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Skalyar argumentli vektor funksiya.
Reja:
1. Ta’rifi va belgilanishi
2. Vektor funktsiya r(t) ning koordinatalari
3. Misollar
Tayanch tushuncha va iboralar:

Vektor funksiya, cheksiz kichik vektor, vektor—funksiya-ning koordinatalari,
0 zgaruvchi vektorning limiti, ketma-ketlikning limiti, vektor—funksiyaning
uzluksizligi, vektor—funksiyaning orttirmasi, hosila, differensiallanuvchi
vektor-funksiya.
R to'g'ri chizigdagi bog lanishli nugtalar to'plami I bo’lsin.
Agar t el ning har bir giymatiga biror qoida asosida r(t) vektor mos Keltirilsa
u holda | to'plamda 7 =r(t) vektor—funksiya berilgan deyiladi.
4w Fazoda dekart koordinatalar sistemasi
o rnatilgan bo’lib, koordinatalar boshi O nugtadan
F(t) barcha OM =  vektorlarni go'ysak, u holda tel

parametrning o zgarishi  bilan vektorning M oxiri

egri  chizig tashkil etadi, uni r(t) vektor-

funksiyaning godografi deyiladi. ( 1-chizma)
Vektor- funksiyaning limiti va uzluksizligiga

skalyar analizdagi kabi ta'rif beriladi.

1-Ta'rif. Har ganday ¢>0 son uchun >0 son mavjud bolsaki, barcha

tel uchun O<ft—t|<s bajarilganda [F(t)-a/<e orinli bo’lsa, u holda a

<v

o

X 1- chizma



0 zgarmas vektorni r(t) vektor-funksiyaning limiti deb ataladi. limr(t)=4a

t—>ty

yoki rt) ~>a belgilanadi.

2-Ta‘r0if. Agar limP(t) =7 (t,) orinli bo’lsa, u
holda r(t) vektor-funlo<siyani t, el nugtada uzluksiz
deyiladi.

3-Ta'rif. lim

At—0

F(t+At)—F(t)

mavjud bo'lsa, u

holda 7(t) vektor-funksiya tel nuqgtada hosilaga ega

deyiladi va uni C;—tr yoki 7'(t) belgilanadi.
F(t) =F(t,) +F'(t,) At + % F'(ty) +...+ % rV(t,) + £(t,, At)At)" ifodaga vektor-
funksiyaning Teylor gatoriga yoyilmasi deyiladi.
Masala yechish namunalari
1. O'zgarmas & vektor r(t) vektor-funksiyaning limiti bolishi uchun

t,e[a,b] da a vektor koordinatalari 7(t) vektor koordinatalarining limiti

bo’lishi zarur va yetarli.
Isboti. (zaruriyligi) lim[F(t)—a =0 orinli bo’lsin,

a{a, By}, TO{x(),y(),z(t)} vektorlarning mos koordinatalari uchun quyidagi
tengsizliklar bajariladi.
xO-al<[FO-a, [yO-A<[FO)-a], [20)-pl<[FO-a] = lim|x(©)-a]=0, lim|y®)- =0,

!irtn|z(t)—7|:0 = limx(®)=a, limy(t) =4, limzt)=y (*)

(yetarliligi). (*) tengliklar o'rinli bo’lsin.

F(t)—a] = \(x(t) - @) +(y(t) - BY +(2®) 7} <[x(t) - a| +|y®) - B+ ]2t) ~7| > 0 =
= limf(t)=4 teorema isbotlandi.

2. r(t) vektor-funksiya 5 ={i,i,,..i.} kanonik bazisda {x,(t),x,(t)..., x, (1)}
koordinatalarga ega bo’lsa, x,x,.,..,x, -larni aniglang.
Yechish: F(t)=x(t)-i, + X, (t) -, +..+ x (t)-, tengliklarning chap va o'ng
tomonlarini mos ravishda i,i,,....i, larga skalyar ko paytiramiz
(ﬁ):{l, agar p =g,
0, agar p#q (**)

giymatlardan foydalansak

) =(FO.0), %O =(F®.5), -, %O =(F).i,)
3. limi(t)=a, limr(t)=a, bo’lsa, !Lm[q(u),@(u)]:[a,az] ni isbhotlang.



Isboti. 7(t)=4a +a (t), bunda & (t) cheksiz Kkichik o’zgaruvchi vektor,
ya ni @, (1) — 0
[FOFLO]=[E +am)E +a.0)=[ad]+[ag 0]+ [a 0 & ]+[ab a o).
lim[a,a,]=[aa,} ||m[a1a2(t)] : !um[& )a,]=0, limla,(t)a,(1)]=0 bo’lganidan

>t

limEORO]=[lime® - lime© | =[5 a,]

4. v =r(t) vektor funksiya uzluksiz bo'lishi uchun koordinatalar bo'yicha
uzluksiz bo’lishi zarur va yetarlidir.

(zaruriyligi).
|AF|2:Ax2+Ay2+A22, At—0 da Ax—>0, Ay >0, Az—>0=|AF| >0

(yetarliligi). |[AF|—0 bo’lsin.

AX| <|AF|, [Ay|<|AF| |AZ]<[AF] ==AXx—>0, Ay—>0, Az—0

Ko ramizki, vektor funksiyaning uzluksizligidan koordinatalar bo'yicha
uzluksizligi kelib chigadi.

5. F(t) vektor funksiyaning t [t,,t,] kesmada tekis uzluksizligini isbotlansin.

Isboti. r(t)vektor funksiya [t,t,] kesmaning har bir nugtasida uzluksiz
bo’lsin. U holda r(t) ning koordinatalari ham uzluksiz va |At|<e tengsizlikni
ganoatlantiruvchi cheksiz ~ kichik ¢ sonni aniglash mumkin  bo’lib,

5 5 5
AX<—=, [Ay|<—=, [Az]<—;
X< < g <
u holda AT =AX®+AY? +AZ? <6 = |AF|<S yani [|af<e va

Vtelt,t,|=ar|<s

6. F(t) va r(t) vektor funksiya hosilalari mavjud bo’lsa, [ (t)F,(t)] ning
hosilasi hisoblansin.

Yechish.

AN (SN RN A YA A
£ R O] = fim =~ im At = limy ap (o an) |+ limy B 50 | =

AOIARIAAG]

7. r(t)=at+b chizigli vektor funksiya hosilasi topilsin.

:[§(t+At)+5]—(§t+5):§At:>%$t):§:> r(t)= lim = AT ima=a

At=>0 At At—0

Mustagqil yechish uchun masala va mashglar
1. limi(t)=a, (i=123..) Vva limA(t) = 4, bo'lsa, quyidagi formulalar

t-t,

isbotlansin:
a) limEQ+E0)+50)=3+8,+3;



b) lim(AM (1) =43,
¢) lim(r® r,(0)=(a4,);
0 lim(Er5)-(E8,8)
2. 1(t) va f(t) funksiyalar Mo(to) nugtada uzluksiz bo’lsa:
A LOxRO.  b) (fORM) O GOLO) 4 EOLO] € GOROLE)

QJl

3.  r=r(t) vektor-funksiya uzluksiz bo’lsa, ||_|F(t)| funksiya uzluksiz
bo ladimi? Teskarisi har vaqt bajarilmasligini ko rsating.

4.  T(t), (i=123) va f(t) funksoyalar differensiallanuvchi bo'lsa, u holda
quyidagi goidalar isbotlansin.

a) (F(M)*h0): = £+ 1),
b) (f@®)F 1)« = LOF D)+ f ) FW),
¢) (5(1) K,(): = KO T, {0) +EO F),

d) GOEOLD) =EOROLD)+EOFOLD)+EOROED)
5. Vektor funksiya differnsiallanuvchi  bo’lsa, u holda ushbu vektor-

6. Koordinatalari dlfferen5|allanuvchi bo'lgan vektor-funksiyaning
differensiallanuvchi bolishini isbotlang.
7. Quyidagi vektorlarning hosilalarini toping.

1) e, 22w, IfFmro) 9FOROO) 5o

8. | (t)|=|r(t)|t

9. '=f'=0 bo’lsa, r=r(u,v) vektor-funksiyaning o'zgarmas vektor
bo lishini ko rsating.

10. r(t) =const vektor-funksiya uchun r(t) va r'(t) vektorlarning orthogonal
bo'lish shartini aniglang.

11.  r)vektor-funksiya yo nalishining doimiy (0 zgarmas) lik shartini
aniglang.

12. r(t) vektor-funksiya moduli (uzunligi)ning o zgarmaslik  shartini
aniglang.

13. r=r,+tr,+tf, vektor-funksiya orqali berilgan chizigning godografi
(grafigi) parabola bo'lishini ko'rsating, bunda 7 (t), F(t), F,(t) 0 zgarmas
vektorlar. Boshgacha bo'lishi mumkinmi?



14. =7, +cost-F +sint-f, vektor-funksiya orgali berilgan chiziq godografi
ellips bolishini isbotlang, bunda 7,7, 7, 0zgarmas vektorlar. Boshgacha
bo’lishi mumkinmi?

15. 7 =F +ch(t) -, +sh(t)-F, vektor-funksiya orqgali berilgan chiziq godografi
giperbola bo’lishini isbotlang, bunda T, %, 7, 0 zgarmas vektorlar. Boshgacha
bo’lishi mumkinmi?

16. r=r,+x -+ f(x)-, vektor-funksiya godografini aniglang.

17. Tekislikning vektor ko rinishdagi parametrik tenglamalarini yozing.

18. 7T,f, T, ,f, vektorlar o'zgarmas bo’lib, ulardan ¥, T, ,f, komplanar
bo'Imasin. Quyidagi formulalar orgali berilgan sirtlarning nomini ayting va
shaklini tasvirlang.

a) F =T, +uf, +u’f, +vr,; Javob: parabolik silindr;
b) 7 =F +cosuf +sinuf, +Vr, ; Javob: elliptik silindr;

C) F:Q+(u+%)ﬁ+(u—%)@ +viy,; Javob: giperbolik silindr;

d) F=7, +ucosvi +usinvi,+u’r,;  Javob: elliptik paraboloid.

19.  Umumlashgan doiraviy  funksiyalarni E(p)=acosp+bsing,
G(p)=-asinp+bcose, tengliklar orgali  berish  mumkin. dg—@:é(¢) va
@
df(¢) = —E(p) - isbotlansin.
@

20. &(¢p+a)=&(p)cosa + §(p)sina ayniyatni isbotlang.
Foydalanilgan adabiyotlar
1. Wilhelm Klingenberg, A Course in differential geometry,1978 by Springer-
Verlag, New York Inc. Printed in the United States of America.
2. M.A.Arstrong, Basic Tpology, Springer, 1998 y.
3.Coopuuk 3amay mo auddepennuan Hoi reomerpun. [lox pen. Penenko A.C.
M., 1979

12-13. Regulyar chizig. Chizig tenglamalari.
Reja:
1. Ta’riflar
2. Chiziqg tenglamasi
3. Misollar
Tayanch tushuncha va iboralar:



Uzluksiz almashtirish, topologik almashtirish, elementar yoy, elementar
chiziq, chizigning chegaraviy nugtalari, sodda chizig, umumiy chiziq, regulyar va
sillig chiziq.

Tekislikda dekart reper B={0,i, I} o rnatilgan bo’lsin. M(X,y) nugtalarning
L to plamiga tegishli istalgan nuqtalarning B reperdagi (X,y) koordinatalarini
x=o(t) y=w(t) a<t<p (@ ko'rinishda ifodalash mumkin bo’lib, o(t), w(t)
funksiyalar I=[«, 8] kesmada uzliksiz bo’lsa va t parametrning [«,s] kesmadagi
turli giymatlarida L to'plamning turli nugtalari mos qo'yilsa, u holda L
nugtalar to plamiga tekis elementar egri chiziq deb ataladi. (1) ifodalarni
elementar chizigning parametrik tenglamalari deyiladi. t-parametr fizik
migdor — vagt bo’lishi ham mumkin.

Tekis elementar chizigni y=f(x) yoki x=t , y=f(t), (2) ko'rinishda ham
ifodalash mumkin. te1 bo’lsin. I- ni [t ,t] a=t <t <..<t,— 4 segmentlarga
ajrataylik

Ta'rif. 1 bog’lanishli to’plamning har bir [t,_,,t] segmentida (1) ko rinishda
ifodalangan nugtalar to'plami elementar egri chiziq tashkil etsa, u holda L
to'plam barcha egri chiziglarning birlashmasidan iborat bo'lib, uni soda chiziq
deb ataladi.

Soda egri chizig uchun o0°z-o'zini kesish nugtalari, ustma-ust qo’yilgan
(yopishgan) tarmoglari mavjud bo’lmaydi. Soda egri chizigni 7=7() (3)
ko'rinishda ifodalash ham mumkin, bunda r(t) vektor-funksiyalar | sohada
uzluksiz bo'lib, uzluksiz funksiyalarning C¥ sinfiga tegishlidir.

Ta'rif. Agar r(t) vektor-funksiyalar | sohaning ixtiyoriy t, nugtasida
aniglangan va uzluksiz bo’lib, shu nugtada 7'=0 bo’lsa, u holda L egri chizigni
regulyar chiziq (k=1 uchun sillig) deyiladi.

Elementar va sodda fazoviy egri chizig tushunchasi, ta'rifi va tenglamalarini
tekis egri chiziq tushunchasiga o'xshash tarzida yoritish mumkin.

Fazoviy egri chizig L ga tegishli istalgan M nugtaning (x,y,z)
koordinatalarini

x=glt) y=vp(t) z=20t) a<t<p (4
ko'rinishda ifodalash mumkin bo'lib, e(t), w(t), A(t) funksiyalar [e,p] uzluksiz va
t-ning [«, 8] dagi turli giymatlariga L to’plamning turli nugtalari mos kelsa, u
holda L-ni elementar fazoviy egri chiziq deyiladi. (4) L-ning parametrik
tenglamalaridir.

Fazoviy soda egri chiziq tushunchasini va ta'rifini soda egri chizigdagi
kabi kiritish mumkin.



Sodda fazoviy egri chizigni ®; va @, sirtlarning kesishish chizig'i sifatida

olish  ham mumkin. Ushbu egri chiziq ixtiyoriy M(X,y,z)

koordinatalari

Q)

L. {Fl(x’ y’ Z) = O
F,(x,y,2)=0

nuqtasining

sistemani ganoatlantiradi. (5) sistema fazoviy egri chizigni aniglashi uchun

’ 4 ’
le Fly Flz

' i i
FZ X F2 y I:2 z

(6)

matritsaning rangini 2 ga teng bo'lishi talab gilinadi.

