz. Shartga ko`ra   00,0 f  

         


0,0,0lim0,lim0,00,
00

fyfxfyfxf
yx

 ikkala o`zgaruvchi 

bo`yicha xususiy uzluksiz. 

  



0,lim

0

0

yxf

yy
xx










































 




2sin
2sin

lim

sin

cos
2

lim
2

2

022

0

0 r

r

ry

rx

yx

xy

r
yy
xx

 birgalikda 

uzluksiz emas. 

 b) A(1,1) nuqtada tekshiramiz. Shartga ko`ra   11  ,1 f  funksiya bu 

nuqtada ham xususiy, ham birgalikda uzluksiz ekanligini ko`rish qiyin 

emas.   

6.21-masala.   33, yxyxf   funksiya   10,21:, 2  yxRyxM  

to`plamda tekis uzluksiz ekanligi ta`rif yordamida isbotlansin. 

  0  olib , quyidagi ayirmani baholaymiz: 
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  yyyy  

 Demak, 0  uchun 
15


   deb olsak , M to`plamning ushbu 

 12 xx  va  12 yy  tengsizliklarni qanoatlantiruvchi  11, yx  va  22 , yx  

nuqtalari uchun      1122 ,, yxfyxf  tengsizlik bajariladi    yxf ,  

funksiya M to`plamda tekis uzluksiz.   
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funksiya O(0,0) nuqtada xususiy hosilalarga egami va bu nuqtada 

differensiallanuvchimi? 
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 Demak, xususiy hosilalar  . Endi 

differensiallanuvchilikka tekshiramiz. Differensiallanuvchi bo`lishi 

uchun  
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differensiallanuvchi.   

8.21-masala. 13322  yxyyxz  funksiyaning M(2;1) nuqtada shu 

nuqtadan koordinata boshiga qarab yo`nalgan yo`nalish bo`yicha 

hosilasi hisoblansin. 

  Yo`nalish bo`yicha hosilani  

     
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
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
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


coscos

Y

Mf

x

MfMf


 

formula yordamida hisoblaymiz. M(2;1) nuqta va koordinata boshini 

tutashtirib   to`g`ri chiziqli hosil qilamiz (9-chizma). 

 

9-chizma. 

512 22 OM  9-chizmadan  
5

2
coscoscos    
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1
sin

2
coscos 








 


  ekanligini topamiz. 
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1
2

32 







y
x

yxy
x

Mf
  

    1332 22 
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Topilgan qiymatlarni yuqoridagi formulaga olib borib qo`yamiz: 
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9.21-masala. 
x

u




 va 

y

u




 xususiy hosilalarni hisoblash va f va g 

funksiyalarning hosilalarini yo`qotish yo`li bilan shunday tenglama 

tuzingki,  yxu ,  funksiya uni qanoatlantirsin. 

 xyfxu   
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10.21-masala.  yxzz ,  bo`lsa 
x
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
 lar topilsin. 
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 ,zxy   ,zyx   xyz   deb belgilab, berilgan tenglamani 
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11.21-masala. zyzzyxyxu 66642 222   funksiya ekstremumga 

tekshirilsin. 

   
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sistemani yechib,  1  ,1,10 M  nuqta statsionar nuqta ekanligini topamiz. 

Endi ikkinchi tartibli xususiy hosilalarni hisoblab, 
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aniqlaymiz. 

2
2

2

11 





x

u
a , 2

22

2112 










xy

u

yx

u
aa , ,0

22

3113 










xz

u

zx

u
aa  

8
2

2

22 





y

u
a ,  3223 aa 6

22











yz

u

zy

u
 12

2

2

33 





z

u
a  

;0211 a    ;012
8,2

2,2

2221

1211







aa

aa
 

  .31 ;1;10048

2     1     0  

  3    4   1 

0    1   1  

24

12   6    0 

  6    8   2

0   2   2 

    

    

    

min
2

333231

232221

131211

0









 uuud

aaa

aaa

aaa

M
 

12.21-masala. Oshkormas ko`rinishda berilgan  yxzz ,  

funktsiyaning ekstremumlari topilsin. 

0463245 222  xxyyzyz  

  Birinchi navbatda oshkormas funksiyaning xususiy hosilalarini va 

ular yordamida statsionar nuqtalarni topamiz: 
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sistema va berilgan tenglamani x, y, z  o`zgaruvchilarga nisbatan yechib 

 0 ;1 ;11M  va  4 ;9 ;12 M  statsionar nuqtalarini topamiz. Funksiyaning bu 

nuqtalarida ekstremumga erishishini tekshirish uchun ikkinchi tartibli 

xususiy hosilalarni hisoblaymiz: 
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a)  0 ;1 ;11M  nuqtada ekstremumga tekshiramiz. 

;
2

3

1
211 

Mx
za   0

1
12 

Mxy
za    ;

2

1

1
222 

My
za    

.
4

32

122211  aaa  Demak 011 a  va   01 ,1max0 max  zz  

b)  4;9;12 M   nuqtada ekstremumga tekshiramiz. 
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Shunday qilib   01 ,1max  zz  va   49 ,1min  zz    

13.21-masala. Lagranj usulidan foydalanib zyxu 22   

funksiyaning 1222  zyx  shartni qanoatlantiruvchi ekstremumlari 

topilsin. 

     122,, 222  zyxzyxzyx   

Lagranj funksiyasini olamiz va bu funksiyaning ekstremumlarini 

qidiramiz: 
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14.21-masala. u va v larni yangi erkli o`zgaruvchi sifatida qabul 

qilib, quyidagi tenglamalardan o`zgaruvchilarni almashtiring. 
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Demak, berilgan tenglama almashtirishdan so`ng ushbu 

v

z

vu

z
u




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2  

ko`rinishga kelar ekan.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

164 

 
 

6-§. 5-MUSTAQIL ISh. 

Sonli qatorlar. 

Sonli qatorlar va ularning yaqinlashishi. 

Musbat hadli qatorlar va ularning yaqinlashish alomatlari. 

Ishorasi o`zgaruvchi qatorlar va ularning yaqinlashish alomatlari. 

Cheksiz ko`paytmalar. 

-A- 

Asosiy  tushuncha va teoremalar. 
01  Yaqinlashuvchi qatorlar va ularning xossalari. 

Ushbu 

,...,...,, 21 naaa  

haqiqiy sonlar ketma-ketligi berilgan bo`lsin. 

1-Ta`rif. Quyidagi 

......21  naaa          (1) 

ifodaga qator (sonli qator) deyiladi va u 


1n

na  kabi belgilanadi. 

Shunday qilib, 

......: 21

1






n

n

n aaaa         (2) 

ekan.  na  ketma-ketlikning ,...,...,, 21 naaa  elementlari qatorning hadlari 

deyiladi, na  esa qatorning umumiy hadi deb ataladi. Ushbu  





n

k

kn aS
1

, ,....2,1n          (3) 

yig`indilar esa (2)-qatorning qismiy yig`indilari deyiladi. 

2-Ta`rif. Agar  nS ketma-ketlik chekli limitga ega, ya`ni  

SSn
n




lim  

bo`lsa, unda qator yaqinlashuvchi deyiladi va bu limitning qiymati S (2)-

qatorning yig`indisi deb ataladi hamda u 







1

21 ......
n

nn aaaaS  

kabi yoziladi. 

Agar  nS  ketma-ketlik yaqinlashuvchi bo`lmasa, u holda 

uzoqlashuvchi deyiladi. 

3-Ta`rif. Ushbu  
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




 
1

21 ...
mn

mmn aaa        (4) 

qator (2)-qatorning (m-hadidan keyingi) qoldig`i deyiladi. 

1-Teorema. Agar (2)-qator yaqinlashuvchi bo`lsa, uning istalgan (4)-

qoldig`i ham yaqinlashuvchi bo`ladi va aksincha, (4)-qoldiqning 

yaqinlashuvchi bo`lishidan berilgan (2)-qatorning yaqinlashuvchi bo`lishi 

kelib chiqadi. 

1-Natija. Agar (2)-qator yaqinlashuvchi bo`lsa, uning qoldig`i 

...21   mmm aar  

m  da nolga intiladi. 

2-Teorema. Agar (2)-qator yaqinlashuvchi bo`lib, uning yig`indisi S 

bo`lsa, u holda 


1n

nca  qator ham yaqinlashuvchi bo`lib, uning yig`indisi   

Sc     bo`ladi , ya`ni  

 









1 1n n

nn acca  

tenglik bajariladi. 

3-Teorema. Agar 


1n

na va 


1n

nb qatorlar yaqinlashuvchi bo`lsa, unda 

 





1n

nn ba  qator ham yaqinlashuvchi bo`lib, 

  


1n

nn ba 


1n

na 


1n

nb  

bo`ladi. 

2 va 3-teoremalardan quyidagi natija kelib chiqadi. 

2-Natija. Agar 


1n

na va 


1n

nb qatorlar yaqinlashuvchi bo`lsa, 

 





1

0

n

nn bdca   constdс ,  qator ham yaqinlashuvchi bo`lib,  

   













1 1 1n n n

nnnn bdacbdac  

bo`ladi. 

4-Teorema. (Qator yaqinlashishining zaruriy sharti).  
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Agar (2)-qator yaqinlashuvchi bo`lsa, u holda  

0lim 


n
n

a      (5) 

bo`ladi. 

Izoh. 4-teoremaning aksi har doim ham o`rinli bo`lavermaydi. 

Masalan, 


1

1

n n
 uchun ,0

1
limlim 

 n
a

n
n

n
 lekin bu qator yaqinlashuvchi 

emas. 

5-Teorema. (Koshi kriteriyasi) (2)-qatorning yaqinlashuvchi bo`lishi 

uchun quyidagi shartning bajarilishi zarur va yetarli: 0  son uchun 

  00 : nnNn    va   butun 0p  son uchun  

 





 pnnn

pn

nk

k aaaa ...1        (6) 

tengsizlik bajariladi. 

2
0
 Musbat hadli qatorlar va ularning yaqinlashishi 

Aytaylik, 







1

21 ......
n

nn aaaa          (7) 

qator berilgan bo`lsin. Agar Nn  uchun 0na  bo`lsa, unda (7)-qatorga 

musbat hadli qator yoki qisqacha musbat qator deb ataladi. 

Bu punktda biz musbat hadli qatorlar uchun yaqinlashish alomatlarini 

keltiramiz. 

1-Teorema. (Veyershtrass kriteriyasi) (7)-qator yaqinlashuvchi 

bo`lishi uchun uning qismiy yig`indilari ketma-ketligi  nS  yuqoridan 

chegaralangan bo`lishi zarur va yetarlidir. 

Misol. Ushbu  







1

...
1

...
3

1

2

1
1

1

n nn 
       (8) 

umumlashgan garmonik qatorning 1  da yaqinlashuvchi ekanligi 

isbotlansin. 

  



n

k

n
nk

S
1

1
...

2

1
1

1


 va 
 

 


 nnn S
n

SS


1

1
1 . 

Endi uning yuqoridan chegaralanganligini ko`rsatamiz: 
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 

   


































 





12

1

2

1
...

5

1

4

1

3

1

2

1
1

12

1
...

3

1

2

1
1              12

nn

n
SS nn

   







































 nS
n

nn

12

1
1

1
...

2

1
1

2

2
1

2

1

2

1
...

4

1

4

1

2

1

2

1
1





 

12

2
1

1












nS     nSn  ,...2,1  ketma-ketlik yuqoridan chegaralangan. 

1-teoremaga ko`ra 


1

1

n n
 umumlashgan garmonik qator 1  da 

yaqinlashadi.  

 Faraz qilaylik, (7)-qator va ushbu  







1

21 ......
n

nn bbbb           (9) 

qatorlar berilgan bo`lsin. Unda quyidagi taqqoslash teoremalari o`rinli 

bo`ladi. 

 2-Teorema. (Birinchi taqqoslash alomati) Agar n ning biror 

 100 nn  qiymatidan boshlab barcha 0nn   lar uchun  

nn ba   

tengsizlik o`rinli bo`lsa, unda (9)-qatorning yaqinlashuvchi bo`lishidan (7) 

qatorning yaqinlashuvchi bo`lishi va (7)-qatorning uzoqlashuvchi 

bo`lishidan (9)-qatorning uzoqlashuvchi bo`lishi kelib chiqadi. 

 3-Teorema. Agar  

k
b

a

n

n

n



lim     k0  

bo`lsa, 

a) k  bo`lganda, (9)-qatorning yaqinlashuvchi bo`lishidan (7)-

qatorning yaqinlashuvchi bo`lishi; 

b) 0k  bo`lganda, (9)-qatorning uzoqlashuvchi bo`lishidan (7)-qatorning 

uzoqlashuvchi bo`lishi kelib chiqadi. 
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 Natija. Agar n  da  nn ba *0  bo`lsa  bo'lsakniy   0   '   

unda (7)-qatorning yaqinlashishi (9)-qatorning yaqinlashishiga ekvivalent 

bo`ladi. 

 4-Teorema. (Ikkinchi taqqoslash alomati) Agar n ning biror 

 100 nn  qiymatidan boshlab barcha 0nn   lar uchun  

n

n

n

n

b

b

a

a 11    

tengsizlik bajarilsa , unda  

1) (9)-qator yaqinlashuvchi bo`lsa, (7)-qator yaqinlashuvchi; 

2) (7)-qator uzoqlashuvchi bo`lsa, (9)-qator uzoqlashuvchi bo`ladi. 

Endi musbat hadli (7)-qator uchun yaqinlashish alomatlarini keltiramiz. 

 5-Teorema. (Dalamber alomati). Agar (7)-qator uchun  

.lim 1 d
a

a

n

n

n



 

bo`lib, 

1) 1d  bo`lsa, qator yaqinlashuvchi; 

2) 1d  bo`lsa, qator uzoqlashuvchi 

bo`ladi. 

6-Teorema. (Koshi alomati). Agar (7)-qator uchun  

qan
n

n



lim  

bo`lib, 

1) 1q  bo`lsa, qator yaqinlashuvchi; 

3) 1q  bo`lsa, qator uzoqlashuvchi 

bo`ladi. 

 Izoh. 5 va 6-teoremalardagi d va 1q  bo`lsa, qator uzoqlashuvchi 

ham, yaqinlashuvchi ham bo`lishi mumkin. Masalan, 


1

1

n n
 garmonik qator 

uchun 1 qd  va qator uzoqlashuvchi; 


1
2

1

n n
 umumlashgan garmonik 

qator uchun ham 1 qd , lekin qator yaqinlashuvchi. 
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 7-Teorema. (Raabe alomati). Agar (7)-qator uchun  









 


n

n

n a

a
n 11lim           (11) 

bo`lib, 

1) 1  bo`lsa, qator yaqinlashuvchi; 

2) 1  bo`lsa, qator uzoqlashuvchi 

bo`ladi. 

 8-Teorema. (Gauss alomati). Agar (7)-qator uchun  










1

1 nna

a n

n

n         (12) 

cn   va 0  bo`lib 

1) 1  bo`lsa, qator yaqinlashuvchi; 

2) 1  va 1  bo`lsa, qator yaqinlashuvchi; 

3) 1  va 1  bo`lsa, qator uzoqlashuvchi; 

4) 1  bo`lsa, qator uzoqlashuvchi 

bo`ladi. 

 9-Teorema. (Koshining integral alomati). Faraz qilaylik,  xf  

funksiya  ;1  oroliqda aniqlangan bo`lib,   0xf  va monoton 

kamayuvchi bo`lsin. U holda  

 


1n

nf  

qatorning yaqinlashuvchi bo`lishi uchun  

 


1

dxxf  

integralning yaqinlashuvchi bo`lishi zarur va yetarli. 

3
0
 Ixtiyoriy hadli qatorlar va ularning yaqinlashishi 

Bizga biror 




1n

na       (13) 
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qator berilgan bo`lsin. Agar bu qatorning hadlari   ishorani qabul qilishi 

mumkin bo`lsa, bunday qatorga ixtiyoriy hadli qator (yoki ixtiyoriy qator) 

deyiladi. 

 1-Ta`rif. Agar  




1n

na            (14) 

qator yaqinlashuvchi bo`lsa, u holda (13)-qator absolut yaqinlashuvchi 

qator deyiladi. 

 1-Teorema. Agar (14)-qator yaqinlashuvchi bo`lsa, unda (13)-qator 

ham yaqinlashadi, ya`ni absolut yaqinlashuvchi qator oddiy ma`noda ham 

yaqinlashuvchi bo`ladi. 

 2-Ta`rif. Agar (13)-qator yaqinlashuvchi bo`lib, (14)-qator 

uzoqlashsa, unda (13)-qator shartli yaqinlashuvchi qator deyiladi. 

 Agar sonli qator  







1

1
1

n

n

n
a  yoki  






1

1
n

n

n
a ko`rinishda bo`lib, 

0na  bo`lsa, u holda bunday qatorga hadlarining ishoralari almashinib 

keluvchi qator deyiladi. 

 2-Teorema. (Leybnis alomati). Agar  

 







1

1
1

n

n

n
a              (15) 

qator berilgan bo`lib, 

1)  na , ya`ni 01  nn aa   ,,...2,1n  

2) 0lim 


n
n

a  

bo`lsa, u holda (15)-qator yaqinlashuvchi bo`ladi. 

 Misol. 
 











1

1

...
4

1

3

1

2

1
1

1

n

n

n
 

qator Leybnis alomatiga ko`ra yaqinlashuvchi bo`ladi va uning shartli 

yaqinlashuvchi ekanligini ko`rish qiyin emas. 

 3-Teorema. (Dirixle alomati). Agar  

n

n

nba


1

         (16) 

qator berilgan bo`lib,  

1)  na  ketma-ketlik monoton bo`lib nolga intilsa; 
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2) 



n

k

kn bB
1

   ,3,2,1 Kn   chegaralangan bo`lsa, u holda (16)-

qator yaqinlashuvchi bo`ladi. 

4-Teorema. (Abel alomati). Agar (16)-qator berilgan bo`lib, 

1)  na  ketma-ketlik monoton va chegaralangan, 

2) 



n

k

kn bB
1

 qator yaqinlashuvchi 

bo`lsa, unda (16)-qator yaqinlashuvchi bo`ladi. 

 Bizga   hadli (13)-qator berilgan bo`lsin. Bu qator hadlarini 

guruhlab quyidagi qatorni tuzamiz: 

  121 ... naaa   ...,... 22111   nnn aaa       (17) 

bu yerda ...21  nn  va k  da kn  

 5-Teorema. Agar (13)-qator yaqinlashuvchi bo`lib, yig`indisi S 

soniga teng bo`lsa, unda (17)-qator ham yaqinlashuvchi va uning 

yig`indisi ham S soniga teng bo`ladi. 

 Izoh. 5-teoremaning aksi har doim ham o`rinli bo`lavermaydi. 

Masalan, 

 







1

1
...11111

n

n
 

qator uzoqlashuvchi, lekin bu qatorni guruhlash natijasida hosil bo`lgan 

      ...0...00...111111   

qator yaqinlashuvchi. 

 Endi 









1

21 ......
n

nn aaaa           (18) 

yordamida (13)-qator hadlarining o`rinlarini almashtirishdan hosil bo`lgan 

yangi qatorni belgilaymiz. 

 6-Teorema. Agar (13)-qator absolut yaqinlashuvchi bo`lib, 

yig`indisi S soniga teng bo`lsa, u holda (18)-qator ham yaqinlashuvchi va 

uning yig`indisi ham S soniga teng bo`ladi. 

 Izoh. 6-teoremadagi (13)-qatorning absolut yaqinlashishi sharti 

muhim shartdir. Aks holda teoremaning o`rinli bo`lishi shart emas. 

 Masalan, 
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 
  ...

1
1...

4

1

3

1

2

1
1

1 1

1

1


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 7-Teorema. (Riman teoremasi). Agar 


1n

na  qator shartli 

yaqinlashuvchi bo`lsa, u holda A  (chekli yoki cheksiz) son olinganda ham 

berilgan qator hadlarining o`rinlarini shunday almashtirish mumkinki, 

hosil bo`lgan qatorning yig`indisi xuddi shu A ga teng bo`ladi. 

4
0
 Cheksiz ko`paytmalar 

Bizga  

,...,...,, 21 nppp  

sonlar ketma-ketligi berilgan bo`lsin. Ulardan tuzilgan  







1

21 ......
n
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simvolga cheksiz ko`paytma deyiladi. Ushbu  
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


n

k

kn pP
1

  ,...2,1n  

ko`paytmalarga xususiy ko`paytmalar deb ataladi. 

 Ta`rif. Agar nP  xususiy ko`paytmalar n  da chekli yoki cheksiz 

P limitga ega bo`lsa 

,lim PPn
n




 

bu limitni (21)-ko`paytmaning qiymati deb ataladi va  







1n

npP  

kabi yoziladi. Agar 0P  va chekli bo`lsa, u holda ko`paytma 

yaqinlashuvchi, aks holda uzoqlashuvchi deyiladi. 

 Bundan buyon cheksiz ko`paytmalarni tekshirayotganimizda 0np  

deb faraz qilamiz. 

 Cheksiz ko`paytmalarning birinchi m ta hadini tashlab yuborib 






 
1

21 ...
mn

mmnm ppp            (22) 

qoldiq ko`paytmani hosil qilamiz. 
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 1-Teorema. Agar (21)-ko`paytma yaqinlashsa, (22)-ko`paytma 

yaqinlashadi va aksincha, (22)-ko`paytmaning yaqinlashidan (21)-

ko`paytmaning yaqinlashishi kelib chiqadi. 

 2-Teorema. Agar (21)-cheksiz ko`paytma yaqinlashuvchi bo`lsa, 

unda  

1lim 


m
m

  

bo`ladi. 

 3-Teorema. (Cheksiz ko`paytma yaqinlashishining zaruriy 

sharti). Agar (21)-ko`paytma yaqinlashuvchi bo`lsa u holda 

1lim 


n
n

p  

bo`ladi. 

 Yaqinlashuvchi cheksiz ko`paytmalar uchun 3-teoremaga ko`ra 

1lim 


n
n

p   Biror nomerdan boshlab hamma np  lar 0  bo`ladi. Demak, 

umumiylikka ziyon keltirmasdan, barcha np  lar uchun 0np  deb faraz 

qilishimiz mumkin. 

 4-Teorema. (21)-cheksiz ko`paytma yaqinlashuvchi bo`lishi uchun  




1

ln
n

np       (23) 

qatorning yaqinlashuvchi bo`lishi zarur va yetarlidir. Agar bu shart 

bajarilsa va (23)-qatorning yig`indisi S bo`lsa, unda  
SeP   

bo`ladi. 

 Agar nn ap 1  bo`lsa, unda 





1n

np  





1

1
n

na  bo`lib, 4-teoremaga 

ko`ra (21)-ko`paytmaning yaqinlashuvchi bo`lishi uchun ushbu 

 





1

1ln
n

na  qatorning yaqinlashuvchi bo`lishi zarur va yetarli ekanligini 

hosil qilamiz. 

 5-Teorema Agar biror Nn 0  nomerdan boshlab, barcha 0nn   lar 

uchun 0na  (yoki 0na ) bo`lsa, (21)-cheksiz ko`paytmaning 

yaqinlashuvchi bo`lishi uchun  




1n

na         (24) 

qatorning yaqinlashuvchi bo`lishi zarur va yetarlidir. 
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 Umumiy holda, ya`ni na lar ishorani saqlamagan va (24)-qator 

yaqinlashgan holda, (21)-cheksiz ko`paytmaning yaqinlashuvchi bo`lishi 

uchun  




1

2

n

na          (25) 

qatorning yaqinlashuvchi bo`lishi zarur va yetarlidir. 

 Agar (23)-qator absolut yoki shartli yaqinlashsa, unda (21)-cheksiz 

ko`paytma absolut yoki shartli yaqinlashuvchi deyiladi.  (21)-

ko`paytmaning absolut yaqinlashuvchi bo`lishi uchun (24)-qatorning 

absolut yaqinlashuvchi bo`lishi zarur va yetarli. 

 

Nazorat savollari. 

1. Sonli qator tushunchasi. 

2. Sonli qator yaqinlashishining ta`rifi. 

3. Qator yaqinlashishining zaruriy sharti. 

4. Qator yaqinlashishi uchun Koshi kriteriyasi. 

5. Musbat qatorlar uchun Veyershtrass kriteriyasi. 

6. Birinchi taqqoslash alomati. 

7. Ikkinchi taqqoslash alomati. 

8. Dalamber alomati. 

9. Koshi alomati. 

10. Rabee alomati. 

11. Gauss alomati. 

12. Koshining integral alomati. 

13. Ixtiyoriy hadli qatorlar va ularning yaqinlashishi. 

14. Leybnis alomati. 

15. Dirixle alomati. 

16. Abel alomati. 

17. Absolut yaqinlashuvchi qatorlarning xossalari. 

18. Shartli yaqinlashuvchi qatorlar. 

19. Riman teoremasi. 

20. Cheksiz ko`paytmalar va ularning yaqinlashishi. 

21. Cheksiz ko`paytma yaqinlashishining zaruriy sharti. 

22. Cheksiz ko`paytma yaqinlashishining zaruriy va yetarli shartlari. 
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-B- 

Mustaqil yechish uchun misol va masalalar. 
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4-masala. 

Koshi kriteriyasidan foydalanib umumiy hadi na  ga teng bo`lgan 
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5-masala. Qatorning yaqinlashishga tekshiring. 
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12-masala. Yaqinlashishga tekshiring. 
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14-masala. Quyidagi qatorlarni yaqinlashishga tekshiring. 
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15-masala. Quyidagi qatorlar   ning qanday qiymatlarida 

a) absolut yaqinlashuvchi, 

b) shartli yaqinlashuvchi bo`lishini aniqlang. 
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16-masala. 

Tengliklar isbotlansin. 
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Quyidagi cheksiz ko`paytmalarning yaqinlashuvchiligini 

isbotlang va ularning qiymatlarini toping. 
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Quyidagi cheksiz ko`paytmalarni absolut va shartli 

yaqinlashishga tekshiring. 
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-C- 

Namunaviy variant yechimi. 

 1.21-masala. Ushbu 
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qator yig`indisini toping. 
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 2.21-masala. Ushbu 
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qator yig`indisini toping. 

  Birinchi navbatda bu qatorning umumiy hadini noma`lum koeffitsientlar 

usulidan foydalanib, sodda kasrlarga yoyamiz: 
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3.21-masala. Quyidagi  
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qatorning qismiy yig`indisi nS  va yig`indisi S ni toping. 

  Bu masalani yechishda  

    yxyxyx  coscos
2
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sinsin  
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formuladan foydalanamiz. 

 
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4.21-masala. Koshi kriteriyasidan foydalanib, umumiy hadi 

 1

1



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bo`lgan 


1n

na  qatorning uzoqlashuvchi ekanligini isbotlang. 

  Ma`lumki, 0  son topilsaki , Nn  0  olinganda ham 0nn   

va butun 0p  sonlar mavjud bo`lib,  





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nk

ka  

tengsizlik bajarilsa, unda 


1n

na  qator uzoqlashuvchi bo`ladi. 

 Agar 1  va np   deb olsak, unda Nn  0  olinganda ham 0nn   
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 bo`ladi   







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na  qator uzoqlashuvchi.  
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
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

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 qatorni yaqinlashishga 

tekshiring. 
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





1

3
n

nb 


1 4
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 qator yaqinlashuvchi , chunki 1
4

5
 . Unda taqqoslash 

alomatiga ko`ra berilgan qator ham yaqinlashuvchi.  
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-yaqinlashuvchi taqqoslash alomatiga ko`ra 
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 qator ham yaqinlashuvchi.  
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n
 qatorni yaqinlashishga tekshiring. 

  Dalamber alomatidan foydalanib, tekshiramiz.  
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Berilgan qator yaqinlashuvchi.   
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 qatorni yaqinlashishga tekshiring. 

 Koshi alomatidan foydalanib, tekshiramiz: 
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Berilgan qator yaqinlashuvchi.   

 9.21-masala. 
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n nn
 qatorni yaqinlashishga tekshiring.  

 Bu qatorni yaqinlashishga taqqoslash va Koshining integral 

alomatlaridan foydalanib, tekshiramiz: 
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tenglikni qator yaqinlashishining zaruriy shartidan foydalanib, 

isbotlang. 
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yaqinlashishini aniqlang. 
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 qatorni yaqinlashishga tekshiring. 

  Bu qator ishorasi almashinuvchi qator bo`lib, uning 

yaqinlashishini Leybnis alomatidan foydalanib, ko`rsatish mumkin. 
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bo`ladi   Leybnis alomatiga ko`ra berilgan qator yaqinlashuvchi.   
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qatorning absolut yaqinlashuvchi ekanligini isbotlang. 
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 Bu qatorning yaqinlashishini Abel alomati yordamida aniqlaymiz: 
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 Izoh. Bu misolni yechishda elementar matematika kursidan ma`lum 

bo`lgan ushbu  
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formuladan foydalanildi. 
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qator   ning qanday qiymatlarida  
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 b) shartli yaqinlashuvchi bo`lishini aniqlang. 
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yaqinlashuvchi bo`lishini aniqlaymiz. Bunda Dirixle alomatidan 

foydalanamiz. Agar  

n
an

1
  va nbn cos  deb belgilasak 

1) 0  bo`lganda  na  va ,0
1

limlim 
 n

a
n

n
n

 

2) 






n

k

kn

nn

bB
1

2

1
sin

2
cos

2

1
cos

 va 

2

1
sin

1
nB  bo`ladi.   Dirixle 

alomatiga ko`ra  









1 1

cos

n n

nn
n

n
ba


 qator 0  bo`lganda yaqinlashadi. 

0  bo`lganda esa bu qator uzoqlashadi, chunki 0  bo`lganda qator 

yaqinlashishining zaruriy sharti bajarilmaydi. 

Endi qatorni absolut yaqinlashishga tekshiramiz .
 nn

n 1cos
   va 




1

1

n n
 umumlashgan garmonik qatorning 1  da yaqinlashuvchi 

bo`lishidan 1  da 


1

cos

n n

n


 qatorning yaqinlashishini hosil qilamiz. 
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Endi 10   bo`lganda berilgan qatorning absolut yaqinlashuvchi 

emasligini, ya`ni 


1

cos

n n

n


 qatorning uzoqlashishini ko`rsatamiz. 

 n

n

nn

n

n

n

n

n

2

2cos

2

1

2

2cos1coscos 2




  

tengsizlik hamda 


1 2

2cos

n n

n


 qatorning Dirixle alomatiga ko`ra 

yaqinlashuvchi bo`lishi va 


1 2

1

n n
 qatorning uzoqlashuvchi ekanligidan 








1 2

2cos1

n n

n


 qatorning ham uzoqlashuvchi ekanligini, taqqoslash alomatiga 

ko`ra 


1

cos

n n

n


 qatorning uzoqlashuvchiligini hosil qilamiz. 

Shunday qilib, 


1

cos

n n

n


 qator  

a) 1  da absolut yaqinlashuvchi,  

b) 10   da shartli yaqinlashuvchi bo`lar ekan.  