Masala yechish namu nalari

1-masala. Bernulli lemniskatasining dekart va qutb koordinatalr bo'yicha

tenglamasi tuzilsin.

Yechish. Bernulli lemniskatasi kassini ovalining
xususiy  holi  bo’lib, oval tenglamasidan kelib
chigadi.

Kassining ovali. Har biridan F; va F;
nugtalargacha bo'lgan  masofalar ko paytmasi
0°zgarmas son b? ga teng bo"lgan tekislikdagi nugtalar
to’plamiga kassining ovali deyiladi.

A

M

[\

Fi 0 F, X"
~ S

3 - chizma

Bu chiziq tenglamasini aniglash uchun (FiF;) to'gri chizigni OX o°q deb

gabul qilamiz. FF, kesma ortasidan FiF;

uchun F;F, kesma uzunligini 2c ga teng bo’lsin deb faraz
gilamiz. U holda Fi(-c,0), F,(c,0). Ovalning ixtiyoriy M

nuqgtasi M(x,y) koordinatalarga ega bo'lib,
d(F1,M)-d(F2,M)=b? (1)
YO+ cf +y? yJ(x—cf +y* =b’
(x2 + yz)2 - 202(x2 - y2)= b*—c® (2
b=c bo'lganda oval Bernulli lenistikasi
deyiladi. Uning tenglamasi

ga
perpendikulyar qilib, OY o'gq o'tkazamiz. OXY dekart
sistemada F; va F, nugtalar koordinatalarini aniglash

'F

\ Ao

(x2 + y2)2 —2¢? (x2 — yz) =0 (3 A(-a,0)

X=pCose, y=psing. (4)

formulalar yordamida dekart koordinataladan qutb

koordinatalarga o'tsak, ( b>c)
p>=2c’cos2p  (5) tenglama kelib chigadi.
2-masala. Stroida tenglamasi tuzilsin.

x-a=0

(a,0)

5 - chizma

v



A(-a,0) nugtadan o'tgan ixtiyoriy nur OY o'gini B nugtada kesadi. AB
to'g'ri chizigdagi B nugtaning ikkala tomoniga BM=BM'=BO kesmalarni
go'yamiz. AB nurni A nugta atrofida aylantiramiz , bu vagtda BO masofa shu
bilan birga BM=BM’ kesmalar ham o’zgarib boradi.

(5chizma). Ay
O’'zgarib turadigan M va M’ nuqtalarning A B
geometrik o'rniga strofoida deyiladi.
Strofoida tenglamasini chigaraylik, M nugtaning
koordinatalari x va y bo'lsin. BM=BM" bolgani uchun M (x,y)
[EO|=|OF|=x bo’ladi, bunda EvaF M'ELlox, MFL 5 .
ox bo'ladi, perpendikulyarning asosi M'OE va OMF ° ® "
. EO EM 6 - chizma
uchburchaklar 0 xshash = ——=——
ME OF
2
X Y mMe=X | A MAE , A MAF bo'lgani  uchun
ME x y

X2
AE M'E a-x vy
= e

,  _,a+X
= = yo=x"—
AF MF a+x vy a—X

3-masala. To'rt yaproqgli gulning qutb koordinatalar bo'yicha tenglamasi
tuzilsin.

Uzunligi 2a ga teng AB kesmaning uchlari OX

va OY o glari bo'ylab sirpansin. Koordinatalar boshi VA
bo’lgan O nugtadan AB kesmaga perpendikulyar ! !
tushuramiz. 3 5

Ta'rif. Koordinatalar boshidan AB kesmaga
tushurilgan perpendikulyar asoslarining geometrik

o' rniga to rt yaproqli gul deyiladi.
OM = p, ZMOB =8 belgilaylik, A MOA dan 3

% =ctgd = MA= pctgfd A OMB dan

7 - chizma

MB = ptgé shartga ko'ra MA+MB=AB=2a, demak
pctgd+ ptgf=2a= p=asin20 6 =0+45" desak, p =acos26’
4. Vint chiziq.
Fazoda OXYZ dekart koordinatalar sistemasi 24
o rnatilgan bo'lsin. O zgarmas a uzunlikdagi AB kesma OZ |
0 gga perpendikulyar bo'lib, uning A uchi shu o'gda yotsin.
Ta'rif. (OZ) o'qga perpendikulyar kesmaning A uchi
OZ o'g boylab siljib o'qg atrofida shunday aylansaki, RS

<V

8 - chizma

v



kesmaning OZ o°qdagi uchi aylanish burchagi ¢ ga proporsional yo'Ini bosib
o tsin.kesmaning ikkinchi B uchining iziga vint chiziq deyiladi.
Masala. Vint chizigning parametrik tenglamasi tuzilsin.
AB=a, OA= 1p OB=O0P+PB=0P+0A
OB =T =alj cosp+ jsing)+ Agk
Xulosa. F:aCOS(pT+asinng+/1¢IZ vint chizigning vektorli parametrik
tenglamasi bo'lib, x=acosep, y=asing, z=A¢ esa uning koordinata
ko'rinishdagi tenglamasidir. Vint chiziq x* +y?=a’ doiraviy silindrning yon
bag'ir chizig idir.
5. Sikloida.
a radiusli aylana biror to'g'ri chizig bo'ylab, sirpanmay g ildirasin.
Harakatdagi aylanada ko rsatilgan nugtaning iziga sikloida deyiladi.
Masala. Sikloidaning parametrik tenglamasi tuzilsin.
Yechish. Masala shartidagi to'g'ri chizig OX o'q bo'lsin. M nugta
boshlang’ich momentda O vaziyatda bo’lsin. Chizmada t momentdagi vaziyat
ko rsatilgan. Qo zg aluvchan aylananing yangi vaziyatdagi markazi C bo’lsin.

CM =CE =0C, =a,
ZMCE =t belgilaylik, t=0 da
M=0, t=27r da M=0, , d(o,0)=2ra.

y.ﬂ.

M nugtaning OX dagi proyeksiyasi S K A
bolsin. |
E8=CN, 0 2 E 9 - chizma O

X =0S=0E-SE =at — asint = a(t-sint)
y=SM =EC+NM =a-acost=a(l-cost) F =OM =a{(t—sint)+(1-cost)}
6. Fazoda OXYZ dekart koordinatalar sistemasi o rnatilgan bo’lsin. OZ o'qga
perpendikulyar bo’lmagan OL to'g'ri chizig OZ
atrofida doimiy burchak koeffisenti o ostida tekis
aylansin. M nugta OL boylab siljisin.

a) Harakatdagi M nugtaning 0 ga nisbatan L
masofasi OM ga proporsional ravishda;

b) o'zgarmas tezlik ostida o zgarsin. M
a) xolda M nuqgta konus spiralini chizsa; b) xolda
konus vint chizig'ini chizadi. Ushbu chiziglarning i
parametrik tenglamari tuzilsin.

Yechish. a) Qutb koordinatalar sistemasini

.il.z

il

0 rnatamiz. M nugtaning vaziyatini r=d(O,M) masofa,

»—poL-geografik  kenglik va  geografik uzodlik 3’./34 P 10chizas



bo'yicha aniglanadi. Masala shartiga ko'ra w=%—/1, bunda 1=zOL va

@ =ot %:mr shartdan r- ni aniglaymiz. r=r,e™va uni quyidagi formulaga

QO yamiz. x =rcosy cosp, Y="rcospsing, z=rsiny

Xulosa. x =ae*’ cosp, y=ae"sing, z=Dbe’ bunda
k:m, a=r,sini, b=r,cosi
w
X +y?) 2
b) x=atcost, y=atsint, z=bt :>( azy)—é—zzo
7. x=t, y=1t% z=e" fazoviy chiziq qgaysi sirtlarning kesishish chizigi
bo’lishi mumkin? Javob: y = x? z = ¢
sirtlarning kesishmasi.
2 2 2 2= . . o .
8. Chiziq {X ty 2 -R=0 tenglamalar orgali berilgan bo’lsin.
X+y+2=0

Yakobi matritsasi (12)( 12y fzj ning rangi r = 2. Tenglamalardan birinchisi

0(0,0,0) markazli R radiusli sfera, 2- esa O nugtadan o'tuvchi tekislik. Kesimni
aniglang.

9. Bir aylana 2- aylana bo'ylab tashqgaridan sirpanmay gildirasa,
harakatdagi aylanada ko rsatilgan nugtaning chizgan iziga episikloida deyiladi.

Yechish. @(0,a) berilgan aylana, ®" harakatlanuvchi aylana bo'lsin.OXY
dekart koordinatalar sistemasini o'rnataylik. Boshlang'ich momentda ®” va ®
aylanaga A<(OX) nugtagada urinsin. t-momentda M vaziyatga ko'tariladi va
izlangan chizigda yotadi. ® aylanada AB=[1 AOB-OA=allAOB (1) «" aylanada
BM =BC, UBCM =mat (2)  bunda ZBCM =t, MC=CB=ma, ma<a, m>0,
koramizki BM =AB (3) = aZAOB=mat = <AOB=mt (4) M nugtaning
koordinatalarini topamiz. X =OE=0F +FE (5)
ZCOF : OF =(a+ma)cos(£COF)=a(l+m)cosmt (6)
FE=KM. > KCM :KM =CM -sin(£KCM) =

/KCM = /BCM — ZOCF =t — (%X —mt) =t(l+m) -~ W : v
2 2 N
FE = KM = masin(t (L+ m)—%) (7 . (6)va(7)ni(5)ga / \

vA w”

0 AN F E
qo yamiz. \JU
x=a[(@+m)cosmt—mcos(l+m)t] y=ME=CF-CK (8) w’

11-chizma
[1COF = CF =a(@+m)sinmt (9) UKCM = CK =
= masin(l+ m)t (10)

Xy



(9) va(10) ni (8) ga goyamiz. y=a[(l+m)sinmt-msinL+m)t]
Javob: x = a[(1+m)cosmt —mcos@+m)t] ,
y = a[(1+ m)sinmt —msin(l+ m)t]

10. OD=a diametrli aylanani [0B) nur orgali kesaylik. (OXY) dekart
koordinatalar  sistemasini shunday o'rnataylikki, D e (OX) bo’lsin. D
nugtadan OX ga perpendikulyar d to'g'ri chiziq B nugtada kesishsin.
[OB) nur o aylana bilan A nugtada kesishsin.

Ta'rif: oM =AB tenglikni ganoatlantiruvchi M nuqtalar to plamiga
Dmokles sissoidasi deyiladi. Ushbu chizigning parametrik

tenglamalari tuzilsin. vt
Yechish : OM=AB, OD=a , Z/BOD=g¢ JOAD B/
. A
dan tggp=§ = AD =O0Atgp. AOAD va  AABD larning M s
o >
0'xshashligidan AD=0A-AB (2) AOAD dan Y L
OA=0Dcosp=acosep (3)
sin2¢ . 12-chizma
M),(2),(3) = AB=acosgtg’=a—— OM =r belgilasak,
Cos @
HJ ] 2
r=a ? (4) x=rcosp=asinp y:rsingo:aSIn ? sinfp= tg(i .U
cos @ CoS @ 1+tg e
2 3
holda, x=a-9%2 | y-a 92 (5 tgp=p deb belgilasak,
1+tg e 1+tg e

2

ap _ag’

X = , = .
l+gz)2 y l+gz)2

Mustaqil yechish uchun misollar.

1. Biraylana ikkinchi aylana bo'ylab ichkaridan sirpanmay g ildirasa,
harakatdagi aylanada ko rsatilgan nugtaning chizgan iziga giposikloida
deyiladi. Ushbu chizigning parametrik tenglamalari tuzilsin.

Javob:  x=a[(@—m)cosmt+mcos@l-m)t],

y =a[(l—m)sin mt —msin(1—m)t]
m=% bo'lganda astroida nomlanuvchi chiziq kelib

chigadi.Uning tenglamasi

2. Astroidaning oshkormas tenglamasi tuzilsin.
2 2 2
Javob: x=acos’t , y=asin®’t , x®+y3=a3

¥
3 1. 1 3 3.1 1.3 R——
x=a(-cos=t+=cos—t), y=a(=sin=t—=sin—t) //
4 4 4 4 4 4 4 4 >,
P
\]

13-chizima

3. Uzunligi 2a ga teng kesmaning uchlari OX va Oy o glar
bo'ylab (AcOY)  sirpansin. OACB to g ri to rtburchakninig C uchidan AB ga



perpendikulyar qilib cM ni tushiraylik. cM perpendikulyar asoslarining
geometrik orni bo'lgan chiziq (astroida) ning tenglamasi tuzilsin.
Javob: x=2acos’e, y=2asin’e

Ko'rsatma : ~#ABO = ¢ —parametr.

4. M nugta ON to'g'ri chizig bo'yalab harakatlansin. ON to'gri chiziq esa
O nugta atrofida aylansin.

Ta'rif: Qutb atrofida yekis aylanayotgan to'g'ri
chizig ilgarlanma tekis harakat qiluvchi nugtaning
chizgan iziga Arximed spirali deyiladi.

Arximed spiralining qutb kordinatalari bo’yicha
tenglamasi tuzilsin. Javob: r=agp

5. a radiusli aylananing ko rsatilgan nugtasi orgali
o tuvchi nurni shu nugta atrofida aylantiraylik. Nurni
aylana bilan kesishish nugtasi A dan ikki tomonga 2b uzunlikdagi AM, va AM,
kesmalarni go'yaylik. M, va M, nugtaning geometrik o'rniga Paskal chanog'i
deyiladi. a=b uchun Kardoida nomli chiziqg hosil bo'ladi. Ushbu chizigning
tenglamalari tuzilsin.

Javob:  r=2acosp+2b (x*+y*—2ax)*=4b*(x’+y?), a=b  bo’lganda
kardoida

6. Qanday chizigning tenglamasi x =t*—-t+1, y =t* +t—1Kko rinishida
bo ladi.

14 - chizma

Javob: Parabola.
7.Radiusi % ga teng aylananing qutb kordinatalar sistemasidagi
tenglamasini tuzing. Javob: p=Rcosep

Ko'rsatma: Diametrning bir uchini koordinatalar boshida tanlab, qutb
koordinatalar sistemasini o rnating.

8. p=2 tenglama orgali aniglangan M, M
@

chiziqga giperbolik spiral deyiladi. a— musbat

son.
Giperbolik spiralni vaziyatini tekshiraylik. o) 9
2a & )

T . . .

%= giymatni olaylik M1(7,E) mos nuqta ¢ \ o .
—cheksiz 0°ssa, p ¢ ga teskari proporsional 15 - chizma
bo'lib, nolga intiladi. U holda o0 zgaruvchi

M(p,p) nuqgta qutb atrofida mushat yo nalishda harakatlanib qutbga cheksiz

yaginlashadi. Agar M, nugta cheksizlikka intilsa , u holda ¢ %dan boshlab



kichrayib boradi, p esa cheksizlikka intiladi. M (p,) m
nugta cheksiz uzoglashadi. M nugtaning qutb /o N\ 4

0 giga proyeksiyasi P bo'lsin . )

PM = psing, PM :psinq):aM ma’ lumki,
sing 1 u hold tenglamasi
TW)—) u Olda PM W}a eng amasil 16 - chizma M
P30 do_do 1 o
dp a Yo, p a

Xulosa. M nugta spiral bo'ylab cheksizlika intilsa, ushbu nugta qutb o’giga
parallel va undan a masofada o tuvchi to'gri chizigga yaginlashib boradi. a-

manfiy son bo'lsa, p = a tenglik teskari giperbolik spiralni aniglaydi.
@

9. OL to'g ri chizig O qutb atrofida doimiy burchak tezligi » ostida aylanadi.
M nugta OL tog'ri chizigda [OM| masofaga proporsional tezlik bilan xarakatlanadi.
M nugtaning iziga logarifmik spiral deyiladi

Masala. Logarifmik spiralning qutb koordinatalari bo'yicha tenglamasi
yozilsin.

Parametr sifatida t vaqtni olib, uni chizigning A
nugtasidan o'tgan momenti (p=0,p=p,)dan  boshlab

ds

hisoblaymiz. goza)tzazmp, m = const,
m?
d_p:mdt:>p=poe"1t t:ﬂjp:poe » = pe*”, bunda A
p @ '
m - ~ - ~
k=— , k=0 da p=p,-aylana hosil bo ladi. ¢-0'S83,
w

p-0'sadi, ¢-kamaysa, p -kamayadi. 17 - chizma
Logarifmik spiralning dekart koordinatalar sistemasidagi tenglamasi
X=p,ecosp, y=p,esing.
10. p=f(p) qutb tenglama bilan berilgan chizigning dekart koordinatalar
sistemasidagi tenglamasi yozilsin. Arximed spirali giperbolik spiralning dekart

sistemadagi tenglamasi ganday?

Javob:  x=f(y)cosp, y=f'(p)sing, x=agpcose,
|
\

y=agsing, x:icow), yzgsingo
o /
11. x*+y?*+z°=R?> sfera va x*+ _R Z—R—Z TN
. Yy=%5) =72 ‘."I(W“ﬁﬂwlll
)
&

silindrning kesishish chizig'iga Viviani chizig'i deyiladi. {"l""
Uning parametrik tenglamalarini yozing.

S

18 - chizma



Javob: ~Xop=U belgisak, X =Rcosusinu, y=Rsinu, z=Rcosu.
12. x=t?cost, y=t?sint,z=t?(0<t<c) chiziq obrazinig doiraviy konusda
yotishini korsating va regurlyarligini isbotlang.
Javob: x*+y*-z°=0
13. x=1+cost, y=sint, z:Zsin% (-2z <t<2x) chizigning regulyarligini

sferaga va (x-1)* + y? =1 silindrik sirtga tegishliligini ko"rsating.
14. Dekart yaprog'i oshkormas tenglamasix® +y®-3axy=0 orgali berilgan.

Parametr t-ni, Y =t tenglik orqali Kiriting va parametrik tenglamalarini aniglang
X
3at 3at’
Javob: x= Ly = .
1+t ) T e

15. x=t,y=t +1, z=(t-1)° chizigning regulyarligini isbotlang. Ushbu
chizigning XOY va X0z koordinata tekisliklaridagi proyeksiyalarini aniglang.
Javob: y=x*+1, z=0va z=(x-1), y=0.
x:%, y= t22 71L= t23
1+t +t 1+t* +t 1+t +t*

16. egri chizigning regulyarligini

2
isbotlang va x° +(y—%) +2° =% sferada yotishini ko rsating.

17.  x=t’cost, y=t’sint, z=t>(0<t<o) egri chizigning regulyarligini
isbotlang va konus sirtida yotishini ko rsating. ¢, -burchakni toping.

18. x=1, y=t?’, =z=t> egri chizigning koordinata tekisliklaridagi
proyeksiyalari ganday tenglamaga ega. Javob: (oxy)da y=x* ,(0Xz)da

3

z=x%(0YZ)da z=y2.
19. Qutbiy tenglamalari orgali berilgan egri chiziglar obrazlarini tasvirlang
a) p =asinke,
b) p = acoske (a,k-musbat 0’zgarmas sonlar).
sinkg| <1, |coskg|<1 ni e’tiborga olinsa gullarni a radiusli aylanaga ichki
chizilganligini  kelib chigadi. sinke,coske davriy funksiyalar bo'lgani uchun
gullar kongurent yaproglardan iborat bo’lib, eng katta a radiusga nisbatan
simmetrik vaziyatga ega bo'lishi kelib chigadi. Quyidagi hollar bo"lishi mumkin:
p=sinke YOKi p=acoske egri chiziglar. a,k mushat 0'zgarmas sonlar. [sinke| <1
,|coskg| <1 bo’lgaligi uchun egri chiziq a radusli aylana ichida joylashadi, sinke,
coske lar davriy funksiyalar bo’lganligi uchun gullar kongruent yaproglardan

iborat bo'lib, eng katta a radiusga nisbatan simmetrik joylashadi.
I. k ratsional son.



6 — 1) tog bolsa,

k ta .
5 2) juft bo‘Isa,}u holda gul {Zk ta yaprogdan iborat.

. - m
Il. k-ratsional son, yani k=—;
n

1,4— 1) m va n sonlarning
ikkalasi ham
toq son bolsa, m ta :

gul {Zm ta yaprogdan iborat.

2,3— 2) m van sonlardan

biri juft bolsa,

11, k-irratsional bo’lsa, gul gisman bir —birini goplovchi yaproglarning

cheksiz to plamidan iborat.

. .4
1) p:asinf 2) p=asin_ 3) p:asm?(p

A

xV¥ ©
A A

N

6) p=asin3p
Foydal
anilgan
adabiy

otlar
1.
Wilhel
m
Klingen
berg, A Course in differential geometry,1978 by Springer-

Verlag, New York Inc. Printed in the United States of America.

2. M.A.Arstrong, Basic Tpology, Springer, 1998 y.
3.Coopuuk 3amaud mo auddepeniman Hoi reometpun. [lox pea. denenko A.C.
M., 1979

19 - chizma

14.Egri chiziglarning maxsus nuqtalari.
Reja:
1. Maxsus nuqgta va tiplari.
2. Misollar
Tayanch tushuncha va iboralar :



Uzluksiz almashtirish, topologik almashtirish, elementar yoy, elementar chiziq,
chizigning chegaraviy nuqgtalari, sodda chizig, umumiy chiziq, regulyar va silliqg
chiziq.
Egri chizigning vektorli parametrik tenglamasi
y: T=r(t), tel (1)
ko'rinishda bo’lsin . M(t,) ey nugtada f (t,) =0 bo'lsa M(t,) nugtani
noregulyar nugta deb ataymiz. M(t,) nugtada noldan fargli birinchi hosila

vektor F®)(t,) bo'lib, unga kolleniar bo’lmagan noldan fargli hosila vektor

r@(t,) bo'lsin. Quyidagi hollar bolishi mumkin:
1) P-toq, g-juft; » chiziqg obrazi M(t,) nugta atrofida, regulyar nugta
atrofidagi kabi ko'rinishga egadir .
2) P-toq, g-toq; M(t,) — chizigning bukilish nugtasi
3) P-juft , g- tog; M(t,) — chizigning 1- tur gaytish nuqtasi (20-chizma)
4) P-juft , g-juft; M(t,) — chizigning 2- tur gaytish nuqgtasi ( 21-chizma)

S|
—
a
=

f(Q)

/ £(p) . i (p)
M (&) 20- chizma M (tN 21-chizma

Fixy)=0 (2
tenglama orqali berilgan chizigning Mo(Xo,Yo) nugtasining maxsus nugta
bo’lish shartlarini keltiraylik:

F(Xo,y0)=0, FX'(XO,yO)=O, F),'(Xo,yo)=0.
F..F., F. hosilalardan biri Mo nugtada noldan fargli bolsa, Mo- maxsus

nugtani go shaloq yoki ikki karrali deyiladi.
F. (X, ¥o) =0 bolsin. Egri chizigning Mo nugtadagi urinmalarining

burchak koeffisenti
F’-k*+2Fk+F =0 . (3)
y Xy XX

tenglamadan aniglanadi.



Fxnyz_Fﬂ Fn >0 = Mo(XO’yO)ey tugun nuqta,

XX Uy
R, —FaF, <0 = My(X,,Y,) €7 -ajralgan nugta,
F! —F!F! =0 :Mo(xo,yo)ey — 02Zz-0ziga urinish nugtasi, I-tur yoki Il-tur

gaytish nugta bo’lishi mumkin.

F (%5, ¥0) = Fi(%0, o) = Fy (%0, Yo ) = Fo (%0, Yo ) = By (%0, Yo )= F (%0, ¥, )=0  uchinchi
tartibli hususiy hosilalar orasida noldan farglilari mavjud bo’lsa, u holda 3
karrali maxsus nugtalarni aniglash, tipini ko rsatish, ushbu maxsus nugta

atrofida egri chiziq tuzulishini tekshirish mumkin.
Masala yechish namunalari

1. ¥ =t>1 +t*] chizigning maxsus nugtasini aniglang va tipini ko rsating.
Yechish: r'(t)=2ti +3t° j,t=0da 7 (0)=0, r/(0)=0

r(t)y=2i+6tj, TF/(0)=2i=0, TV(0)=6]=0

r, va r;" vektorlar t=0 nugtada kollenear emas. O(0,0) — maxsus nugta, bo"lib

egri chizigning 1-tur gaytish nuqtasidir.
A
Tenglamani koordinata ko rinishida yozaylik: y

=t’
v {X s = y? = x* yarim kubik parabola ;
y =

x| 4] 1]0]1][4]09 ; R
y | 8|-1]01]8]27 © X
t|2[-1(01]2]3

22- chizma

2. y*—x*-x*=0 chizigning maxsus nugtalarini
aniglang va tipini ko rsating;
F(x,y)=y*—x*—x*=0,
Yechish: FX'(x, y) =—-2x-3x>=0,
F (xy)=2y=0, = y=0,

xV

X +x=0=x*(x+1)=0=x=0, x=-1,

2x+3x* =0= x(2+3x)=0= x=0, x=—§,

2 . . o 23- chizma
x=-1 va X= —5 qumatlar sistemasini

ganoatlantirmaydi.
O (0,0) nugta sistemani ganoatlantiradi. Demak, maxsus nugta O(0,0)

F,(00)=-2; F(00)=0; F’(00)=2; D=a}-aa,=4>0.
Xulosa: O(0,0) — 0"z 0 zini kesish nugtasi ya'ni tugun nugqta.



Mustaqil yechish uchun masalalar

1.Quyidagi chiziglarning mahsus nugtalari va ularning tipini ko rsating
1) x*—y®—x*=0. Javob: 0(0,0)- o'z —o zini kesish nugtasi.

2) x*—x*—y?=0. Javob: 0(0,0) ajralgan nugqta.

3) x*—x°y*+y*=0 Javob: 0 (0,0) ajralgan nugta.

4) x*+5x*-4y*=0 Javob: 0(0,0) - 0°z-0"zini kesish.

5 ax*+x*-y*=0. Javob: 0(0,0) — maxsus nuqta,

a<0 da ajralgan nugta,
a=0 da 1-tur gaytish nugtasi,
a>0 da tugun nugqta.

6) x*+y*-3xy=0. Javob: 0(0,0)-tugun nugqta.

7)) x*+y*—x*-y*=0. Javob: 0(0,0) ajralgan nugta.

8) x*-x*+y*=0. Javob: 0(0,0) ajralgan nugta.

9) (x*+y?) -a’(x*~y?)=0. Javob:0(0,0) tugun nugta.

10) (y-x*) -x*=0. Javob: 0(0,0) -2- tur gaytish nuqtasi.
11) (a+x)y*—(a—x)x*=0.  Javob: 0(0,0) tugun nuqta.

12)  x*-8xy*+y*=0. Javob: 0(0,0) uch karrali mahsus nugta.

2. Quyidagi ajoyib chiziglarning mahsus nugqtalarini aniglang va tipini
ko rsatining.
1) Diokles sissoidasi: (x*+y*)x—2ay* =0.
Javob: 0(0,0) - I-tur  qaytish nugtasi.
2) Nikomey konxoidasi: (x*+y*)(y—a) —I°y*=0.
Javob: I<ada 0(0.0) - ajralgan nugta.
3) Strofoida : (2a—x)y2=x(x—a)2. Javob: A(0,0)-tugun nugta.
4) Kardoida: (x*+y?-2ax) —4a®(x* +y?)=0. Javob: 0(0,0) — | — tur gaytish

nuqtasi .
5) Astroida: x=acos’t, y=asin’t. Javob : 4-ta maxsus nugta 1-tur gaytish
nugtasi.

6) Traktrissa: x=asint,y = a(cost +Intg %j ;
Javob: A(a,0) — 1-tur gaytish nuqgtasi.
7) Bernulli lemniskatasi: (x* +y?)" —2a%(x* - y?)=0;
Javob: O(0,0)- 0°z o'zini kesish nugtasi.



3at _ 3at”
1+t 14t
Javob: O(0,0) o'z ozini kesish nugtasi.
9) Sikloida : x=a(t—sint); y=a(l-cost);
Javob: (2kz,0), k=1,2, ... maxsus nuqtalar. 1-tur gaytish

8) Dekart yaprog'i: x=

nugtalar.

10) x=acost, y=asint , z=bt vint chiziq OXY koordinata tekisligiga (OZ) o'q
bilan & burchak tashkil etuvchi (OYZ) tekislikka parallel to’g'ri chiziglar orgali
proyeksiyalanadi. Vint chizig proyeksiyasi maxsus nugtaga egami? Maxsus nugta
€ ning gaysi giymatida mavjud bo’lishi mumkin. Tipi ganday?

3. Transendent egri chiziglarning maxsus nugtalarini izlang.
1) y*=1-e"; Javob: 0(0,0) — ikki karrali nugta.
2) y?=1-e™; Javob: O(0,0) — gaytish nuqtasi.