16.21-masala. Quyidagi 

 














 


1

1
1

1
n

p

n

n
 

cheksiz ko`paytmani absolut va shartli yaqinlashishga tekshiring. 

   
.

1
1

1
1

11

p

n

nnp

n

n
n

aa
n

P






  04  punktga ko`ra berilgan 

cheksiz ko`paytma absolut yaqinlashuvchi bo`lishi uchun 


1n

na  qatorning 

absolut yaqinlashuvchi bo`lishi zarur va yetarli. 




1n

na
 

 





















1 1

1

.1  ,

,1  ,11

n n
pp

n

pchiuzoqlashuv

pvchiyaqinlashu

nn
 

 Cheksiz ko`paytmani shartli yaqinlashishga tekshirishda 4
0
 - 

punktdagi 5-teoremadan foydalanamiz. 
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Unga ko`ra cheksiz ko`paytma yaqinlashuvchi bo`lishi uchun 


1n

na  qator 

yaqinlashuvchi bo`lgan holda 


1

2

n

na  qatorning yaqinlashuvchi bo`lishi 

zarur va yetarli edi. 

 












11

1

n
p

n

n

n
n

a  qator 0p  bo`lganda Leybnis alomatiga ko`ra 

yaqinlashadi. 











1

2
1

2 1

n
p

n

n
n

a  qator esa 
2

1
p  da yaqinlashadi, 

2

1
p  da esa 

uzoqlashadi. 

 Shunday qilib, berilgan 

 














 


1

1
1

1
n

p

n

n
 

cheksiz ko`paytma 

a) 1p  da absolut va 

b) 1
2

1
 p  da shartli yaqinlashadi.  
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7-§. 6-MUSTAQIL ISH 

Funksional ketma-ketliklar va qatorlar 

Funksional ketma-ketlik tushunchasi. 

Funksional ketma-ketliklarning yaqinlashishi va tekis yaqinlashishi. 

Funksional qator tushunchasi. 

Funksional qatorlarning yaqinlashishi va tekis yaqinlashishi. 

Funksional qator yig`indisi va funksional ketma-ketlik limitining 

xossalari. 

Darajali qatorlar. 

Teylor qatori. Elementar funksiyalarni Teylor qatoriga yoyish. 

Darajali qatorlarning tatbiqlari. 

-A- 

Asosiy tushuncha va teoremalar. 

1
0
 Funksional ketma-ketliklar, ularning yaqinlashishi va tekis 

yaqinlashishi. 

 RX   to`plam berilgan bo`lib, unda  

     ,...,...,, 21 xfxfxf n  

funksiyalar aniqlangan bo`lsin. Ana shu funksiyalardan tuzilgan ketma-

ketlikka X to`plamda berilgan funksional ketma-ketlik deyiladi va u 

  xfn  kabi belgilanadi: 

  xfn :      ,...,...,, 21 xfxfxf n            (1) 

 xfn  ga funksional ketma-ketlikning umumiy hadi deyiladi. 

 Ixtiyoriy Xx 0 nuqta olib, ushbu  

  0xfn :      ,...,...,, 00201 xfxfxf n            (2) 

sonli ketma-ketlikni qaraymiz. Agar bu sonli ketma-ketlik yaqinlashuvchi 

(uzoqlashuvchi) bo`lsa,   xfn  funksional ketma-ketlik 0x  nuqtada 

yaqinlashuvchi (uzoqlashuvchi) deyiladi, 0x  nuqta esa funksional ketma-

ketlikning yaqinlashish (uzoqlashish) nuqtasi deb ataladi. 

   xfn  funksional ketma-ketlikning barcha yaqinlashish nuqtalaridan 

iborat  RMM     to`plam   xfn  funksional ketma-ketlikning 
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yaqinlashish sohasi deyiladi. Mx  uchun ushbu   


xfn
n
lim  

bo`ladi. Agar Mx  uchun unga mos keluvchi  xfn
n 
lim  ni mos qo`ysak, 

ya`ni  

 xfxf n
n 

 lim:  

bo`lsa, unda M to`plamda aniqlangan  xf  funksiya hosil bo`ladi. Bu  xf  

funksiya   xfn ketma-ketlikning limit funksiyasi deyiladi. Demak, 

  


xfn
n
lim  xf    Mx         (3) 

 Ta`rif. Agar 0  son olinganda ham   000 : nnNnn    va 

Mx uchun  

     xfxf n          (4) 

tengsizlik bajarilsa,   xfn  funksional ketma-ketlik M to`plamda  xf  limit 

funksiyaga tekis yaqinlashadi deyiladi va   
  xfn  xf   Mx  kabi 

belgilandi. Aks holda, ya`ni 00   Nn  olinganda ham nm   va 

Mx  0 lar mavjud bo`lsaki  

    000  xfxf m  

tengsizlik bajarilsa,   xfn  funksional ketma-ketlik M to`plamda  xf  limit 

funksiyaga tekis yaqinlashmaydi yoki notekis yaqinlashadi deyiladi. 

 1-Teorema.   xfn  funksional ketma-ketlikning M toplamda  xf  ga 

tekis yaqinlashishi uchun  

    0lim 


xfxfSup n
Mxn

        (5) 

tenglikning bajarilishi zarur va yetarli. 

 2-Teorema. (Koshi kriteriyasi).   xfn  funksional ketma-ketlikning 

M to`plamda  xf  ga tekis yaqinlashishi uchun quyidagi shartning 

bajarilishi zarur va yetarlidir: 0  uchun   000 : nnNnn    va   

butun 0p  sonlari hamda barcha Mx lar uchun  

     xfxf npn          (6) 

tengsizlik bajariladi. 
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 3-Teorema. (Veyershtrass alomati). Agar  na  sonlar ketma-

ketligi mavjud bo`lib, 

 1) Nn  uchun 0na va ;0lim 


n
n

a  

 2) Mx  va barcha Nn lar uchun  

    nnpn axfxf   

bo`lsa, unda M to`plamda  xffn       bo`ladi. 

2
0
. Funksional qatorlarning yaqinlashishi va tekis yaqinlashishi. 

 

 Biror RX   to`plamda   xun  funksional ketma-ketlik berilgan 

bo`lsin. Quyidagi  

      ......21  xuxuxu n  

ifodaga funksional qator deyiladi va u  


1n

n xu  kabi belgilanadi. 

  


1

0

n

n xu       ......21  xuxuxu n          (7) 

     ,...,...,, 21 xuxuxu n  larga funksional qatorning hadlari,  xun  ga esa 

funksional qatorning umumiy hadi deyiladi. 

 Ixtiyoriy Xx 0  nuqta olib, ushbu  

  


1n

n xu       ...... 00201  xuxuxu n           (8) 

sonli qatorni qaraymiz. Agar bu sonli qator yaqinlashuvchi 

(uzoqlashuvchi) bo`lsa,  


1n

n xu  funksional qator 0x  nuqtada 

yaqinlashuvchi (uzoqlashuvchi) deyiladi, 0x  nuqta esa funksional 

qatorning yaqinlashish (uzoqlashish) nuqtasi deb ataladi. 

  


1n

n xu  funksional qatorning barcha yaqinlashish nuqtalaridan 

iborat  RMM     to`plam bu funksional qatorning yaqinlashish sohasi 

deyiladi.   Mx  0  nuqta olib,  


1

0

n

n xu  sonli qatorni ko`rsak, u 
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yaqinlashuvchi bo`ladi. Uning yig`indisini  0xS  deb belgilaymiz. Xuddi 

shunga o`xshash Mx  olib, unga  


1n

n xu  qatorning yig`indisini mos 

qo`ysak, u holda M to`plamda aniqlangan  xS  funksiya hosil bo`ladi. Bu 

 xS  funksiya (7)-funksional qatorning yig`indisi deyiladi: 

  xS  


1n

n xu       ......21  xuxuxu n  

 Ushbu  

 xSn  ,
1




n

k

k xu   ,...2,1n  

yig`indilarga (7)-funksional qatorning qismiy yig`indilar deyiladi. 

 Shunday qilib, (7)-qatorga mos keluvchi  

  :xSn      ,...,...,, 21 xSxSxS n         (9) 

funksional ketma-ketlikni hosil qildik va aksincha, (9)-qismiy 

yig`indilari ketma-ketligi berilgan holda har doim hadlari (7)-

funksional qatorning hadlariga teng bo`lgan quyidagi 

            ...... 1121   xSxSxSxSxS nn  

funksional qatorni hosil qilish mumkin.   Agar (9)-ketma-ketlik 0x  

nuqtada yaqinlashuvchi (uzoqlashuvchi) bo`lsa, u holda (7)-qator ham 0x  

nuqtada yaqinlashuvchi (uzoqlashuvchi) bo`ladi va  

   xSxS n
n 

 lim  

tenglik bajariladi. 

 Demak, funksional qator yoki funksional ketma-ketlikdan birining 

xossalarini batafsil o`rganish yetarlidir. 

 Ta`rif. Agar (7)-funksional qatorning qismiy yig`indilaridan tuzilgan 

  xSn  funksional ketma-ketlik M to`plamda qatorning yig`indisi  xS  ga 

tekis yaqinlashsa, unda (7)-funksional qator M to`plamda tekis 

yaqinlashadi deyiladi. 

       





1nk

knn xuxSxSxr    deb belgilaymiz. 
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 1-Teorema. (7)-funksional qatorning M to`plamda tekis 

yaqinlashuvchi bo`lishi uchun  

  0lim 


xrSup n
Mxn

         (10) 

tenglikning bajarilishi zarur va yetarli. 

 2-Teorema. (Koshi kriteriyasi). (7)-funksional qatorning M 

to`plamda tekis yaqinlashuvchi bo`lishi uchun  quyidagi shartning 

bajarilishi zarur va yetarli: 0  uchun   000 : nnNnn    va   

butun 0p  hamda barcha Mx  lar uchun 

  




pn

nk

k xu         (11) 

bo`ladi. 

 Natija. (Funksional qator yaqinlashishining zaruriy sharti). Agar 

(7)-funksional qator M to`plamda tekis yaqinlashsa, u holda shu to`plamda 

  0  xun   bo`ladi. 

 3-Teorema. (Veyershtrass alomati). Bizga  


1n

n xu  funksional va 




1n

na , 0na          (12) 

sonli qator berilgan bolsin. Agar Mx uchun  

  ,...2,1   ,  naxu nn  

tengsizlik bajarilsa va (12)-sonli qator yaqinlashsa, unda  


1n

n xu  

funksional qator M to`plamda absolut va tekis yaqinlashadi. 

 Aytaylik, ushbu  

   





1n

nn xbxa          (13) 

funksional qator berilgan bo`lsin. 

 4-Teorema. (Dirixle alomati). Agar  

1) har bir Mx uchun   xan  monoton va M to`plamda  xan   0 ga tekis 

yaqinlashsa; 
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2)    



n

k

kn xbxB
1

 qismiy yig`indilar M to`plamda birgalikda 

chegaralangan ya`ni K  Mx    KxBn   bo`lsa, u holda (13)-qator M 

to`plamda tekis yaqinlashadi. 

5-Teorema. (Abel alomati). Agar  

1) har bir Mx  uchun   xan  monoton va   xan  ketma-ketlik M 

to`plamda chegaralangan; 

2)  


1n

k xb  funksional qator M to`plamda tekis yaqinlashuvchi bo`lsa, 

unda (13)-qator M to`plamda tekis yaqinlashadi. 

3
0
 Tekis yaqinlashuvchi funksional ketma-ketlik va qatorlarning 

xossalari. 

Funksional qatorlarda (ketma-ketliklarda) shuni ta`kidlash lozimki, 

ularning har bir hadi uzluksiz bo`lgan taqdirda ham qatorning yig`indisi 

(ketma-ketlikning limit funksiyasi) uzluksiz bo`lishi shart emas. 

 Misol. 
 




 0
2

2

1n
n

x

x
 funksional qator berilgan bo`lsin. Bu funksional 

qatorda  
 

 


 ,
1 2

2

C
x

x
xu

nn . Berilgan qatorning yig`indisi 

topamiz: 

 
   

    .

0,1

,0,0

lim
1

1
...

1

1
1

1 20
22

2

2

2








































xx

x

xSxS
xx

x
x

x
xS

n

k

n
nnkn  

Bu tenglikdan ko`rinadiki     11limlim 2

00



xxS

xx
 va    xSS  00  

funksiya 0x  nuqtada uzluksiz emas. Berilgan qator uchun ushbu  

   











0

0
0

0
limlim

n

n
x

n

n
x

xuxu  

munosabat o`rinli.  

 Tabiiy savol tug`iladi: qanday shartlar bajarilganda funksional 

qatorlarda hadlab limitga o`tish, ularni hadlab differensiallash va 

integrallash mumkin? 

Bu savollarga quyidagi teoremalar javob beradi. 

Bizga M to`plamda yaqinlashuvchi (7)-funksional qator berilgan 

bo`lib, bu qatorning yig`indisi  xS  bo`lsin. 
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1-Teorema. Agar Nn  uchun    MCxun   bo`lib, (7)-qator M 

to`plamda tekis yaqinlashsa,    MCxS   bo`ladi, ya`ni Mx  0 uchun  

  


xS
xx 0

lim        















1

00

11 00

limlim
n

nn

n
xx

n

n
xx

xSxuxuxu  

tenglik bajariladi. 

Agar M to`plamda yaqinlashuvchi (1)-funksional ketma-ketlik 

berilgan bo`lib,  xf  funksiya uning limit funksiyasi bo`lsa, unda quyidagi 

teorema o`rinli bo`ladi. 

2-Teorema. Agar     ,..2,1   ,  nMCxfn bo`lib, M to`plamda 

   xfxfn



  bo`lsa,    MCxf   bo`ladi. 

3-teorema. Agar (7)-funksional qator M to`plamda tekis 

yaqinlashuvchi va 0x  nuqta M to`plamning limit nuqtasi bo`lib, 

   ,...2,1lim
0




ncxu nn
xx

 

bo`lsa, u holda  







1

21 ......
т

nт cссс  

qator ham yaqinlashuvchi, uning yig`indisi C esa  xS  ning 0xx   dagi 

limitiga teng bo`ladi: 

  


xS
xx 0

lim     















111 00

limlim
n

nn

n
xx

n

n
xx

Ccxuxu  

Faraz qilaylik,  ba,  kesmada yaqinlashuvchi (7)-funksional qator 

berilgan bo`lib, uning yig`indisi  xS  bo`lsin. 

4-Teorema. Agar (7)-qator  ba,  kesmada tekis yaqinlashuvchi 

bo`lib,      ,..2,1   ,  nbaCxun  bo`lsa, u holda quyidagi 

       
b

a

b

a

b

a

n dxxudxxudxxu 21  

qator ham yaqinlashuvchi va uning yig`indisi  
b

a

dxxS  ga teng 

bo`ladi: 

       


















b

a n

b

a

n

b

a n

n dxxudxxudxxS
11

. 
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Izoh. 4-teoremadagi (7)-qatorning tekis yaqinlashuvchanligi sharti 

yetarli shart bo`lib, u zaruriy shart emas, ya`ni ba`zan tekis 

yaqinlashmaydigan qatorlarni ham hadlab integrallash mumkin. 

Misol.  10   
1

12

1

12

1





















 xxx
k

nn  funksional qator berilgan bo`lsin. 

  xSn     































10,1

,0,0
lim12

1

1

12

1

12

1

xx

x
xSxSxxxx n

n

n

n

k

nn  

 xSn   1,0  da )(xS  ga tekis yaqinlashmaydi, lekin 

     
1

0

1

0 2

1
1 dxxdxxS va  






1

1

0n

n dxxu  

 
   










 

 






















































1 1 1 1

1

0

12

1

12

1

1

11
lim

2

1

1

11

2

1

1

1

2

1

n n n

n

kn

nn

kknnnn
dxxx  

.
2

1

1

1
1lim

2

1













 nn
 

Demak,    





1

1

0

1

0
2

1

n

n dxxudxxS , lekin  


1n

n xu  qator  1,0  kesmada 

tekis yaqinlashmaydi.  

 5-Teorema. Agar (7)-funksional qatorning har bir  xun  hadi  ba,  

kesmada uzluksiz   xun


 hosilaga ega bo`lib, 

       
















1

21 ......
n

nn xuxuxuxu           (14) 

funksional qator  ba,  da tekis yaqinlashuvchi bo`lsa, u holda berilgan (7)-

qatorning yig`indisi  xS  shu   ba,  da  xS   hosilaga ega va 

     























11 n

n

n

n xuxuxS  

tenglik o`rinli bo`ladi. 

Izoh. Bu teoremada ham (14)-funksional qatorning tekis 

yaqinlashuvchanlik sharti yetarli shart bo`lib, zaruriy shart emas. 
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4
0
. Darajali qatorlar. 

1-Ta`rif. Quyidagi 

 





0

0

n

n

n xxa             (15) 

ko`rinishdagi funksional qatorga darajali qator deyiladi. Bu yerda 

021 ,...,,...,, xaaa n  lar o`zgarmas haqiqiy sonlar. 

Agar (15) da 0xx   deb belgilash kiritsak,  




0n

n
na          (16) 

darajali qatorga kelamiz. Demak (16)-ko`rinishdagi darajali qatorlarni 

o`rganish kifoyadir. 

 1-Teorema. (Abelning birinchi teoremasi) Agar  







0

2
210 ......

n

n
n

n
n xaxaxaaxa        (17) 

darajali qator 00  xx  nuqtada yaqinlashsa, u holda qator x ning 

0xx   tengsizlikni qanoatlantiruvchi barcha qiymatlarida absolut 

yaqinlashuvchi bo`ladi. 

 Natija. Agar (17)-qator 0xx   nuqtada uzoqlashuvchi bo`lsa, u 

holda bu qator  0xx   da ham uzoqlashuvchi bo`ladi. 

 2-Ta`rif. Agar 


0n

n
n xa darajali qator  Rx   da yaqinlashib, 

 Rx   da uzoqlashsa, u holda shu 0R  soniga darajali qatorning 

yaqinlashish radiusi,  RR   ,  oraliqqa esa yaqinlashish intervali 

deyiladi. 

 2-Teorema. Ixtiyoriy darajali qatorning yaqinlashish radiusi R 

mavjud bo`lib, bu qator  Rx   da absolut va Rr  uchun  rx   da tekis 

yaqinlashadi. 

 Izoh. Darajali qator yaqinlashish oralig`ining chegaraviy Rx   

nuqtalarida yaqinlashishi ham , uzoqlashishi ham mumkin. Darajali qatorni 

bu nuqtalarda alohida tekshirish lozim. 

 Darajali qatorning yaqinlashish radiusini quyidagi teoremalardan 

foydalanib, topish mumkin. 
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 3-Teorema. (Dalamber). Agar 
1

lim



n

n

n a

a
 mavjud bo`lsa, u holda 

1

lim





n

n

n a

a
R            (18) 

bo`ladi.  

 4-teorema. (Koshi). Agar n
n

n
a


lim  mavjud bo`lsa, u holda 

n
n

n
a

R




lim

1
           (19) 

bo`ladi. 

 5-Teorema. (Koshi-Adamar) Agar R soni (17)-darajali qatorning 

yaqinlashish radiusi bo`lsa, u holda  

n
n

n
a

R




lim

1
           (20) 

formula (Koshi-Adamar formulasi) o`rinli bo`ladi. 

 Darajali qatorlar quyidagi xossalarga ega. 

 6-Teorema. Darajali qatorning yig`indisi  xS  yaqinlashish 

oralig`iga tegishli bo`lgan   nuqtada uzluksiz bo`ladi. 

 7-Teorema. (Abelning ikkinchi teoremasi). Agar (17)-qator 

 RxRx      nuqtada yaqinlashsa, unda bu qator     0;   ;0 RR   kesmada 

tekis yaqinlashuvchi bo`ladi. 

 Natija. Agar (17)-qator  RxRx      nuqtada yaqinlashsa, u holda 

 xS  yig`indi     0;    ;0 RR   kesmada uzluksiz bo`ladi. 

 Endi  





0

0

n

n

n xxa  ko`rinishidagi darajali qatorni ko`ramiz. Bu 

qatorning yaqinlashish radiusi 


0n

n
n xa  qatorning yaqinlashish radiusini 

hisoblash formulalari yordamida topiladi, faqat bu yerda yaqinlashish 

oralig`i    RxRxRxx  000 ,  interval bo`ladi. 

 8-Teorema. Agar 0R  soni quyidagi 
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   





0

0

n

n

n xxaxf        (21) 

darajali qatorning yaqinlashish radiusi bo`lsa, u holda  

1)  xf  funksiya  RxRx  00   ,  intervalda ixtiyoriy tartibli hosilalarga 

ega bo`ladi va u hosilalar (21)-darajali qatorni hadlab differensiallash 

yordamida topiladi; 

2) bu qatorni   ba,  RxRx  00   ,  oraliqda hadlab integrallash 

mumkin. 

3) (21)-darajali qatorni hadlab differensiallash yoki integrallashdan hosil 

bo`lgan yangi qatorlarning yaqinlashish radiuslari ham (21)-qatornning 

yaqinlashish radiusi R ga teng bo`ladi. 

 Izoh. Agar  xf  funksiya (21)-tenglik yordamida ifodalanib, 0R  

bo`lsa, u holda  xf  funksiya 0x  nuqtada (aniqrog`i, 0x  nuqtaning 

atrofida) analitik funksiya deyiladi. 8-teoremadan analitik funksiyaning 

cheksiz differensiallanuvchi ekanligi kelib chiqadi. Lekin, ixtiyoriy cheksiz 

differensiallanuvchi funksiya analitik bo`lishi shart emas. Bunga misol 

tariqasida   









2

1
exp

x
xf  funksiyani olish mumkin. 

 9-Teorema. Agar  xf  funksiya 0x  nuqtada analitik bo`lsa, ya`ni 

   





0

0

n

n

n xxaxf  

tenglik 0x  nuqtaning biror atrofida o`rinli bo`lsa, u holda  

 

,..2.1,0,
!

0  n
n

xf
a

n

n  

bo`ladi, ya`ni   

 
 

 n
n

n

xx
n

xf
xf 0

0

0 !






 

tenglik ham 0x  nuqtaning o`sha atrofida o`rinli bo`ladi. 

5
0
. Teylor qatori. Elementar funksiyalarni Teylor qatoriga yoyish 

 Ta`rif. Faraz qilaylik,  xf  funksiya 0x  nuqtaning biror atrofida 

aniqlangan va shu nuqtada ixtiyoriy tartibdagi hosilalarga ega bo`lsin. U 

holda quyidagi  
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 

 n
n

n

xx
n

xf
0

0

0 !






         (22) 

qatorga  xf  funksiyaning 0x  nuqtadagi Teylor qatori deyiladi. 

 Izoh. (22)-qatorning yig`indisi har doim ham  xf  bilan ustma-ust 

tushavermaydi.  

 Masalan,   









2

1
exp

x
xf  funksiya uchun barcha hosilalar 

   00 nf  va (22) qatorning yig`indisi  xf0  

Lekin ba`zi bir shartlar bajarilsa ular orasida tenglik o`rnatish mumkin.  

 Teorema. (Teylor). Faraz qilaylik  hxhx  00 ,  intervalda  xf  

funksiyaning o`zi va barcha tartibdagi hosilalari birgalikda chegaralangan 

bo`lsin, ya`ni  xM :0  hxhx  00 ,  uchun  

    ,...3,2,1,0   ,  nMxf n  

tengsizlik bajarilsin. U holda  hxhx  00   ,  oraliqda  xf  funksiya Teylor 

qatoriga yoyiladi, ya`ni  

 
 

  ,,
!

00
0

0

hxxxx
n

xf
xf

n
n

n






        (23) 

tenglik o`rinli bo`ladi. 

 Agar Teylor qatorida 00 x  bo`lsa, u holda hosil bo`lgan qatorga 

Makloren qatori deyiladi. 

 Endi asosiy elementar funksiyalarning Makloren qatoriga 

yoyilmalarini keltiramiz. 

1. 





0

32

...
!3!2

1
!n

n
x xx

x
n

x
e     x . 

2. 
   

...
!12

...
!5!3!12

12

0

5312















n

xxx
x

n

x
shx

n

n

n

   x . 

3. 
   

...
!2

...
!4!2

1
!2

2

0

422




 n

xxx

n

x
chx

n

n

n

   x . 

4. 
 
 

 
 

...
!12

1
...

!5!3!12

1
sin

12

0

5312



















n

xxx
x

n

x
x

nn

n

nn

   x . 
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5. 
 
 

 
 

...
!2

1
...

!4!2
1

!2

1
cos

2

0

422










 n

xxx

n

x
x

nn

n

nn

   x . 

6.       ...1...
!3!2

11ln
1

1

32
1











n

xxx
x

n

x
x

n
n

n

n
n

  ̀11  x . 

7.  
     













1

2

!2

1
1

!

1...1
11

n

n xxx
n

n
x





 

      
 11...

!

1...1
...

!3

21 3 





 xx
n

n
x n

. 

6
0
. Darajali qatorlarning tatbiqlari  

 a) Darajali qatorlar yordamida differensial tenglamalarni yechish. 

 Aytaylik, 

     xfyxqyxpy          (24) 

differensial tenglamaning ushbu 

  ,00 yxy     ,10 yxy              (25) 

boshlang`ich shartlarni qanoatlantiruvchi yechimini topish talab qilinsin. 

 Agar      xfxqxp    ,   ,  funksiyalarni 0x  nuqtaning biror atrofida shu 

funksiyalarga yaqinlashuvchi 

 





0

0

n

n

n xxc  

ko`rinishida ifodalash mumkin bo`lsa, unda yuqoridagi Koshi masalasi 

yagona yechimga ega bo`lib, uni  

   





0

0

n

n

n xxaxy           (26) 

ifodalash mumkin. (26)-qatordagi noma`lum na  koeffitsientlarni topish 

uchun (24)-tenglamadagi fqpyyy   ,  ,  ,  ,  ,   lar o`rniga ularning 

yoyilmalari olib borib qo`yiladi va noma`lum koeffitsientlar usulidan 

foydaniladi. 

 Misol.  

0 xyy            (27) 

tenglamaning ushbu 

  ,10 y    00 y        (28) 
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boshlang`ich shartlarni qanoatlantiruvchi yechimini toping. 

   (27)-tenglamaning yechimini 







0n

n
n xay         (29) 

ko`rinishda qidiramiz. Unda 

     









 

2 1

22
2 ,1221

n n

n
n

n
n xannaxanny  

  













 

0 0 1

1
1

n n n

n
n

n
n

n
n xaxaxaxxy  

bo`lib, (27)-tenglama quyidagi ko`rinishga keladi: 

   








 
1 1

122 .212
n n

n
n

n
n xaxanna  

Bu tenglikdagi x ning mos darajalari oldidagi mos koeffitsientlarni 

tenglash yordamida 

,02 a     Nnaann nn     ,21 12            (30) 

rekkurent formulani hosil qilamiz. 02 a  bo`lganligi sababli bu rekkurent 

formuladan 05 a , 08 a  va umuman 

Nna n    ,013  

ekanligini topamiz. Shu formuladan yana  

      
,

313...6532

0
3

nn

a
a n


  

      
,

133...7643

0
13




nn

a
a n  

tengliklar o`rinli bo`lishi kelib chiqadi. (28)-shartlar va (29)-tenglikdan 
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 b) Darajali qatorlar yordamida integrallarni hisoblash. 



 

 

 

213 

 
 

 Integrallarni hisoblashda ham integral ostidagi funksiyani darajali 

qatorga yoyish ko`p hollarda yaxshi natija beradi. 

 Misol. Ushbu 
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integral hisoblansin. 

   Avvalgi punktdagi  x1ln ning Makloren qatoriga yoyilmasidan 

foydalanamiz: 
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 Izoh. Sonli qatorlarning yig`indilarini hisoblashda ko`p hollarda 

quyidagi tengliklar katta yordam beradi. 
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 Yuqoridagi misolni yechishda (33) va (32)-tengliklardan 

foydalanildi. 

Nazorat savollari. 

1. Funksional ketma-ketlik tushunchasi. 

2. Funksional ketma-ketlikning limit funksiyasi tushunchasi. 

3. Funksional ketma-ketlikning tekis yaqinlashishi ta`rifi. 

4. Funksional ketma-ketlik tekis yaqinlashishining zaruriy va yetarli sharti. 

5. Funksional qator tushunchasi. 

6. Funksional qatorning yaqinlashishi tushunchasi. 

7. Funksional qator tekis yaqinlashishining ta`rifi. 
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8. Funksional qator tekis yaqinlashishining zaruriy va yetarli sharti. 

9. Funksional qator tekis yaqinlashishining zaruriy sharti. 

10. Funksional qatorning tekis yaqinlashishi haqidagi Veyershtrass 

alomati. 

11. Dirixle alomati. 

12. Abel alomati. 

13. Funksional ketma-ketlik limit funksiyasining uzluksizligi. 

14. Funksional qator yig`indisining uzluksizligi. 

15. Funksional qatorlarni hadlab integrallash. 

16. Funksional qatorlarni hadlab differensiallash. 

17. Darajali qator tushunchasi. 

18. Abelning birinchi teoremasi. 

19. Darajali qatorning yaqinlashish radiusi va yaqinlashish oralig`i. 

20. Darajali qator yaqinlashish radiusini topish uchun Dalamber formulasi. 

21. Darajali qator yaqinlashish formulasini topish uchun Koshi formulasi. 

22. Koshi-Adamar formulasi. 

23. Teylor qatori va Teylor teoremasi. 

24. Elementar funksiyalarni Teylor qatoriga yoyish. 

25. Darajali qatorlar yordamida differensial tenglamalarni yechish. 

26. Darajali qatorlar yordamida integrallarni hisoblash. 
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-B- 

Mustaqil yechish uchun misol va masalalar. 

 1-masala.   xfn  funksional ketma-ketlikning M to`plamdagi 

limit funksiyasini toping. 
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 2-Masala. Berilgan funksional ketma-ketlikni ko`rsatilgan 

oraliqda tekis yaqinlashishga tekshiring. 
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 3-masala. Veyershtrass alomatidan foydalanib berilgan 

funksional qatorlarni ko`rsatilgan oroliqlarda tekis yaqinlashishini 

ko`rsating. 
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 4-masala. Berilgan funksional qatorning ko`rsatilgan oraliqda 

tekis yoki notekis yaqinlashuvchiligini aniqlang. 
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5-masala. Berilgan funksional qatorning yaqinlashish sohasini 

toping. 
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16-masala. 

Integral ostidagi funksiyani qatorga yoyish yordamida berilgan 

integralni hisoblang. 
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Namunaviy variant yechimi. 
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 xfn     funksional ketma-ketlik 1 ga tekis yaqinlashmaydi. 
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 13.21-masala. Quyidagi  

...
54

1

43

1

32

1

21

1












 

qatorning yig`indisini toping. 

   Berilgan 
 
 











1

1

1

1

n

n

nn
 qator uchun 

 
   



















2

*
1

1
0

1

1

1

1

nnnnn

n

 

taqqoslash amlomatiga ko`ra u absolut yaqinlshuvchi   Chekli yig`indiga 

ega . 

 
 












1

1

1

1

n

n

nn
S   
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deb belgilaymiz. 