3) y= Ll; Javob: O(0,0) — tig izlanish nugtasi

1+e*

4) y=arctg (g%j Javob: x=kz(k=0+1+2...) — birinchi tur gaytish

nugtasi.
5) y? =sin %; Javob: x =0 — ikkinchi tur gaytish nuqtasi.
6) y> =sinx?*; Javob: x =0 —ikki karrali nuqta.
7) y? =sin’x; Javob: x=kz(k =0£142...) — gaytish nugtasi.

8) y=xInx ; Javob: O(0,0) — tugash nuqtasi.
Foydalanilgan adabiyotlar
1. Wilhelm Klingenberg, A Course in differential geometry,1978 by Springer-
Verlag, New York Inc. Printed in the United States of America.
2. M.A.Arstrong, Basic Tpology, Springer, 1998 y.
3.Coopuuk 3amaud mo auddepeniuan Hoi reometpun. Ilox pea. denenko A.C.
M., 1979

15. Asimptotalar
Reja:
1. Asimptota ta’rifi
2. Algebraik chiziq asimptotalari
3. Misollar



Tayanch tushuncha va iboralar: Urinma, nuqgtadagi urinma, normal
tekislik.
Tekis egri chizig quyidagi parametrik tenglamalari orgali berilgan bo’lsin:
yix=x(t),y = y(). (1)

Ta'rif. Birorta ¢ to'g'ri chizig mavjud bo’lib , »
chizig ustidagi M(t) nugta chiziq bo'ylab cheksiz
uzoglashganda, ushbu nugtadan ¢ to'gri chiziggacha
masofa nolga intilsa , u holda ¢ to"gri chizigni berilgan »
chizigning asimptotasi deb ataladi.

Ax+By+C=0, (2
to g ri chizigni (1) chiziqga asimptota bo lish sharti:

lim|Ax(t)+By(t) +C|=0. (3)

t->T

24- chizma

Asimptota y=kx+b,  (4)
ko rinishdagi tenglamaga ega bo'lsa , koeffitsientlarni quyidagicha topiladi :
k:|im%, b=lim[y(® - kx®)]. (5)

(1) egri chiziqg vertikal asimptotaga ega bo'lsa, uning tenglamasi
a=|imx@® , limy@)=<.  (6)

Gorizontal asimptota uchun  limx(t)=c, b=limy(t). (7)

t->T

Tekis chizig  y=f(x), 8)

tgenglama orqali berilgan bo’lsa, asimptota uchun k =lim f(x), b=lim[ f (x)—kx]

X—00 X X—>00
(9)
koeffisientlarni hisoblaymiz.
Algebraik ko rinishda berilgan tekis chizig asimptotalarining koeffisiantlarini

eng yuqgori darajali o'zgaruvchilar koeffisentlarini nolga tenglashtirib
tenglamalarni yechish orqali topiladi.

A(k)=0, A_(bk)=0. (10)
Masala yechish namunalari

1 yzxzi16 egri chiziq asimptotalarini aniglang.

Yechish: 1) x=44 ga y=o. ikkita asimptota mavjud bo’lib, tenglamalari
Xx—4=0Vva x+4=0.
2) x-—>+o ga y—>0= absissa 0'gi y=0 berilgan chiziq asimptotalaridan
biridir.
Javob: x—4=0, x+4=0, y=0.



2t—1
X= > )

t* -1
asimptotalarini aniglang.

2. y=£ parametrik qurishda berilgan yassi egri chiziq

Yechish: t=-1 dax=—oo,y=—%:> asimptota tenglamasi y+%=0,

t=1 da x=o, y=co= ko'ramizki koordinata o'qlariga parallel bo Imagan
asimptota mavjud bo'lib, uni y =kx+b tenglama ko rinishida izlaymiz.

2 - t?(t+1
k=tim X0 _jim 2 i (t+1) _,
Ol -1 o1 en 21

2 — 2 _ 3,42
bzItirrf[y(t)—kx(t)]:|tin?{t__22t 1}:&@? (t+1) 4t+2}:“mt F-4t42

t-1  t°-1 t* -1 =1 tP-1

:Iim(t Dt +2t 2):Iimt +2t-2 1

=1 (t-D(t+2) -1 t+1 2
tenglamaga

go yamiz.

k va b giymatlarini y=kx+b

Og ma asimptota tenglamasi y= 2x+% ko rinishga ega bo'ladi.

Javob: y+%:0 va y:2x+%

3. Algebraik metod orgali asimptotalarni toping.
X —2y(x+1)*=0
1) x+1=0 da y=o ordinata o giga parallel asimptota tenglamasi: x+1=0.
2) tenglamaga y=kx+b ni go yamiz.
XX =2(kx+b)(x+1)*=0=  x*—2kx® —4kx* — 2kx — 2bx* —4bx—-2b =0,

(1-2K)X® — (4K + 20)X2 — (2K +4b)x—2=0. 1-2k =0 va 4k+2b=0=k==,b=-1.

N |~

Javob: y:%x—l va x+1=0.

Mustagqil yechishga masalalar
1. Quyidagi chiziglarning asimptotalarini aniglang.

1) y=A; Javob: y=2, x=1.
x-1
1 1
2 = ; Javob: y=0, x=-1, x==.
) 2x% +x-1 y 2
3) y=i; Javob: x=3, y=0.
Xx—3
a3
4 - : Javob: y=o0.
) Ve y
2
5 vy= x_. Javob: x=#1, y=1.



6) y:m, \]aVOb X=2, yZO
XZ 2 ) b
7) yzg—é—lzo; Javob: y:igx.
1 . .
8) y:XZ—l’ Javob: x=+1y=0.
9) X +y*-x*y?*=0; Javob: x=y=+1,
10)  xy*—-(x-1)*=0; Javob: x=0.

2. Quyidagi chiziglarning og'ma va koordinata o glariga parallel asimptotalarini
toping.

2
1) y:ﬂ; Javob: x=0, y=x-4.
X
2
2) y= X : Javob: x=3, y=x+3.
X—3
2
3) y= * Javob: x=-2, y=x-2.
X+2
2
4) y= X ; Javob: y=x+1, x-1=0.
X+4
3
5 x=— 7 Javob: y=x, y=%2.
y —
6) vy= X x; Javob: y=x+£vax:1.
2x—-1 2 2
7) x3—2y(x+1)2; Javob: y:%x—l, x=-1,
8) xy’ —y>—4x=0; Javob: y=+2, x=1.
9) xyz—x2—2x+%:0; Javob: x=0.
10) (¥ -y*)(x-y)=1; Javob: y=+x.
3
11) y:X—Z; Javob: x+1=0;x-2y-2=0.
2(x+1)
3
12) y=X2X 3 X Javob: y=x, x=+/3.
13) Yy -4x’y+2x*+y*-5x+y+4=0; Javob: y=2x—§, y=—2x—%, yzg.

3. Parametrik ko'rinishda berilgan quyidagi chiziglarning asimptotalarini
aniglang



1) x=—"-, y="-; Javob: x+y+a=0.
) t2+1 t2+1 y
t? 6 1
2) x=——,y= : Javob: x=-=, 2x-4y-3=0.
) t—1 y t> -1 2 y
2t t? 1 1
3 = Y= :Javob: x=3, y=—4, y==x-=.
) t1)(t-2)”  (t-1){t-3) Y= Y=7% g
2t t3
4) x=——, y= : Javob: x=1.
) t? +1 y 2
2 42
5) x=: : W 2) Javob: x=1.
t°+1 1+t
t? t? 1 1 1
6) x=—os, =—; Javob: x==, y=>x-=, y=x+1.
) 1-t IR 2 VT Y
7) x= t* : y:Jiﬁ Javob: x=-1; y=iu—%
1-t2 1-t2 2
_ 2
8) x= tz, y=t(1 %); Javob:  x=0, x+y-2=0, x+y+2=0.
1-t 1-t
5t2 5t2
9 X=—", = Javob: x+y-1=0.
) 1+1° y 1+t° y
2 _9)2
10) x:gizl, y:g—glg Javob: 2x+9=0,x:g,x—y—6=0
t+1 t-1 2

4. Ushbu chiziglarning asimptotalarini toping.

1) xX-y+x2+y*=0;
) y=x+i;
X
3)  x(+yh)-ay’;
4) X —2y(x-=1)°?=0;
5) x* —4x*y? —6x° —4y* =0;
6) X2 =2x2y* +y*—2x=0;
7) y+x°y*-1=0;
8) X2 —x*y*+y?=0;

Javob :

Javob:
Javob:
Javob:

Javob:
Javob:
Javob:
Javob:

y—x+g
3"

x=0, y=X.
x—a=0.
1
=—x+1 x-1=0.
Y 2

Xx—-2y=0, x+2y=0
y =+£X.
x=0, y=0.

X=Yy==1

5. Qutb koordinatalar bo'yicha berilgan ushbu chiziglarning asimptotalarini

toping.

1) Nikomed konxoidasi r=—2 4]

sing

Javob:

y=a.



=2
2) Diokles sissoidasi r=22""? - jayob: x=2a.
oS¢

3) Giperbolik spiral r:3,0<¢><oo; Javob: y=a.
@

Yechish: x=2%¢ _23M¢ o 650

@ @
x:HmaaB¢=w y=HmaEﬂg:a
70 @ »—0 Q
Foydalanilgan adabiyotlar
1. Wilhelm Klingenberg, A Course in differential geometry,1978 by Springer-
Verlag, New York Inc. Printed in the United States of America.
2. M.A.Arstrong, Basic Tpology, Springer, 1998 y.
3.Coopuuk 3amad mo muddepeniman Hoi reometpun. [lon pea. denenko A.C.

M., 1979

16. Chizigning urinmasi va normali.
Reja :

1. Urinmaning turlicha tenglamalari

2. Normal tekislik tenglamasi

3. Misollar

Tayanch tushuncha va iboralar:Chiziq urinmasi, chizig normali , urinma
tenglamasi, chizig normalini tenglamasi.
Tekis chiziq tenglamasiga mos ravishda urinma va normal tenglamalari

turlicha bo'lishi mumkin. Chiziq tenglamasi 7 =7(t) ko'rinishda bo’lsa, urinma

tenglamasi

R=F+AF, (1)
chizig x = x(t), y = y(t) tenglama orgali berilgan bo’lsa, urinma tenglamasi
X-x Y-y
= y 2
X Y @)

bunda P(x,y)-urinish nugta, F{x/,y/}-urinmaning yo naltiruvchi vektori,

M (X,Y)-urinma to g ri chizigning ixtiyoriy nuqgtasi.
Tekis chizig y=f(x) tenglama orqgali berilgan bo’lsa, P(x,y) nuqgtadagi
urinma tenglamasi A
Y-y=f()X-x),

©) -
ko'rinishda bo'lib, F(x,y)=0 oshkormas tenglama Iry I
orgali berilgan chizigning P(x,y) nuqtasidagi urinmasi 4 M (x,y)

—i

xX VY

26-chizma




(X=XF +(Y-y)F; =0, (4)
ko rinishdagi tenglamaga ega.
Mos ravishda normal tenglamalarini yozaylik:
(R-F)F =0, (X=x)x+(Y =y)y; =0, X =x+ £(X)(Y —=y) =0
X=X Y-y

F/ F (5)
Masala yechish namunalari:
1. r=aép aylana ixtiyorty nugtasidagi urinmasi va normalining
tenglamasini yozing, bunda &(¢) = cosgi +sing]j .

Yechish:

R =aé(p)+1ag(p)-urinma. (R—a&(y))g(p)=0-normal, bunda
G(p) =—sinpi +cospj |&(p)|=|G(p)|=1.

2. x=t*,y=t> egrichizigning M(-7,-1) nugtadan o tuvchi urinmasi va
normali tenglamasini aniglang.

Yechish:

X—t® Y-t -7-t° -1-t?

a2 a2t

Tenglamaning hagiqiy ildizi t =2. Urinish nugtasi P(8,4). Urinma vektori

£'{12,4}. Urinma tenglamasi X-8_Y-4
t 12

= 2(7+t) =3t1+t*) =>t*+3t-14=0

= X-3Y+4=0.

Normal tenglamasi 12(X —8) +4(Y —4) =0 = 3X +Y -28=0.
3. Y?=2pX parabolaning P(Xo,Yo) nugtasidagi urinmasi a normalini aniglang.
Yechish: Y =y,+k(x—x,)to'g’ri chizigning parabolaga urinma bo’lish
shartini topaylik: KX +2(ky, kX, — p) X+ Y — 2kx,Y, + kX =0.

Kvadrat tenglama diskriminanti nolga teng bo'lsa, kesuvchi urinma

vaziyatni oladi. D = (ky, —k?x, — p)? —k?(y,” — 2kx,Y, + k*%,’) =0,
2k?x, —2ky, + p=0 => HzZ%%- @)
Ikkinchi tomondan  y?-2px=0 parabolaning P(x,Yy,) nugtasida
o'tkazilgan urinmaning k=y/(x,) burchak koeffitsienti: k=7
(2)

Urinmaning ordinata o qida ajratgan kesmasi:
b= Yo— pi_z (3)
kvab larniya'ni (1) va(3)ni y=kx+b tenglamaga qo yamiz :

Y= X+ Y= PE => 2XYoY = YoX+ 2% Y, —2pX  =>



2% Yoy = 2PXX + 2%, (Y5 — PX;) , Yo =2P% =>
YY,=p(x+X%,)| - urinma tenglamasi

Yo(x=x,)+ p(y—y,)=0-normal tenglamasi

4. x* +y®-3axy=0 chizigning A(?’?a,%aj nuqgtasidagi urinmasi va normalini

aniglang.
Yechish: F/[32 33| 94, p/(3232) 9,
2'2) 4 4

gaz(x—3—a]+%a2(y—37aj:0 = X+y-3a=0

Normal tenglamasi x-y=0.
5. x=t>-1y=t>+1 chizigning 2x-y+3=0 to'g'ri chizigga parallel
urinmasi va normalining tenglamasini yozing.

i '3 4 7 91 . 8 . 16
Yechish: x' =2t, ':3t2,k:L:—t:2 St=—, X, =,V = —,X =,y =
A % Y X 2 3 °9y° 27‘3yt3
ML
; .9 " 27 .. 49
UrlnmatenglamaSL—§ "5 = 2X y+27—0
3 3

Normal tenglamasi: g(x—gj+§(y—%j:0 = 27+54y-203=0

Mustaqil yechish uchun mashqg va masalalar.
1. Quyidagi chiziglarning urinmasi va normali tenglamasini yozing:
a)x=t>-2t,y=t*>+1 A(t=1) nugtada
Javob:2x-y+4=0va x+2y-3=0.
b)x=t?,y=t*> chizigning P(0,0)nugtadagi urinmasining tenglamasini
aniglang;
Javob:y=0.
t? y- t
t-1"" t*-1
nuqtasidagi urinmasi va normalining tenglamasini aniglang;

V) x = (—o<t<-1 -1<t<l 1<t<w) chizigning P(4,§J

Javob:y=§ va x=4.