Ushbu 

 
 










1

1

1n

n

nn

x
xS          (1) 

yordamchi qatorni kiritamiz. Bu qator 1x  da absolut va tekis 

yaqinlashadi. Abelning 2-teoremasiga ko`ra (5
0
-punktdagi 7-teorema va 

uning natijasiga qarang)  
 xSS

x 01
lim


  

bo`ladi.  xS  funksiyani topish uchun (1)-tenglikni 2 marta 

differensiallaymiz. 

  





1

,
n

n

n

x
xS  

  


 






1

321 1,
1

1
...1

n

n x
x

xxxxxS  

  1
1

1
ln  c

x
xS 


  va    00S  

      21 1ln10 cxxxxSc   va   000 2  cS  

Deamk,       xxxxS  1ln1  ekan   .12ln2lim
01




xSS
x

 

 14.21-masala. 
 







1

12

.
122n

n

nn

x
 qatorning yig`indisini toping. 

  Bu qatorning yaqinlashish sohasi  1  ;1  kesmadan iborat bo`lib, bu 

kesmaning ichki nuqtalarida qatorni hadlab, differensiallash mumkin: 

 
    






















1 1
2

5312
2

1

12

,
1

...
2

.
122

)(
n n

n
n

n

n

x

x
xxxxxS

n

x
xS

nn

x
xS  

 1;1x      



1

2

12
1ln

2

1

1
cxcdx

x

x
xS  va    000 1cS  

        2
2

2 1ln
2

1
cdxxcdxxSxS ((bo`laklab integrallash 

usulidan foydalanamiz))   2
2

1

1
ln

2

1
1ln

2
c

x

x
xx

x





   

va    00S  02 c . 

 Demak, 
 

 .1ln
21

1
ln

2

1

122

2

1

12

x
x

x

x
x

nn

x

n

n















 ekan. Tenglik 

 1  ;1  intervalda o`rinli.  

 15.21-masala.   .45 2

0

2 




  n

n

xnn  qatorning yig`indisini toping. 
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  Berilgan qator  1  ;1  intervalda absolut va tekis yaqinlashadi va 

shu intervaldagi   oraliqda bu qatorni hadlab integrallash mumkin: 

            













 
0 0

3

0

222 414145
n n

n

n

nn xnnxSxxnnxnnxS

 

        








 
0 0

11
4

1
4

1
4 11

n n

nn cxSxcxnxcxndxxSx  

0x  da     0000 11  cSS  

Demak,  

     xSxdxxSx 1

4  va       





0

11 1
n

n dxxSxnxS  






 



0

2
321

1
...

n

n c
x

x
xxxx  0x da   .000 21  cS  

   
 





















211
1

1

11 xx

x
xS

x

x
dxxS  Bu tenglik va  

     xSxdxxSx 1

4  dan 

    
 

   

 





















4

423
'

4

4

1
4

1

1214

1 x

xxxx

x

x
xSxxSx  

 

 
 

 

 
.

1

22

1

22
3

2

3

3

x

xx
xS

x

xx









  

Shunday qilib,  

   

 
 





 





0
3

2
22 .1  ;1  ,

1

22
45

n

n x
x

xx
xnn   

16.21-masala. Integral ostidagi funksiyani darajali qatorga 

yoyish usuli yordamida 


1

0

2

dxe x  integralni 0,001 aniqlikda hisoblang. 

  Agar 5
0
-punktda xe  uchun keltirilgan yoyilmadan foydalansak, 

 





 


0

2

!

12

n

nn
x

n

x
e  

ekanligini, bu yerdan esa 

     
 

 
     






































 


1

0

1

0 0

1

0 0 0

1

0
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bo`lishini topamiz. Bu hosil bo`lgan qator Leybnis qatori bo`lib, uning m-

hadidan keyingi qoldig`i 

 
 



 




1 12!

1

mn

n

m
nn

r  

uchun 

   32!1

1




mm
rm  

bo`lishi bizga ma`lum. 001,0mr  bajarilishi uchun oxirgi tengsizlikdan 

4m  bo`lishi kifoyaligini aniqlaymiz. Demak, 

 
1

0

.747,0
216

1

42

1

5

1

3

1
1

2

dxe x  
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8-§. 7-MUSTAQIL ISH 

Xosmas va parametrga bog`liq integrallar 

1-tur xosmas integrallar va ularning yaqinlashishi. 

2-tur xosmas integrallar va ularning yaqinlashishi. 

Xosmas integralning Koshi ma`nosidagi bosh qiymati. 

Parametrga bog`liq bo`lgan xos integrallar va ularning funksional 

xossalari. 

Parametrga bog`liq bo`lgan xosmas integrallar va ularning tekis 

yaqinlashishi. 

Parametrga bog`liq bo`lgan xosmas integrallar va ularning funksional 

xossalari. 

Eyler integrallari. 

-A- 

Asosiy tushuncha va teoremalar. 

 Biz 1-kursda  
в

а

dxxf  aniq integralni o`rganish jarayonida unga 2 ta 

shart qo`ydik: 

1) a va b  lar chekli sonlar, 

2)  ba,  da berilgan  xf  funksiya  shu kesmada chegaralangan. 

Endi biz aniq integralni quyidagi umumiyroq hollarda o`rganamiz. 

1-hol. Oraliq cheksiz, lekin funksiya chegaralangan, 

2-hol. Oraliq chekli, lekin funksiya chegaralanmagan. 

1-holda hosil bo`lgan integralga I –tur xosmas integral, 2-holda hosil 

bo`lgan integralga esa II-tur xosmas integral deyiladi. 

Birinchi va ikkinchi tur xosmas integrallar va ularning xossalarini alohida-

alohida va batafsilroq o`rganamiz. 

1
0
. Chegaralari cheksiz xosmas integrallar (I-tur xosmas integrallar) 

Integrallash oralig`i cheksiz bo`lgan holni ko`raylik. Bunda 3 ta vaziyat 

yuz berishi mumkin: 

1) , xa  

2) ,bx   

3) . x  

Aniqlik uchun 1-vaziyatni to`liq ko`rib chiqaylik. 
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Faraz qilaylik,  xf  funksiya  ,a  nurda aniqlangan bo`lib, aA  

soni uchun  
A

a

dxxf  mavjud bo`lsin. 

   
A

a

dxxfAF         (1) 

deb belgilaymiz. 

 1-Ta`rif. Agar ushbu  

   



A

a
AA

dxxfAF limlim  

limit mavjud va chekli bo`lsa, uni  xf  funksiyaning  ,a  oraliqdagi I-tur 

xosmas integrali deyiladi va u  

 


a

dxxf             (2) 

kabi belgilanadi hamda (2)-xosmas integral yaqinlashuvchi, aks holda esa 

uzoqlashuvchi deb ataladi. 

 Shunday qilib,  

    





a

A

a
A

dxxfdxxf .lim:  

 Qolgan 2 ta vaziyatda ham I-tur xosmas integral shunga o`xshash 

ta`riflanadi: 

    





b b

A
A

dxxfdxxf ,lim:  

    


 



B

AB
A

dxxfdxxf ,lim:  

Agar  


a

dxxf  va  


a

dxxf  xosmas integrallar yaqinlashsa, u holda 

 




dxxf  xosmas integral ham yaqinlashadi va  

  




dxxf   


a

dxxf  


a

dxxf  

bo`ladi. 
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 Misol. 


a x

dx


 ( 0a  va       haqiqiy son) xosmas integralni 

yaqinlashishga tekshiring. 

   aA   olamiz  

  




















A

a
A
a

A

a

aAx

aAx

x

dx
AF

.1,lnln|ln

,1  ,
11

111









 

1  bo`lsa  
1

lim
1






 

a
AF

A
 bo`lib, integral yaqinlashadi. 1  bo`lsa 

  


AF
A
lim  bo`lib, integral uzoqlashadi. 

Shunday qilib,  













a x

dx

.lsabo'  1agar  i,uzoqlashad

lsa,bo'  1agar    di,yaqinlasha






 

1-Teorema. (Koshi kriteriyasi). (2)-xosmas integralning 

yaqinlashuvchi bo`lishi uchun quyidagi shartning bajarilishi zarur va 

yetarlidir: 0  uchun BAaB  1:  va BA 2  lar uchun 

  
2

1

A

A

dxxf  

bo`ladi. 

 Ko`p hollarda  Koshi shartini tekshirish qiyin bo`ladi. Shuning uchun 

tekshirish oson bo`lgan alomatlarni keltiramiz. 

 Bundan buyon biz har doim aA   uchun  
A

a

dxxf   mavjud deb faraz 

qilamiz. 

 2-Teorema. (Umumiy taqqoslash alomati). Faraz qilaylik,  ,a  

nurda 

   xgxf   

bo`lib,  


a

dxxg  xosmas integral yaqinlashsin. Unda  


a

dxxf   xosmas 

integral ham yaqinlashadi. 
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 3-Teorema. (Xususiy taqqoslash alomati). Faraz qilaylik 

 xa0  nurda   constc
x

c
xf  


  ,  ,  va 1  

bo`lsin. U holda  


a

dxxf   xosmas integral yaqinlashadi. Agar 0c : 

  ,
x

c
xf   

bo`lib, 1  bo`lsa,  


a

dxxf   xosmas integral uzoqlashadi. 

 2-Ta`rif. Agar  


a

dxxf  yaqinlashuvchi bo`lsa, u holda  


a

dxxf  

xosmas integral absolut yaqinlashuvchi deyiladi. 

 2-teoremaga ko`ra absolut yaqinlashuvchi integral oddiy ma`noda 

ham yaqinlashuvchi bo`ladi. 

 3-Ta`rif. Agar  


a

dxxf  yaqinlashib  


a

dxxf  uzoqlashsa,  


a

dxxf  

xosmas integral shartli yaqinlashuvchi deyiladi. 

 4-Teorema.  xf  va  xg  funksiyalar  ,a  oraliqda aniqlangan 

bo`lib,   0xf  va   0xg  bo`lsin. 

Agar x  da  

    xgOxf *  

bo`lsa,  


a

dxxf  va  


a

dxxg  xosmas integrallar yoki bir vaqtda 

yaqinlashadi yoki uzoqlashadi. 

 5-Teorema.  xf  va  xg  funksiyalar  ,a  oraliqda aniqlangan 

bo`lib, ular quyidagi shartlarni bajarsin: 

(Abel alomati)         a)  


a

dxxf  yaqinlashuvchi,  

   b)  xg  funksiya ),[ a  da monoton va 

     chegaralangan;  
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(Dirixle alomati)          a) aAK        ,Kdxxf
A

a

  

    b)  xg  funksiya ),[ a  da monoton va  

   0lim 


xg
x

. 

 U holda  


a

dxxf  xosmas integral yaqinlashuvchi bo`ladi. 

Misollar. 1) 


1

2sin dxx  xosmas integral yaqinlashishga 

tekshirilsin. 

  



1

2

1

2 1
sinsin dx

x
xxdxx  deb olib,    

x
xgxxxf

1
  ,sin 2   deb 

belgilaymiz va Dirixle alomatining shartlarini tekshiramiz: 

1)     ,1sin 2 Cxxxf  va    2cos
2

1
xxF  chegaralangan; 

2)   
x

xg
1

 va   ;0lim 


xg
x

 

      
 


1 1

2sin dxxdxxgxf yaqinlashuvchi.  

2) 


1

sin
dx

x

x
 xosmas integralning shartli yaqinlashuvchi ekanligi 

ko`rsatilsin. 

   Agar   xxf sin  va  
x

xg
1

  desak, Dirixle alomatiga ko`ra 

yaqinlashuvchi ekanligini hosil qilamiz. 

 Endi 

 
 


1 1

sinsin
dx

x

x
dx

x

x
 

xosmas integralning uzoqlashuvchi ekanligini ko`rsatamiz. 

.
2

2cos1
sinsin 2 x

xx


  
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Unda 1A  uchun  

  
A AA

dx
x

x

x

dx
dx

x

x

1 11

2cos

2

1

2

1sin
 

bo`ladi. Ma`lumki, 

 





A

A x

dx

x

dx

1 1

lim uzoqlashuvchi va  





A

A
dx

x

x

x

x

1 1

2cos2cos
lim -

Dirixle alomatiga ko`ra yaqinlashuvchi. Shularga asosan oxirga 

tengsizlikda A  da limitga o`tib, dx
x

x



1

sin
 xosmas integralning 

uzoqlashuvchiligini topamiz. 



1̀

sin
  dx

x

x
 integral shartli 

yaqinlashuvchi.  

 Eslatma: Birinchi tur xosmas integrallarda ham ma`lum shartlar 

bajarilganda aniq integrallarni hisoblashda qo`llaniladigan o`zgaruvchilarni 

almashtirish, Nyuton-Leybnis, bo`laklab integrallash va shu kabi boshqa 

formulalar o`rinli bo`ladi. Ularning shartlarida va ifodalanishida printsipial 

farq bo`lmaganligi sababli biz ularga to`xtalmaymiz. 

2
0
. Chegaralanmagan funktsiyaning xosmas integrali  

(II-tur xosmas integral) 

 Faraz qilaylik,  xf  funksiya  ba,  yarim segmentda berilgan bo`lsin. 

Agar 0  soni uchun  xf  funksiya    baba ,,   da chegaralangan 

bo`lib,  ba,  da chegaralanmagan bo`lsa, u holda b nuqta  xf  funksiya 

uchun maxsus nuqta deyiladi. 

 Aytaylik b  nuqta  ba,  oraliqda berilgan  xf  funksiya uchun 

maxsus nuqta bo`lib,  xf  funksiya  ba   ,  kesmada integrallanuvchi 

bo`lsin. 

   






b

a

dxxfF  

deb belgilaymiz. Bu funksiya  ab ,0  yarim segmentda aniqlangan. 

 Ta`rif. Agar ushbu 

   










b

a

dxxfF
00

limlim  
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limit mavjud va chekli bo`lsa, uning qiymatiga  xf  funksiyaning  ba,  

dagi II tur xosmas integrali deyiladi va  

 
b

a

dxxf          (3) 

kabi belgilanadi hamda (3)-xosmas integral yaqinlashuvchi , aks holda 

esa uzoqlashuvchi  deb ataladi. 

 Shunday qilib,  

   









b

a

b

a

dxxfdxxf
0

lim:  

 Xuddi yuqoridagidek, a nuqta  xf  funksiyaning maxsus nuqtasi 

bo`lganda  ba,  oraliq bo`yicha xosmas integral, a va b  nuqtalar 

funksiyaning maxsus nuqtalari bo`landa  ba,  oraliq bo`yicha xosmas 

integrallar quyidagi tengliklar yordamida aniqlnadi: 

   





b

a

b

a

dxxfdxxf


 0
lim:  

   












b

a

b

a

dxxfdxxf

0
0

lim:  

 Misol. 
 


b

a

dx
xb



1
  0  xosmas integral 1  bo`lganda 

yaqinlashadi va 1  bo`lganda uzoqlashadi. 

 Ikkinchi tur xosmas integrallar uchun ham birinchi tur xosmas 

integrallarda o`rinli bo`lgan ularni hisoblash usullari va yaqinlashish 

alomatlari o`rinli. Ularning hammasiga to`xtalmay, asosiylarini keltiramiz. 

 1-Teorema. (Koshi kriteriyasi). (3)-xosmas integralning 

yaqinlashuvchi bo`lishi uchun quyidagi shartning bajarilishi zarur va 

yetarlidir: 0  uchun   0  :0  tengsizlikni 

qanoatlantiruvchi    va "  lar uchun  

  









и

и

dxxf  

tengsizlik bajariladi. 

 2-Teorema.  xf  va  xg  funksiyalar  ba,  da berilgan bo`lib, b shu 

funksiyalarning maxsus nuqtasi bo`lsin. Agar  bax ,  da  

   xgxf 0  
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bo`lsa, u holda  
b

a

dxxg  integralning yaqinlashuvchiligidan  
b

a

dxxf  ning 

yaqinlashuvchiligi;  
b

a

dxxf  integralning uzoqlashuvchiligidan  
b

a

dxxg  

ning uzoqlashuvchiligi kelib chiqadi. 

 Natija. Agar     
 xbcxf  bo`lib, 1  bo`lsa (3)-xosmas 

integral yaqinlashadi. Agar  
 

,


xb

c
xf


  ,0c bo`lib, 1  bo`lsa, u 

holda (3)-xosmas integral uzoqlashadi . 

 3-Teorema. Agar 0 bx  da     xgOxf *  bo`lsa, unda 

 
b

a

dxxf  va  
b

a

dxxg  integrallar bir vaqtda yaqinlashadi yoki uzoqlashadi. 

 4-Teorema.  xf  va  xg  funksiyalar  ba,  da berilgan bo`lib, ular 

quyidagi shartlarni bajarsin: 

(Abel alomati) a)  
b

a

dxxf  integral yaqinlashuvchi,  

      b)  xg  funksiya  ba,  da monoton va      

                           chegaralangan; 

(Dirixle alomati) a) K  0    ,Kdxxf
b

a




  

    b)  xg  funksiya  ba  ,  da monoton va 

   0lim
0




xg
bx

. 

U holda  
b

a

dxxf  xosmas integral yaqinlashuvchi bo`ladi. 

3
0
. Xosmas integralning bosh qiymati 

 1-Ta`rif. Aytaylik,  xf  funksiya  x  to`g`ri chiziqda 

aniqlangan bo`lib, undagi   kesmada integrallanuvchi bo`lsin. Agar 

ushbu 

 




A

A
A

dxxflim  
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limit mavjud va chekli bo`lsa,  xf  funksiya   ,  oraliqda Koshi 

ma`nosida integrallanuvchi deyiladi. Bu limitning qiymatiga esa  xf  

funksiya xosmas integralining Koshi ma`nosidagi bosh qiymati deb 

ataladi va  

 




dxxfpV .  

kabi belgilanadi. 

 Demak, 

   









A

A
A

dxxfdxxfpV lim:.  

 Teorema. Agar  xf  funksiya toq bo`lsa, u holda u Koshi ma`nosida 

integrallanuvchi va uning bosh qiymati 0 ga teng bo`ladi. Agar  xf  

funksiya juft bo`lsa, u Koshi ma`nosida integrallanuvchi bo`lishi uchun  

 


0

dxxf  

xosmas integralning yaqinlashuvchi bo`lishi zarur va yetarli. 

 2-Ta`rif. Faraz qilaylik,  xf  funksiya  ba,  kesmaning s  bca   

nuqtasidan tashqari hamma nuqtalarida aniqlangan bo`lib,  ca,  va  bc,  

ga qism bo`lgan   kesmada integralanuvchi bo`lsin. U holda, agar  

    







 











c

a

b

c

dxxfdxxf
0

lim  

limit mavjud va chekli bo`lsa,  xf  funksiya  ba,  kesmada Koshi 

ma`nosida integrallanuvchi deyiladi va bu limitning qiymatiga 

integralning Koshi ma`nosidagi bosh qiymati deb ataladi hamda u  

 
b

a

dxxfpV .  

kabi belgilanadi. 

 Misol.  
2

1




x
xf  funksiya  5  ;1  kesmada xosmas ma`noda 

integrallanuvchi emas, lekin Koshi ma`nosida integrallanuvchi ekanligi 

ko`rsatilsin. 
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   Xosmas ma`noda integrallanuvchi emasligi ravshan. Koshi 

ma`nosida integrallanuvchi bo`lishini ko`rsatamiz. 

 














 










  
5

2

2

10

5

1

2

1

5

2
0

2ln2lnlim
22

lim
2

.











xx
x

dx

x

dx

x

dx
pV  

  .3lnln3lnlnlim
0







 

4
0
. Parametrga bog`liq xos integrallar va ularning funksional xossalari 

  yxf ,  funksiya 2R  fazodagi biror 

  REybxaRyxD    ,:, 2  aniqlangan va   fiksirlangan Ey  

uchun  yxf ,  funktsiya х  o`zgaruvchining funksiyasi sifatida  ba,  

oraliqda integrallanuvchi bo`lsin. 

 Quyidagi 

   
b

a

dxyxfy ,         (4) 

 integralga parametrga bog`liq integral, u o`zgaruvchi esa  parametr 

deyiladi. 

 Parametrga bog`liq integrallarda  y  funksiyaning bir qator 

xossalari (limiti, uzluksizligi, differensiallanuvchiligi, integrallanuvchiligi 

va hokazo) o`rganiladi. Bu xossalarni o`rganishda  yxf ,  funksiyaning u 

bo`yicha limiti va unga intilish xarakteri muhim rol o`naydi. 

  yxf ,  funksiya D to`plamda berilgan , 0y  esa E to`plamning limit 

nuqtasi bo`lsin. 

1-Ta`rif. Agar 0  olinganda ham (  bax ,  uchun) shunday 

  0,  x  topilsaki,  0yy  tengsizlikni qanoatlantiruvchi Ey  

uchun  

    ,,   xyxf   bax ,  

bo`lsa, u holda  x  funksiya  yxf ,  funksiyaning 0yy   dagi limit 

funksiyasi deyiladi. 

 yxf ,  funksiya D  to`plamda berilgan bo`lib,   nuqta Ye 

to`plamning limit nuqtasi bo`lsin. 

2-Ta`rif. Agar 0  olinganda ham (  bax ,  uchun) 

  0,  x  topilsaki, y  tengsizlikni qanoatlantiruvchi Ey  

uchun  
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    ,,   xyxf  bax ,  

bo`lsa, u holda  x  funksiya  yxf ,  funksiyaning y  dagi limit 

funksiyasi deyiladi. 

Limit funksiya ta`rifidagi   0,  x  ning faqat 0  gagina 

bog`liq qilib tanlanishi mumkin bo`lgan hol muhimdir. 

3-Ta`rif. D  to`plamda berilgan  yxf ,  funksiyaning 0yy   dagi 

limit funksiyasi  x  bo`lsin. Agar 0  uchun   0   topilsaki, 

 0yy  tengsizlikni qanoatlantiruvchi  baxEy ,  ва    lar uchun 

    ,,   xyxf  

bo`lsa,  yxf ,  funksiya o`z limit funksiyasi  x  ga  ba,  da tekis 

yaqinlashadi deyiladi. 

4-Ta`rif. D  to`plamda berilgan  yxf ,  funksiyaning 0yy   dagi 

limit funksiyasi  x  bo`lsin. Agar 00  , 0  olinganda ham 

  bax ,0   va  0yy  tengsizlikni qanoatlantiruvchi Ey 1  topilsaki, 

ushbu 

    ,, 0010   xyxf  

tengsizlik o`rinli bo`lsa, u holda  yxf ,  funksiya  x  ga notekis 

yaqinlashadi deyiladi. 

 1-Teorema. (Koshi kriteriyasi)  yxf ,  funksiya 0yy   da limit 

funksiya  x  ga ega bo`lib, unga tekis yaqinlashishi uchun quyidagi 

shartning bajarilishi zarur va yetarlidir: 0  uchun   0   

topiladiki,  0yy ,  0yy  tengsizliklarni qanoatlantiruvchi 

Eyy  ,  hamda  bax ,  uchun  

    ,,,  yxfyxf  

tengsizlik bajariladi. 

 Endi parametrga bog`liq integrallarning funksional xossalarini 

keltiramiz. 

 2-Teorema. Agar  

1)   fiksirlangan Ey  uchun    ,,, baCyxf   

2) 0yy   da    , yxf funksiya  x  ga tekis yaqinlashsa, 
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u holda  

    


b

a

b

a
yy

dxxdxyxf ,lim
0

         (5) 

bo`ladi. 

 3-Teorema. Agar  yxf ,  funksiya 

      dcybaxRyxD ,   ,,:, 2   

to`plamda uzluksiz bo`lsa, u holda 

   
b

a

dxyxfy ,  

funksiya  dc,  kesmada uzluksiz bo`ladi. 

 4-Teorema. Aytaylik  yxf ,  funksiya 

      dcybaxRyxD ,  ,,:, 2   

to`plamda aniqlangan va  

1)   fiksirlangan Ey  uchun    baCyxf ,,   

2)    yxf y ,  va  DC  

bo`lsin. U holda  dc,  kesmada  y  mavjud va ushbu  

    
b

a

y dxyxfy ,           (6) 

tenglik o`rinli bo`ladi. 

 5-Teorema. Agar  yxf ,  funksiya 3-teorema shartlarini 

qanoatlantirsa, unda  
d

c

dyy  integral mavjud va  

      















 b

a

d

c

d

c

b

a

dxdyyxfdydxyxf ,,           (7) 

munosabat o`rinlidir. 

Endi umumiy ko`rinishda berilgan parametrga bog`liq integrallarni 

keltiramiz. 
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 Faraz qilaylik,    yxyx   ,  funksiyalar  dc,  da aniqlangan 

bo`lib,  dcy ,  uchun  

    byya             (8) 

munosabat bajarilsin. 

 6-Teorema.  yxf ,  funksiya ushbu 

      dcybaxRyxD ,  ,,:, 2   

to`plamda aniqlangan bo`lib, 

1)    DCyxf ,  

2)      dcCyy ,  ,   

bo`lsin. U holda 

   
 

 



y

y

dxyxfy





,
~

          (9) 

funksiya ham  dc,  oraliqda uzluksiz bo`ladi. 

 7-Teorema. (Leybnis formulasi) Agar 

1)    ,, DCyxf   

2)    ,, DCyxf y   

3)  y  va    dcCy ,  

bo`lsa, u holda  y
~

 funksiya ham  dc,  oraliqda hosilaga ega va  

             
 

 

 

y

y

y yyfyyyfydxyxfy





 ,,,
~ '            (10) 

munosabat o`rinlidir. 

 6-teorema shartlari bajarilgan holda  y
~

 funksiyaning  dc,  oraliqda 

integrallanuvchi ekanligi kelib chiqadi va (9)-funksiya uchun ham (7)-

tenglik kabi tenglik o`rinli bo`ladi. 

5
0
 Parametrga bog`liq xosmas integrallar va ularning tekis 

yaqinlashishi 

  yxf ,  funksiya 

    REyaxRyxD    ,,:, 2  
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to`plamda berilgan bo`lib,   fiksirlangan Ey  uchun  

 


a

dxyxf ,   Ey  

mavjud va chekli bo`lsin. Bu integral u ning qiymatiga bog`liqdir. 

   



a

dxyxfyI ,         (11) 

(11)-integralga parametrga bog`liq I-tur xosmas integral deyiladi.  

 Xuddi shu kabi 

 


a

dxyxf ,  va  




dxyxf ,  

parametrga bog`liq bo`lgan I-tur xosmas integrallarning ta`rifini berish 

mumkin. 

 Endi  yxf ,  funksiya 

    REybaxRyxD    ,,:, 2
1  

to`plamda berilgan bo`lib,   fiksirlangan Ey  da bx   nuqta  yxf ,  

funksiyaning maxsus nuqtasi bo`lsin va bu funksiya  ba,  oraliqda 

integrallanuvchi, ya`ni  

 
b

a

dxyxf ,    Ey  

xosmas integral mavjud bo`lsin. Unda  

   
b

a

dxyxfyI ,1         (12) 

integralga parametrga bog`liq bo`lgan II-tur xosmas integral deyiladi. 

 Xuddi shunga o`xshash ax   nuqta maxsus nuqta bo`lgan 

parametrga bog`liq bo`lgan II-tur xosmas integralga ta`rif berish mumkin. 

 Umumiy holda, parametrga bog`liq chegaralanmagan funksiyaning 

chegarasi cheksiz xosmas integrali tushunchasi ham yuqoridagidek 

kiritiladi. 

 Biz asosan (11)-xosmas integralning xossalarini o`rganish bilan 

shug`ullanamiz. 
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 Aytaylik,  yxf ,  funksiya D  to`plamda aniqlangan bo`lib,   

fiksirlangan Ey  uchun  

  


a

dxyxf ,  

bo`lsin.     ,, ata  da  

   
t

a

dxyxfytF ,,          (13) 

integral mavjud va 

  yI    .,lim, ytFdxyxf
t

a




              (14) 

(14)-tenglikdan ko`rindiki  yI  funksiya  ytF ,  funksiyaning t  dagi 

limit funksiyasi bo`ladi. 

 1-Ta`rif. Agar t  da  ytF ,  funksiya E to`plamda o`z limit 

funksiyasi  yI  ga tekis yaqinlashsa u holda (11)-integral E to`plamda 

tekis yaqinlashuvchi, notekis yaqinlashganda esa notekis yaqinlashuvchi 

deyiladi. 

 Shunday qilib,  


a

dxyxf ,  integralning Ye to`plamda tekis 

yaqinlashuvchi bo`lishi quyidagini anglatadi: 

1) Ey  uchun  


a

dxyxf ,  xosmas integral yaqinlashuvchi; 

2) 0  uchun     t:0  va Ey  uchun  

  


t

dxyxf ,  

tengsizlik bajariladi. 

  


a

dxyxf ,  integralning E to`plamda notekis yaqinlashuvchi ekanligi 

esa quyidagini anglatadi: 

1) Ey  uchun  


a

dxyxf ,  xosmas integral yaqinlashuvchi; 
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2) ,00  0  olinganda ham Ey  0  va ,0 t    ,0 at  

topiladiki,  

  00

0

, 


t

dxyxf  

bo`ladi. 

 Misol.   



0

dxyeyI xy  parametrga bog`liq integral a)   ,0E  

va b)   EE  ,21  oraliqlarda tekis yaqinlashishga tekshirilsin. 

 a)     
 

t t
tyxyxy exydedxyeytF

0 0

1,  

    ,00 yt  uchun 

        







0

11lim,lim dxyeyIeytFyI xyty

tt
 yaqinlashuvchi. 

 Endi berilgan integralni tekis yaqinlashuvchanlikka tekshiramiz. 

  ,0Ey  bo`lsin. Agar 0  uchun   00 ,
3

1
t  va 

0

0

1

t
y   deb 

olsak, u holda  

0
1

0
3

11
00

0

0  




 e
eedxey

yt

t

xy  

bo`ladi.   integral   ,0E  da notekis yaqinlashadi. 

 b) Endi integralni   EE  ,21  to`plamda tekis 

yaqinlashuvchanlikka tekshiramiz. 0  olamiz. 

  





1
ln

2

11
,2

1
2

 








e

ty
e

eedxye
ty

ty

t

xy

t

xy  deb 

olsak, tekis yaqinlashish ta`rifidagi shartlar bajarilar ekan. 

  



0

dxyeyI xy  integral   ,21E  oraliqda tekis yaqinlashadi.   

 2-Ta`rif. Agar 0  uchun     tt   ,  :0  ni 

qanoatlantiruvchi tt  ,  va Ey  uchun  

  




t

t

dxyxf ,  



 

 

 

254 

 
 

tengsizlik bajarilsa, unda (11)-xosmas integral Ye to`plamda fundamental 

integral deyiladi. 

 1-Teorema (Koshi).    



a

dxyxfyI ,  integralning Ye to`plamda 

tekis yaqinlashuvchi bo`lishi uchun uning Ye to`plamda fundamental 

bo`lishi zarur va yetarlidir. 

 Bu teorema nazariy ahamiyatga ega bo`lib, undan amaliyotda 

foydalanish ancha qiyin. 