2. x=a(l-cost)y=a(l-sint), 0<t<2z chiziq urinmalari koordinata o glari
bilan kesishib, urinish nugtasiga bog'lig bo’Imagan doimiy perimetrli uchburchak
tashkil etishi isbotlansin.

3. x=acos’t,y=asin’t chizig urinmasi va normalining tenglamasini yozing ;



Javob: urinma: 2xsint +2ycost —asin2t =0,
normal: xcost—ysint—acos2t =0.
4. Quyidagi chiziglarning urinmasi va normalini tenglamasini aniglang:

a) y=sinx, A(0,0), B(%,lj. nugtalarda.

Javob : A nugtada x=y va x=-y, B nugtada y=1 va x=%.

b) y=x°, A(0,0), B(11).
Javob: A nuqgtada y=0 va x=0.
B nugtada 3x—-y-2=0 va x+3y—4=0.

v) y=tgx, A(0,0), B(%,l}.
Javob: A nugtada y=x va y=-X
B nuqtada2x—y+1—%:0 va x+2y—2—%:0.

5. y=x* parabolaga y=4x-5 to'g'ri chizigga parallel ravishda o tkazilgan
urinmasini aniglang;
Javob: y=4x-4.
6. y=x?-2x+1 chizigning (1,0) nuqgtasidagi urinmasi va normalini
aniglansin ;
Javob: y=0 va x=0.
7. y=x* parabolada urinmasi (OX) absissa 0'qi bilan  45° burchak tashkil

etuvchi nugtani toping. Javob: P(%,ﬂ.

8. y=x%6x+5  parabolada urinmasi x-2y+8=0 to'g’ri  chiziqga
perpendikulyar bo’lgan nugtani toping. Javob: A (2,-3).
9. A(0,2) nugtadan x*+y*=1 aylanaga o tkazilgan urinmalar tenglamalarini
yozing.
Javob : \/3x—y+2=0 va /3x+y—2=0.

10. x=a(|ntg(%j+c05goj, y=asing (0<p<n) traktrisa

urinmalarining urinish nugtasi bilan (OX) 0°q orasidagi chegaralangan kesmaning
doimiy uzunlikda bo lishi ko rsatilsin.

11. x3+xy2-ay2=0 chizigning A(%,%) nugtadagi urinmasi va normalining

tenglamasini aniglang. Javob: 2x -y +4=0 va x+2y-3=0.



X Y ellips va X—z—y——lgiperbolaning ixtiyoriy Mo(Xo,Yo)

12. + -
a’? b? a’ b?
o X YoY

nuqtasidagi urinmasi va normalining tenglamasi mos ravishda
a
(X _Xo)a2 _ (Y - YO)bZ -0 (X _Xo)a2 n (Y - yo)b2 -0 -

=1,

2 b2

X Y :
X°2 —yLzzl - urinma, =0,
a b Xo Yo Xo Yo
normal bo’lishini isbotlang.

Mo(Xo,Yo) nugtasidagi urinmasi va

13.(x? + y2 ) —2a%(x? — y?)=c chizigni

normal tenglamasini yozing.
Javob: x, (x02 + Y, - aZXX —X,)+ Y, (XOZ +y,S + aZXY —y,)=0 - urinma

yo(xo2 + Y, +a2XX —X,)— xo(xo2 + Y, —aZXY ~Y,)=0 - normal
r=ap chiziq urinmasi va

14. Qutb koordinatalarida berilgan
normalining tenglamasini yozing

Javob: (sing + pcosp)x —(cosp — psing)y —ap? =0 - urinma,
(cosp — gsing)x + (sing + pcosp)y —ap=0 - normal.
15. r=2acosg chizigning A(\/Ea,%j nuqgtasidagi urinma va normalini

aniglang ; Javob: wurinma: y-a=0, normal: x-a=0.
16. y,:r=ae” va y,:r=be” qutbiy tenglamalar orqgali berilgan chiziglarning

to'g'ri burchak ostida kesishisini isbotlang .
Isbot : Tenglamalarni koordinatalarda yozaylik :

. Jx=ae? cos ¢ . Ix=be? cos
7/1 - {yzae(ﬂ sing 7/2 - {yzbe"’sin((j .
_Y'(p) _sin(p)+ coslp) .
7, uchun k= (o) coslo)sinle) (*)
K = Sin(go)—COS((p) (**)

72 uchun cos(p) +sin(p)
*), **) =kk=-1=>=

kesishish nugtalarida  urinmalari o0 zaro
perpendikulyar.
17. Quyidagi chiziglarning kesishish nugtalari va shu nuqtalarda tashkil etgan

T

burchaklarni toping
Javob: M,(0,0), M,(4,4); o=

a) y>=4x, x’=4y.

= arctg (§j
P, 4)



b) x*+y?=9, x*+y?-6x=9. Javob: M,(0,3), M,(0,-3), ¢ =¢,=—,

&N

V) x2+y?e2x=7, y?=4x. Javob: M, (12), M,(1-2), gz)l:goz:%.

18.Quyidagi chiziglarni to g ri burchak ostida kesishishini isbotlang.
a) y=x-x° va y=x’-x;
b) y?=2ax+a®* va y*=-2bx+b?;
V) x> -y®=a va xy=b;
g)r=a(l+cosp) va r=a(l-cosp);

2 2 2
19. x3+y®*=a3 astroida urinmasining koordainata o qlari bilan kesishib

ajratgan kesmasi a uzunlikka ega ekanligini isbotlang.
20. y,:y=sinx va y,:y=tgx egri chiziglarning koordinata boshi 0(0,0)
nuqtadagi o zaro urinish tartibini aniglang.

Yechish: y! =cos va y. = 12_, y.(0)=v.(0)=1,
cos® X
yi=—six va yu=220X"y(0)= 1 (0)=0,
cos® X
2cos’ X +6sin® X
N =- va yi=- , Y5 (0)=¥7%(0).
yx Cos X yx COSAY yx ( )¢ yx ( )

Javob: urinish tartibi k =2.
21. y=x* va y=xsinx chiziglarning 0(0,0) nugtadagi urinish tartibini
aniglang.

Javob: k=1.
22. y=sinx va y=x4—%x2+x chiziglar O(0,0) nugtada ozaro
uchinchi tartibli urinishini isbotlang.
23. x*+y*=2 aylana bilan M (1,1) nuqgtada urinuvchi
y=x*+ax+b  parabola tenglamasini toping. Javob: y=x*-3x+3.
24. y=x* parabola bilan  O(0,0) nuqgtada ikkinchi tartibli urinuvchi
aylanani aniglang. Javob: x*+y*-4=0.

25. y=f(x) chizig bilan A(o,f(0)) nuqgtada n - tartibli urinishga ega
bo'lgan y=a, +ax+a,x*+..+ax" chizig tenglamasini yozing.
. ! n X2 n Xn
Javob:y=f (0)+ f'(0)x+ f (0)z+...+ f )(O)H'
Foydalanilgan adabiyotlar
1. Wilhelm Klingenberg, A Course in differential geometry,1978 by Springer-
Verlag, New York Inc. Printed in the United States of America.

2. M.A.Arstrong, Basic Tpology, Springer, 1998 y.



3.Coopuuk 3ama4 no muddepennuan Hoii reomerpun. [lox pen. denenko A.C.
M., 1979
17. Chiziglar oilasini o' ramasi
Reja:
1. Bir parametrli va ikki parametrli chiziglar oilasi

2. Misollar
Tayanch tushuncha va iboralar:Bir parametrik chiziq, ikki parametrik chiziq,
0 rama, chiziglar oilasining o ramasi, maxsus nuqta, diskriminant chiziq

F(xy,c)=0 bir parametrli chiziglar oilasining o’ramasini F(x,y,c)=0 va
F./(x,y.c)=0 tenglamalar sistemasini yechib F; va F/ bir vaqtda nolga aylanmasa
diskiriminant chiziq tarkibidan aniglanadi.

1-misol (y—c)’—x*=0 chiziglar oilasining o ramasi topilsin.
F. (x,y,c)=-2(y-c)=0=y-c=0 uholda x=o0 chiziq diskiriminant chiziq
bo'lib 0'rama emas. Hagigatdan ham F'=-3x*=0, F,'=2(y-c)=0 u holda x=0
va y-c=0 OY 0°qqa tegishli (O,C) nugtalar maxsus nuqtalardan tashkil topadi.

2-misol  x=c’+u, y=c®+u chiziglar oilasining o ramasi aniglansin.
Yechish:

VA
' 2
y=c+x-c*=x-y+c*-c*=0, F' =3c*-2c=0= ¢, =0, ¢ =3

c=0dax=y, c=2 da x-2 - _8,
3 9 27

x =y - diskriminant chizig chunki F(x,y,0)=0 va F,'=0 bo’lib
F(xyc)=c’-c*=0.

\ 2ol

3-misol xcosc+ysinc—p=0 chiziglar oilasining o'ramasi ~ o \\
aniglansin.
xcosc+ysinc—p=0 [x=pcosc 27-chizma
= =X’ +y*=p’.
—xsinc+ycosc=0 y=psinc
Javobi: p radiusli aylana to'gri chiziglar oilasining

0 ramasidir.
Mustaqil yechish uchun masalalar
1. y=c*(x—c)’ parabolalar oilasini o'ramasi aniglasin.
Javob: y=0 wva 16y-x*=0 diskiriminant
chiziglardir.
2. x*+(y-6)=16 aylanalar oilasining o ramasi aniglansin.
Javob: x=4.
3. y*—(x—a)’ =0 yarim kubik parabulalar oilasini 0'ramasi aniglansin.



Javob: xy=i%\/5 ikita giperbola .

4. Bosh diametrlari umumiy va yuzlari teng ellipslar oilasining o ramasi
aniglansin.

Javob: xy=i%«/€ ikkita giperbola.

5. x=x(t),y=y(t) tekis chiziq normallar oilasining o"ramasi aniglansin.

12 12 ' 12 12 ’
Javob: x:x(t)—w, y:y(t)—w.
y X=Xy Xy =Xy
6. (x—c)*+(y-c)’=c? aylanalar oilasining o ramasi aniglansin.
Javob: x=0, y=0. ¥

[

Javob: y=0 diskriminant chiziqg.
9. (1-c¢*)x+2(y—a)=0 oilaning 0 ramasi ganday chiziq"

7. y=(x-c)® oilaning o’ ramasi aniglansin.
Javob: y=0.
8. y?’—(x-c)*=0 chiziglar oilasining
0 ramasini toping. / //

2
Javob: (x=2y?+y2 =& aylana.
( 2) y 4 y 28-chizma

10. c*(x—-a)-cy—a=0 chiziglar oilasining o ramasi topilsin.
Javob: y®+4a(x—a)=0 parabola.

11.  x*+y°=R? aylana Ax+By+C=0 to gri chiziglar oilasining o'ramasi

bo'lishi uchun AB,C koeffitsientlar o0'zaro qanday

munosabatda bo’ladi ?
Javob: (A*+B?)R*=C".
12. O'zgarmas a uzunlikdagi AB kesmaning uchlari

¥
&
koordinat o glariga tegishli bo’lib, shu o qlar bo ylab sirpanadi. 0
AB kesma tegishli bo’lgan to g ri chiziglar oilasi o’ramasining \

/

2 2 2

tenglamasini aniglang. ~ Javob: x®+y3=a® astroida.

N

13. (0X) o0°qqa koordinatalar boshida urinuvchi aylanalar 29-chizma
oilasini tog ri burchak ostida kesib o tuvchi egri chiziglar oilasi
tenglamasini yozing. Javob: (x—c)*+y?=c?.
14. y*>=2px parabolalar oilasini to'g'ri burchak ostida kesib o'tuvchi
2
chiziglar oilasining tenglamasi gqanday ? Javob: x? +y7=c.

15. Koordinata o'qglari bilan kesishib , 0"zgarmas S yuza tashkil etuvchi
to g ri chiziglar oilasining o ramasini aniglang.



Javob: xy = i% giperbolalar.

16. To g ri chiziq kesmasi 0°zgarmas a uzunlikda bo’lib uchlari (ox) va
(oy) o qglari bo’ylab sirpanadi. Ushbu kesmalar tegishli bo"lgan m chiziglar oilasini
tenglamasini aniglang.

2 2 2

Javob: x° +y? =a? - astroida.
17. X—+%:1, p+q =1 chiziglar oilasini 0" ramasini toping?

Javob: x=y=+1 4-tato g'ri chiziglar.
18.  F(xy.a,B)=0 chiziglar oilasi uchun ¢(«,3)=0 shart bajarilsa oila

0 ramasi tegishli nugtalar ganoatlantiruvchi shartlarni yozing.
D(F.¢)
D(a, f)
19. y*=2px parabolar p-parametrga bog liq oila tashkil etadi . U (ox) ga

0.

Javob: F(x,y,a,8)=0, ¢(a,B)=0,

parallel bo’lib uchlari y* =2gx parabolalar oilasining o'ramasini aniglang?
Javob: y*=2(p+q)x.
20. y?=2px parabolalar fagat vatarlari diametrlar bo'lgan aylanalar oilasini
garaymiz .
Ushbu aylanalar oilasining o’ramasini toping?

2 2
Javob: O'rama (X_’%pj +y? {%p) , aylana va parabolaning x:—g
direktirissasidan iboratdir.
Foydalanilgan adabiyotlar
1. Wilhelm Klingenberg, A Course in differential geometry,1978 by Springer-
Verlag, New York Inc. Printed in the United States of America.
2. M.A.Arstrong, Basic Tpology, Springer, 1998 y.
3.Coopuuk 3amay no auddepennuan Hoi reomerpun. [lox pen. Penenko A.C.
M., 1979.

18-19. Yopishma tekislik, bosh normal va binormal. Tabiiy uchyoqlik . Frene
reperi.
Tayanch tushuncha va iboralar: Bir parametrik chiziq, ikki parametrik
chiziq, o’rama, chiziglar oilasining o ramasi, maxsus nuqta.