 2-Teorema (Veyershtrass). Agar   0 x     ,ax  funksiya 

topilsaki 

1)   ,ax  va Ey  uchun    ,, xyxf   

2)  


a

dxx  yaqinlashuvchi 

bo`lsa, unda    



a

dxyxfyI ,  integral Ye to`plamda tekis yaqinlashuvchi 

bo`ladi. 

 3-Teorema (Abel alomati).  yxf ,  va  yxg ,  funksiyalar  

    EyaxRyxD    , ,:, 2  

to`plamda berilgan bo`lib, 

1)   fiksirlangan Ey  uchun  yxg ,  funksiya  ,a  da x  o`zgaruvchi 

bo`yicha monoton va u D  toplamda chegaralangan, 

2)  


a

dxyxf ,  integral Ye da tekis yaqinlashuvchi bo`lsa, u holda 

   



a

dxyxgyxf ,,  

integral Ye to`plamda tekis yaqinlashuvchi bo`ladi. 

 4-Teorema (Dirixle alomati).  yxf ,  va  yxg ,  funksiyalar D  

to`plamda berilgan bo`lib, 

1) at   va Ey  uchun  

  cdxyxf
t

a

 ,   constc  , 
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2)   fiksirlangan Ey  uchun  yxg ,  funksiya  ,a  da x  o`zgaruvchi 

bo`yicha monoton va x  da  yxg ,  funksiya 0 ga tekis yaqinlashsa, u 

holda 

   



a

dxyxgyxf ,,  

integral E to`plamda tekis yaqinlashuvchi bo`ladi. 

6
0
. Parametrga bog`liq xosmas integrallarning funksional xossalari 

 yxf ,  funksiya     EyaxRyxD    , ,:, 2  to`plamda 

berilgan bo`lib, 0y  nuqta Ye to`plamning limit nuqtasi bo`lsin. 

 1-Teorema. Agar 

1)   fiksirlangan Ey  uchun     ,, aCyxf , 

2) 0yy   da     tata   ,  kesmada  yxf ,  funksiya )(x  ga tekis 

yaqinlashsa, 

3)    



a

dxyxfyI ,  integral Ye to`plamda tekis yaqinlashuvchi 

bo`lsa, u holda 0yy   da  yI  funksiya limitga ega va  

        
 












aa a
yyyyyy

dxxdxyxfdxyxfyI ,lim,limlim
000

 

bo`ladi. 

 2-Teorema. Agar  yxf ,  funksiya 

      dcyaxRyxD ,  ,,:, 2   

to`plamda berilgan bo`lib, 

1)    DCyxf , , 

2)    



a

dxyxfyI ,  integral  dc,  da tekis yaqinlashuvchi bo`lsa, u holda 

   dcCyI ,  bo`ladi. 

3-Teorema. Agar  yxf ,  funksiya 

      dcyaxRyxD ,  ,,:, 2   
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to`plamda berilgan bo`lib, 

1)    DCyxf , ,    DCyxf y  , , 

2)   fiksirlangan  dcy ,  uchun    



a

dxyxfyI ,  yaqinlashuvchi, 

3)  




a

y dxyxf ,  integral  dc,  da tekis yaqinlashuvchi bo`lsa, u holda  yI  

funksiya  dc,  oraliqda  yI   hosilaga ega bo`ladi va  

   yI  




a

y dxyxf ,  

tenglik bajariladi. 

 4-Teorema. Agar  yxf ,  funksiya 

      dcyaxRyxD ,  ,,:, 2   

to`plamda berilgan bo`lib, 

1)    DCyxf , , 

2)    



a

dxyxfyI ,  integral  dc,  da tekis yaqinlashuvchi bo`lsa, u 

holda  yI  funksiya  dc,  da integrallanuvchi va  

        





















d

c a

d

c

d

c a

dxdyyxfdydxyxfdyyI ,,  

bo`ladi. 

7
0
. Eyler integrallari (Beta va Gamma funksiyalar)  

a) Beta funksiya (1-tur Eyler integrali) va uning xossalari 

 

 1-Ta`rif. Quyidagi 

   
 

1

0

11 1, dxxxqpB
qp         (15) 

integralga Beta funksiya yoki 1-tur Eyler integrali deyiladi. 

 Beta funksiya quyidagi xossalarga ega. 
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1)  (15)-integral          ,0   ,  ,0  :, 2 qpRqpM  to`plamda 

yaqinlashuvchi,   0,0 00  qp  to`plamda esa tekis yaqinlashuvchi 

bo`ladi. 

2)    ., MCqpB   

3)    .,, pqBqpB   

4)  
 

.
1

,
0

1









 dt

t

t
qpB

qp

p

 

Natija. Agar pq 1   10  p  bo`lsa,  

  .
sin1

1,
0

1


 









pt

t
ppB

p

           (16) 

tenglik o`rinli bo`ladi. 

(16) dan 














2
sin

2

1
,

2

1
B  

5) 0p  va 1q  uchun  

   1,
1

1
, 




 qpB

qp

q
qpB           (17) 

tenglik o`rinli. 

 Natija. 

 
   
 !1

!1!1
,






nm

mn
nmB  

b) Gamma funksiya (2-tur Eyler integrali) va uning xossalari. 

 2-Ta`rif. Quyidagi 

  



0

1 dxexpГ xp           (18) 

integralga Gamma funksiya yoki  2-tur Eyler integrali deyiladi. 

 Gamma funksiya quyidagi xossalarga ega. 

1)     121  ГГ  
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2) (18)-integral  ,0  oraliqda yaqinlashuvchi,     ,0,ba  

  ba0  kesmada esa tekis yaqinlashuvchi bo`ladi. 

3)     ,0CpГ  va ,...2,1n  uchun  

       


 
0

1 ,0ln CdxxexpГ
nxpn  

4)    ppГpГ 1         (19) 

 Natija.   !1 nnГ   

Beta va Gamma funksiyalar orasidagi bog`lanishni quyidagi teorema 

ifodalaydi. 

 Teorema. 0  ,0  qp  uchun 

 
   
 qpГ

qГpГ
qpB




,                 (20) 

tenglik o`rinli. 

 Natija.  1  ,0p  uchun 

   




p
pГpГ

sin
1               (21) 

tenglik o`rinli bo`ladi. 

 Agar (21)-tenglikda 
2

1
p  desak 










2

1
Г             (22) 

bo`ladi. 

 Eyler integrallari yordamida ko`pgina xosmas integrallarni hisoblash 

ancha osonlashadi. 

 Misollar. 

1) 


 
0

2

dxeI x Eyler-Puasson integrali hisoblansin. 

    
  









 














































0 0 02

1
2

1

2

1

2

1

2

.
22

1

2

1

2

1

2

1

2

1
2




Гdtetdtet
dttdx

txtx

dxeI ttx  
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2) 





0
4

2

1 x

dxx
I  xosmas integral hisoblansin. 

   



















































































 1

0

4

1
4

3

4

3

2

4

1

4

0
4

2

1
4

1

1
1

4

1
;0

10

1
1

;
1

1

1
dttt

dt
tt

dxtx

tx

t
xt

x

x

dxx
I

  .
22

4
sin

4

1

4

1
1;

4

1

2

1

4

3
;

4

1

4

1
1

4

1
1

0

1
4

31
4

1























 




BBdttt  

Nazorat savollari. 

1. 1-tur xosmas integral tushunchasi.  

2. 1-tur xosmas integralning yaqinlashishi. 

3. Koshi kriteriyasi. 

4. Umumiy taqqoslash alomati. 

5. Xususiy taqqoslash alomati. 

6. Absolut va shartli yaqinlashuvchi 1-tur xosmas integrallar. 

7. 1-tur xosmas integrallar uchun Abel alomati. 

8. 1-tur xosmas integrallar uchun Dirixle alomati. 

9. 2-tur xosmas integral tushunchasi. 

10. 2-tur xosmas integralning yaqinlashishi. 

11. 2-tur xosmas integral uchun Koshi kriteriyasi. 

12. 2-tur xosmas integral taqqoslash alomatlari. 

13. 2-tur xosmas integral Abel alomati. 

14. 2-tur xosmas integral Dirixle alomati. 

15. Xosmas integralning Koshi ma`nosidagi bosh qiymati. 

16. Parametrga bog`liq xos integrallar. 

17. Parametrga bog`liq xos integrallarning tekis yaqinlashishi. 

18. Tekis yaqinlashishning inkori. 

19. Koshi kriteriyasi. 

20. Parametrga bog`liq xos integralning uzluksizligi. 

21. Parametrga bog`liq xos integrallarni differensiallash. 
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22. Parametrga bog`liq xos integrallarni integrallash. 

23. Parametrga bog`liq xosmas integrallar. 

24. Parametrga bog`liq xosmas integrallarning tekis yaqinlashishi. 

25. Koshi kriteriyasi. 

26. Veyershtrass alomati. 

27. Abel alomati. 

28. Dirixle alomati. 

29. Parametrga bog`liq xosmas integrallarning uzluksizligi. 

30. Parametrga bog`liq xosmas integrallarni differensiallash. 

31. Parametrga bog`liq xosmas integrallarni integrallash. 

32. Beta funksiya (1-tur Eyler integrali) va uning xossalari. 

33. Gamma funksiya (2-tur Eyler integrali) va uning xossalari. 

34. Beta va Gamma funksiyalari orasidagi bog`lanish. 

35. Eyler-Puasson integrali va uni hisoblash. 
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-B- 

Mustaqil yechish uchun misol va masalalar. 

 1-masala. Quyidagi xosmas integrallar hisoblansin. 

1.1 


 

2

2
.

1xx

dx
 1.2 



0

.
xx ee

dx
 

1.3 


2
3

.
1x

xdx
 1.4 







1
4

2

.
1

1
dx

x

x
 

1.5 
 



0
22

.
99 xx

dx
 1.6 




0

.dxe x  

1.7 
 







1
22

.
11

dx
xx
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 1.8 


2
2

.
1xxx

dx
 

1.9 

 


0
2

2

.

1 xx

dx
 1.10 

 


0
22

.
114 xx

dx
 

1.11 
 







0
22

2

.
1

12
dx

x

x
 1.12 


 

0

2 .sin bxdxe ax  

1.13 


 
0

., Nndxex xn  1.14 
 




2
2

.
21 xx

dx
 

1.15 
 




1
2

.
112 xx

dx
 1.16 



0
2

.
1

ln
dx

x

x
 

1.17 
 



1
22

.
114 xx

dx
 1.18 

 


0
22

.
1

ln
dx

x

xx
 

1.19 
 

 







0
3 4

.
1

1
dx

x

xarctg
 1.20 







1
23

.
1

2
dx

xx

x
 

1.21 
 



 
.

1
32 xx

dx
 

 

2-masala. Quyidagi II-tur xosmas integrallar hisoblansin. 



 

 

 

262 

 
 

2.1   
2

0

.,2coscosln



Nnnxdxx  2.2   


0

.sinln dxxx  

2.3 ..cosln
0




xdx  2.4 
 







1

1
2

3 .
11

1
ln

x

dx

x

x
x  

2.5 


1

0
2

3

.
1

arcsin
dx

x

xx
 2.6  










2

0

22
.cossin dx

xxx
x


 

2.7 
 

 

1

1
2

.
arccos1 xx

dx
 

2.8 .
2

0

dxxtg



 

2.9 .
4

0

dxxctg



 2.10  





b

a

abdx
xb

ax
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2.11 





a

a
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dx
.0,0,

222
 2.12 

 
 

a

a xx

dxx

22

4

11
 

2.13 
 

 

1

1
22

.
116 xx

dx
 2.14 

 

 

1

1
2

.
14 xx

dx
 

2.15 


2

1
2

.
123 xxx

dx
 2.16 .sinln

2

0
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

 

2.17 
 




2

2
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.
21 xx
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 2.18 

 


1

0

.
12 xx
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2.19 


 

25,0

5,0
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1

0

3 .ln xdxx  

2.21 
   



b

a
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xbax
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3-masala. Quyidagi II-tur xosmas integrallarni yaqinlashishga 

tekshiring. 

3.1 
 





1

0

3 2

.
sin

1ln
dx

xx

x
 3.2  









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1
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3.3 
1

0

.
ln

dx
x

x


 3.4 
 




1

1

.
1ln x

dx
 

3.5 
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0
5 10

.
1 x

dx
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

2
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.
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
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dx
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1
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2
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
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
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
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dx
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5
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
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x

exe x
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
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
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
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 


5.0

0
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dx
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
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 3.18   
1
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3.19  
1
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1

ln dx
x
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1

0

.1 dxxx
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2

0

.cossin



 xdxx  

 

 4-masala. Quyidagi xosmas integrallarni yaqinlashishga 

tekshiring. 

4.1 

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ln
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xdx
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e xx
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4.5 

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.
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x

xarctg


 4.6 
 












0

2

.
1ln

dx
xx

x





 

4.7 

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
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
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
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 5-masala. Quyidagi xosmas integrallar absolut va shartli 

yaqinlashishga tekshirilsin. 
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
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
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
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6-masala. Quyidagi xosmas integrallarning Koshi ma`nosidagi 

bosh qiymati topilsin. 
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 7-masala. Quyidagi funksiyalarning berilgan to`plamda limit 

funksiyalarini toping va tekis yaqinlashishga tekshiring. 

7.1      .  ,0,:,;sin, 0
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22 

  yyxRyxDyxyxf  

  8-masala. Quyidagi funksiyalarning hosilalarini toping. 

8.1   







cos

sin

1 .
2

dxeF x  8.2  
 










0

.
1ln

dx
x

x
F  
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8.3   












b

a

dx
x

x
F .

sin
 8.4     




0

., dxxxfF  

8.5    












x

x

dyyxdxF .sin. 222

0

2

 8.6       
x

dyyfyxF
0

.  

8.7         
x

yfdyyfyxF
0

, differensiallanuvchi funksiya;   ? xF  

8.8           ?:,  ва      ,   xFbaCyfbadyyxyfF
b

a

  

8.9 

          


x
nn

xFdyyxyfF
0

1
?  ,

 

8.10   


2

2

.
x

x

xy dyeF   

8.11   


x

x

xy dyeF
1

.
2

  8.12   .

sin

cos

1 2

dxeyF

y

y

xy


  

8.13    




y

y

dxyxyxfyF .,  8.14  
 






4

2

.
1ln

y

y

dx
x

xy
yF  

8.15   






y

y

dx
x

xy
yF

2

1

.
sin

 8.16   


3

2

2

.2

y

y

yx dxyF  

8.17    









y

dx
y

x
yxyF

2

2 .sin


 
8.18 

        
x

IV xFdyyxyfyF
0

5
?,  

8.19           
2

1

?    2,1,

x

xFCyfdyyxyfyF  

8.20           


yfxFdyyfyxyF
x

x

  ,?,  differensiallanuvchi funksiya; 
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8.21            zfyxFdzzfyzxyxF

xy

y

x

xy   ,?,,,  differensiallanuvchi 

funksiya; 

 9-masala. Quyidagi integrallarni ko`rsatilgan oraliqda tekis 

yaqinlashishga tekshiring. 

9.1 


 
0

.1  ;sin  xdxe x  9.2 


 
0

.32 ;  dxex x  

9.3 







. ;
1

cos
2




dx
x

x
 9.4 

 



0

2
0 ;

1


x

dx
 

9.5 


 
0

0 ;
sin

 dxe
x

x x  9.6 .100 ;
ln

1




 pdx
xx

xp

 

9.7 


 
1

0 ;
cos

 dx
x

x
e x  9.8 


 

0

0 ;
2

  dxe x  

9.9   .32 ;
2






  dxe x  9.10   . ;
2






  dxe x  

9.11  



 
0

1 .  ,sin
22

xxdye yx  9.12 


 
1

2
0;

cos
 dx

x

x
e x  

9.13 



0

2

.0  ;
1

sin
pdx

x

x
p

 9.14  


1

0
2

.0 ;
1

ndx
x

xn

 

9.15  
1

0

.20  ;
1

sin n
x

dx

x n
 9.16 

  
 



1

0
3 2

.
2

1
;

21




dx
xx

dxx
 

9.17 


 
2

.0  ;
2

  dxe x  9.18  


1

0

.10  ;
sin





dx

x

x
 

9.19  



 
0

1 .  ;cos
22

Rxydye yx  9.20  
1

0

1 .0  ,
1

ln pdx
x

x p  

9.21 


 0,0  ;
cos

1

pdx
x

x
e

p

x  fiksirlangan. 

10-masala. 
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10.1 Agar     ,0Cxf  va 0A  uchun 
 




A

dx
x

xf
 integral mavjud 

bo`lsa, unda ushbu 

   
   






0

.0  ,0     ln0 ba
a

b
fdx

x

bxfaxf
 

Frullani formulasini isbotlang. 

10.2    


 
0

0   
sin




  dx
x

x
eI x  integraldan foydalanib, ushbu 





0

.
2

sin



signdx

x

x
 

Dirixle formulasini isbotlang. 

Quyidagi integrallarni hisoblang. 

10.3  





0

.0,0  
sinsin

badx
x

bxax
 

10.4 

 





0

.0,0  badx
x

arctgbxarctgax
 

10.5  
 




0

.0,0 

22




dx
x

ee xx

 10.6  
 




0

.0,0   cos 


mxdx
x

ee xx

 

10.7 
   .1  

1

1ln
1

0
22

22





 


dx

xx

x
 10.8 

   .1  
1

1ln
1

0
2

22





 


dx

x

x
 

10.9 
 

.
ln

0
22

22







dx

x

x




 10.10 




0
2

.dx
x

xarctgxarctg 
 

10.11 

   
.

1ln1ln

0
4

2222





dx

x

xx 
 

10.12  .0
0

2

2
2



















adxe
x

a
x

 

10.13 

 
 




0
2

.0,0

22




dx
x

ee xx

 

10.14  .0cos
0

2




 adxbxe x  

10.15  .0sin
0

2




 adxbxxe x  10.16 











0

2

.
sin

dx
x

x
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10.17 
  

0
2

.
cos

2

dx
x

xe x 

 10.18 


0

3

.
sin

dx
x

dx
 

10.19 











0

3

.
sin

dx
x

x
 10.20 



0
2

4

.
sin

dx
x

xdx
 

10.21 


1
22

.
1

dx
xx

xarctg
 

 

 

11-Masala. Quyidagi integrallarni hisoblang. 

11.1   
2

0

2222 .cossinln



dxxbxa  11.2   


0

2 .cos21ln dxaxa  

11.3 



1

0
2

.
1 x

dx

x

arctgx
 

11.4 

 










1

0

.0,0,
ln

1
lncos badx

x

xx

x

ab

 

11.5 




0

44

.
sinsin

dx
x

xx 
 11.6 



0
2

.
1

cos
dx

x

x
 

11.7 


0
2

.
1

sin
dx

x

xx 
 11.8 

 


0
22

.
1

cos
dx

x

x
 

11.9 


0
2

2

.
1

sin
dx

x

x
 11.10    





 .0sin 2 adxcbxax  

11.11 




 .2cossin 2 axdxx  11.12 




 .2coscos 2 axdxx  

11.13 


0
22

.
cos

dx
xa

xy
 11.14 



0
22

.
sin

dx
xa

xyx
 

11.15  
 






0

11

.0,0
1

badx
x

xx ba

 11.16  



0

cos .sinsin
x

dx
xae xa  

11.17 

 
 




0

.0,  
coscos

cadx
x

lxdxebxe cxax

 

11.18 


 
0

2

2

.cos
2

dx
x

e x 
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11.19 


 
0

2

2

.sin
2

dx
x

e x 
 11.20   



2

0

.1
coscos1

cos1
ln



a
x

dx

xa

xa
 

11.21 

 










1

0

.0,0,
ln

1
lnsin badx

x

xx

x

ab

 

 

Ko`rsatma. 10 va 11-masalalarni yechishda xosmas integrallarni 

parametr bo`yicha differensiallash yoki integrallash hamda Frullani va 

Dirixle integrallaridan foydalanish yaxshi natija beradi. 

12-Masala. Eyler integrallaridan foydalanib quyidagi 

integrallarni hisoblang. 

12.1 
 





0

1

.
1

ln
dx

x

xx p

 12.2 
 

 
  






1

0

11

.0,0
1






dx
ax

xx
 

12.3   


 1

0

1

.10
1

adx
x

xx aa

 12.4 
 



0
2

.
1

n
x

dx
 

12.5   


1

0
2

12

.10
1

adx
x

x a

 12.6 
 


1

0
3 2

2

.
1 xx

dxx n

 

12.7 
 



0
2

4

.
1

dx
x

x
 12.8 

 


0
23

.
1 x

dx
 

12.9  
2

0

46 .cossin



xdxx  12.10   


1

0

.1
1

n
x

dx

n n
 

12.11  


 
0

2   
2

sonbutunndxex xn  12.12  
 


0

1

.0
1

ndx
x

x
n

m

 

12.13 
 

 

0

1

.
1

dx
x

x
n

m

 12.14 
 

 



0

.0,0,0 nba
bxa

dxx
pn

m

 

12.15   


1

0

.0
1

m
x

dx

n m
 12.16  


 

0

.0ndxe
nx  

12.17  
2

0

.cossin



xdxx nm  12.18 




0

dxex
nxm  
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12.19 
2

0

.



xdxtg n  12.20  







1

0

.
1

ln dx
x

p

 

 

12.21 
   

 
 .0  ,0  

2





 

cbadx
cx

xbax
b

a
nm

nm

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

274 

 
 

-C- 

Namunaviy variant yechimi. 

 1.21-Masala. Quyidagi 

 


 
.

1
32 xx

dx
 

xosmas integral hisoblansin. 

  
   






























































































 .

4

3

2

1

4

3

2

11
3

2

3
2

32

t

dt

bajaramiz

shalmashtiri

tx

x

dx

xx

dx
I  

 Bu integralni hisoblash uchun xosmas integralda bo`laklab 

integrallash usulidan foydalanib, quyidagi ishlarni bajaramiz. 





























































































tvdtv

t

tdt
du

t

u

t

dtt
arctg

t

dt

,

4

3

2

4

3

1

4

33

2
.

3

2

3

2

3

2

4

3

2

2
2

22

 

   




































































2

2

2

2
2

2

2

2

2

..

4

32

3

3

4

4

32

3

4

3
2

4

3
2

4

3
t

dt

t

dt

t

dt
dt

t

t

t

tИБ

 


















 .
33

4

4

3
2

2



t

dt
 

Demak, 






























































































































dt

t

t

t

t

tvdtdv

t

tdt
du

t

u

t

dt ИБ

3

2

2

2

2

..

3

2

2

2

2

2

4

3
4

4

3

,

4

3

4

4

3

1

4

33

4
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 
































 I

t

dt

t

dt
3

33

16

4

3
3

4

3
4

3

2

2

2


.  Shunday qilib, berilgan integral I ga 

nisbatan ushbu 

I3
33

16

3

4



 

tenglamaga keldik. Bu tenglamadan 

 








33

4

1
32



xx

dx
I  ekanligini hosil qilamiz.   

 2.21-Masala. Quyidagi 

   


b

a

ab
xbax

dx
.,  

II-tur xosmas integral hisoblansin. 

  ax   va bx   nuqtalar integral ostidagi funksiyaning maxsus nuqtalari 

bo`ladi. Agar integralda  

tbtax 22 sincos   

almashtirish bajarsak, berilgan xosmas integral oddiy xos aniq integralga 

kelib qoladi. Darhaqiqat,  

 

 
  .cossin2

cos

sin

2

0

2

2

tdttabdx
tabxb

tabax
va

tbx

tax























  

Bu ifodalarni berilgan integrallarga olib borib qo`yib topamiz: 

    


b

a

dt
xbax

dx
..2

2

0



   

 3.21-Masala. Quyidagi 

 
2

0

.cossin



 xdxx  

integralni yaqinlashishga tekshiring. 
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  Integral ostidagi funksiya uchun 0  bo`lganda 0x  nuqta, 

0  bo`lganda esa 
2


x  nuqta maxsus nuqta bo`ladi. Shu sababli 

integrallash oralig`ini ikkiga ajratamiz: 

 
2

0

cossin



 xdxxI  
4

0

cossin



 xdxx  
2

4

21 .cossin





 IIxdxx  

0x  da    
2

,0sin0cossin **   xxxxx  da 

 
























 

xxxx
2

0cos0cossin **  bo`lganligi va   


4

0

4

0

 





x

dx
dxx  

integral 1  da   





















2

4

2

4 2

2
















x

dx
dxx  integral 1  da 

yaqinlashishini e`tiborga olsak, taqqoslash alomatiga ko`ra 1I  integral 

  ,1  va 2I  integral     ,1  bo`lganda yaqinlashishini hosil 

qilamiz   Berilgan integral 1  ,1    da yaqinlashadi.  

 4.21-Masala. Quyidagi 




2

.
ln xx

dx


 

integralni yaqinlashishga tekshiring. 

 1) Faraz qilaylik 1  bo`lsin. 1   deb belgilasak, 0  

bo`ladi. Unda  

 
2

1
2

1

1

ln

1

ln

1

ln

1



 













xxxxxxx
xf  

AxA

xx
x






:20

ln

1
lim

2 


 uchun 1

ln

1

2



 xx 


 bo`ladi 

Ax   da    x

x

xf 





2
1

1
 bo`ladi 

  
 








2 2

21
lnlnln

A

A

II
xx

dx

xx

dx

xx

dx

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desak, 
A

xx

dx
I

2

1
ln 

 integral oddiy uzluksiz funksiyaning integrali 

bo`lgani uchun yaqinlashuvchi. 





A xx

dx
I

 ln
2  integral esa taqqoslash alomatiga ko`ra yaqinlashuvchi, 

chunki   
 




A A x

dx
dxx

2
1 

  yaqinlashuvchi. 

 Shunday qilib, 


2 ln xx

dx


 integral 1  bo`lganda   uchun 

yaqinlashuvchi. 

 2) Endi 1  bo`lsin. 

 











  
  

1  i,uzoqlashad

,1  di,yaqinlasha

ln

ln

lnln2 2 2



 x

xd

xx

dx

xx

dx
 

 3) 1  bo`lsin. Bunda  1  deb belgilab, 1)-holda bajargan 

ishlarni bajarsak, berilgan integralning uzoqlashuvchi ekanligiga ishonch 

hosil qilamiz. 

 Demak, berilgan integral 1  bo`lganda     va 1  bo`lganda, 

1  lar uchun yaqinlashadi. Qolgan barcha hollarda esa uzoqlashadi.  

 5.21-masala. Quyidagi 

 











1

0

.
11

1
sin

x

dx

x
 

integral absolut va shartli yaqinlashishga tekshirilsin. 

   Berilgan integralning yaqinlashishini Dirixle alomatidan 

foydalanib, ko`rsatamiz. 

 
 













xx
xf

1

1
sin

1

1
2

 va   xxg 1  

deb belgilaymiz va Dirixle alomatining shartlarini tekshiramiz: 

1)    1,0Cxf   va  xf  ning boshlang`ich funksiyasi 

  











x
xF

1

1
cos -chegaralangan; 
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2)   xxg 1  funksiya  1,0  da   va   0lim
01




xg
x

 

3)    .1,01 Cxg   

Dirixle alomatining shartlari bajarilayapti   

     












1

0

1

0
11

1
sin

x

dx

x
dxxgxf  yaqinlashuvchi. 

Berilgan integral absolut yaqinlashuvchi emas. Bu tasdiq 

xxxx 








 1

1
sin

1

1

1

1
sin

1

1 2  

tengsizlikdan va  

 











1

0

2

11

1
sin

x

dx

x
 

integralning uzoqlashishidan kelib chiqdi. Oxirgi integralning 

uzoqlashishini 1
0
-punktda keltirilgan 2)-misoldan foydalanib, ko`rsatish 

qiyin emas. Shunday qilib, berilgan integral shartli yaqinlashuvchi.   

 6.21-Masala. Xosmas integralning Koshi ma`nosidagi bosh 

qiymati topilsin: 




0
2

.
23

..
xx

dx
pV  

   
           

 













0 0

5,1

0

3

5,1

2 21
.

21
.

21
.

23
.

xx

dx
pV

xx

dx
pV

xx

dx
pV

xx

dx
pV  

              









































    






 




2

5,1

3

2
0

3

1

0

5,1

1
0 2121

lim
2121

lim
21 xx

dx

xx

dx

xx

dx

xx

dx

xx

dx

   




А

A xx

dx

3
21

lim  

Agar 
    
















1ln2ln

1

1

2

1

21
xxdx

xxxx

dx
 ekanligidan 

foydalanib, yuqoridagi limitlarni hisoblasak, 



0

2
2ln

23
.

xx

dx
pV  

tenglikni hosil qilamiz.   



 

 

 

279 

 
 

  7.21-Masala.   ,0  ,50:, 2  yxRyxD  to`plamda 

berilgan   yxyxf sin, 2  funksiyaning 
3

0


y  nuqtadagi limit 

funksiyasini toping va tekis yaqinlashishga tekshiring. 

      




22

3
2

3
sinlim,lim

0

xyxyxfx
y

yy 
  limit funksiya.  yxf ,  

funksiya  x  ga tekis yaqinlashuvchi ekanligini 4
0
-punktdagi 3-ta`rifdan 

foydalanib ko`rsatamiz. 0  va quyidagi ayirmani olamiz. 

    






2

3cos
2

3sin2
3

sinsin
2

3
sin, 2222





yy

xyxxyxxyxf  

.
25

25
2

3
2 22 








 x
y

x  

 Demak, 0  olinganda ham 
25


   deb olsak, 




3
y  

tengsizlikni qanoatlantiruvchi  ,0y  va  5,0x  lar uchun 

      xyxf ,  tengsizlik bajariladi. Bu esa 
3


y  da  yxf ,  funksiya 

 x  ga tekis yaqinlashuvchi ekanligini anglatadi.  

 8.21-Masala. Agar 

       

xy

y

x

dzzfyzxyxF ,  bo`lib,  zf -differensiallanuvchi funksiya 

bo`lsa,  xyFxy


 ni toping. 

  Bu masalani 4
0
-punktdagi 7-teorema va (10)-tenglikdan 

foydalanib yechamiz. Teoremaning shartlari bajarilishi ko`rinib turibdi. 

(10)-formuladan ikki marta foydalanish natijasida talab qilingan hosilani 

topamiz: 

               


















xy

y

x

xy

y

x

x xyfxyxydzzf
y

x
f

y

x
yx

y
xyfxyyxydzzfyxF ;

1
, 3

            


















xy

y

x

xy xxyfxyxyxyfxyx
y

x
f

y

x
xyfxdzyxF 32

2
30,  
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        .132 22

2

2 xyfyyx
y

x
f

y

x
xyfyx 








  

 9.21-Masala. Quyidagi 

;
cos

1

dx
x

x
e

p

x




  

integralni 0   ,0  p -fiksirlangan bo`lganda tekis 

yaqinlashishga tekshiring. 

   Berilgan integralning tekis yaqinlashishini Abel alomatidan ( 05 -

punktdagi 3-teorema) foydalanib, ko`rsatamiz.   xexf  ,  va 

 
px

x
xg

cos
,   deb belgilab, Abel alomatining shartlarini tekshiramiz. 