Fazoviy regulyar egri chiziq tenglamasi  7:F =T (t) , te[ab], (1)
yoki x=x(t),y=y(t),z=z(t) (2) bo’lsin . P(t)ey nuqtasida uchyoqli burchak
o rnataylik .



Uchyoqli burchakning qirralari uchun berilgan 5 chizigning P nuqtadagi
urinmsi, binormali va bosh normali olinsa, yoq tekisliklari uchun normal tekislik,
yopishma tekislik, to'g'rilovchi tekislik olinadi. Urinmaning yo naltiruvchu

vektori /(t), binormal to’g'ri chizigning yo naltiruvchi vektori B = I:F', '7{;'] ,

bosh normal togri chizigning yo naltiruvchi vektori esa f[ = [Sﬁ’] :

. r
Urinmaning yo naltiruvchi ort vektori T = |rt,| : (3)
t
| N e
binormalning yo naltiruvchi ort vektori B=rF—=, 4)
[ ]
| | L[]
bosh normalning ort vektori [ T TR ()
[[rede]
ko rinishda ifodalanadi .
Urinma tenglamasi: R=T+AF"  yoki X,_X = Y,_y = Z,_Z =
X(t) i) z(t)
(6)
Binormal tenglamasi: R =7 +A[ 7T |
. X =X Y-y Z-12
yoki = = =. (7)
yt Zt Zt Xt Xt yt
vzl [ox|, kel
Bosh normal tenglamasi: R=r+A[[fr2 || yoki
X —X Y-y Z-1
b, b |5 b [b b
Yoo zle [z Xlp X Vi
B R P
bunda bl_ r; Zr; ! 2 Zr; X’; ! b3_ X’; y!; (9)
t t? |p t t?|p t t
Yopishma tekislik tenglamasi : ((ﬁ—?)ﬁ’?tZ):O yoki
X-x Y-y Z-z2
X v oz |=0. (10)

” 14 "
X yh %

t2 p

Normal tekislik tenglamasi:
(R-T)’=0  yoki (X=X)x+(Y-y)y/+(Z-2)z,=0. (11)

To g rilovchi tekislik tenglamasi :



X=X Y-y Z-z
(R-r)[[r]w]=0 yoki b b, b | =0. (12)
XY T
Masala yechish namunalari :
1. x=acos(t),y=asin(t),z=bt vint chizigning P(a,0,0) nuqtadagi Frene
reperi girglari va yoglarining tenglamalarini aniglang .

Yechish:  7'(P){o,a,b},r}(P){-a,0,0}, bunda t=o

1) X=a_Y_Z _yrinma tenglamasi.
0 a b
2) ay+bz=0 -normal tekislik tenglamasi.
X-a Y Z
3) 0 a b|=0jaz-by=0 -yopishma tekislik tenglamasi.
-a 0 0
o Xx—a Yy z
4) [iw]|=b{o,-b,a}, —5 ~ g - Pinormal tenglamasi.
X-a Y Z
6) 0 -b al=o0 Yyoki x—a=0 to g rilovchi tekislik tenglamasi.
0 a b

2. x=%, y=Int, z=-t* - egri chizigda binormal x-y+8z+2=0 tekislikka
parallel bo’lgan nugtani aniglang.

o 21 LR - o 4 12 2
—YeChlSh rt{_t_z,t, 2t}’ t2 {t27_t_2a_2} ’ bzl:r:( rtz}{_?!_t_zi_tj})
[0 LN{L-18 =173 +4=0=(t-2)" (t+1)=0=t,, =2, t, =1,
t=2 da M,(LIn2,—4)- izlangan nuqta.

3. x=t, y=t? z=§t2 chizigning barcha binormallari birorta P {p,, p,, p,}

vektor bilan ¢, 0°zgarmas burchak tashkil etishini isbotlang va ¢, bur-chakni
aniglang .
Yechish: '={12t,2t*}, 77{0,2,4t}, b =[ 77 |{2t*,-2t,1} .
cosg = (bF)  2tp—atp,+p,
0 ——r
b7 \/pl +p,” + py’ (267 +1)

4. x=acost, y=asint, z=bt vintchiziquchun Frene formulalarini
yozing.

= p{10,1} va ¢, =45".



Yechish: 7=7(s a\/7+bk P ‘F(S))‘:_é(q,), -2k —bdlo)
a’+b’ va? +b?
G — N 97 __ 2 gs)

Ja? +p? ="t ds atip?
S e O g ) )
Mustaqil yechish uchun masalalar
1. x=t, y=sint, z=-cost chizigning barcha bosh normallarini OYZ
koordinata tekisligiga parallel vaziyatda ekanligi isbotlansin.
2. x=y?, z=x* chizigning (1,1,1,) nuqgtasidagi bosh va binormallarning
tenglamasi yozilsin.

x-1 y-1

Javob: =2 —=1-z -binormal,
6 -8
x-1_y-1_ Z_l\ - bosh normali.
31 26 -22
t? 2t3 t* 121 - N .
3. X=—, y="—1, z=— chizigning | =,=,=| nugtasidagi to g rilovchi
2 y 3 2 aning (2 3 2) g g g

tekislikning tenglamasi yozilsin.
Javob: 6x+3y-6z-2=0.
4. x=t, y=t*, z=¢'  chizigning (0,0,1) nuqgtasidagi bosh normalining
tenglamasini yozing. Javob: x=l4:2—_11.

5. x=cost, y=sint, z =23in% chizigning P(1,0,0) nugtadagi yopishma

tekisligi va binormal to"g ri chizig'ining tenglamasini yozing.
Javob: yopishma tekislik tenglamasi: z—y =0,
x-1=0

binormal tenglamasi: { :
y+z=0

6. x=t, y=t°, z=t* chizigning Mo(z,—%,—6j nugtadan o tuvchi yopishma

tekisliklari tenglamasini yozing.
Javob: 1.
3x+3y+z+1=0; 2. 3x-3y+z-1=0; 3. 108x-18y+2z—-216=0.
7. x=acost, y=asint, z=bt vint chizigning ixtiyoriy nuqtasida Frene

reperi elelmentlarini toping.

. X —acost —asint  z-bt
Javob: Urinma: = y = ,
—asint acost b

normal tekisligi: (asint)x—(acost)y-bz+b®t=0,



x—acost y-asint z-bt
asint bcost a

binormal:

yopishma tekislik: (bsint)x—(bcost)y +az—abt=0,
X—acost y-—asint
cost  sint
to g rilovchi tekislik: xcost+ ysint—a=0.

8. x=acost, y=asint, z=bt vint chizigga tegishli ~ bo’lgan silindr
tenglamasini yozing va chizigning barcha nugtalarida bosh normal to g 'ri chizigni
silindr o°qgiga perpendikulyarligini isbotlang.

9. x=acost, y=asint, z=bt vint chiziq barcha bosh normallari yotgan sirt

bosh normal: . z=Dbt,

tenglamasini aniglang. Javob: y=(x—1)tg§.
10. x=a(t-sint), y =a(l-cost), z :4asin% chizigning har bir nugtasidan bosh

normal tog ri chiziglarga uzunligi d :a‘/1+sin2% bo’lgan kongurent kesmalar

goyilgan. Kesmaning ikkinchi uchi ganday chizig tashkil etadi? Tenglamasini
yozing.
Javob: y-a=0. tekislikda sinusoida tenglamasi

x=at, y=a, z:3asin%. (-0 <t <o)
11. x=cost, y=t, z=sint chizig bosh normallarining musbat yo nalishga
chizigning har gaysi bir nugtasidan uzunligi Izsi% bo’lgan kesmalar qo’yilgan

bo'lsin. Ushbu kesmalar ikkinchi uchlari tashkil etgan chiziq tenglamasini
yozing.
Javob: x=cost-5ctgt, y=t, z=sint-5.

12. x=cosacost, y=cosasint, z=tsina (a=cost) egri chizigning har qaysi
bir nugtasidan binormal to'g'ri chiziglarga birlik kesmalar qgo'yilgan bo’lsin.
Yangi chiziq binormallari, berilgan chiziq binormallari bilan ¢ burchak ostida
kesishadi. - burchakni kosinusini toping. Javob: cosé = cosan1+sin’ a .

13. x=tsint, y=tcost, z=te' chizigning O(o,0,0,) nuqtadagi urinmasi, bosh
normali va binormalini ort vektorlari aniglansin.

j+k . 2Qi-J+k 5 T+]-k
2 J6 V3

14. x=cos’t, y=sin’t, z=cos2t chizigning ixtiyoriy nuqgtasining urinmasi
bosh normali va binormalining ort vektori aniglansin

Javob: 7=

Javob: 7

§costiﬁ+§sintj7—flz , V =sinti +costj, ﬁzicostf—isintT—§IZ.
5 5 5 5 5 5



15.x=t, y=t*, z=t> chizigning O(o,0,0) nugtasidagi 7,v,s vektorlarini

i, ]k ortvektorlari bilan ustma-ust tushishi isbotlansin.

16. x=cost+tsint,y=sint—tcost,t=e 2 chizigning barcha binormallarining
(0z) o0°q bilan kesishishi isbotlansin.

17.x=3t, y=3t>, z=2t*> chiziq berilgan.  Ushbu chizigning urinma va
binormali tashkil etgan burchaklardan birining bissektirisasi y chizigning ixtiyoriy
nugtasida yo nalishini o zgartirmasligini isbotlang.

18. 2a’y=x*, 2xz=a” chiziqda binormali (OY) 0°q bilan kesishadigan nugtani
aniglansin.

Ko'rsatma: x= , bo’lgan ikkita nugta.

[
19. x=cos’t,y=sin’t,z=cos2t chizigning ixtiyoriy nuqtasidagi yopishma
tekisligi tenglamasini aniglang.
Javob: 4costx—4sinty —3z-cos2t=0.
T

20. x=sint,y=cost,z=tgt chizigning t:Z nuqtasidagi kanonik reperining

ortvektorlari aniglansin.
Javob: 7= «/_O( j+2\/_k) V= \/@( ~Ti +] +4\/_k) B:%(—ZT—GI—\/EIZ).
Foydalanilgan adabiyotlar
1. Wilhelm Klingenberg, A Course in differential geometry,1978 by Springer-
Verlag, New York Inc. Printed in the United States of America.
2. M.A.Arstrong, Basic Tpology, Springer, 1998 y.
3.Coopuuk 3amay mo auddepennuan Hoi reomerpun. [lox pen. Penerko A.C.
M., 1979

20. Chizigning yoy uzunligi
Tayanch tushuncha va iboralar: Yoy uzunligi, tabiiy parametrlash,
parametr.
Chiziqg tenglamalari:

v: {););((tt)) bo'lsa S= [j X2 (1) + y2(t)dt .

v: y=f(x) bo’lsa S=f 1+ f2(x)dx.

v: r=r(0) bo'lsa Tw/rz(t)Jrr’z((o)dgo.

Masala yechish na’munalari



1. x=a(t-sint), y=a(l-cost), z=4acos(%) chizig bir o’ramining yoy

uzunligi hisoblansin.

Yechish: x'(t)=a(1-cost), y'(t)=asint, z'(t):—2asin% ,

2 Vg
S= I\/az[(l—cost)z +sin2t+4sin2%} dt :ZaI\/Z(l—cost)+4sin2% dt =
0 0

f .ot Tt t
=2al,[8sin?=dt = 4+/2a| sin — dt = 8+/2a(-cos—
j/ > f{ 5 0t =8v2a(-cos)

o :8«/§a(cos%+c030) =8J2a

2. x=acht, y=asht, z=at chizigning Mop(t=0) va M(t) nugqtalari
orasidagi yoy uzunligi hisoblansin.
Yechish:

t t t
S :Nx'z(t)+ y2(t) + 22 (t)dt :aj\/sh2t+ch2t+1 dt =a[2chtdt = /2 asht|, = \2asht .
0 0 0

3. r=a(1+coso) kordoidaning yoy uzunligini hisoblang.
Yechish:

S Z(T\/md(pzZT\/a2(1+cosco)2 +a23i”2¢’d¢:2ajmd¢:
(%3 0 0

:2\/§a‘H2c0522d¢:4afcos£d¢:8ajcos£d(£):8asin£
0 2 y 2 5 2 2 2

Mustagqil yechish uchun masalalar

, =8a.

1. y=ach§ chizigning Mi(x1), M2(X2) nugtalari orasidagi yoy uzunligi

hisoblansin. Javob: s :(shﬁ—, shﬁ)
a a
e*+1

X

e_

2. y=In chizigning Mi(Xx1), Ma(X2) nugtalari orasidagi yoy uzunligi

shx,
shx,
3. x=a (cost-t sint), y=a(sint-t cost) chizigning Mi(x1), Ma(X2) nugtalari

hisoblansin. Javob: S=In

orasidagi yoy uzunligi hisoblansin. Javob: S = a(tz;zti).



x=a(Intg (%) + cost)

4. chizigning Mi(x1), Ma(x2) nuqtalari orasidagi yoy

y =asint
uzunligi hisoblansin. Javob:

S =a(Insint, —Insint), 0<t, t, Sg.
5. y= In cosx chizigning x;=0, x2=% nuqtalari orasidagi yoy uzunligi

hisoblansin.

Y4
: S=Intg(~=).
Javob: s ntg(lz)

6. x=8a t%, y=3a(2t?>-t*) chizigning t;=0, t,=+2 nuqtalari orasidagi yoy

uzunligi hisoblansin. Javob: S=24a.
7. x=acos’t, y=a sin’t astroida to"la uzunigi hisoblansin.
Javob: S=6a.

8. x=a(t-sin t), y=a(1l-cos t) sikloidaning Osts% orasidagi yoy uzunligini
hisoblang. Javob: S=8a.
9. F=acosti +asintj+btk vint chizigning M;(t=0), M,(t=2z) nuqtalari

orasidagi yoy uzunligi hisoblansin.  Javob:  S=2z+a?+b?.
10.  Xx=e'cost, y=e'sint, z=e' chizigning Mi(t=0), M, (t=2x)nuqtalari

orasidagi yoy uzunligi hisoblansin. Javob: S=+3B(e"-1).

11. x=3acost, y=3asin t, z=4at chizigning XOY tekislik bilan kesishish
nuqtasi t=0 dan ixtiyoroy M(t) nugtasigacha yoy uzunligi aniglansin. Javob:
S=hat.

12. y:izXS, 4 :a—2 chizigning y=E va y=9a tekisliklar orasidagi yoy

3a 2X 3
uzunligi hisoblansin; javob: S=9a.

13. x=cos’t , y=sin®t va z=cos2t , 0<t<2z Yyopiq chizigning yoy uzunligini

hisoblang. Javob: S=10.

14. r =asin’® % chizigning bir arkasi to"la uzunligi aniglansin.
23 3
Ko'rsatma: s=[r2+r’?de ; ¢:=0; ¢,=3m; Javob: s=—7a.
(,{ , 49 5 Q1 P2 5

15. r =acos* % chizigning bir arkasi to"la uzunligi aniglansin.

Javob: s= 16?a .

16. x=Rcost, y=Rsint aylana uzunligi aniglansin.



Javob: C=2nR.
17. x=y? chizigning a <t <b kesma uzunligi aniglansin.
18. Quyidagi chiziglarning Mi(x1), M2(x2) nugtalari orasidagi yoy uzunligini
toping ;

3
2

1) y=x2, Javob: 8:2—17{(4+9x) —(4+9x1)2}.

, 2
2) y=Inx, Javob: S=«/1+x§—lnﬁ+lnu.
X | 141+ x2
3) y=Incosx, x, =0, XZ:%, Javob: S:Intg(i—;[j.
19. r=age Arximed spiralini bir o'ramining yoy uzunligini hisoblang.

Javob:
5= %[272’\/1+ Ar? + |n(27z+\/1+ 47 )} .

20. Aylananing tabiiy parametrlashtirilgan tenglamasini yozing.

Javob: x= Rcos(é), y = Rsin(?) .

21. y=ach(§) xalga chizigning tabiiy parametrlashtirilgan tenglamasini

yozing.
Javob: x=arsh(§), y=+a’+s°.

22. r=a(l+cosp) tenglama orqali chizigning tabiiy parametrlashtirilgan
tenglama yozing. Javob: s® +9R? =16a°.
23.Egri chiziq yoy uzunligi differensialining silindrik koordinatalari bo yicha
ifodasini aniglang.
Ko rsatma: Nugtaning dekart va silindrik koordinatalari orasidagi x =rcose,
y =rsing, z=z. Bog lanish formulalaridan foydalaning.
Javob: ds* =dr? +r?de® +dz°.
24. Egri chiziq yoy uzunligi differentsialining sferik koordinatalari ifodasini
aniglang.
Ko rsatma: Quyidagi formulalardan foydalaning x = psin@cose
y = psin@sing, z=pcosé;
Javob: ds® =dp® + p°d@* + p*sin® G+ de°.
Foydalanilgan adabiyotlar
1. Wilhelm Klingenberg, A Course in differential geometry,1978 by Springer-
Verlag, New York Inc. Printed in the United States of America.
2. M.A.Arstrong, Basic Tpology, Springer, 1998 y.



3.Coopuuk 3ama4 no muddepennuan Hoii reomerpun. [lox pen. denenko A.C.
M., 1979

21-23.Chizigning egriligi va buralishi.
Egrilikni hisoblash formulalari

"

2 12 "
re+ 2r¢ +r r(pz

a) Tekis chizig uchun k, = ey X‘yt|; k, = = —;
(X2 +y%)? @+y) (X))2 (r*+17%)?
yl ZI 2 ’ XI 2 X! yl 2
y” Z” + ZII XI! X!! yI!
b) Egrilik fazoviy chiziguchun  k = P P 3 =
(X!2+y/2+212)2
X! y! Z!N
Xﬂ y!! Z"
i . . . XN! yIII ZIN
v) Buralishni hisoblash formulasi  k, = > — =,
y ZV Z( XV ! y(
y" ZI! o Zﬂ 14 o 14 yl! o
Chiziq tabiiy parametrlashtirilgan bo'lsa
Xy 2
Masala yechish na’munalari
1. x=acht, y=asht, z=at uchun k;=? k,=?
Yechish:
acht a2+ a asht2+ asht acht|’ 0 ) X 2
asht 0| |0 acht| |acht asht \/a (Sh t+ch’t+(sh't—cht) )
(a’sh’t+a’ch’t+a’)? a®(sh’+ch’t+1)2
_a’ysht+cht+1  J2cht 1
N 2¢
a *(sh*t +ch? t+1) a(2cht )? 2acht
asht acht a
a® 1

acht asht 0/=a’(ch’t-sh’t)=a’; k,=
asht acht 0

2a‘ch’t 2ach’t’



1

Xulosa: k, =k, = ,
t % 2ach’t
2. X+shx=siny +Y, z+e'=x+In(1+x)+1 oshkormas ko rinishda
berilgan chizigning O(0,0,0) nugtadagi egriligi aniglansin
Yechish: 1+chx = (cosy +1)y', y'= ™ O nugtada y'(0)=1,
cosy+1
,,2:shx(1+cosy)+(1+(;hx)sinyy’:0’ (1+ez)z’:1+i, 2 = X+2 ’
X (@+cosy) 1+Xx (x+D(1+e)
@) nugtada 2/ (0) =1,
. (X+DA+e)—(x+2)[ (1+e") +(x+1e'’ ] C2-2(2+1)
e (x+1)°(1+e°)’ 4
\/‘1 1]J2 ‘1 1’ ‘1 1’
+ +
0 - -1 0 1[0 0 J2 6 _ _ 6
k, = ; = "o javob: kl—?,
(1+1+1) 21

3. r=a(l+cosg) kordoida egriligini hisoblang.
Yechish. r) =-asing, F{;’z = —acost

. rf+20 -1 | a® (L+cosp)’ +2a’sin’ p+a*(L+cosp)cosg|
1= 3 3 -
(r+r?) (a2 (L+cos)? +a’sin’ p)?
1 (1+3cosp+cos’ p) + 2sin’ p+cos’ p 3(1+cosg) 3
= — 3 = 3 T
a (2+2cosg)? 2J§a(l+cos<o)5 2\/2_a(1+cos(p)5
3 3 3

1

1 ;
2 L4
2@&(20032 2)2 4a(cos2 (gjz 4a(cos 2]

Mustagqil yechish uchun masalalar

1. Quyidagi tekis chiziglarni egriligi hisoblansin.
|sin x|

a) y=sinx, Javob @ k =———"—.
(1+cos® x)2
b) y:ach(ij, Javob : k=2 .
a y
V) y?=2px Javob: k=—FP -



g) x=t*, y=t’, Javob : k= —°

3

t(4+9t*)2
ab

d) x=acost, y=Dbsint , Javob: k =

(a2 sin?t +b? coszt)2 |

e) x=acht, y=bsht, Javob: k, = ab =
(a’sh’t+b’ch’t)?
.. [x=alt-sint
), { ~ ((1 t)), Javob : k, = ! :
y = alt—cos 4alsin—
2
= 3t
) X=atos : Javab : l=#.
y =asin’t 3asin 2t
2. r=a(l+cosg) kardoidaning egriligi hisoblansin.  Javob : klzL.
4acos%

3. F(x,y)=0 oshkormas ko'rinishda berilgan chizigning egriligi hisoblash

Foo Fo Fx
mod |F,, F, F|P
. . F K 0
formulasi yozilsin. Javob : k = T
(Fe+R )P
. . . . . X =acost
4, Ellipsni egriligi hlsoblansm.{ o,
y =bsint
" =(absin2t+abcoszt)= ab
3 3
(a?sin?t+b%)  (a’sin’t+b?cos t)
ab :
k, = 25 -, Uchlarida , klzi2 va kl:biz.
(a?sin?t+b? cos’t) 2

5. R radiusli aylana egriligi hisoblansin. Javob : k, = %.

6. y = x*chizigning O(0,0) nugtadagi egriligi hisoblansin. javob : k, =0.

7. x=a£lntg(%)+cost), y =asint chizigning egrilik radiusi hisoblansin.

Javob : p= ki = arctgt.

1

8. y=e* chiziqda egriligi ekstremal giymatga erishadigan nugtani ko rsating.

(1 1
Javob : (_Elnz’fj'



Q. r=asin3(%j chiziqda egriligi ekstremal giymatga erishadigan nugtani

ko rsating.
Javob : A(?’?”,aj va B(0,0).

10. x=¢', y=e™, z=+/2t chizigninng egriligi va buralishini hisoblang.

Javob : k, =k, :iz.
@t+e*)
11. x=2t, y=Int, z=t*> chizigning egriligi va buralishi ko rsatilsin.
Javob : k, =k, = 2t >
@+2ﬁ)
12. Vint chizigning egriligi va buralishini ko rsating.
Javob: k, -2k b

a?+b? 2 alip?’
13. x=tcost, y=tsint, z=at konus vint chizig'ining O(0,0,0) nuqgtadagi
egriligi hisoblansin.
Yechish: x'=cost—tsint, x'(0) =1, y'=sint+tcost, y'(0)=0, x'=-2sint—tcost

, x"(0)=0, y''=2cost —tsint, y'0)=2, z'=a, 2"=(0)=0,
0 1)° (a 1) (1 oY
2 0) "lo o) Tlo 2
k, = . —J8=22 . Javob : k, =242
14  x=a(2cost—cos2t), y=a(2sint—sin2t) chizigning t=%nuqtadagi
egriligini aniglang. Javab : k, =a7”.
15. x=sint, y=cost, z=tgt chiigning t, == nuqtadagi burilishini
aniglang.
Javob : k1=—§.
7

16. x=t*-1, y=t*+2, z=t* chizigning tekis chiziq ekanligini isbotlang.
Tekislik tenglamasi ganday?

3
17.y=2, =L chizigni (1,3% nuqtasidagi burilishi aniglansin.
3 2X 3'2
Javob : k, _8
9

18. x=cost y =sint z=%sin2t chizigning qaysi nuqtalarida burilish

musbat?



Javob: - Z<t<Z,
2 4

X —y?+z2 =1

19. chizigning M,(111) koordinatalar nugtasidagi burilishi
y—-2x+z=1
topilsin. Javob: k, =1.

20. x=t, y=t*, z=t*>-4 chizigning to=1 nuqtadagi burilishi topilsin.

Javob: k, = 3
91

21. x=3t-t*, y=3t*, z=3t+t> chizigning egriligi va burilishi hisoblansin.

Javob: k, =k, = %
3(t2 +1)

22.  Giperbolik  vint  chizigning  tabiily  tenglamasini  yozing.
y . Xx=acht, y=asht, z=at.
a
2a® +s?
23. Sikloidaning tabiiy tenglamasini yozing. Javob: s®+a”*=16a*, k,=0.
24. Traktrissaning tabiiy tenglamasini yozing.
t=—.

Javob: p:aw/é—l, k,=0,
la
p

25. Xalga chizigning tabiiy tenglamasini yozing.

Javob: k, =k, =

. 1 s? . _
Javob: p=—=a+—, ky,=0.
k a

1
Foydalanilgan adabiyotlar
1. Wilhelm Klingenberg, A Course in differential geometry,1978 by Springer-
Verlag, New York Inc. Printed in the United States of America.
2. M.A.Arstrong, Basic Tpology, Springer, 1998 y.
3.Coopuuk 3amay no auddepennuan Hoi reomerpun. [lox pen. Penenxo A.C.
M., 1979
24. Tekis chizigning Evolyuta va Evolventasi.
Tekis egri chizig tenglamasi: x=x(t), y=y(t). (1)
Berilgan chiziq egrilik markazlarining geometrik o rni Evolyuta bo'lib, uning

. X2+ X +y/*
tenglamasi X=X=Yi75=71, Y=y+x/ -t—2t 2
9 ' X Y y+X Xt' yt' ( )
X% Yo X'y
Evolventa tenglamasi: P =1 (s) + (4 —s)z(s). 3

Masala yechish namunalari



1. F(x,y)=0 oshkormas tenglama orqgali berilgan tekis chiziq evolyutasining
tenglamasini yozing.

Yechish: Normalar oilasining tenglamasini yozaylik

F(X=X)-F (Y -y)=0 (¥
X-ni parametr uchun olib F(x,y)=0 tenglamani differensiallaymiz

F,+Fy, =0 (**)
(*)ni differensiallab (**)-ni e’tiborga olamiz

(F.F, —F.F )X =X)+(F,F, —F,F)( —y)=F, +F,

e Fo Fo Fu

F.(F, +F,) F(F +F)) e
X=x-——r = -, Y=y v, bunda A=|F, F, F,
F, F, O

2. x =acost, y =bsint ellips evolyutasining tenglamasini yozing.

x, =-asint, y, =bcost, x;; =—acost, y;; =—bsint,

Yechish: = |
X, +Y, =a’sin“t+b’*cos’t=(a®—b*)sin’t+b’,
Xt.. y.t. = XY — Y,X, =absin’t+abcos*t =ab,
X, Yo

(2’ —b?)sin’t+b*> a®-b?

X =acost—bcost cos’t,
ab a
2 2 =2 2 2 2
) . a‘—b°)sin“t+b b —a“ .
Y =bsmt—asmt( ) = sin>t.
ab b
3. p=agp  Arximed spiralining evolyutasini aniglang .

Yechish:

2 2 - 2 - - >
X=a¢am¢—a@m¢+¢ax¢)a(LHD)—a¢aE¢ sinp+¢~sing | @Cosg sin (1 ¢),

a2(2+¢2)_ 2+ 2+
X=apcosp, y=agsing, x,=a(cosp-gsing), y, =a(sing+pcosy), x;z =-a(2sinp+pcos p),

" . 2 2 2 2 . . . ' , ,
y . =a(2cosp—gsing), X, +Y, =a’(l+¢?), XY —X.y, =a’(2+¢?),
2 . 2
Y = agsin p+a(cos g — psin ) a(1+(02) :a(psm(p+(1+go Jcosg
a2+9°) 2+ @
Javob:
—gj 2 . )
X =g PC08P—sinp(l—¢ )’ y =g @SN+ (L+9*)cosp

2 2

2+ ¢ 2+ ¢
Mustaqil yechishga masalalar

1. Quyidagi chiziglarning evolyutasini aniglang.



a’+b’ a’+b’

1) x =acht, y =bsht ; Javob: X = cht, Y= sh’t.
a
2) y=x; Javob: X =-4x°, Y =3x2+%.
3) y=Inx; Javob: X=2x+1, Y=Inx—x*-1.
X
2 2
4) y=sinx ; Javob: X :x+cosx1+_Cos X v :—ZC_OS X
sin x sin x
4 4
5) y =tgx ; Javob: X :x—w, Y :tgx+l+_COS X,
COS” XSin 2X sin 2x

2. x:a(lntg(%)+costj, y=asint traktrisaning evolyutasi topilsin.
Javob: X:alntgilj, y=2 yoki Y=ach(£].
2 sint a
3. r=a(l+cosp) chiziq evolyutasi xalga chiziqg ganday chizig?