1)   xexf  ,  funksiya har bir fiksirlangan   ,0  uchun 

monoton va        ,0,,1:, 2  xRxD , to`plamda 

chegaralangan   1, xf . 

2) 



1

cos
dx

x

x
p

integral Dirixle alomatiga ko`ra 0  to`plamda 

tekis yaqinlashuvchi. Abel teoremasining shartlari bajarildi.   berilgan 

intengral 0  to`plamda tekis yaqinlashadi.  

 10.21-Masala. Quyidagi 




1
22

.
1

dx
xx

xarctg
 

integral hisoblang. 

     





1
22

.
1

dx
xx

xarctg
I


  deb belgilab olib, bu integralni parametr 

bo`yicha differensiallash amalidan foydalanib hisoblaymiz. Buning uchun 

avval xosmas integrallarda parametr bo`yicha differensiallash mumkinligi 

haqidagi 6
0
-punktda keltirilgan 3-teoremaning shartlari bajarilishini 

ko`rsatamiz. 

  
1

,
22 


xx

xarctg
xf


  va     ,1:, 2 xRxD  

deb belgilaymiz. 



 

 

 

281 

 
 

  ;
121

,
2222 





xxxx

xarctg
xf


  

 
  1

1

11

1
,

2222 







xxxxx
xf


  

tengsizliklar va 


1
22 12

dx
xx

dx
, 



1
2 1

1
dx

xx
 integrallar yaqinlashuvchi 

ekanligidan Veyershtrass alomatiga ko`ra  


1

, dxxf   va  




1

, dxxf   

integrallarning    to`plamda tekis yaqinlashishini hosil qilamiz. 

Demak berilgan integraldan parametr   bo`yicha xosila olish mumkin: 

 
 






1
222 11 xxx

dx
I


  Bu integralda chtx   almashtirish bajarib,  

 

















21
1

2 


I  bo`lishini topamiz. Bu tenglikdan  I  ni topamiz. 

0  bo`lganda     















 0,1

21
1

2

2

2








 ccdI   

      .0,11
22

00 2  





IcI  

 Xuddi shu kabi 0  bo`lganda    211
2




 I  ekanligini 

topamiz. Ikkala javobni umumlashtirsak, 

     


   ,sgn11
2

2I  tenglikni hosil qilamiz.  

 11.21-Masala. Quyidagi 

 










1

0

0  ,0  ,
ln

1
lnsin badx

x

xx

x

ab

 

integralni hisoblang. 

   Bu integralni ushbu dyx
x

xx
b

a

y
ab




ln
 tenglik va parametrga bog`liq 

integrallarni parametr bo`yicha integrallash haqidagi teoremadan 

foydalanib hisoblaymiz: 
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    











































1

0

1

0

1

0

1
lnsin

1
lnsin

ln

1
lnsin dxdy

x
xdxdyx

x
dx

x

xx

x

b

a

y
b

a

y
ab

 

  




























































 

 






dytdte

txtx

dtedxex
dydx

x
x

b

a

ty

ttb

a

y

0

1

1

0

sin                           

01;0

1
lnsin

 

 














 




0

1 sin tdteI ty  integralda ikki marta bo`laklab integrallasak, I ga 

nisbatan chiziqli tenglama hosil qilamiz va 

   
    





















a

b

barctg
a

b
ygarct

y

dy

y
I 11

11
  topamizekanligini   

11

1
22

 

 
   

.
111

1





ba

ab
arctgaarctg  

 

 

 12.21-Masala. Eyler integrallaridan foydalanib, quyidagi 

   

 
  








b

a
nm

nm

cbadx
cx

xbax
I 0,0

2
 

integralni hisoblang. 

   Berilgan integralni Eyler integraliga keltirish uchun shunday 

almashtirish bajarishimiz kerakki, natijada  ba,  kesma  1,0  kesmaga o`tsin. 

Buning uchun t
cb

ab

cx

ax










 almashtirish bajarish kifoya. 

 Agar berilgan integralda shu almashtirishni bajarsak, 

 n
nn

m

mm

t
ca

ab

cx

xb
t

cb

ab

cx

ax




















































1  ,  va 

     
dt

cacb

ab

cx

dx







2

  

bo`lib, u quyidagi ko`rinishga keladi va oson hisoblanadi: 
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   

 

 

   
 

 

   
   


























b

a

nm

nm
nm

nm

nm

nm

nm

nmB
cacb

ab
dttt

cacb

ab
dx

cx

xbax
I

1

0

11

1

11

1

2
.1,11

 Natija. Agar berilgan integrallarda m va n lar natural sonlar bo`lsa, 

unda 

 

     !1

!!
11

1















nm

nm

cacb

ab
I

nm

nm

 bo`ladi.  
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9-§. 8-MUSTAQIL ISH 

Karrali va egri chiziqli integrallar. Sirt integrallari va maydonlar 

nazariyasi elementlari. Furye qatorlari 

Ikki karrali integrallar va ularning asosiy xossalari. 

Ikki karrali integrallarni hisoblash. 

Ikki karrali integrallarda o`zgaruvchilarni almashtirish. 

Silindrik va sferik koordinatalar. 

Ikki karrali integrallarning ba`zi tatbiqlari. 

1-tur egri chiziqli integral va uni hisoblash. 

2-tur egri chiziqli integral va uni hisoblash. 

Grin formulasi va uning tatbiqlari. 

1-tur sirt integrali va uni hisoblash. 

2-tur sirt integrali va uni hisoblash. 

Stoks va Gauss-Ostrogradskiy formulalari. 

Maydonlar nazariyasi elementlari. 

Furye qatorlari. 

-A- 

Asosiy tushunsha va teoremalar. 

1
0
. Ikki karrali integralning ta`rifi va uning asosiy xossalari 

 Rimanning karrali integrallar nazariyasi nR  fazodagi Jordan 

o`lchoviga asoslangan. Jordan bo`yicha o`lchovli to`plamlarning asosiy 

xossalaridan biri, uning chegaralangan bo`lishidir. To`plam chegarasining 

Jordan o`lchovi 0 ga teng bo`lishi zarur va etarlidir. 2R   3R  fazoda Jordan 

bo`yicha o`lchovga ega bo`lgan to`plamga kvadratlanuvchi (kublanuvchi) 

soha deyiladi. 3n  bo`lganda karrali integrallar nazariyasi ikki karrali 

integrallar nazariyasidan prinsipial jihatdan farq qilmaganligi va ikki 

karrali integrallarni tasavvur qilish osonroq bo`lganligi sababli biz asosan 

ikki karrali integrallar nazariyasini keltirish bilan kifoyalanamiz. Butun 

paragraf davomida biz qaralayotgan sohani kvadratlanuvchi deb faraz 

qilamiz. 

 Aytaylik 2RD  sohada  yxf ,  funksiya aniqlangan bo`lsin. D  sohani 

  egri chiziqlar to`ri yordamida n ta nDDD ,...,, 21  sohashalarga bo`lamiz. 

кD  sohada  kк  ,  nuqta olib,  kкf  ,  ni hisoblaymiz hamda quyidagi 

 





1

,
k

kkk Sf           (1) 
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 yxf ,  funksiyaning D  soha uchun integral yig`indisini tuzamiz. Bu yerda 

кk DS      sohaning yuzasi. 

 Ta`rif. Agar (1)-integral yig`indining к
nk

Ddiam max
 ,1

  0 ga intilgandagi 

limiti mavjud bo`lib, u chekli songa teng bo`lsa hamda uning qiymati 

sohaning bo`linish usuliga va  kк  ,  nuqtalarning tanlanishiga bog`liq 

bo`lmasa, u holda o`sha son  yxf ,  funksiyaning D  soha bo`yicha ikki 

karrali integrali (Riman ma`nosidagi integrali) deyiladi va u  

 
D

dsyxfI ,  yoki  
D

dxdyyxfI ,  

kabi belgilanadi.  yxf ,  funksiya D  sohada integrallanuvchi deyiladi. Aks 

holda  yxf ,  funkтsiya D  sohada integrallanuvchi emas, deyiladi. 

 Shunday qilib, 

   





n

k
kkk

D

SfdxdyyxfI
1

0
,lim:,        (2) 

 Izoh. Karrali integrallar uchun integrallanuvchi funksiya 

chegaralangan bo`lishi shart emas. Lekin, biz tasdiqlarning sodda bo`lishi 

uchun paragraf davomida integrallanuvchi funksiyalardan ularning 

chegaralangan bo`lishini talab qilamiz. 

Ikki karrali integralni ham bir o`zgaruvchili funksiyaning aniq 

integralidagi kabi Darbu yig`indilari yordamida ham aniqlash mumkin. 

 Aytaylik,     кk DyxyxfSupM  ,:,  va     кk Dyxyxfm  ,:,inf  bo`lib, 

 yxfmM
kkk

,  funksiyaning кD  sohadagi tebranishi bo`lsin. 

 1-Teorema.  yxf ,  funksiya D  sohada integrallanuvchi bo`lishi 

uchun  







n

k

kk S
1

0
0lim 


         (3) 

tenglikning bajarilishi zarur va etarlidir. 

2-ta`rif. Agar 0  uchun 2RE   to`plamni yuzalarining yig`indisi 

  dan kichik bo`lgan sanoqli sondagi to`g`ri to`rtburchaklar bilan qoplash 

mumkin bo`lsa, u holda E  to`plamning Lebeg o`lchovi 0 ga teng deyiladi. 

Agar E  to`plamni yuzalarining yig`indisi etarlicha kichik bo`lgan chekli 

sondagi to`g`ri to`rtburchaklar bilan qoplash mumkin bo`lsa, unda E  

to`plamning Jordan o`lchovi 0 ga teng deyiladi. 

Ta`rifdan ko`rinadiki, Jordan o`lchovi 0 ga teng to`plamning Lebeg 

o`lchovi ham 0 ga teng bo`ladi. Teskarisi o`rinli emas lekin Lebeg o`lchovi 

0 ga teng kompakt to`plamning Jordan o`lchovi ham 0 ga teng bo`ladi. 
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Jordan o`lchovi 0 ga teng bo`lgan to`plamlarning chekli sondagi 

yig`indisining Jordan o`lchovi, Lebeg o`lchovi 0 ga teng bo`lgan 

to`plamlarning sanoqli sondagi yig`indisining Lebeg o`lchovi 0 ga teng 

bo`ladi. 

2-Teorema. (Lebeg teoremasi). Agar  yxf ,  funksiya o`lchovga ega 

bo`lgan yopiq D  sohada chegaralangan va bu sohadagi Lebeg o`lchovi 0 

ga teng bo`lgan E  sohada uzilishga ega bo`lib, qolgan barcha nuqtalarda 

uzluksiz bo`lsa, u holda  yxf ,  funksiya D  sohada integrallanuvchi 

bo`ladi. 

Natija. Agar  yxf ,  funksiya o`lchovga ega bo`lgan chegaralangan 

yopiq D  sohada uzluksiz bo`lsa, u holda  yxf ,  funksiya D  sohada 

integrallanuvchi bo`ladi. 

Ikki karrali integrallar ham oddiy bir o`zgaruvchili funksiyaning aniq 

integrali uchun o`rinli bo`lgan qator xossalarga ega. Biz ularning 

barchasini takrorlamay, o`rta qiymat haqidagi teoremalarga to`xtalamiz, 

xolos. 

 yxf ,  funksiya D  sohada aniqlangan bo`lib, shu sohada 

chegaralangan bo`lsin, ya`ni m  va M sonlar:   Dyx  ,  uchun  

  Myxfm  ,  

bo`ladi. 

 3-Teorema.  yxf ,  funksiya D  sohada integrallanuvchi bo`lsa, u 

holda   o`zgarmas  Mm      son mavjudki, 

  SdxdyyxfI
D

  ,  

bo`ladi. Bu yerda S- D  sohaning yuzasi. 

 Natija. Agar    DCyxf ,  bo`lib, D -yopiq bo`lsa, unda   Dba  ,  nuqta 

topiladiki 

    SbafdxdyyxfI
D

  ,,  

bo`ladi. 

 4-Teorema. Agar  yxg ,  funksiya D  sohada integrallanuvchi bo`lib, 

u shu sohada o`z ishorasini o`zgartirmasa va    DCyxf ,  bo`lsa, u holda 

  Dba  ,  nuqta topiladiki, 

        
D D

dxdyyxgbafdxdyyxgyxf ,,,,  

bo`ladi. 
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2
0
. Ikki karrali integrallarni hisoblash 

Ikki karrali integrallar amaliyotda takroriy integralga keltirish 

yordamida hisoblanadi. Biz D  soha to`g`ri to`rtburchakli va egri chiziqli 

trapesiya bo`lgan 2 ta holda ikki karrali integralni takroriy integralga 

keltirish haqidagi teoremalarni keltiramiz. 

1-Teorema.  yxf ,  funksiya   dycbxaRyxD    ,:, 2  sohada 

berilgan va integrallanuvchi bo`lsin. Agar har bir fiksirlangan  bax ,  da 

   
d

c

dyyxfxI ,  

integral mavjud bo`lsa, u holda ushbu 

  dxdyyxf

b

a

d

c

  







,  

takroriy integral mavjud bo`lib,  

  
D

dxdyyxf ,   dxdyyxf

b

a

d

c

  







,         (4) 

tenglik o`rinli bo`ladi. 

 2-Teorema.  yxf ,  funksiya D  sohada integrallanuvchi bo`lib, 

 fiksirlangan  dcy , da  

   
b

a

dyyxfxI ,  

mavjud bo`lsa, u holda 

  dydxyxf

d

c

b

a

  







,  

integral ham mavjud bo`ladi va  

  
D

dxdyyxf ,   dydxyxf

d

c

b

a

  







,           (5) 

tenglik bajariladi. 

 Endi soha 

      xyxbxaRyxD 21
2    ,:,   

egri chiziqli trapesiya ko`rinishida berilgan bo`lib,  x1  va    baCx ,2   

bo`lsin.  

 3-Teorema.  yxf ,  funksiya D  sohada berilgan va integrallanuvchi 

bo`lsin. Agar  fiksirlangan  bax ,  uchun  
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   
 

 








x

x

dyyxfxI
2

1

,  

integral mavjud bo`lsa, u holda 

 
 

 

 












b

a

x

x

dxdyyxf
2

1

,





 

mavjud bo`ladi va  

  
D

dxdyyxf ,  
 

 

 












b

a

x

x

dxdyyxf
2

1

,





          (6) 

tenglik bajariladi. 

 Agar D  soha 

      dycyxyRyxD     ,:,
21

2  

ko`rinishda bo`lib,  y1  va    dcCy ,
2

  bo`lsa, unda quyidagi teorema 

o`rinli bo`ladi. 

 4-Teorema.  yxf ,  funksiya D  sohada integrallanuvchi bo`lib,   

fiksirlangan  dcy ,  uchun  

   
 

 







y

y

dxyxfyI
2

1

,  

mavjud bo`lsa, unda 

 
 

 

 
















d

c

y

y

dydxyxf
2

1

,  

mavjud va 

  
D

dxdyyxf ,  
 

 

 
















d

c

y

y

dydxyxf
2

1

,          (7) 

bo`ladi. 

3
0
. Ikki karrali integrallarda o`zgaruvchilarni almashtirish. Silindrik 

va sferik koordinatalar sistemasi 

 2RD  soha berilgan bo`lib,  yxf ,  funksiya D  da integrallanuvchi 

bo`lsin.   
D

dxdyyxf ,  

 
D

dxdyyxfI ,           (7) 

deb belgilaymiz. Bizdan (7) ni hisoblash talab qilinsin. Ravshanki,  yxf ,  

funksiya hamda D  soha murakkab bo`lsa, (7)-integralni hisoblash qiyin 

bo`ladi. 
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 Ko`p hollarda x va u o`zgaruvchilarni boshqa o`zgaruvchilarga 

almashtirish natijasida funksiya ham, soha ham soddalashib, ikki karrali 

integralni hisoblash osonlashadi. 

 Aytaylik, 2 ta x0u va u0v tekisliklar berilgan bo`lsin. x0u tekisligida 

chegaralangan, chegarasi D  sodda, bo`lakli silliq chiziqdan iborat bo`lgan 

D  sohani qaraylik. Ikkinchi uov tekisligida ham xuddi shunga o`xshash   

sohani olamiz. 

  vu,  va  vu,  funkтsiyalar   da berilgan shunday funksiyalar 

bo`lsinki, ular   sohadagi  vu,  nuqtani D  sohadagi  yx,  nuqtaga 

akslantirsin, ya`ni 

 
 








vuy

vux

,

,




           (8) 

funksiyalar   sohani D  sohaga akslantiradi. 

 Faraz qilaylik, bu akslantirish quyidagi shartlarni qanoatlantirsin: 

1) (8)-akslantirish o`zaro bir qiymatli, 

2)  yx, ,    DCyx  ,  bo`lib, bu funksiyalarga teskari bo`lgan funksiyalar 

 vu,1 ,    Cvu,2  va ularning barcha birinchi tartibli xususiy hosilalari   

bo`lib, ular ham mos sohalarda uzluksiz bo`lsin, 

3) (8)-sistemadagi funksiyalarning xususiy hosilalaridan tuzilgan 

determinant (yakobian) uchun  

 
 
 

0

      

         

,

,
, 



















v

y

u

y

v

x

u

x

vuD

yxD
vuI      (9) 

shart bajarilsin. 

 Teorema. Faraz qilaylik, (8)-sistema yordamida aniqlangan 

funksiyalar   sohani D  sohaga akslantirsin va yuqoridagi 1)-3)-shartlarni 

qanoatlantirsin. U holda 

        dudvvuIvuvufdxdyyxfI
D

,,,,,  


        (10) 

bo`ladi. 

 (10)-formulaga ikki karrali integrallarda o`zgaruvchilarni 

almashtirish formulasi deyiladi. 

 Uch karrali integrallarda o`zgaruvchilarni almashtirish formulalari 

ham shu kabi bo`ladi. Masalan,  
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 

 

 













wvuz

wvuy

wvux

,,

,,

,,

 

funksiyalar 3R  sohani 3RD  sohaga akslantirib, yuqoridagi 1)-3) 

shartlarni qanoatlantirsin. Agar D  sohada integrallanuvchi  zyxf ,,  

funksiya berilgan bo`lsa, u holda 

           



D

dudvdwwvuIwvuwvuwvudxdydzzyxf ,,,,,,,,,,,,  

tenglik o`rinli bo`ladi. Bu yerda  

 
 
 

w

z

v

z

u

z

w

y

v

y

u

y

w

x

v

x

u

x

wvuD

zyxD
wvuI







































         

          

         

,,

,,
,,  - 

-berilgan akslantirishning yakobiani. 

 Ikki karrali integrallarni hisoblashda qutb koordinatalar sistemasiga 

o`tish ( ,cos rx  ,sin ry  rI  ), uch karrali integrallarni hisoblashda esa 

silindrik yoki sferik koordinatalar sistemasiga o`tish ko`p hollarda yaxshi 

natija beradi. 

 Silindrik koordinatalar sistemasida 3RM   nuqta  zrM ,,  kabi 

beriladi (10-chizma).  

 

10-chizma. 
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Silindrik koordinatalar sistemasini Dekart koordinatalar sistemasi bilan 

bog`lovchi formulalar (11) va (12) tengliklarda keltirilgan. 



















rzz

ry

rx

0  ,20        ,

sin

cos

           (11) 



















zz

x

y
arctg

yxr



22

              (12) 

(11)-sistema uchun yakobian 

 
 
 

r
zrD

zyxD
zrI 




,,

,,
,,  

11-chizma. 

Sferik koordinatalar sistemasida  3RM   nuqta   ,,M  kabi beriladi (11-

chizma). Sferik koordinatalar sistemasini Dekart koordinatalar sistemasi 

bilan bog`lovchi formulalar (13)-tenglikda keltirilgan. 





















cos

sinsin

sincos

z

y

x

  0   ,0  ,20           (13) 

(13)-sistema uchun yakobian 

 
 
 




 sin
,,

,,
,, 2

D

zyxD
I  

4
0
. Ikki karrali integrallarning ba`zi bir tatbiqlari 

a) Jismning hajmi. 3R  fazoda yuqoridan  yxfz ,  sirt bilan, yon 

tomonlaridan yasovchilari 0Z o`qiga parallel bo`lgan silindrik sirt hamda 
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pastdan 0XY tekisligidagi D  soha bilan chegaralangan  V  jismning hajmi 

V ushbu  

 
D

dxdyyxfV ,             (14) 

formula yordamida hisoblanadi. 

Misol. Ushbu 

1
2

2

2

2

2

2


c

z

b

y

a

x
 

ellipsoidning hajmi topilsin. 

  Agar  0z  yarim fazodagi ellipsoid bo`lagining hajmini 1V  desak, 

unda 

dxdy
b

y

a

x
cVV

D

 
2

2

2

2

1 122  

bo`ladi. Bu yerda 









 1
2

2

2

2

b

y

a

x
D  













sin

cos

bry

arx
 almashtirish bajaramiz, unda D  soha 

   20,10:,  rr  to`g`ri to`rtburchakka akslanadi va yakobian 

  abr

brb

ara

y

r

y

x

r

x

rI 

























cos,sin  

 sin,cos  

  

    

,  

bo`ladi. Unda 

  










 .

3

4
141212

1

0

2

1

0

2

0

22 abcdrrrabcdrdrrabcabrdrdrcV





 

 b) Yassi shaklning yuzasi 

 Ikki karrali integralning ta`rifiga ko`ra, D  sohaning yuzasi 


D

dxdyS          (15) 

formula yordamida hisoblanadi. 

Xususan, soha     xfybxaRyxD  0  ,:, 2  egri chiziqli trapesiya 

bo`lsa, u holda 
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 

   













b

a

b

a

xf

D

dxxfdxdydxdyS
0

 

bizga ma`lum bo`lgan formulaga kelamiz. 

v) Sirtning yuzasi. Aytaylik ,    DCyxfz 1,   bo`lib , bu funksiyaning 

grafigi 3R  fazoda (S) sirtdan iborat bo`lsin. U holda bu sirt yuzasi 

    



 






 


D

yx dxdyyxfyxfS
22

,,1          (16) 

formula yordamida hisoblanadi. 

g) Ikki karrali integrallar yordamida mexanikaga oid masalalarni 

yechish. 

Aytaylik, D -xOu tekisligida berilgan zichligi  yx,  ga teng bo`lgan bir 

jinsli plastinka bo`lsin. Unda quyidagi formulalar o`rinli bo`ladi. 

 
D

dxdyyxM ,           (17) 

(17)-plastinkaning massasi. 

 

 




















D

y

D

x

dxdyyxxM

dxdyyxyM

,

,,

         (18) 

(18)-plastinkaning 0X va 0Y o`qlariga nisbatan statik momentlari. 
















M

M
y

M

M
x

x

y

0

0

           (19) 

(19)-plastinka og`irlik markazining koordinatalari. 

 

 




















D

y

D

x

dxdyyxxI

dxdyyxyI

,

;,

2

2

            (20) 

(20)-plastinkaning 0X va 0Y o`qlariga nisbatan inersiya momentlari. 

    
D

yx
dxdyyxyxIII ,22

0
            (21) 

(21)-plastinkaning koordinata  

boshiga nisbatan inersiya momenti. 

 Eslatma. Ikki karrali integral oddiy bir o`zgaruvchili funksiya aniq 

integralining qanday umumlashmasi bo`lsa, uch karrali integral ham ikki 
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karrali integralning shunday umumlashmasi bo`ladi va prinsipial jihatdan 

undan farq qilmaydi. Shu munosabat bilan uch karrali integralning ta`rifi, 

uni hisoblash usullari va ularning tatbiqlarini o`qib, o`rganib olishni 

o`quvchining o`ziga havola qilamiz. 

5
0
. Birinshi tur egri chiziqli integrallar va ularni hisoblash 

Ushbu  ,tx    ty   funksiyalar  ,  kesmada aniqlangan va 

uzluksiz bo`lib, ular t  ning turli qiymatlariga 2R  da turli nuqtalarni mos 

qo`ysin. Bu holda  ,  kesmaning  

 

 







ty

tx
 

funksiyalar yordamida 2R  da hosil bo`ladigan aksi   ga sodda egri chiziq 

deyiladi: 

         ,,,:, 2 ttytxRyx . 

 A  ga egri chiziqning boshlang`ich nuqtasi  B  nuqtaga esa 

egri chiziqning oxirgi nuqtasi deb ataladi. Biz qaralayotgan egri chiziq 

to`g`rilanuvchi, ya`ni chekli uzunlikka ega bo`lsin deb faraz qilamiz. 

Aytaylik, xOy tekisligida biror sodda BA


 egri chiziq yoyi va bu yoyda 

 yxf ,  funksiya berilgan bo`lsin. BA


 egri chiziqni A dan V ga qarab 

BAAAAA n  , ... ,  ,  , 210  nuqtalar yordamida n ta 1kk AA  (
________

1,0  nk ) yoyga 

ajratamiz. 1kk AA  yoyning uzunligini kS  va 
k

nk
S

 1,0
max  deb belgilaymiz. 

Endi    1,0   , 1   nkAA kkkk  nuqtalar olamiz va quyidagi 

 





1

0

,
n

k

kkk Sf   

yig`indini tuzamiz. 

Ta`rif. Agar 



 0
lim  bo`lib, u chekli I soniga teng bo`lsa va I ning 

qiymati BA


 ning bo`linish usuliga hamda  kk  ,  nuqtalarning tanlanishiga 

bog`liq bo`lmasa, u holda shu I soniga  yxf ,  funksiyaning BA


 egri chiziq 

bo`yicha birinshi tur egri chiziqli integrali deb ataladi va u  

 
BA

dsyxf


,  

kabi belgilanadi. 

Shunday qilib,  

  
 

 0
lim,

BA

dsyxf


 





1

00
,lim

n

k
kkk Sf          (22) 
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ekan. 

Birinchi tur egri chiziqli integrallar quyidagi xossalarga ega. 

1)     
BA AB

dsyxfdsyxf
 

,,  

2)  BCCABA


       
BCBA CA

dsyxfdsyxfdsyxf
 

,,,  

3)      constcdsyxfcdsyxcf
BA BA

  
,,  

4)           
BA BABA

dsyxgdsyxfdsyxgyxf
 

,,,,  

5) Agar  
__

, AByx   da   0, yxf  bo`lsa, u holda   
BA

dsyxf


0,  

6)    dsyxfdsyxf
BABA

 


,,  

7)   BAcc


 21,  nuqta topiladiki,     Sccfdsyxf
BA

 21 ,,  bo`ladi. 

Izoh. Yuqoridagi xossalarning hammasida    BACyxf


,  deb faraz 

qilinadi. 

Teorema. Agar          ,,,:, 2  ttytxRyxBA


 sodda egri 

chiziq va    BACyxf


,  bo`lsa,  

             dtttttfdsyxf
BA

22
,,  






        (23) 

bo`ladi. 

Bu teoremadan quyidagi muhim natijalar kelib chiqadi. 

1-Natija. Agar          BbyAaybxcxyyRyxBA  ,   ,:, 2


 bo`lib, 

   ,Cxy   bo`lsa, u holda  

        dxxyxyxfdsyxf
BA

b

a

2
1,,  

          (24) 

bo`ladi. 

2-Natija. Agar     21,:,   rrrBA


 bo`lib,    21, Cr   

bo`lsa, u holda 

       





drrrrfdsyxf
BA

22
2

1

sin,cos,  
         (25) 

bo`ladi. 

Eslatma. Agar 1-tur egri chiziqli integralda   1, yxf  desak,  
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 






BA

n

k

kSds



1

0
0

lim


 bo`ladi, ya`ni 


BA

ds


  (26)- BA


 yoyning uzunligini hisoblash formulasi. 

6
0
. Ikkinchi tur egri chiziqli integrallar va ularni hisoblash 

Tekislikda biror yopiq bo`lmagan sodda BA


 egri chiziq berilgan 

bo`lib,  yxf ,  funksiya shu chiziqda aniqlangan bo`lsin. BA


 egri chiziqni 

 nkAk ,0     nuqtalar yordamida n ta  1,01  nkAA kk


 bo`lakka ajratamiz va 

  1,  kkkл AA


  nuqtalar olib, quyidagi yig`indini tuzamiz: 

 

 

Bu yerda 11        kkkkk AAxxx


 yoyning 0X o`qidagi proeksiyasi, 

1
1  ,0

   ,max 


 kkkk
nk

AASS


 ning uzunligi, deb belgilaymiz. 

Ta`rif. Agar I



 0
lim  mavjud  va chekli bo`lib, I ning qiymati BA


ning 

bo`linish usuliga va  kk  ,  nuqtalarning tanlanishiga bog`liq bo`lmasa, u 

holda I soniga  yxf ,  funksiyadan BA


 egri chiziq bo`yicha olingan 

ikkinchi tur egri chiziqli integral deb ataladi hamda u  

 
BA

dxyxfI


,  

kabi belgilanadi.  

Shunday qilib, 

   






1

0
0

,lim,
n

k

kkk

BA

xfdxyxfI 


         (27) 

ekan. 

Xuddi shunga o`xshash  kkf  ,  larni kx ga emas, ky  larga 

ko`paytirib, 

   






1

0
0

* ,lim,
n

k

kkk

BA

yfdyyxfI 


             (28) 

ni hosil qilamiz. 

2-tur egri chiziqli integral ta`rifidan quyidagi xossalar kelib chiqadi. 

1)     
BA AB

dxyxfdxyxf
 

,,  va     
BA AB

dyyxfdyyxf
 

,, . 

2) Agar BA


 yoy 0X o`qiga (0Y o`qiga) perpendikular bo`lgan to`g`ri 

chiziq kesmasidan iborat bo`lsa, u holda  

  k

n

k

kk xf 




1

0

,



 

 

 

297 

 
 

  
BA

dxyxf


0,      














BA

dyyxf


0,  

bo`ladi. 

Endi faraz qilaylik, BA


 egri chiziqda 2 ta  yxP ,  va  yxQ ,  funksiyalar 

berilgan bo`lib, 

 
BA

dxyxP


,  va  
BA

dyyxQ


,  

2-tur egri chiziqli integrallar mavjud bo`lsin. Ushbu  

  
BA

dxyxP


,  
BA

dyyxQ


,  

yig`indi 2-tur egri chiziqli integralning umumiy ko`rinishi deb 

ataladi va  

   dyyxQdxyxP
BA

,,   

kabi yoziladi. Demak, 

     dyyxQdxyxP
BA

,,


  
BA

dxyxP


,  
BA

dyyxQ


,             (29) 

Aytaylik, BA


 egri chiziq, sodda yopiq egri chiziq bo`lsin, ya`ni A va 

V nuqtalar ustma-ust tushsin. Bu yopiq chiziqni   deb belgilaymiz. Bu 

yopiq chiziqda ikkita yo`nalish bo`ladi. Ularning birini musbat (soat 

strelkasiga qarama-qarshi yo`nalganini) ,ikkinchisini manfiy yo`nalish deb 

qabul qilamiz. 

Faraz qilaylik,   da  yxf ,  funksiya berilgan bo`lsin. Bu   chiziqda 2 

ta BA   nuqtalar olamiz. Natijada   yopiq chiziq 2 ta BaA


 va AbB


 egri 

chiziqlarga ajraladi (12-chizma). 

Agar     
BaA AbB

dxyxfdxyxf
 

,,  integral mavjud bo`lsa, u  yxf ,  

funksiyaning   yopiq chiziq bo`yicha 2-tur egri chiziqli integrali deb 

ataladi va  


dxyxf ,  kabi belgilanadi. 

12-chizma. 
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  


dxyxP ,  


dyyxQ ,  bo`lgan umumiy xol ham xuddi shunga o`xshash 

ta`riflanadi. 

 Agar BA


 egri chiziq fazoviy chiziq bo`lib,  zyxf ,,  funksiya shu 

chiziqda aniqlangan bo`lsa, u holda 

 
BA

dxzyxf


,,,   
BA

dyzyxf


,,,   
BA

dzzyxf


,,,  lar va 

      
BA

dzzyxRdyzyxQdxzyxP


,,,,,,  

  
BA

dxzyxP


,,   
BA

dyzyxQ


,,  
BA

dzzyxR


,,  

lar ham yuqoridagidek aniqlanadi. 

Endi ikkinchi tur egri chiziqli integrallarni hisoblashni o`rganamiz. 

Faraz qilaylik,          ,,,:,  ttytxyxBA


 bo`lib, 

           ,,,,, ACtt    

     B ,  bo`lsin, hamda t parametr   dan   ga qarab o`zgarganda 

      ttyx  ,,   nuqta A dan V ga qarab o`zgarsin. 

1-Teorema. Agar     ,Ct   bo`lib,    BACyxf


,  bo`lsa, u holda 

          
BA

dttttfdxyxf







,,             (30) 

bo`ladi. 

2-Teorema. Agar     ,Ct   bo`lib,    BACyxf


,  bo`lsa, u holda 

          



BA

dttttfdyyxf


',,                (31) 

bo`ladi. 

1-Natija. Agar       ,, Ctt    bo`lib,      BACyxQyxP


,,,   bo`lsa, u 

holda  

                  dttttQtttPdyyxQdxyxP
BA

 







,),,,         (32) 

bo`ladi. 

2-Natija. Agar     bxaxyyyxBA  ,:,


,    baCxy ,  bo`lib , 

     BACyxQyxP


,,,  bo`lsa, u holda 

             .,,,, dxxyxyxQxyxPdyyxQdxyxP

b

aBA

 


           (33) 

bo`ladi. 
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Misol. Agar AO

 egri chiziq  0,0O  va  1,1A  nuqtalarni tutashtiruvchi 

a) to`g`ri chiziq kesmasi. 

b) ORA siniq chiziq,  0,1P  nuqta; 

v) OQA siniq chiziq,  1,0Q  nuqta bo`lsa, 

  
AO

xydydxyxI


22  

hisoblansin. 

  a)   
6

5
210,:

1

0

22   dxxxxIxxyAO


 

b)        

PO APAPO

xydydxyxxydydxyxxydydxyxI
 

222 222  

  


























1

0

1

0

.
2

3
2

010,1:

010,0:
ydyxdx

dxyxPA

dyxyOP
 

v)        
QO AQAQO

xydydxyxxydydxyxxydydxyxI
 

222 222  

    






































1

0

1

0

.
2

1
10

010,1:

010,0:

dxxdy

dyxyQA

dxyxОQ

 

Izoh. Bu misoldan ko`rinib turibdiki, 2-tur egri chiziqli integralning 

qiymati umuman olganda, A va V nuqtalarni tutashtiruvchi integrallash 

yo`liga bog`liq ekan. 

Qanday shartlar bajarilganda uning qiymati integrallash yo`liga 

bog`liq bo`lmaydi, degan savolga keyingi punktda javob beramiz. 

7
0
. Grin formulasi va uning ba`zi bir tatbiqlari 

a) Grin formulasi. 

1-Teorema. (Grin). 2RD  soha berilgan bo`lib, uning shegarasi D  

bo`lakli-silliq chiziqdan iborat bo`lsin. Agar  yxP ,  va  yxQ ,  funksiyalar D  

da berilgan va  yxP , ,  yxQ , , 
     DC

y

yxQ

x

yxP








 ,
,

,
 bo`lsa, u holda 

    





















D D

dxdy
y

P

x

Q
dyyxQdxyxP ,,             (34) 

tenglik o`rinli bo`ladi. 

(34)-formulaga Grin formulasi deyiladi. 

Grin formulasidan D  sohaning yuzasini hisoblash uchun ushbu 





D

ydxS ,             (35) 
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



D

xdyS ,  va            (36) 





D

ydxxdyS ,
2

1
           (37) 

formulalar kelib chiqadi. 

2-Teorema. Agar  yxP ,  va  yxQ ,  funksiyalar D  sohada Grin 

teoremasining shartlarini bajarsa, unda quyidagi 4 ta shart bir-biriga 

ekvivalent bo`ladi. 

1) D  da 
x

Q

y

P









    (38) tenglik bajariladi. 

2) D  sohadagi   yopiq kontur   uchun  


0QdyPdx  

3) DBA  ,  nuqtalar va bu nuqtalarni tutashtiruvchi BA


 yoy uchun  

 
BA

QdyPdx


 

integralning qiymati integrallash yo`liga bog`liq emas; 

4)   dxyxP ,  dyyxQ ,  ifoda to`liq differensial bo`ladi, ya`ni D  sohada 

shunday  yxu ,  funksiya topiladiki QdyPdxdu   tenglik bajariladi va unda  

    
BA

AuBuQdyPdx


 bo`ladi. 

Agar QdyPdxdu   bo`lsa, unda  yxu ,  funksiya ushbu  

       

x

x

y

y

cdyyxQdxyxPyxu

0 0

,,, 0            (39) 

formula yordamida topiladi. Bu yerda   Dyx 00 , -ixtiyoriy nuqta. 

Misol. Agar   chiziq koordinata boshidan o`tmaydigan va yo`nalishi 

musbat bo`lgan   yopiq chiziq bo`lsa,  

 






22 yx

ydxxdy
I  

integralni hisoblang. 

    chiziq bilan chegaralangan sohani D  deb belgilaymiz. 

1-hol. D0  bo`lsin. 






2222

,
yx

x
Q

yx

y
P

 















222

22

yx

xy

x

Q

y

P
 Grin 

formulasiga ko`ra 0I  

2-hol. D0  bo`lsin. Bu holda Grin formulasidan foydalana olmaymiz, 

chunki,  yxP ,  va  yxQ ,  funksiyalar  0,00  nuqtada aniqlanmagan. 
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13-chizma. 

D  sohaning ichida yotuvchi   222:,  ryxyxr   aylana olamiz. Endi 

G soha sifatida   va r  chiziqlari bilan chegaralangan sohani olamiz. G da 

x

Q

y

P









 va G0 . Unda Grin formulasiga ko`ra  

    
    


G

r r

QdyPdxQdyPdxQdyPdxQdyPdxQdyPdx 00  

 




































 2

0

22
.2

cos,sin

sin,20,cos
dt

tdtrdytry

tdtrdxttrx

yx

ydxxdy
I

r

 

8
0
. Birinchi tur sirt integrallari va ularni hisoblash 

Birinchi tur egri chiziqli integrallar oddiy aniq integrallarning qanday 

umumlashtirilishi bo`lsa, birinchi tur sirt integrallari ham ikki karrali 

integrallarining shunday tabiiy umumlashtirilishidir. 

Bizga bo`lakli silliq kontur bilan chegaralangan ikki tomonli silliq 

(yoki bo`lakli silliq)   3RS   sirt berilgan bo`lib,  zyxf ,,  funksiya shu 

sirtda aniqlangan bo`lsin. (S) sirtni   tarzda o`tkazilgan egri chiziqlar to`ri 

yordamida      nSSS ,...,, 21  qismlarga ajratamiz.  kS  ning yuzasini kS  deb 

belgilaymiz  nk   ,1  .Har bir  kS  da  kkk  ,,  nuqta olib 

 



n

k

kkkk Sf
1

,,   

integral yig`indini tuzamiz va  k
nk

Sdiam
 ,1

max


  deb belgilaymiz. 

Ta`rif. Agar I



 0
lim  mavjud va chekli bo`lib, I ning qiymati (S) 

sirtning bo`linish usuli hamda  kkk  ,,  nuqtalarning tanlanishiga bog`liq 

bo`lmasa, u holda I ga  zyxf ,,  funksiyadan (S) sirt bo`yicha olingan 1-tur 

sirt integrali deyiladi va  
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 
 

S

dszyxf ,,  

kabi belgilanadi. 

Teorema. Agar sirt ushbu  

        DyxyxzzRzyxS  ,,,:,, 3  ko`rinishda berilgan bo`lib, 

       DCyxzyxzyxz yx  ,,,,,  va     SСzyxf ,,  bo`lsa, u holda  

    
 

      dxdyyxzyxzyxzyxfdSzyxf yx

S D

22
,','1,,,,,            (40) 

bo`ladi. 

9
0
. Ikkinchi tur sirt integrallari va ularni hisoblash 

Bizga ikki tomonli silliq (yoki bo`lakli silliq)   3RS   sirt berilgan 

bo`lib,  zyxf ,,  funksiya shu sirtda aniqlangan bo`lsin. (S) sirtni   tarzda 

o`tkazilgan egri chiziqlar to`ri yordamida      nSSS ,...,, 21  qismlarga 

ajratamiz.  kS   nk   ,1  ning 0XY tekislikdagi proeksiyasini kk DD   ,  ning 

yuzasini esa 
лDS  deb belgilaymiz. Har bir  kS  da  kkk  ,,  nuqta olib 

quyidagi 

 



n

k

Dkkk k
Sf

1

,,  

yig`indini tuzamiz va  k
nk

Sdiam
,1

max


  deb belgilaymiz  

Ta`rif. Agar I



 0
lim  mavjud va chekli bo`lib, I ning qiymati (S) 

sirtning bo`linish usuliga hamda  kkk  ,,  nuqtalarning tanlanishiga 

bog`liq bo`lmasa, u holda I ga  zyxf ,,  funksiyadan (S) sirtning tanlangan 

tomoni bo`yicha olingan ikkinchi tur sirt integrali deyiladi va  

 
 

S

dxdyzyxf ,,  

kabi belgilanadi. 

 Shunday qilib,  

 
 
 
S

dxdyzyxfI ,,  




n

k

Дkkk k
Sf

1
0

,,lim 


          (41) 

Shuni aytib o`tish kerakki, funksiyadan (S) sirtning bir tomoni 

bo`yicha olingan ikkinchi tur sirt integrali, funksiyadan shu sirtning 

ikkinchi tomoni bo`yicha olingan ikkinchi tur sirt integralidan faqat 

ishorasi bilangina farq qiladi. 

Ushbu  
 

S

dydzzyxf ,,  va  
 

S

dzdxzyxf ,,  ikkinchi tur sirt integrallari ham 

yuqoridagidek ta`riflanadi. 
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Ikkinchi tur sirt integralining umumiy ko`rinishini keltiramiz. Faraz 

qilaylik, (S) sirtda    zyxQzyxP ,,  ,,,  va  zyxR ,,  funksiyalar berilgan bo`lib,  

Ushbu 

 
 

S

dxdyzyxP ,, ,   
 

S

dydzzyxQ ,, ,   
 

S

dzdxzyxR ,,  

integrallar mavjud bo`lsa, u holda ularning yig`indisi 2-tur sirt 

integralining umumiy ko`rinishi deb ataladi va  

 
 

   dzdxzyxRdydzzyxQdxdyzyxP
S

,,,,,,   

kabi belgilanadi. 

Endi 3R  fazoda biror (V) jism berilgan bo`lsin. Bu jismni o`rab turgan 

yopiq sirt silliq sirt bo`lib, uni (S) deylik.  zyxf ,,  funksiya (S) da berilgan 

bo`lsin. 0XY tekislikka parallel bo`lgan tekislik bilan (V) ni 2 qismga 

ajratamiz:      21 VVV  . Natijada, uni o`rab turgan (S) sirt  1S  va  2S  

sirtlarga ajraladi. Ushbu 

 
 
 

1

,,
S

dxdyzyxf  
 


2

,,
S

dxdyzyxf          (42) 

integral (agar u mavjud bo`lsa)  zyxf ,,  funksiyaning yopiq sirt bo`yicha 2-

tur sirt integrali deb ataladi va  

 
 

S

dxdyzyxf ,,  

kabi belgilanadi. Bu yerda (42)-munosabatdagi birinchi integral  1S  

sirtning ustki tomoni, ikkinchi integral esa  2S  sirtning pastki tomoni 

bo`yicha olingan. Xuddi shunga o`xshash 

 
 

S

dydzzyxf ,, ,    
 

S

dzdxzyxf ,,  

hamda umumiy holda 

 
 

   dzdxzyxRdydzzyxQdxdyzyxP
S

,,,,,,   

integrallar aniqlanadi. 

Teorema. Agar sirt ushbu  

        DyxyxzzRzyxS  ,,,:,, 3  

ko`rinishda berilgan bo`lib,        DCyxzyxzyxz yx  ,  ,,  ,,  va     SСzyxf ,,  

bo`lsa, u holda  

 
 

   
DS

dxdyyxzyxfdxdyzyxf ,,,,,               (43) 

bo`ladi. 
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Izoh. Agar (S) sirtning pastki tomoni qaralsa, unda barcha 
kDS lar 

manfiy bo`lib, 

 
 

   
DS

dxdyyxzyxfdxdyzyxf ,,,,,  

bo`ladi. 

Natija. Agar (S) sirt yasovchilari OZ o`qiga parallel bo`lgan silindrik 

sirt bo`lsa, unda 

 
 

0,, 
S

dxdyzyxf  

bo`ladi. 

Demak ikkinchi tur sirt integrallari ikki karrali Riman integrallariga 

keltirilib hisoblanar ekan. 

Agar (S)-ikki tomonli silliq sirt bo`lib,    zyxQzyxP ,,  ,,,      SCzyxR ,,  

bo`lsa va (S) sirt normalining yo`naltiruvchi kosinusilarini ,cos  ,cos   cos  

desak, u holda 1 va 2-tur sirt integrallari orasida quyidagi munosabat 

o`rinli.  

 
 

     dxdyzyxRdzdxzyxQdydzzyxP
S

,,,,,,  

      
 

dszyxRzyxQzyxP
S

   cos,,cos,,cos,,          (44) 

Izoh. Agar (S) sirt  yxzz ,  tenglama yordamida berilgan bo`lsa, 

sirtning  000 ,, zyx  nuqtadagi normalining OX, OY, OZ o`qlarining musbat 

yo`nalishlari bilan tashkil qilgan burchaklarini mos ravishda    ,  ,  orqali 

belgilasak, 


























 






 










 






 













 






 








22

22

22

1

1
cos

,

1

cos

,

1

cos

yx

yx

y

yx

x

zz

zz

z

zz

z







             (45) 

bo`ladi va ular normalning yo`naltiruvchi kosinuslari deyiladi. 

Ildiz oldida ma`lum bir ishorani tanlab olish bilan biz sirtning aniq bir 

tomonini tanlab olgan bo`lamiz. Masalan, ildiz uchun musbat ishorani 
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olsak, 0cos  , ya`ni normal OZ o`qi bilan   o`tkir burchak tashkil etadi va 

bu holda (S) sirtning “yuqori” tomonini tanlab olgan bo`lamiz. 

10
0
. Stoks va Gauss-Ostrogradskiy formulalari 

        DyxyxzzRzyxS  ,,,:,, 3  bo`lib,   S bo`lakli silliq egri chiziq 

va   S ning OXY tekisligiga proyeksiyasi D bo`lsin. 

Faraz qilaylik, (S) sirtda uzluksiz    zyxQzyxP ,,  ,,,   zyxR ,,   funksiyalar 

aniqlangan bo`lib, bu funksiyalarning barcha birinchi tartibli xususiy 

hosilalari (S) sirtda uzluksiz bo`lsin. 

1-Teorema. (Stoks).Agar yuqoridagi shartlar bajarilsa, u holda 

ushbu  

 
 

   
 
 



















 SS

dxdy
y

P

x

Q
dzzyxRdyzyxQdxzyxP ,,,,,,  

.dzdx
x

R

z

P
dydz

z

Q

y

R



































            (46) 

Stoks formulasi o`rinli bo`ladi. 

Shunday qilib, Stoks formulasi (S) sirt bo`yicha olingan 2-tur sirt 

integrali bilan shu sirtning chegarasi bo`yicha olingan egri chiziqli 

integralni bog`lovchi formuladir. 

Endi Ostrogradskiy formulasini keltiramiz. 3R   fazoda pastdan 

 yxz ,1  tenglama bilan aniqlangan silliq  1S  sirt bilan, yuqoridan 

 yxz ,2  tenglama yordamida aniqlangan  2S  sirt bilan, yon tomondan 

esa yasovchilari OZ o`qiga parallel bo`lgan тsilindrik  3S  sirt bilan 

shegaralangan  V  jismni qaraylik. Bu jismning OXY  tekisligidagi 

proeksiyasini D  deb belgilaymiz. Faraz qilaylik,  V  da uzluksiz 

     zyxRzyxQzyxP ,,  ,,,  ,,,  funksiyalar berilgan bo`lib,   VC
z

R

y

Q

x

P













,,  

shartlar bajarilsin. 

2-Teorema. (Ostrogradskiy). Agar yuqoridagi shartlar bajarilsa, u 

holda ushbu 

  
  























V S

RdxdyQdzdxPdydzdxdydz
z

R

y

Q

x

P
          (47) 

Gauss-Ostrogradskiy formulasi o`rinli bo`ladi. 

 

11
0
. Maydonlar nazariyasi elementlari 

 Uch o`lchovli Yevklid fazosi 3R  ni olib, undagi nuqtalarni  zyx   ,  , , 

koordinata o`qlari bo`ylab yo`nalgan birlik vektorlarni esa 1e , 2e , 3e  kabi 



 

 

 

306 

 
 

belgilaymiz. Aytaylik, 3RD  sohadagi har bir  zyx   ,  ,  nuqtaga  zyxA   ,  ,  

vektor mos qo`yilgan bo`lib, tanlangan koordinatalar sistemasida u 

 zyxA   ,  ,1 ,  zyxA   ,  ,2 ,  zyxA   ,  ,3  ko`rinishga ega bo`lsin. U holda D  

sohada vektor funksiya aniqlangan yoki D  da vektorlar maydoni berilgan 

deyiladi. agar har bir  zyxAk   ,  , , ,3  ,2  ,1k  funksiya uzluksiz, 

differensiallanuvchi va hakozo bo`lsa, unda A  vektor maydon uzluksiz, 

differensiallanuvchi va hakozo deb ataladi. Agar D  sohada  zyxU   ,  ,  

funksiya aniqlangan bo`lsa, u holda D  da U  skalyar maydon berilgan 

deyiladi. Tanlangan koordinatalar sistemasida qaralayotgan skalyar va 

vektorlar maydoni kerakli darajada silliq bo`lsin deb faraz qilamiz.  

 Ushbu  

AU
z

U
e

y

U
e

x

U
e

z

U

y

U

x

U
gradU 



































 :,,: 321  

operatorni (gradiyent) aniqlaymiz. U bilan bir qatorda A  vektorni U  

skalyar maydonga akslantiruvchi  

UA
z

A

y

A

x

A















:321   

operatorni (divergensiya) qaraymiz. Vektor maydon vektor maydonga 

quyidagi  

BA

AAA

zxx

eee

rotA 











 :

       

      

          

  321

321

 

formula yordamida aniqlanadigan rotor operatori yordamida akslanadi. 

 

Agar simvolik nabla differensial operatorini (Gamilton operatori)  


z

e
y

e
x

e













321  

tenglik yordamida aniqlasak, u holda  

,UgradU   

,ArotA   

AdivA   

bo`ladi.  

Kiritilgan operatorlardan foydalanib, quyidagi tengliklarning o`rinli 

bo`lishini ko`rsatish qiyin emas: 
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1) 0 UrotgradU , 

2)   ,0 AdivrotA  

3)  ,AgraddivA   

4)  ,ArotrotA   

 5) UdivgradU   

 (44)-formuladan foydalangan holda Stoks formulasini quyidagi 

ko`rinishda yozish mumkin:  

     
 





S

zyxRdyzyxQdxzyxP ,,,,,,  

 

.

                    

               

  cos  cos  cos  

dS

RQP

zyxS
















  

 Agar bu tenglikdagi ,P  Q , R  funksiyalar o`rniga A  vektor 

maydonning komponentalarini olsak va  dzdydxdS ,,  deb belgilasak, 

tenglikning chap tomonidagi integralostidagi funksiyani dSA   deb yozish 

mumkin. Agar   cos  ,cos  ,cosn -birlik normal vektor bo`lsa, 

tenglikning o`ng tomonidagi integral ostidagi funksiyani nrotA  deb yozish 

mumkin bo`lib, Stoks formulasining vektor ko`rinishi quyidagicha bo`ladi:  

  
 




S S

rotAdSndSA              (48) 

 (48)-tenglik maydonlar nazariyasi tilida quyidagicha aytiladi: A  

vektor maydonnning sirtning chegarasi bo`yicha olingan sirkulyasiyasi 

rotA maydonning  S  sirt bo`yicha olingan oqimiga teng.  

 (44) formuladan foydalanib, Gauss-Ostrogradskiy formulasi vektor 

ko`rinishida quyidagicha yoziladi: 

 



V V

divAdVndSA ,             (49) 

bu yerda dxdydzdV   hajm elementi.  

 (48) va (49) formulalar vektorlar maydonidagi rotor va divergensiya 

operatorlarining invariant ekanligini ko`rsatish imkoniyatini beradi. 

 1-Ta`rif. Agar А  vektor maydon uchun shunday skalyar U  maydon 

topilib, AgradU   tenglik bajarilsa, unda A  vektor maydon potensial 

maydon deyiladi. U  funksiya esa A  maydonning skalyar potensiali deb 

ataladi.  
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 2-Ta`rif. Agar A  vektor maydon ushun shunday B  vektor maydon 

topilib, ArotB   tenglik bajarilsa, u holda A maydon solenoidal maydon 

deyiladi. V vektor maydon esa A maydonning vektor potensiali deb ataladi. 

 Punktning oxirigacha biz maydonlar uch o`lchovli fazoda 

qaralayapti, deb faraz qilamiz.  

 1-Teorema. A maydon potensial maydon bo`lishi uchun 0rotA  

bo`lishi zarur va yetarli. 

 2-Teorema. A maydon solenoidal bo`lishi uchun 0divA  bo`lishi 

zarur va yetarli. 

 (48)-Stoks formulasidan va 1-teoremadan quyidagi tasdiq kelib 

chiqadi: Agar A potensial maydon bo`lsa, u holda maydonning yopiq 

egri chiziq bo`yicha olingan sirkulyasiyasi 0 ga teng bo`ladi. 

 (49)-Gauss-Ostrogradskiy va 2-teoremadan quyidagi tasdiq kelib 

chiqadi: agar A solenoidal maydon bo`lsa, u holda maydonning biror 

jismni o`rovchi yopiq sirt bo`yicha olingan oqimi 0 ga teng bo`ladi. 

 Shuni ta`kidlash lozimki, ixtiyoriy vektor maydonni potensial va 

solenoidal maydonlarning yig`indisi ko`rinishida ifodalash mumkin. 

 

11
0
. Furye qatorlari 

 1-Ta`rif.  xf  funksiya   ;  kesmada absolut integrallanuvchi 

bo`lsin. Koeffisientlari  

 







 ,...2 ,1 ,0   ,cos
1

nnxdxxfan  

 







 ,...2 ,1    ,sin
1

nnxdxxfbn  

formulalar yordamida aniqlangan ushbu  

   





1

0 sincos
2

~
n

nn nxbnxa
a

xf             (50) 

trigonometrik qator  xf  funksiyaning Furye qatori, na , nb  sonlar esa-

Furye koeffisientlari deyiladi. 

 Absolut integrallanuvchi funksiyaning Furye koeffisientlari n  da 

0 ga intiladi. Agar funksiya juft bo`lsa, Furye qatori faqat kosinuslarni, toq 

bo`lsa faqat sinuslarni o`z ichida saqlaydi. 

 1-Teorema. (Rimanning lokallashtirish prinsipi).  xf  funksiya 

Furye qatorining 0x  nuqtada yaqinlashishi, ixtiyoriy kichik 0  soni 
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uchun  xf  funksiyaning   00 ;xx  kesmadagi qiymatlarigagina bog`liq 

bo`lib, bu kesmadan tashqaridagi qiymatlariga bog`liq emas. 

 2-Teorema. Agar  xf  funksiya   ;  kesmada bo`lakli-uzluksiz 

bo`lib, har x  nuqtada chekli bir tomonli  

 
   

x

xfxxf
xf

x 







0
lim

0

' , 

 
   

x

xfxxf
xf

x 







0
lim

0

'  

hosilalarga ega bo`lsa, u holda  xf  funksiyaning Furye qatori har bir x  

nuqtada yaqinlashadi va uning yig`indisi 
   

2

00  xfxf
 ga teng bo`ladi. 

Xususan, funksiya uzluksiz bo`lgan nuqtada Furye qatori funksiyaning shu 

nuqtadagi qiymatiga yaqinlashadi. 

 Yaqinlashuvchi Furye qatorining yig`indisi davri 2  ga teng bo`lgan 

davriy funksiya bo`ladi. 

 3-Teorema. Agar  xf  funksiya   ;  kesmada kvadrati bilan 

integrallanuvchi funksiya bo`lsa, u holda quyidagi Bessel tengsizligi 

o`rinli:  

    









1

222
2
0 .

1

2 n
nn dxxfba

a
             (51) 

Agar funksiya    ;  da uzluksiz va     ff  bo`lsa, unda ushbu 

Parseval tengligi o`rinli: 

    









1

222
2
0 .

1

2 n
nn dxxfba

a
               (52) 

 Agar  xf  funksiya  ba   ,  kesmada berilgan bo`lib, ma`lum shartlarni 

qanoatlantirsa, unda uni umumiyroq ko`rinishdagi trigonometrik qatorga 

yoyish mumkin. Buning uchun 
ab

ax
t




 2  akslantirish yordamida 

 ba   ,  kesmani    ;  kesmaga akslantiramiz. Natijada,  

     












 ab

t
aftxf

2
  

bo`lib,  t  funksiya    ;  kesmada aniqlangan.  t  funksiya    ;  

kesmada Furye qatoriga yoyiladi va t  o`zgaruvchidan x  o`zgaruvchiga 

qaytsak,  xf  funksiyaning  ba   ,  kesmadagi Furye qatorini hosil qilamiz. 

Masalan,  xf  funksiya  ll   ;  kesmada 2-teoremaning shartlarini 

qanoatlantirsa va u shu kesmada uzluksiz bo`lsa, u holda  
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  











 





1

0 sincos
2 n

nn
l

xn
b

l

xn
a

a
xf  

tenglik o`rinli bo`lib,  

  ,,...2 ,1 ,0   ,cos
1







l

l
n ndx

l

xn
xf

l
a  

  ,,...2 ,1    ,sin
1







l

l
n ndx

l

xn
xf

l
b  

bo`ladi. 

 Agar  xf  funksiya  l2  ;0  oraliqda berilgan holda ham yuqoridagi 

tengliklar o`rinli bo`ladi, faqat koeffisientlarni hisoblashda integrallarni 

 l2  ;0  oraliq bo`yicha olish kerak. 

Nazorat savollari. 

1. Ikki karrali integralning ta`rifi. 

2. Darbuning yuqori va quyi yig`indilari hamda ularning xossalari. 

3. Lebeg teoremasi. 

4. Ikki karrali integralning asosiy xossalari. 

5. O`rta qiymat haqidagi teoremalar. 

6. Ikki karrali integrallarni hisoblash. 

7. Ikki karrali integrallarda o`zgaruvchilarni almashtirish. 

8. Silindrik koordinatalar sistemasi. 

9. Sferik koordinatalar sistemasi. 

10. Ikki karrali integral yordamida hajm hisoblash. 

11. Tekis shaklning yuzasini hisoblash. 

12. Sitr yuzasini hisoblash. 

13. Ikki karrali integrallarning mexanika masalalariga tatbiqlari. 

14. 1-tur egri chiziqli integral tushunchasi. 

15. 1-tur egri chiziqli integrallarning xossalari. 

16. 1-tur egri chiziqli integrallarni hisoblash. 

17. 2-tur egri chiziqli integral tushunchasi. 

18. 2-tur egri chiziqli integrallarning xossalari. 

19. 2-tur egri chiziqli integrallarni hisoblash. 

20. Grin formulasi. 

21. Grin formulasining tatbiqlari. 
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22. 1-tur sirt integrali tushunchasi. 

23. 1-tur sirt integralini hisoblash. 

24. 2-tur sirt integrali tushunchasi. 

25. 2-tur sirt integralini hisoblash. 

26. Stoks formulasi. 

27. Gauss-Ostrogradskiy formulasi. 

28. Maydonlar nazariyasi elementlari. 

29. Furye qatorining ta`rifi. 

30. Rimanning lokallashtirish prinsipi. 

31. Furye qatorining yaqinlashishi. 

32. Bessel tengsizligi. 

33. Parseval tengligi. 
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-B- 

Mustaqil echish uchun misol va masalalar 

1-masala. Berilgan egri chiziqlar bilan chegaralangan D soha 

uchun  
D

dxdyyxf ,  ikki karrali integral takroriy integralga keltirilsin 

va integrallash chegaralari ikki xil tartibda qo`yilsin. 

1.1 .6  ,  ,3  ,0  xyxyyy  1.2 .0  ,82  ,2  ,1  yxyxyy  

1.3 .32,2,3,  xyxyxyxy  1.4 .02  ,2  yxxy  

1.5 .2  ,2 22222 axyxayx   1.6 .  ,2 2 xyxxy   

1.7 .  ,42 xyxxy   1.8 .6  ,
2

1
  ,4 2  yxyxy  

1.9 .2  ,9 22 xyxy   1.10 .8  ,4  ,4  ,  yxyxyxy  

1.11 .6  ,4  ,4  ,  yxyxyxy  1.12 
.0  ,2  ,0  ,2  ,2 22  yaxxaxyxaxy  

1.13 .52  ,42  yxxxy  1.14 .10  ,3  ,
2

1 22  xxyxy  

1.15 .31  ,10  ,9  yyxxy  

1.17 .4,42  xyxxy  

1.16 .4824  ,168 22  xyxy  

1.18 .1  ,  ,422  xxyxxy  

1.19 .114  ,43 22  xyxy  1.20 .2  ,48  ,36 22  yxyxy  

1.21 .2  ,22  xyxxy   

2-masala. Integrallash tartibini o`zgartiring. 

2.1    


   



1

2

0

2

0

1

0

.
y y

fdxdyfdxdy  2.2    
 



1

0

0 2

1

0

2 2

.
y y

fdxdyfdxdy  

2.3    




1

0 0

2

1

2

0

2

.

y y

fdxdyfdxdy  2.4    




1

0 0

2

1

2

0

.

y y

fdxdyfdxdy  

2.5    


  



1

2

0

2

0

1

0

2

.

x x

fdydxfdydx  2.6    
2

1

0

arcsin

0

1

2
1

arccos

0

.

y y

fdxdyfdxdy  

2.7    












1

2

2

0

0

1 0

.

y y

fdxdyfdxdy  2.8    


 




1

0

0 ln

1

ln

1

.

y

ye y

fdxdyfdxdy  

2.9    
 





1

2

2

0

0

1 0

2 2

.

x x

fdydxfdydx  2.10    


   



3

2

0

4

0

3

0

242 2x x

fdydxfdydx  
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2.11    




1

0

1

1 1

1

ln2

.

x

e

x

fdydxfdydx  2.12    




1

0 0

2

1

2

0

3

.

y y

fdxdyfdxdy  

2.13    
4

0

sin

0

2

4

cos

0

.

 



y y

fdxdyfdxdy  2.14 
 

   


  



1

2

0

2

0

1

0

3x x

fdydxfdydx  

2.15    

1

0 0 1

1

ln

.

y e

y

fdxdyfdxdy  2.16    
 



1

0

0 2

1

0

2

.
y y

fdxdyfdxdy  

2.17    
 



1

0

0 2

1

0

2 2

.
y y

fdxdyfdxdy  2.18    




1

0 0

2

1

2

0

3

.

y y

fdxdyfdxdy  

2.19    
 



3

0

0

24

2

3

0

42 2x x

fdydxfdydx  2.20 
 

   


  



1

2

0

2

0

1

0

3

.
y y

fdxdyfdxdy  

2.21    




1

0 0

2

1

2

0

2 2x x

fdydxfdydx  
 

3-masala Ko`rsatilgan D  soha uchun  
D

dxdyyxf ,  integralda qutb 

koordinatalariga   sin,cos ryrx   o`tib, integrallash chegaralari ikki 

xil tartibda qo`yilsin. 

3.1   .2:, 22 yyxyxD   

3.2   .0,0,:, 2222  babyxayxD  

3.3       .0,:, 222222  xyxayxyxD  

3.4 D  soha xyyx  1  ,0  ,0  chiziqlar bilan chegaralangan. 

3.5 D  soha  0    ,2  aayayx  chiziqlar bilan chegaralangan. 

3.6   .,10:, 2 xyxxyxD   

3.7   .3,20:, yxyyyxD   

3.8   .30,20:, xyxyxD   

3.9   .cos4,cos2:,  rrrD  

3.10   .2,4:, 22  yxyxyxD  

3.11   .4,8:, 2222 xyxyxyxD   

3.12   .6,18:, 2222 yyxyxyxD   

3.13   .08,04:, 2222  xyxxyxyxD  

3.14   .0  ,6 ,:,  yyxyxyxD  

3.15   .,4:, 22 xyxyxyxD   
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3.16   .
2

0,sin5,sin2:,






 

 rrrD  

3.17   .4,16:, 2222 xyxyxyxD   

3.18     .,кисми  чоракдаги  1  ва  1,3cos2:, VIrrrD   

3.19   .2,:, 2222 xyxxyxyxD   

3.20   .2,4:, 2222 yyxxyxyxD   

3.21   .32,10:, xyxxyxD   

4-masala. Hisoblang. 

4.1   
D

dxdyyxyx ;1612 3322  .  ,  ,1: 2 xyxyxD   

4.2   
D

dxdyyxyx ;489 3322  .  ,,1: 2xyxyxD   

4.3   
D

dxdyyxyx ;9636 3322  . ,  ,1: 33 xyxyxD   

4.4   
D

dxdyyxyx ;3218 3322  . ,,1: 33 xyxyxD   

4.5   
D

dxdyyxyx ;4827 3322  . ,,1: 32 xyxyxD   

4.6   
D

dxdyyxyx ;3218 3322  .  ,  ,1: 23 xyxyxD   

4.7   
D

dxdyyxyx ;3218 3322  .  ,,1: 3 xyxyxD   

4.8   
D

dxdyyxyx ;4827 3322  .  ,  ,1: 3xyxyxD   

4.9   
D

dxdyyxxy ;34 22  .  ,  ,1: 2 xyxyxD   

4.10   
D

dxdyyxxy ;912 22  .  ,,1: 2xyxyxD   

4.11   
D

dxdyyxxy ;98 22  .  , ,1: 33 xyxyxD   

4.12   
D

dxdyyxxy ;1824 22  .  ,  ,1: 33 xyxyxD   

4.13   
D

dxdyyxxy ;2712 22  .  ,  ,1: 32 xyxyxD   

4.14   
D

dxdyyxxy ;188 22  .  ,  ,1: 23 xyxyxD   

4.15  









D

dxdyyxxy ;
11

9

5

4 22  .  ,  ,1: 3 xyxyxD   

4.16  









D

dxdyyxxy ;9
5

4 22  .  ,  ,1: 3xyxyxD   
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4.17   
D

dxdyyxxy ;4824 33  .  ,  ,1: 2 xyxyxD   

4.18   
D

dxdyyxxy ;246 33  .  ,  ,1: 2xyxyxD   

4.19   
D

dxdyyxxy ;164 33  .  ,  ,1: 23 xyxyxD   

4.20   
D

dxdyyxxy ;164 33  . ,,1: 33 xyxyxD   

4.21   
D

dxdyyxxy ;4 33  .  ,  ,1: 3 xyxyxD   

5-masala. Hisoblang. 

5.1 
D

xy

dxdyye ;2  4  ,2  ,3ln  ,2ln:  xxyyD  

5.2 
D

dxdy
xy

y ;
2

sin2  
2

  ,  ,0:
x

yyxD   

5.3 
D

xydxdyy ;cos  .2  ,1  ,  ,
2

: 


 xxyyD  

5.4 


D

xy

dxdyey ;42  xyyxD    ,2  ,0:  

5.5 
D

xydxdyy ;sin  .2  ,1  ,  ,
2

: 


 xxyyD  

5.6 
D

xydxdyy ;2sin12  .3  ,2  ,
2

  ,
4

: 





 xxyyD  

5.7 
D

dxdy
xy

y ;
2

cos2  
2

  ,
2

  ,0:
x

yyxD 


  

5.8 
D

xydxdyy ;cos2  .  ,  ,0: xyyxD   

5.9 
D

xy dxdyye ;4 2  1  ,
2

1
  ,4ln  ,3ln:  xxyyD  

5.10 
D

xy

dxdyye ;4  8  ,4  ,3ln  ,2ln:  xxyyD  

5.11 
D

xydxdyy ;sin4 2  .  ,
2

  ,0: xyyxD 


  

5.12 
D

xydxdyy ;2sin4 2  .2  ,2  ,0: xyyxD   

5.13 
D

xydxdyy ;2cos  .1  ,
2

1
  ,  ,

2
: 


 xxyyD  
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5.14 
D

xydxdyy ;2cos2  .2  ,1  ,
2

  ,
4

: 





 xxyxD  

5.15 



D

xy

dxdyey ;82  
2

  ,2  ,0:
x

yyxD   

5.16 



D

xy

dxdyey ;22  .  ,2  ,0: xyyxD   

5.17 
D

xydxdyy ;sin  .1  ,
2

1
  ,2  ,:  xxyyD  

5.18 
D

xydxdyy ;2cos2  
2

  ,
2

  ,0:
x

yyxD 


  

5.19 
D

xy dxdyye ;8 4  
2

1
  ,

4

1
  ,4ln  ,3ln:  xxyyD  

5.20 
D

dxdy
xy

y ;
2

sin3 2 .
3

2
  ,

3

4
  ,0: xyyxD 


  

5.21 
D

xydxdyy ;cos .1,
2

1
,3,:  xxyyD  

6-masala. Hisoblang. 

6.1 
 










V

zyx

dxdydz
;

843
1

  












.0,0,0

1
843:

zyx

zyx

V  

6.2  
 
 

V

dxdydzzy ;15 22   








.0,0,0

1,
:

zyx

yxyxz
V  

6.3  
 
 

V

dxdydzyx ;43   
 








.0,5

1,0,
:

22 zyxz

xyxy
V  

6.4  
 
 

V

dxdydzyx ;5427 3   










.0,

1,0,
:

zxyz

xyxy
V  

6.5 
 












V zyx

dxdydz
;

3816
1

2
  













.0,0,0

1
3816:

zyx

zyx

V  

6.6  
 
 

V

dxdydzyx ;3 22   








.0,0,0

,1,10
:

zyx

yxyz
V  

6.7  
 
 

V

dxdydzzx ;3015   








.1,0,

,0,3
:

22

xyxy

zyxz
V  
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6.8  
 
 

V

dxdydzz ;84 3   










.0,

1,0,
:

zxyz

xyxy
V  

6.9  
 
 

V

dxdydzx ;21 3   










.0,

1,0,36
:

zxyz

xyxy
V  

6.10 
 


V

xzdxdydz;21   








.0,

2,0,
:

zxyz

xyxy
V  

6.11 
 












V zyx

dxdydz
;

3810
1

6
  













.0,0,0

1
3810:

zyx

zyx

V  

6.12  
 
 

V

dxdydzzy ;9060   








.0,

1,0,
:

22 zyxz

xyxy
V  

6.13 
 
 










V

dxdydzx ;
3

5

3

10
  











.0,

1,0,9
:

zxyz

xyxy
V  

6.14  
 
 

V

dxdydzz ;189   










.0,

1,0,4
:

zxyz

xyxy
V  

6.15 
 












V zyx

dxdydz
;

642
1

4
  













.0,0,0

1
642:

zyx

zyx

V  

6.16  
 
 

V

dxdydzzy ;128   








.0,23

1,0,
:

22 zyxz

xyxy
V  

6.17  
 
 

V

dxdydzyzx ;   








.0,6030

1,0,
:

22 zyxz

xyxy
V  

6.18 
 












V zyx

dxdydz
;

1646
1

5
  














.0,0,0

1
1646:

zyx

zyx

V  

6.19 
 


V

dxdydzy ;2   
 









.0,0,0

1,310
:

zyx

yxyxz
V  

6.20 
 
 










V

dxdydz
z

x ;
2

3
5   









.0,15

1,0,
:

22 zyxz

xyxy
V  

6.21 
 












V zyx

dxdydz
;

538
1

6
  














.0,0,0

1
538:

zyx

zyx

V  
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7-masala. Quyidagi chiziqlar bilan chegaralangan shaklning 

yuzasi hisoblansin. 

7.1 .4  ,3  ,4  ,
3

 yyey
x

y x  7.2 .366  ,36 22 yxyx   

7.3  .0  6  ,72 222  yxyyx  7.4 .2  ,8 2 yxyx   

7.5 .8  ,3  ,8  ,
3

 yyey
x

y x  7.6 .16  ,
2

1
  ,

2
 x

x
y

x
y  

7.7 .4  ,5 2 yxyx   7.8 .5  ,2  ,5  ,
2

 yyey
x

y x  

7.9  .0  6  ,12 222  yxyyx  7.10  .0  23  ,36 222  yxyyx  

7.11 .9  ,
2

3
  ,

2

3
 x

x
yxy  7.12 .4  ,

3
  ,3  x

x
yxy  

7.13  .0  0  ,cos  ,sin  xxxyxy  7.14 .
2

5
  ,

4

25 2  xyxy  

7.15 .8  ,20 2 xyxy   7.16 .7  ,2  ,7  ,
2

 yyey
x

y x  

7.17 .4y  ,32 2 xxy   7.18  .0  0  ,6  ,72 22  yyyxyx  

7.19 )0(  0  ,cos  ,sin  xxxyxy  7.20 xyxy 2  ,8 2   

7.21 .66  ,6 22 xyxy    

8-masala. Quyidagi chiziqlar bilan chegaralangan shaklning 

yuzasi topilsin. 

8.1 .3  ,
3

  ;04  ;02 2222 xy
x

yxyyxyy   

8.2 .3  ,0  ;010  ;02 2222 xyyyxxyxx   

8.3 .
3

  ,0  ;08  ;04 2222 x
yyyxxyxx   

8.4 .0  ,  ;010  ;062 2222  xxyxyyxyy  

8.5 .3  ,
3

  ;08  ;06 2222 xy
x

yxyyxyy   

8.6 .3  ,
3

  ;04  ;02 2222 xyxyyxxyxx   

8.7 .  ,0  ;04  ;02 2222 xyyyxxyxx   

8.8 .0  ,3  ;04  ;02 2222  xxyxyyxyy  

8.9 .3  ,
3

  ;010  ;08 2222 xy
x

yxyyxyy   

8.10 .3  ,
3

  ;06  ;02 2222 xyxyyxxyxx   

8.11 .  ,0  ;08  ;04 2222 xyyyxxyxx   
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8.12 .0  ,3  ;06  ;04 2222  xxyxyyxyy  

8.13 .0  ,  ;06  ;04 2222  xxyxyyxyy  

8.14 .3  ,
3

  ;08  ;02 2222 xyxyyxxyxx   

8.15 .0  ,
3

  ;06  ;02 2222  xxyxyyxyy  

8.16 .
3

  ,0  ;06  ;02 2222 xyyyxxyxx   

8.17 .
3

  ,0  ;04  ;02 2222 xyyyxxyxx   

8.18 .3  ,
3

  ;010  ;04 2222 xyxyxyyxyy   

8.19 .3  ,
3

  ;010  ;02 2222 xyxyxyyxyy   

8.20 .  ,0  ;06  ;02 2222 xyyyxxyxx   

8.21 .0  ,  ;04  ;02 2222  xxyxyyxyy  

9-masala. Zichligi  yx,   bo`lgan va quyidagi tengsizliklar 

yordamida berilgan D  plastinkaning massasi topilsin. 

9.1 .  ;1
4

: 2
2

2 y
y

xD   9.2 .6  ,0  ;0  ;1
4

 : 332
2

yxyxy
x

D   

9.3 .  ;
3

2
  ;0  ;2

49
1 :

22

x
y

xyy
yx

D   9.4 . ;
2

  ;0  ;25
4

1:
2

2

2

y

xx
yxy

x
D   

9.5 .   ;0y  ;1
254

 : 2
22

yx
yx

D   9.6 .  ;1
49

: 22
22

yx
yx

D   

9.7 .
18

7
  ;0  ;1

259
:

222 x
y

yx
D   9.8 .5  ;0  ;0  ;1

16
: 72

2

xyyxy
x

D   

9.9 .8.
2

;0;4
4

1: 3
2

2

x

y
x

x
yyy

x
D   9.10 .30  ;0  ;0  ;1

4
: 732

2

yxyxy
x

D   

9.11 .7  ;0  ;1
9

: 622
xyxyxD   9.12 ..

3

2
;0;3

49
1:

22

x
y

xyy
yx

D   

9.13 .4;1
4

: 422
yyxD   9.14 .70;1

25
: 4

2
2 yxy

y
xD   

9.15 ..23;0;4
94

1:
22

y
xxyx

yx
D   9.16 .35;0;1

9
: 34

2
2 yxy

y
xD   

9.17 ..2;0;4
416

1:
22

y
xxyx

yx
D   9.18 .;.1

94
: 2

22

x
yx

D   

9.19 ..0;0;1
94

: 3
22

yxyx
yx

D   9.20 ..4;0;9
16

1: 2

2
2

x

y
xyy

y
xD   

9.21 .;2;0;25
164

1:
22

y

x
xyx

yx
D   
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10-masala. 

10.1 .0  ,1
2

2

2

2

 y
b

y

a

x
 chiziqlar bilan chegaralangan plastinkaning og`irlik 

markazi topilsin  .1  

10.2 2cos22 ar   (o`ng yaproq) egri chiziq bilan chegaralangan 

plastinkaning og`irlik markazi topilsin.  .1  

10.3 0,0,222  yxayx  tengsizliklar bilan aniqlangan plastinka uchun 

yx II ,  inersiya momentlari topilsin  .1  

10.4 442  xy  va 422  xy  chiziqlar bilan chegaralangan plastinkaning 

og`irlik markazi topilsin  .1 . 

10.5 1
2

2

2

2


b

y

a

x
 egri chiziq bilan chegaralangan plastinka uchun yx II ,  

inersiya momentlari topilsin  .1  

10.6 1
29


yx
, 0  ,1

24
 y

yx
 chiziqlar bilan chegaralangan plastinka uchun 

yx II ,  lar topilsin  .1 . 

10.7 32  ,1622  xyx  tengsizliklar bilan aniqlangan plastinkaning og`irlik 

markazi topilsin  .1 . 

10.8 yxxyxyxy 2,2,2,1   chiziqlar bilan chegaralangan plastinka uchun 

yx II ,  inersiya momentlari topilsin  .1  

10.9 Agar 41 22  yx  doiraviy halqaning har bir nuqtasidagi massa 

zichligi 22 yx  formula bilan aniqlansa, uning massasi topilsin. 

10.10 Agar xyxxy    ;42  chiziqlar bilan chegaralangan plastinkaning har 

bir nuqtasidagi massa zichligi yx   formula bilan aniqlangan bo`lsa, 

shu plastinka og`irlik markazi topilsin. 

10.11 







 22

2

1
  6  ,

2

1
  ,4 xyyxyxy  chiziqlar bilan chegaralangan 

plastinkaning og`irlik markazi topilsin  35  x . 

10.12 432  xy  va  0   1142  yxy  chiziqlar bilan chegaralangan plastinka 

massasi topilsin  y . 

10.13 Ikkita 0  va    nurlar hamda   0  ar  Arximed spirali 

yoyi bilan chegaralangan plastinkaning og`irlik markazi topilsin  1 . 

10.14 0  ,2  ,3  xyxxy  chiziqlar bilan chegaralangan plastinkaning 

og`irlik markazi topilsin  1 . 
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Quyidagi 10.15-10.19 misollarda plastinkaning chegarasini 

aniqlovshi chiziqlar berilgan. Har bir plastinkaning og`irlik markazi 

topilsin  1 . 

10.15     .0  ,20  ;cos1  ,sin  yttayttax  

10.16 .0  ;0  ,0  ;1  ;
2

2

2

2
222  yxx

b

y

a

x
ayx  

10.17  .sin1  ar  

10.18 .
2

0  ,2sin


 ar  

10.19 .
4

3

4
  ,sin2  ,2





 rr  

10.20 0  ,2 2  yxaxay  chiziqlar bilan chegaralangan plastinkaning yx II   ,  

inersiya momentlari topilsin  1 . 

10.21   cos1ar  kardioda bilan chegaralangan plastinkaning Ox va Ou 

o`qlariga nisbatan yx II   ,  inersiya momentlari topilsin  1 . 

 11-masala. Quyida ko`rsatilgan sirtlarning yuzalari topilsin. 

11.1 222 xzy   sirtning  222 ayx silindr va  by tekisliklar bilan 

ajratilgan qismi. 

11.2 xz 42   sirtning  xy 42 silindr va 1x  tekisliklar bilan ajratilgan 

qismi. 

11.3   12
3

22  zyx  sirtning 0z  tekislik bilan ajratilgan qismi. 

11.4 axyx  22  silindrlarning 2222 azyx   shar ichidagi qismi. 

11.5   222
22 azyx   silindrik sirtning 1-oktandagi qismi 

 0  ,0  ,0  ,0 222  zyxzyx  

11.6   yxzyx 
2  sirtning 0,0,41 22  yxyx  sohadagi qismi. 

11.7 xyaz   giperbolik paraboloid sirtning   xyayx 2222 2  silindr ihidagi 

qismi. 

11.8 xyz 22   konus sirtning 0  ,0  ,0  ,0  ,1 22  yxzyx
b

y

a

x
 0,0  ba  

sohadagi qismi. 

11.9  yyxxz  23  sirtning 1,0,0  yxyx  tekisliklar orasidagi 

joylashgan qismi. 

11.10 22 yxz   konus sirtining xyx 222   silindr ichida joylashgan 

qismi. 
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11.11 azyx 222   paraboloid sirtining    02 22
 axyayx  silindrik sirt 

ichida joylashgan qismi. 

11.12 xyaz   giperbolik paraboloid sirtning  0222  aayx  silindr ichida 

joylashgan qismi. 

11.13 1
2

2











a

z

b

y

a

x
 sirtning 0,0,0  zyx  koordinata tekisliklari orasida 

joylashgan qismi. 

11.14 xyz 22   konus sirtning 0,0,1  yxyx  tekisliklar orasida 

joylashgan qismi. 

11.15  22

2

1
yxz   giperbolik paraboloid sirtining   22222 yxyx   silindr 

ichida joylashgan qismi. 

11.16 22 yxz  va azx  2  sirtlar bilan chegaralangan jismning to`la sirti 

 0a  

11.17  0,,1  cba
c

z

b

y

a

x
 sirtning 1-oktantdagi qismi. 

11.18 2222 Rzyx   sfera sirtining    222222 yxRyx   silindr ichidagi 

qismi. 

11.19 zyx 622   sirtning    22222 9 yxyx   silindr ichidagi qismi. 

11.20 xz 42  sirtning 1,42  xxy  sirtlar bilan ajratilgan qismi. 

11.21 222 xzy   sirtning ayx 2  sirt bilan ajratilgan qismi. 

12-masala. Quyidagi sirtlar bilan chegaralangan jismning hajmi 

hisoblansin. 

12.1 .

0  ,
4

5

2

2

22













zxz

yyx

 

12.2 

 













.0  ,

0  0  ,10 ,7

22

2222

zyxz

yyxyxxyx

 

12.3 












.0  ,

,4  ,

22

2222

zyxz

yyxyyx

 12.4 

 
.

0  0  ,64

28

22

22













zzyxz

yyx

 

12.5 

 
.

0  0  ,64

28

22

22













zzyxz

xyx

 
12.6 .

0  ,
4

13

2

2

22














zxz

yyx
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12.7 .

0  ,8

04

2

22













zyz

xyx

 12.8 












.0  ,

,6  ,3

22

2222

zyxz

yyxyyx

 

12.9 

 













.0,

;0  0  ;9  ,6

22

2222

zyxz

yyxyxxyx

 

12.10 

 
.

0  0  ,36

26

22

22













zzyxz

xyx

 

12.11 

 
.

0  0 ,36

26

22

22













zzyxz

yyx

 12.12 

 
.

0  0  ,4

,22

22

22













zzyxz

yyx

 

12.13 .

0  ,
4

9

2

2

22














zxz

yyx

 
12.14 .

0  ,12

,4

2

22













zyz

xyx

 

12.15 












.0  ,

,5  ,2

22

2222

zyxz

yyxyyx

 

12.16 

 













.0  ,

0  0  ,11 ,8

22

2222

zyxz

yyxyxxyx

 

12.17 

 
.

0  0  ,4

022

22

22













zzyxz

yyx

 12.18 

 
.

0  0  ,16

,24

22

22













zzyxz

xyx

 

12.19 .

0  ,10

,4

2

22













zyz

xyx

 12.20 .

0  ,4

,4

2

22













zxz

yyx

 

12.21 












.0  ,

,7  ,4

22

2222

zyxz

yyxyyx

 

 

 

13-masala. Quyidagi sirtlar bilan chegaralangan jismning hajmi 

hisoblansin. 

13.1 
 

.2

24

,122 22













xz

yxz

 13.2 
 

.1

48

,124 22












xz

yxz
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13.3 
  













.2021

,1110 22

xz

yxz

 13.4 
  













.3436

,1182 22

xz

yxz

 

13.5 
 












.316

,38 22

xz

yxz

 13.6 
 












.132

,116 22

xz

yxz

 

13.7 
  













.3840

,1202 22

xz

yxz

 13.8 
  













.6160

,1130 22

xz

yxz

 

13.9 
 












.2834

,144 22

xz

yxz

 13.10 
 












.252

,226 22

xz

yxz

 

13.11 
  













.5956

,3128 22

xz

yxz

 13.12 
  













.54

,112 22

xz

yxz

 

13.13 
 












.643

,332 22

xz

yxz

 13.14 
 












.14

,12 22

yz

yxz

 

13.15 
  













.812

,164 22

xz

yxz

 13.16 
  

.

5250

,2126 22













xz

yxz

 

13.17 
 












.28

,342 22

xz

yxz

 13.18 
 

.

160

,130 22












yz

yxz

 

13.19 
  













.4447

,3122 22

xz

yxz

 13.20 
  













.3332

,1116 22

xz

yxz

 

13.21 
 












.362

,182 22

yz

yxz

 
 

14-masala. Quyidagi sirtlar bilan chegaralangan jismning hajmini 

uch karrali integral yordamida hisoblang. 

14.1   .36322 xyzazyx   14.2     .
12263222 

 yxazyx  

14.3    .34222 yxazyx   
14.4 .

4

4
2

2

2

2

2

h

z

c

z

b

y

a

x














  



 

 

 

325 

 
 

14.5 

 
.

0,0,0

,16,1

222

222222













zyxyxz

zyxzyx

 
14.6   .201,110

222 yzyxz   

14.7 .
94

2,
94

22
2

22 yx
zz

yx
  14.8   .148,124

222  xzyxz  

14.9 .6,322  yxzyx  14.10   .402,202
222 yzyxz   

14.11 .16,6 2222 yxzyxz   14.12 .0,0,0,1,1
532

 zyx
zyx

 

14.13 60,1,64 2222  yxzyxz  

(silindr tashqarisida). 
14.14 .0,1

9
4,

3
22

2
2

2
2  z

y
x

y
xz  

14.15 .
2

17
,

2

15 2222 yxzyxz   14.16 
 .0,, 222222 babxxzyazy   

14.17 .2,
9

16 2222 yxzyxz   14.18 









2

2

2

2

2

2

2

c

z

b

y

a

x
.

2

2

2

2

c

z

b

y

a

x








  

14.19   .284,144
222 xzyxz    

14.20 .3,,2,,2, xyxyzyxzyxazyxazyx   

14.21 .
3

1
,,2 222222222 zyxzyxazzyx   

 15-masala. Egri chiziqli integrallar hisoblansin. 

15.1  


 ,0:   ,sinsin Axdyydx  va  0,B  nuqtalarni tutashtiruvchi kesma. 

15.2        .1  ;0  ,0  ;1  ,1  ;0  ,0  ,1  , DCBA
yx

dydx

ABCDA





  

15.3 
   

.:  ; 222

22






ayx

yx

dyyxdxyx
 

15.4      


 .20  ,cos1  ,sin:  ;2 ttayttaxxdydxya  

15.5    


 .1:  ,
2

2

2

2

b

y

a

x
dyyxdxyx  

15.6    


 .20  ,11:  ,2222 xxydyyxdxyx  

15.7    


 .11  ,:  ,22 222 xxydyxyydxxyx  
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15.8 






.0  ,0  ,1:  ,

1
2

2

2

2

22
yx

b

y

a

x

yx

ydyxdx
 

15.9 .
2

0  sin  ,cos:  , 33







 




ttaytaxxdyydx  

15.10 .
2

0  sin  ,cos:  , 33

22







 








ttaytax
yx

xdyydx
 

15.11  


 :,sincos xdyxdxy uchlari    ,2  ;0  ,0  ;1  va  0  ;2  nuqtalarda bo`lgan 

uchburchak konturi. 

15.12   


 :,22 dyyxxdx uchlari    ,2  ;0  ,0  ;1  va  0  ;2  nuqtalarda bo`lgan 

uchburchak konturi. 

15.13  


 xeyxydydxyx :  ,22  chiziqning  1  ;0  va  e  ;1  nuqtalari orasidagi 

yoyi. 

15.14 1:  , 


b

y

a

x
xdy  to`g`ri chiziqning  0  ;a  va  b  ;0  nuqtalar orasidagi 

kesmasi. 

15.15    


 222222 :  , yxayxdsy -lemniskata yoyi. 

15.16 






 


3
2

3
2

3
2

3
4

3
4

:  , ayxdsyx  astroida. 

15.17  


 2cos:  , 22 adsyx  - lemniskata. 

15.18 


 .0  ,:  , 2222 xayxdsx  

15.19 


 xyyds 2  :  , 2 ,  : parabolaning  0  ;0  va  2;1  nuqtalari orasidagi 

yoy. 

15.20  





0  ;0:  ,
4

1

22
ds

yx
 va  2  ;1  nuqtalarni tutashtiruvchi to`g`ri chiziq 

kesmasi. 

15.21 


 .0  ,1243:  , yyxxyds  

16-masala. Hisoblang. 

16.1 
 

 






3;2

2;1

ydxxdy   
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16.2    
 

 

 

3;2

1;0

.dyyxdxyx  

16.3 
 

 




2;1

1;2

2
.

x

xdyydx
 

16.4 
 

 




2;1

1;2

2
.

x

xdyydx
-Oy o`qini kesmaydigan chiziqlar bo`ylab. 

16.5  
 

 

  .752154 32

3;1

2;0

2 dyxxdxyxxy   

16.6 
 

 

 



8;6

0;1
22

  
yx

ydyxdx
 koordinata boshini kesib o`tmaydigan chiziqlar bo`ylab. 

16.7    
 

 






1;1

1;1

.dydxyx  

16.8    
 

 






0;0

1;2

42234 .564 dyyyxdxxyx  

16.9 
 

 






4;3

1;0

.ydyxdx  

16.10 
  

 








0;1

1;0

2
xy

yx

ydxxdy
 to`g`ri chiziqni kesmaydigan chiziqlar bo`ylab. 

16.11      
 

 

 

ba

ufdydxyxf

;

0;0

, uzluksiz funksiya. 

16.12  
 

 

 

ba

x ydyydxe

;

0;0

sincos . 

16.13-16.21 misollardagi ifodalarning biror  yxF ,  funksiyaning 

to`liq differensiali bo`lishi yoki bo`lmasligini aniqlang. Agar u to`liq 

differensial bo`lsa,  yxF ,  funksiyani toping. 

16.13     .22 2222 dyyxyxdxyxx   

16.14 .
2

4
1

12
2

3

2

2 dy
y

x
xdx

y
yx 

















  

16.15 .
222

222

22
dy

yxy

yxx
dx

yxy

x







 

16.16 
   

 
.

252
3

2222

yx

dyyxyxdxyxyx




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16.17 .
323 22 yxyx

xdyydx




 

16.18       .12 dyyxeedxyyxee yxyx   

16.19 .
4 22 yx

ydxxdy




 

16.20 
 

 
.

11

12
222

dy
x

e
dx

x

ex yy







 

16.21 .
2222

dxx
yx

y
dxy

yx

x



































 

17-masala. Quyidagi I-tur sirt integrallari hisoblansin. 

17.1  
 

.0  ,0  ,
2

2

2

2

2

2
22 bz

b

z

a

y

a

x
Sdsyx

S

  konusning yon sirti 

17.2    
 
 
S

Sdsyx   ,22 ushbu 122  zyx  jismni chegaralovchi sirt. 

17.3    
 
 
S

Sdsyzxzxy   ,
22 yxz   konus sirtining axyx  22  sirt bilan 

ajratilgan qismi. 

17.4    
 
 
S

zazyxSzdsyx .0  ,  , 222222  

17.5  
 
 
S

Szds    , birinchi oktantdagi 1 zyx  tekislik bilan ajratilgan 

tetraedrning to`liq sirti. 

17.6    
 

222222   , azyxSdsyx
S

  

17.7    
 
 
S

Sdszyx    , ushbu azayax  0,0,0  kubning to`liq sirti. 

17.8    
 

632  ,346  zyxSdszyx
S

tekislikning I-oktantdagi qismi. 

17.9  
 
 
S

Szds   , 2216 yxz   sirtning 4,0,0  yxyx  sohadagi qismi. 

17.10    
 

04  , 22222  xyxSdszyx
S

, 42  z  silindrning to`liq sirti 

17.11  
 

xyzSzds
S

   ,  sirtning 422  yx  silindr ishidagi qismi. 

17.12  
 

 012  , 2  yyxSyds
S

 sirtning 3,2,22  xxzyx  sirtlar orasidagi 

qismi. 
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17.13  
 

22222   , zyxSdsxy
S

  konus sirtining 222 ayx   silindr bilan 

ajratilgan qismi. 

17.14    
 
 
S

cba
c

z

b

y

a

x
Sds

c

z

b

y

a

x
.0  1     ,

2

2

2

2

2

2

4

2

4

2

4

2

 

17.15 
  

  0  ,0  ,0  ,1      ,
1

2



 zyxzyxS

yx

ds

S

 tetraedrning chegarasi. 

17.16    
 

axyxyxzSdszxyzxy
S

2  ,  , 2222   

17.17    
 

1   , 2222  zyxSdsyx
S

 jism chegarasi. 

17.18  
 

0  ,22      ,
2

1 2222 







 zyxzSdszyx

S

 paraboloid qismi 

17.19    
 

.  ,2353 22222 zxySdszyx
S

 konusning 0y  va by   

tekisliklar orasidagi qismi. 

17.20  
 

0  ,2      , 2  zxyzSxyzds
S

 konusning 222 ayx   silindr ichidagi qismi. 

17.21  
 

,  , 22 yxzSdsxyz
S

  sirtning 1z  tekislik bilan ajratilgan qismi. 

18-masala. Quyidagi II-tur sirt integrallari sirtning ko`rsatilgan 

tomonlari bo`yicha hisoblansin. 

18.1  
 
 
S

azyxSdxdyzdzdxydydzx 2222222   :  , sferaning tashqi tomoni. 

18.2  
 
 
S c

z

b

y

a

x
Sdxdyz 1 :,

2

2

2

2

2

2
2  elipsoidning tashqi tomoni. 

18.3  
 
 
S

azayaxSdxdyzdzdxydydzx 0  ,0  ,0:  ,222  kub sirtining tashqi 

tomoni. 

18.4  
 
 
S

Szdxdyydzdxxdydz :  ,  piramidaning ushbu 0  ,0  ,0  ,  zyxazyx  

tekisliklar bilan chegaralangan tashqi sirti. 

18.5  
 

2222:  :  , azyxSzdxdyydzdxxdydz
S

  sferaning tashqi tomoni. 

18.6        
 

222  :  , zyxSdxdyyxdzdxxzdydzzy
S

   hz 0  konus sirtning 

tashqi tomoni. 
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18.7  
 

0  ,0  ,0  ,1  :  , 222222  zyxzyxSdxdyxyzzdzdxxyyzdydzx
S

 sirtlar bilan 

chegaralangan jismning to`liq tashqi tomoni. 

18.8  
 

2  ,2  :  ,2 22233  zzzyxSdydzdzdxydydzx
S

 sirtlar bilan 

chegaralangan jismning to`liq tashqi tomoni. 

18.9  
 

HzazyxSzdxdyydzdxxdydz
S

 0  ,  :  , 2222  silindr to`liq sirtining 

tashqi tomoni. 

18.10  
 

0  ,1  :  ,
2

2

2

2

2

2

 z
c

z

b

y

a

x
Syzdxdz

S

 sirtning tashqi tomoni. 

18.11  
 

0  ,1 :  ,
2

2

2

2

2

2
2  z

c

z

b

y

a

x
Sdydzx

S

 sirtning tashqi tomoni. 

18.12  
 

0  ,0  ,0  ,444  :  , 2222  zyxzyxSzdydzx
S

 sirtning tashqi tomoni. 

18.13  
 

2222  :  , RzyxSzdxdy
S

 sferaning tashqi tomoni. 

18.14        
 

bzzRzyxSdxdyzxdzdxyzdydzzx
S

   ,0  ,  :  , 222222  

silindrning yon sirti (tashqi tomoni). 

18.15      
 

0  ,0  ,0  ,9  :  , 222  zyxzyxSdxdyyzdzdxzyxdydz
S

 sirtning 

tashqi tomoni. 

18.16  
 

  51  ,
94

1  :  ,
22

2
 z

yx
zSzxdxdyyzdzdxxydydz

S

 konus sirtining tashqi 

tomoni. 

18.17  
 

10  ,10  ,10  :  ,  zyxSzdxdyydzdxxdydz
S

 kub sirtining tashqi 

tomoni. 

18.18  
 

S

OZSydzdx   :  ,  o`qining musbat qismini o`z ichiga olgan va 2,0  zz  

tekisliklar orasida joylashgan 22 yxz   paraboloid sirtining yuqori qismi. 

18.19  
 

hzayxSxydxdyxzdzdxyzdydz
S

 0  ,  :  , 222  silindrik sirtning tashqi 

tomoni. 

18.20  
 

xzyxSdxdydxdzydydzx
S


22233   :  ,2  sferaning tashqi tomoni. 

18.21  
 
 
S c

z

b

y

a

x
S

z

dxdy

y

dzdx

x

dydz
1  :  ,

2

2

2

2

2

2

 elipsoidning tashqi tomoni. 
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19-masala. Stoks formulasidan foydalanib, quyidagi integrallar 

hisoblansin. 

19.1  


 ttazttaytaxxdzzdyydx 0sin,cossin2,cos:, 22  aylana. 

19.2        


 0  ,0  1  ,:  , 222 ba
b

y

a

x
ayxdzyxdyxzdxzy  ellips, bunda 

OX musbat yarim o`qda turib qaralganda harakat soat millari harakatiga 

qarama-qarshi yo`nalishda bo`ladi. 

19.3 

  


 20,sin,sincos,coscos:, tconstRztRytRxxdzzdyydx elli

ps, bunda harakat parametr t ning o`sishiga qarab olingan. 

19.4  


 xzRxzyxzxdzyzdyxydx ,2:, 222  aylana, bunda 

 ;0;0;00 koordinatalar boshidan qaralganda kontur bo`yicha harakat soat 

millari harakati bilan bir xil bo`ladi. 

19.5       
ABCA

aCaBaAABCAdzxdyzdxy ;;0;0,;0;;0,0;0;:,222  uchburchak konturi. 

19.6  


 0,:, 22232 zayxdzdydxyx  aylana. 

19.7  


 0,0,0,:, 2222 zyxRzyxxdzzdyydx  yopiq kontur (I-

oktantdagi). 

19.8  


 1,1:, 22 zyxyxzxdzyzdyxydx  ellips. 

19.9  


 0,,4:, 222222 zzyxzyxzdzzdyydx  aylana; bunda OZ 

o`qining musbat yo`nalishidan qaralganda yurish soat millari harakatiga 

teskari. 

19.10  


 3,4:, 22222 zzyxdzxdyzydx  aylana; bunda  ;2;0;0A  

nuqtadan qaralganda kontur bo`yicha yurish soat millari harakatiga teskari. 

Gauss-Ostrogradskiy formulasidan foydalanib quyidagi 

integrallar hisoblansin. 

19.11  
 
 
S c

z

b

y

a

x
Sdxdyz 1  :  ,

2

2

2

2

2

2
2  ellipsoidning tashqi tomoni. 

19.12  
 
 
S

azayaxSdxdyzdzdzydydzx 0  ,0  ,0  :  ,222  kub sirtining tashqi 

tomoni. 
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19.13  
 
 
S

zyxazyxSzdydxydzdxxdydz 0  ,0  ,0  ,  :  ,  tekisliklar bilan 

chegaralangan piramidaning tashqi sirti. 

19.14  
 
 
S

azyxSzdydzydzdxxdydz ,  :  , 2  sferaning tashqi tomoni. 

19.15          


 hzzyxSdxdyyxdzdxxzdydzzy 0  ,  :  , 222  konus sirtining 

tashqi tomoni. 

19.16  
 

0  ,0  ,0  ,1  :  , 222222  zyxzyxSdxdyxyzzdzdxxyyzdydzx
S

 sirtlar 

bilan chegaralangan jismning to`liq tashqi sirti. 

19.17  
 
 
S

zzyxSdxdydzdxydydzx 2  ,2  :  ,2 2233  sirtlar bilan chegaralangan 

jismning to`liq tashqi sirti. 

19.18  
 

HzayxSzdydzydzdxxdydz
S

 0  ,  :  , 222  silindr to`liq sirtining 

tashqi tomoni. 

19.19  
 

0   ,0   ,0  ,  :   , 2  zyxazyxSxzdydzyzdzdxxydydz
S

 piramidaning 

tashqi tomoni. 

19.20  
 
 
S

hzzayxSdxdyzdzdxydydzx   ,0  ,  :   ,644 222433  silindrning to`liq 

tashqi sirti. 

19.21  
 
 
S

RzyxSdxdyzdzdxydydzx ,  :  , 2222222  sferaning tashqi tomoni. 

 20-masala. Furye qatoriga yoying. 

20.1.   ,cosxxxf       ;0x  da kosinuslar bo`yicha. 

20.2.   ,sin xxxf       ;0x  da sinuslar bo`yicha. 

20.3.   ,cosxxxf    0  ;x  da sinuslar bo`yicha. 

20.4.   ,sin xxxf    0  ;x  da kosinuslar bo`yicha. 

20.5.   xxxf 32   bo`yicha. 

20.6.   xxxf 32 sin3   bo`yicha. 

20.7.   ,xexf   






 


2
 ;0x  da sinuslar bo`yicha. 

20.8.   ,xexf   






 


2
 ;0x  da sinuslar bo`yicha. 

20.9.   ,sinbxxf    2 ;2x .  
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20.10.   ,cosbxxf    2 ;2x .  

20.11.   ,cosbxxf    2  ;1x .  

20.12.   ,sinbxxf    3 ;1x .  

20.13.   ,
cos21

cos1
2qxq

xq
xf




  1q .  

20.14.   ,
cos21

sin
2qxq

xq
xf


  1q . 

20.15.    xxf sinarcsin . 

20.16.    xxf cosarccos . 

20.17.   xexf x sin . 

20.18.   xexf x cos . 

20.19.  
 

 








 ;0  ,

0 ;  ,1

2 xx

xx
xf  

20.20.  
 

 








  ;0  ,23

0  ;  ,2 2

xx

xx
xf  

20.21.   ,
4












 xxxf  







 


2
;0x  da toq yoylarning kosinuslari bo`yicha. 

 Izoh. Oraliq ko`rsatilmagan holda     ;  kesma nazarda tutiladi. 

 21-masala.  zyxr ,,  vektor maydonning oqimi topilsin. 

21.1. 222 zyx    hz 0  konusning yon sirti bo`yicha. 

21.2. 222 zyx    hz 0  konusning asosi bo`yicha. 

21.3. 222 аyx    hz 0  silindrning yon sirti bo`yicha. 

21.4. 222 аyx    hz 0  silindrning asosi bo`yicha. 

21.5. 221 yxz    10  z  sirt bo`yicha. 

21.6. 1222  zyx , 0x , 0y , 0z  sferaning musbat oktanti bo`ylab. 

21.7. Ushbu 0x , 0y , 0z , azyx    0a  tekisliklar bilan 

chegaralangan piramidaning to`la sirti bo`ylab. 

21.8. xzyx  222  sfera bo`ylab. 

 

 Hisoblang. 

21.9.   22 yxtggraddiv  . 
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21.10.   ,rgradfdiv  22 yxr   

21.11.  ugradudiv  va  ugradvdiv  

21.12.  ugradurot  

 Berilgan U  maydon uchun  AgradU  va  BgradU  orasidagi 

burchak topilsin. 

21.13. 
22 yx

x
U


 ,  3  ;1A ,  5  ;2B . 

21.14.  2
1

22ln yxU  ,  0 ;3A ,  6;0 B .  

21.15. ,sin2 yxyxU    1  ;1A ,  0  ;4B . 

21.16.  xyxyU cos3 3  ,  0 ;2A ,  2 ;0B . 

21.17. ,32 xyzyU    2  ;1  ;1A ,  0 ;2 ;0B . 

21.18. ,32zxyU    1-  ;2  ;1A ,  1  ;1  ;1B . 

21.19.   xyzxyU  ln ,  1  ;1  ;1A ,  2  ;1  ;2B . 

21.20. 35 yzxU  ,  1  ;1  ;0A ,  0 ;1- ;2B . 

21.21. 









x

y
arctggradA  maydonning 1: 22  yxC  aylana bo`ylab 

sirkulyasiyasi topilsin. 
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-C- 

Namunaviy variant yechimi. 

1.21-masala. Ushbu 2,22  xyxxy  chiziqlar bilan 

chegaralangan D  soha uchun  
D

dxdyyxf ,  ikki karrali integral takroriy 

integralga keltirilsin va integrallash chegaralari ikki xil tartibda 

qo`yilsin. 

Birinchi navbatda   112
22  xxxy  va 2 xy  chiziqlarning 

kesishish nuqtalari    3;1   ,0;2 21 MM   larni topamiz va  sohani chizmada 

tasvirlaymiz (14-chizma). 

14-chizma. 

14-chizmadan ko`rinadiki, D  sohani tengsizliklar yordamida 

quyidagicha ifodalash mumkin: 

      01;1111:,22  ,12:, 2 yyxyyxxyxxxyxD  

  .30;112:,  yyxyyx  

Bu yerdan 2
0
-punktdagi 3 va 4-teoremalarga ko`ra quyidagi 

tengiklarni hosil qilamiz: 

           





















































D

y

y

y

y

x

xx

dydxyxfdydxyxfdxdyyxfdxdxyxf .,,,,
3

0

11

2

0

1

11

11

1

2

2

22

  

2.21-masala. Integrallash tartibini o`zgartiring. 

   




1

0 0

2

1

2

0

2 2

.

x x

fdydxfdydx  

Masala shartiga ko`ra  

     22 20  ,21:,0 ,10:, xyxyxxyxyxD   D  soha 15-

chizmada tasvirlangan. 
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15-chizma. 

15-chizmada ko`rinadiki, D  sohani quyidagicha ham ifodalash 

mumkin: 

        
 


1

0 0

2

1

2

0

1

0

2

2

2 2 2

.10  ,2:,
x x y

y

fdxdyfdydxfdydxyyxyyxD   

3.21-masala.   xyxxyxD 32  ,10  :,   soha uchun  
D

dxdyyxf ,  

integralda qutb, koordinatalariga  sin,cos ryrx   o`tib, integrallash 

chegaralari ikki xil tartibda qo`yilsin. 

  Integrallash chegarasini qo`yish uchun avval D  sohani chizmada 

tasvirlab olamiz (16-chizma). 

 

16-chizma. 

Ikki karrali integralda o`zgaruvchilarni almashtirish uchun birinchi 

navbatda akslantirish yakobianini hisoblaymiz. 
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 
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r
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I 




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




















cos    sin

sin  cos

    

      

,

,
 

Undan so`ng D  sohani qutb koordinatalar sistemasida ifodalaymiz, 

ya`ni D  sohaning akslantirish natijasidagi obrazi   ni topamiz va (10)-

formuladan foydalanamiz. 

 1  ;1031  ,521  ,3  ,2 2222 xOBOAarctgBOCarctgAOC  

  














cos

1
0  ,32:,

cos

1
1cos rarctgarctgrDrr  

 21 DD    50,32:, rarctgarctgr  

  








 105  ,3
1

:, rarctg
r

arctgr  

         
D

arctg

arctg

arctg

arctg

drrrfdrdrrrrfddxdyyxf

5

0

3

2

3

2

5

0

sin,cossin,cos,  

   
10

5

3

1

sin,cos

arctg

r
arctg

drrrfdr   

4.21-masala. Hisoblang. 

  
D

dxdyyxxyI ;4 33  .  ,  ,1: 3 xyxyxD   

  D  sohaning shaklini chizib olamiz (17-chizma) va karrali integralni 

takroriy integralga keltirib, uning qiymatini hisoblaymiz: 

17-chizma. 

         




1

0

33333

3

4  ,10:,:4

x

xD

dyyxxydxxyxxyxDdxdyyxxyI  
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
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2
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7
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2
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
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5.21-masala. Hisoblang. 

 
D

xxyyDxydxdyyI 1  ,
2

1
  ,3  ,:  ;cos  

  Masala shartiga ko`ra 

 








 3  ,1
2

1
  :, yxyxD  soha to`g`ri to`rtburchakdan iborat. 

Unda      

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

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
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6.21-masala. Hisoblang. 

 













V zyx
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6
   













.0,0,0

,1
538:

zyx

zyx

V  

  Masala shartidan ko`rinadiki  V  jism uchburchakli piramida 

bo`ladi va uning shakli 18-chizmada tasvirlangan.  V  jismni 

tengsizliklar yordamida quyidagicha yozish mumkin: 

    .
38

150  ,
8

130  ,80  :,,  :

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











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








yx
z

x
yxzyxV  

18-chizma. 

 Berilgan uch karrali integralni takroriy integralga keltirish yo`li bilan 

hisoblaymiz: 
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  .12
8

2

8

3

8

3
2

8

2
48

32

3

8

3
  

Izoh. Agar 6.21-misolda o`zgaruvchilarni almashtirsak, ya`ni 

wzvyux 5  ,3  ,8   almashtirish bajarsak, integralni hisoblash ancha 

yengillashadi. 

Bunda yakobian 
 
 

120

  5   0   0  

0   3   0  

0   0   8  

,,

,,


wyxD

vyxD
 bo`lib, 

 V  jism ushbu     vuwuvuwvu  10  ,10  ,10  : , ,  jismga akslanadi 

va o`zgaruvchilarni almashtirish formulasiga ko`ra quyidagilarga ega 

bo`lamiz. 

  





1

0

1

0
6

1

0 1
120

vuu

wvu

dw
dvduI  

Bu integralni hisoblab, 1I  ekanligini tekshirish qiyin emas. 

7.21-masala. Quyidagi  
22 66  ,6 xyxy   

chiziqlar bilan chegaralangan shaklning yuzasi topilsin. 

  











2

2

66

6

xy

xy
 sistemani echamiz va bu chiziqlarni kesishish 

nuqtalarini topamiz. 
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  666 21

22  xxxx  

Berilgan chiziqlar bilan chegaralangan D  sohaning shaklini chizamiz 

(19-chizma) va bu sohaning yuzasini (15)-formula yordamida 

hisoblaymiz. 

 

19-chizma. 

    















 

D

x

x

x

x

dxxdydxdydxdxdyS
2

3

2

3

6

66

6

66

3
3

0

2
2

3

0

2

2

2

2

66222  


























 izfoydalanam formuladan  ,arcsin
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












   kv.birl.  

8.21-masala. Quyidagi 

.0  ,  ,04  ,02 2222  xxyxyyxyy  

chiziqlar bilan chegaralangan shaklning yuzasi topilsin. 

  
 

  42    04

11    02

2222

2222





yxxyy

yxxyy

 

Bu tengliklardan foydalanib, berilgan chiziqlar bilan chegaralangan D  

sohaning chizmasini osongina chizamiz (20-chizma).  
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20-chizma. 

D  sohani tengsizliklar yordamida yozib olamiz: 

     .42  ;40  :,21  ;2  :, 22  yyyxyxyyxyyyxD  

Bu munosabatdan foydalanib D  sohaning yuzasini hisoblaymiz: 

      
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 
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9.21-masala. Zichligi 
y
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  bo`lgan  
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

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yx

yxD 2 ;0  ;5
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plastinkaning massasi topilsin. 

  Plastinkaning massasini (17)-formula, ya`ni  
D

dxdyyxM ,  

formuladan foydalanib topamiz. Bu integralni hisoblashni yengillashtirish 

uchun umumlashgan qutb koordinatalar sistemasiga o`tamiz: 
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 Bajarilgan almashtirishdan so`ng 

berilgan D  plastinkaga ushbu  
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10.21-masala.  cos1 ar  kardioda bilan chegaralangan 

plastinkaning 0x va 0y o`qlariga nisbatan xI  va yI  inersiya momentlari 

topilsin.  1  

  Berilgan plastinkaning 0x va 0y o`qlariga nisbatan inersiya 

momentlari (20)-formulalarga ko`ra  

 
D D

x dxdyydxdyyI 22  va  
D D

y dxdyxdxdyxI 22  tengliklar yordamida 

topiladi. 

 Bu formulalar qutb koordinatalar sistemasida quyidagi ko`rinishga 

keladi: 

drdrI x

23 sin


  va 
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 ,cos 23 drdrI y  
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
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  :, arr  (21-chizma). 

21-chizma. 
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






1

0

2
9

224

2

164

1

00

1

2
arcsin2

2
sin

dzzza

z

z

z

dz
dzz








 

    
































1

0

1
2

111
2

3

4
2

91

0

2

1

42

1

2 132132
2

1
dtttadtttadttdztz  

 
;

32

21

7

2

11

2

3

32
2

11
;

2

3
32

4
44 a

Г

ГГ

aBa





























  

 

   
 









cos1

3323 cos

a

a

xxy IdrrdIdrdrdrdrI  

 
.

32

49

5

2

9

2

1

8
2

cos8
4

0

482 a
IaIda xx




























 


 

Demak, .
32

49
  ,

32

21 44 aIaI yx   

11.21-masala. Quyida ko`rsatilgan sirtning yuzasi topilsin. 

  222  : xzyS   sirtning ayx 2  sirt bilan ajratilgan qismi. 

  Yuzasini topishimiz kerak bo`lgan sirtning 0xy tekisligidagi 

proyeksiyasi 22-chizmada tasvirlangan. 

 

22-chizma. 

Sirtning yuzasini (16)-formuladan foydalanib hisoblaymiz. Agar 

  ayxyayyxD    ,0  :,  desak, unda     
D

yx dxdyzzS
22

14  bo`ladi, 
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chunki, 222 xzy   konus sirtning Oxy tekislikka nisbatan simmetrik 

joylashgan 0z  va 0z  tengsizliklar bilan tasvirlanadigan qismlari bor, 

ham D  soha  S  sirtning 0xy tekislikdagi proyeksiyasining yarim bo`lagi. 

    









   

2
1    ,  

22

22

2222

22

yx

x
zz

yx

y
z

yx

x
zyxz yxyx  

    




a ay

y

a

y

aay

y

dyyaydyyx
yx

xdx
dyS

0 0 0

222

22
242424  







































a

a

a

а

a
y

a
yay

a
y

dy
a

y
a

0

2

0

2
2

22

.
2

2

2arcsin
82

224
24

24  

Shunday qilib, 
2

2a
S


 kv. birl.   

12.21-masala. Quyidagi 

0  ,  ,7  ,4 222222  zyxzyyxyyx  

sirtlar bilan chegaralangan jismning hajmi hisoblansin. 

  Jismning hajmini ikki karrali integral yordamida (14)-formuladan 

foydalanib, hisoblaymiz: 

   
D D

dxdyyxdxdyyxfV ,, 22  

bu yerda D  soha yyx 422   va yyx 722   aylanalar bilan chegaralangan 

(23-chizma). 

 

23-chizma. 

Hisoblashni yengillashtirish uchun qutb koordinatalar sistemasiga o`tamiz: 
 sin  ,cos ryrx  
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Unda D  soha ushbu    sin7sin4  ,0  :, rr  sohaga akslanadi 

va hajm osongina hisoblanadi. 

      


 








 




0

sin7

sin4

2

0

sin7

sin4

2

0

2

0

3

sin7

sin4

3
222 sin186

3
22 dd

r
drrddrrddrdrV  

    .124
3

2
186cos

3

cos
186cos1cos186

2

0

32

0

2 




















 d  

Demak, 124V  kub. birlik.   

13.21-masala. Quyidagi  22182 yxz   va yz 362  sirtlar bilan 

chegaralangan jismning hajmi hisoblansin. 

  Bu jismning hajmini ham (14)-formuladan foydalanib hisoblaymiz. 

Avval jismning 0xy tekisligidagi proyesiyasi D  ni topamiz: 

      







1102362182

362

182 222222

22

yxyyxyyx
yz

yxz
 

    .11:,
22  yxyxD  

Demak, 

           
D DD

dxdyyxdxdyyyxdxdyyyxV 1118218362182
222222

  
  










































2

0

1

0

2 118

sin1

10  ,20:,  ,cos

drrrd

ry

rrryrx

 

 












2

0

1

0

24

92
4

18

24
18 d

rr
 kub. birlik.   

14.21-masala. Quyidagi 

222222222

3

1
  ,  ,2 zyxzyxazzyx   

sirtlar bilan chegaralangan jismning hajmini uch karrali integral 

yordamida hisoblang. 

  Izlangan hajmni topish uchun avval (13)-formulalardan foydalanib, 















.cos

,sinsin

,sincos







z

y

x

 

akslantirish yordamida sferik koordinatalar sistemasiga o`tamiz. Bunda 

yakobian 

 
 




sin
,,

,, 2

D

zyxD
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bo`lib,  V  jism    jismga akslanadi. Izlangan hajmni hisoblash uchun  

  
 




V

ddddxdydzV  sin2  

formuladan foydalanamiz. 

Berilgan sirtlarning tenglamalarini sferik koordinatalarida yozamiz. 

   ,cos22222  aazzyx   

    ,
4

12222












tgzyx  

,
63

1

3

1 2222






























tgzyx  

Demak,  V  jism quyidagicha bo`ladi. 

   














 cos20  ,
46

  ,20 :,, a  

Shunday qilib, izlangan hajmni onsongina hisoblaymiz: 

    















2

0

4

6

cos2

0

4

6

33
3

2

12

5
sincos

3

16
sin

a

ad
a

dddV  (kub.birl) .  

15.21-masala. Egri chiziqli integral hisoblansin. 

 


 .0  ,1243:  , yyxxyds  

    yoy 0xy tekislikda ABS siniq chiziqni beradi. (24-chizma). 

 

24-chizma. 

04,1243:

40,1243:





xyxBC

xyxAC


04,3
4

3
:

40,3
4

3
:





xxyBC

xxyAC
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Birinchi tur egri chiziqli integralning qiymatini (24)-formuladan 

foydalanib, hisoblaymiz: 

    







































BA CA CB

dxxxdxxxxydsxydsxyds
  

4

0

0

4

23

4

3
13

4

3

4

3
13

4

3
 

 
 






































4

0

0

4

0

4

23
4

0

32

2

3

44

5

42

3

4

5

4

5
3

4

3

4

5
3

4

3 xxxx
dxxxdxxx  

    02416
4

5
1624

4

5
  

16.21-masala. Ushbu  

.
2222

dyx
yx

y
dxy

yx

x



































 

ifodaning biror  yxF ,  funksiyaning to`liq differensiali bo`lishi yoki 

bo`lmasligini aniqlang. Agar u to`liq differensiali bo`lsa,  yxF ,  

funksiyani toping. 

    y
yx

x
yxP 




22
,  va   x

yx

y
yxQ 




22
,  

deb belgilasak, QdyPdx   ifodaning to`liq differensiali bo`lishi uchun (38)-

tenglik, ya`ni  

x

Q

y

P









 

munosabat bajarilishi kerak. Shuni tekshiramiz: 












 
























x

Q

yx

xy
y

yx

x

y

P

y

1
3

22

'

22
 Berilgan ifoda biror  yxF ,  

funksiyaning to`liq differensiali.  yxF ,  funksiyani topish uchun (39)-

formuladan foydalanamiz. Soddalik uchun 1  ,0 00  yx  deb olamiz. 

         


















x y x y

cxyyxcdydxy
yx

x
dyyQdxyxPyxF

0 1 0 1

22

22
.,0,,  

Demak,   ., 22 cxyyxyxF   

17.21-masala. Quyidagi I-tur sirt integrali hisoblansin. 

 
 

,  , 22 yxzSdsxyz
S

    22  : yxzS  sirtning 1z  tekislik bilan 

ajratilgan qismi. 

 22 yxz   paraboloid aylanma sirtdir, unda 0z  
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Demak, integral ostidagi funksiya 

  xyzxyzzyxf ,,  

ko`rinishda yozilishi mumkin. To`rtta oktantda olingan 

       zyxMzyxMzyxMzyxM ,,  ,,,  ,,,  ,,, 4321   nuqtalarda bu funksiyaning 

qiymati o`zaro teng. 

Shuning uchun integrallashni I-oktantda (unda   xyzzyxf ,,  ) olib boramiz 

va natijani 4 ga ko`paytiramiz. 

 

  ,1444
2

2

1

1

dxdyzzxyzxyzdsII yx

DS






 

   

bu yerda  1S  sirt (S) sirtning I-oktantdagi qismi, D  esa  1S  ning Oxu 

tekisligidagi proyeksiyasi (25-chizma). 

 

25-chizma. 

,2xz x 
  


  2yz y    










































 
D ry

rrx

dxdyyxyxxyI

2
0    sin

10     cos

4414  2222  

   

 


1

0

2

0

1

0

1

0

252

0

22525 412sin412cossin414 drrrdrrrddrrr  

 
  
























































5

1

2

2

222

4

1
1

4

1
2

4

1
  ,51                                 

1
4

1
  ,10    ,  ,41

tdttt

tdtrdrtr

trtrдесакtr

 

   .15125
420

1
1

32

1 22
5

1

2   dttt  

18.21-masala. Quyidagi II-tur sirt integrali sirtning ko`rsatilgan 

tomoni bo`yicha hisoblansin. 
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 
 
S

z

dxdy

y

dzdx

x

dydz
I ,     1:

2

2

2

2

2

2


c

z

b

y

a

x
S  

ellipsoidning tashqi tomoni. 


    

  
S SS

y

dzdx
I

x

dydz
I

z

dxdy
I ,  ,  ,

21

321  deb belgilasak, 321 IIII   

bo`ladi,  S  sirtni ham    21 SS   deb olamiz, bu yerda  1S  ellipsoidning 

0z  tekislikdan yuqorida,  2S  esa pastda joylashgan qismi. Unda 

    
  
S SS

z

dxdy

z

dxdy

z

dxdy
I ,

21

1           (*) 

bo`ladi . Integral  2S  sirtning pastki tomoni bo`yicha olinganligi sababli 

ikkinchi integralning oldiga minus ishorasi qo`yildi. Ikkinchi tur sirt 

integralini (43)-formula yordamida hisoblaymiz. Bu yerda 

 








 1  :,
2

2

2

2

b

y

a

x
yxD  ellips va  1S  da 

,1
2

2

2

2

b

y

a

x
cz    2S  da esa ,1

2

2

2

2
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19.21-masala. Gauss-Ostrogradskiy formulasidan foydalanib, 

quyidagi integralni hisoblang. 
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Ostrogradskiy teoremasining barcha shartlari bajariladi. Unda 
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  Masala shartiga ko`ra Furye qatori  
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Ikkinchi integralda tx   almashtirish bajaramiz.   nttn 2cos2cos   

tenglik va (*) shartning bajarilishidan  
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