Javob: X =%(cos<o—cos2 p+2), Y =%(1—C03(/))Sin(0

Kardoidal
4. Sikloida evolyutasining sikloida ekanligini isbotlang.

5. Astroida evolyutasining astroida ekanligini isbotlang.
6. y*=2px parobala evolyutasini aniglang.
Javob: 27py? =8(x-p)* yarim kubik parabola
7. x*+y?=R? aylana evolyutasini aniglang.
Javob:
X =R(cos@+(0—-c)sind), y=R(sind—(6€—c)cosO)

8.Y =ach[§j xalga chizigning uchidan o'tuvchi evolventasi tenglamasini

yozing. Javob: X = a(lntg (%)+costj, Y =asint traktrissa

2

9. x=t, y=tZ parobala evolventasini aniglang.
Javob : X :%+ﬁ(0—ln(t+m», Y:\/t:T‘l(C—In(HM)).
10. F=aé&(p)+bepk vint chizig evolyutasi tenglamasini yozing.
Javob: R=a&(p)+a(g, —¢)d(e)+be,k bunda
8(p) =cosgpi +sing], G(p) =singi +cose] .
Foydalanilgan adabiyotlar

1. Wilhelm Klingenberg, A Course in differential geometry,1978 by Springer-
Verlag, New York Inc. Printed in the United States of America.




2. M.A.Arstrong, Basic Tpology, Springer, 1998 y.
3.Coopunk 3amaud mo guddepenuan Hoii reometpun. Ilon pen. enenko A.C.
M., 1979

25. Sirt tenglamalari.

Tayanch tushuncha va iboralar: Vektorli parametrik tenglama, oshkor
tenglama, oshkormas tenglama, Tor, psevdosfera, siilindrik sirt, Katenoid,
giperbolik paraboloid, parabolik silindr.

1. 7 =r(u,v) vektorli parametrik tenglamasi.

2. x=x(u,v), y=y(u,v), z=z(u,v). Sirtning koordinatalar bo'yicha parametrik
tenglamalari.

3. Z=f (x,y) — sirtning oshkor tenglamasi.

4. F(x,y,2)=0. Sirtning oshkormas tenglamasi.

Masala yechish na'munalari.

1. Tekislikning  vektorli  parametrik  tenglamasi

yozilsin / 0 Kf /

Yechish: IT tekislikda ixtiyoriy K nuqta olaylik, K(g,p) = et 5_
qutb koordinatalarga ega bo’lIsin. / 7 /

ZEPK = ¢, d(P,K)=p, OP=F, bo'lsa, F =OK =OP +PK = /

F =T, +p(cosgi +singj) =T, + p&(p).

Javob: 7 =7 + p&(p), p,e- parametrlar.

2. Aylanma sirtning parametrik tenglamasi tuzilsin.

Yechish: y:x=¢(u), z=y(u) tenglamalar orgali
berilgan chizigning (OZ) o°q atrofida aylanishidan hosil
bo’lgan sirt aylanma sirt deyiladi. x=¢(u)>0 bo’lsin,
ya ni aylanayotgan (profil) chiziq y aylanish o'qgi bilan
kesishmasin (maxsus nuqta garalmaydi). Egri chizigli
koordinatalar ~ XOP=V va y ning u parametri bo"Isin.

Ley nugta (OZ) o'qg atrofida aylanib aylana
chizadi. Aylana markazi (OZ) o'qga tegishli bo'lib
radiusi esa d(A,L)=d(A,M)=d(O,P)=¢(u) . U=const,
v=t- paralellar oilasi. u=t, v=const- meridianlar oilasi
sirtning koordinat chiziglaridir. r = g(u)(cosvi +sinvj) +w(u)k. P y
koordinata ko rinishida: x = ¢(u)cosv, y = g(u)sinv, z =y (u). /‘ A X

3. Tor. Tor deb (x-a)*+y®>=r* aylana uninh [ 32-chizma
tekisligida yotgan va OZ o'q atrofida aylantirishdan hosil

30-chizma

33-chizma



bo’lgan sirtga aytiladi. OZ 0°q aylana markazidan a masofada turadi va a>r.
Aylananing parametrik tenglamalari x=a+rcosp, y=0, z=rsing, 0<p<2r.

Aylanish jarayonida aylananing M nuqtasi tor sirtiga tegishli chizig chizadi.
<XOM =y, 0<y <27, v - 0z 0(

p=+x’+y?> =a+rcosp 0 zgarmaydi.
X= pCoSy, Y= psSiny, Zz=rsing

atrofida burish burchagidir.

Torning  parametrik  tenglamalari

yoki

X =(a+rcosp)cosy, y=(a+rcose)siny, z=rsing.
4. Silindrik sirt yo naltuvchisi x*>+y®*-ay=0,z=0 bo’lib yasovchilari
a{Lm,n} vektorga parallel bo’lgan silindrik sirt tenglamasi tuzilsin.

2
Yechish: Yo naltuvchi tenglamasini x* + (y —g)z = aT ko rinishga keltiramiz.

x=§cost, y:%(lJrsint), z =0 almashtirish o'tkazamiz. Mo(gcost, %(1+sint),0)

yo naltuvchi nugtasi. M(X,y,z) silindrik sirtning
M,M va a

ixtiyoriy nugtasi bo’lsin,

kollinear vektorlardir.

MM =218 = x:%cost+/il, y:%(1+sint)+ﬂ,m, Z=n, /I:E
n

orgali x=§cost+lz, y:%(1+sint)+mz. Formulalarni hosil gilamiz. Ko ramizki,
n n
2
X ——2Z = —COst, y—mz:g(1+sint). U holda, (x—lz)2+(y—mz)2:a—(1+sint) kelib
n 2 n 2 n n 2

chigadi, y:%(1+ asint) gako'ra (nx—1z)* + (ny—mz)* = na(ny —mz) kelib chigadi.
Javob:

@ (nx—12)* + (ny —mz)* = na(ny —mz).

Mustagqil yechish uchun masalalar

1. Doiraviy silindrning parametrik tenglamasini yozing.

Javob: F=aé&(p)+Vk - vektorli tenglamasi,

X=acose, y=asing, z=V koordinatalar
tenglamasi.

bo'yicha

34-chizma

2. Doiraviy konusning uchi koordinatalar boshida, o’gi esa (OZ) bo’lsin,
ZA
parametrik tenglamasi yozilsin.

Javob: F =\{cosa€(¢)+sin ak}, x =vcosacose,

y=vcosasing, z=sina V.




3. aradiusli sferaning parametrik tenglamasini yozing
Javob: rZa[COSl/Ié(@)-i-Sinl//E], X =acCoSy COS@, Y =acosy sing,

z=asiny . Z‘F
4. a radiusli sferaning parametrik tenglamalarini yozing. Torning
parametrik tenglamalari yozilsin. L

Javob: x=(a+rcosg)cosy, y=(a+rcosg)siny, z=rsing. “_/ D >
5. Traktrissasini asimptotasi atrofida aylanishidan hosil ?\
bo'lgan sirtga psevdosfera deyiladi. Psevdosferaning X

parametrik tenglamalari yozilsin. 36.chizma

Te 0%

. L u
Javob: x=asinucosv, y=asinusinv, z:a(lnth+cosu).

6. Gelikoid .(OZ) o'gga tik AB kesmaning shu o'q

atrofida  aylanishidan, shuningdek, aylanish  burchagiga 37-chizma
proporsional tezlik bilan (OZ) bo ylab siljishidan hosil bo’lgan A
sirtni to g ri Gelikoid deyiladi.
Tenglamasi tuzilsin Javob: X=UCOSV, y=usinv, z=av v
i _ i M/ x
yoki y = xtg < O )

u

7. Katenoid . x:ach(al

j, z=u xalga chizigning (OZ2)

0 g atrofida aylanishidan hosil bo’lgan sirt Katenoid deyiladi.
Katenoidning tenglamasi yozilsin.

38-chizma

Javob: x = ach(%) cosv , y= ach(%)sinv, Z=u.
2 2
8  Giperbolik paraboloid :—2—;’—2 =2z ning parametrik tenglamasi
yozilsin .
Javob
X =a(u+v), y =b(v—-u), Z=2uv.

9 Giperbolik va parabolik silindrlarning parametrik tenglamalari
yozilsin.

Javob : Giperbolik silindr tenglamasi

X=achu, y=bshu, z=v.

Parabolik slindr tenglamasi

X=u, y=u? z=v.

10 Yasovchilari  a{1,2,3} vekorga parallel bo'lib , yo naltiruvchisi
yiX=u,



y=u®, z=u® bo’lgan slindrik sirtning parametrik tenglamalari

yozilsin.
Javob: x=u+v, y=u®+2y, z=u®+3v.
11 Yo naltiruvchisi  y:x=cosu, y=sinu, z=0 bo'lib ,to'gTi
chiziqli

Yasovchilari  a{-1,3,-2} vektorga parallel bo'lgan  silindrik sirtning
oshkormas tenglamasi yozilsin.

2 2
Javob: x=cosu-v, y=sinu, z=-2v :[x—%) +(y—§zj =1.

12. Yo naltiruvchisi x* +y? =ay, z=0 bo'lib , yasovchilari esa
a(l,m,n)ga parallel bo'lgan silindrik sirtning tenglamasini yozing.
Javob: (nx—1z)% + (ny—mz)? = an(ny —mz);
13 X=3u+Vv>+1, y=2u+v® -1, z=-u+2v sirtni slindrik ekanini
ko rsating.
14 M(a,b,c) nugtadan o'tib y:y?*=2px, z=0 parabola bilan
kesishvchi to'g'ri chiziglar tashkil etgan Konus sirtning tenglamasini yozing.
Javob: (bz-cy)® =2p(z—-c)(az—cx).
15. Uchi M(-1,0,0) nugtada bo’lib ,2y*+z*> =4x paraboloidga tashqi
chizilgan
Konusning tenglamasi yozilsin.  Javob: (x+1)* =2y?* +z°.
16 x=x,+acosucosv, y =Y, +bcosusiny, z =12, +csinu parmetrik

berilgan sirtning oshkormas tenglamasini yozing.
Javob: (X_Xo)2 +(Y‘Yo)2 _i_(z_zo)2 —1

a’ b2 c?

ellipsoid.
17 x=ucosv, y=usiny, z =u”® tenglamalar ganday sirtni ifodalaydi.
Javob: z = x? + y? ko rinishdagi aylanma paraboloid.
18 Vint chizigning bosh va binormallari tashkil etgan sirtning tenglamasi
yozilsin.
Javob: x=a(l-u)cosv,y=a(l—-u)sinv, z=bv  to'gri Gelikoid.

19 y=xtgz sirtning normallari vy =x, z=% normal bo'ylab kesishib,

xosil  bo’lgan sirtni aniglang. Javob: Giperbolik paraboloid.
20 z=pxy sirtning parametrik tenglamasini yozing.
Javob @ x=u, y =V, Z = puv.

Foydalanilgan adabiyotlar



1. Wilhelm Klingenberg, A Course in differential geometry,1978 by Springer-
Verlag, New York Inc. Printed in the United States of America.

2. M.A.Arstrong, Basic Tpology, Springer, 1998 y.

3.Coopunk 3amau mo guddepennuan Hoit reomerpun. Ilox pen. Penenxo A.C.

M., 1979
26. Sirtning urinma tekisligi va normali.

Sirt urinma tekisligining tenglamalari:
Q: F=r(u,v) uchun (R-r)r,F)=0. (1)

Q: x=x(u,v) X=X Y-y Z-1
y=y@uv)uchun | X Yo Z, [=0. (2)
z=12(u,v) x, Yy oz

oz 0z
Q:z= —z=p(X - - =2 ==,
z=z(x,y) uchun Z—-z=p(X-x)+q(Y -y), p ol o (3)
Q:F(x,y,2)=0 uchun (X -x)F;+(Y -y)F, +(Z-2)F,=0. (4)
Normal tenglamalari:

R=F+[FF] . (5)
X=x Y-y Z-z (6)
yU ZU - ZU XU - Xu yu .

yVZV ZVXV Xv yV

X=X Y-y
272 1Y 72, ()
—-p —-q

X=-x Y- Z-12
F Fy’y TR ®)
Masala yechish namunalari:
1. x=u+v, y=u-v, z=uv Sirtning M(u=2,v=1) nuqtasidagi urinma tekisligi
va normali aniglansin.
Yechish: x, =3, y,=12,=2. X =1 y.=1 z/=v, X =1 y =-1 7, =u.
M nugtada r/{11}, r4{L-12}.
Urinma tekislik:

Xx-3y-11z-2
1 1 1 |=0 =2x-3)—(z-2)+(y-)—-(z-2)+(x-3)-2(y-1) =0,
1 -1 2
3X—-y—-2z-4=0.
x-3 y-1 z-2
o1 -2

Normal tenglamasi:

Xx-3 y-1 z-2
-1 -2

Javob: 3x—-y-2z-4=0,



2. 7= Xgo(%JSirt urinma tekisligini koordinatalar boshidan otishi isbotlansin.

Isboti: x=u, y=v, z=”‘/’(xj’ X, =1y, =0, ZL=¢(XJ_(XJ¢’(XJ’
u u u u

X, =0, y, =1, Z&=U¢’(Xj3=¢’(xj |1 0 co(x)—!co’(szo-
u/u u u u u

u

0(0,0,0) tenglamani ganoatlantiradi.
3. x*+2y*—z*=2 sirtning x+y+z=0 tekislikka parallel urinma tekisligi va

a6 C e L Bl by

normali aniglansin.
Yechish:
oF

il =-27,.
ox 0

Mo

= 2%y, oF =4y,,

" Eq
Urinma tekislik: 2x,(x—x,) +4y,(y—Y,) —22,(z—2,) = 0.
Bu tenglamani x+y+z=0 tenglama bilan

E3

Mo

2X, X +4y,Y —22,Z -4 =0.
solishtiramiz. 2x,=4y,=-2z, = y, = %xo, Z,=-%. (¥
(*) ni x,° +2y,” —z,° —2=0 ga o yamiz.
X +£x02 X =2 = X, =4 = X, =%2,
M/ (21-2), M/(-2,-12). Urinma tekislik tenglamalari:

X+y+z=1va Xx+y+z=-1.

Normal esa M da x=2_y-1_z+2
4 4 4

Mustaqil yechish uchun masalalar:

Quyidagi sirtlarning urinma tekisligi va normali tenglamalarini yozing.

1)  z=xy, (0,0,0) nugtada. Javob: Urinma tekisligi: z=0,
Normali: (0z) o'q.

2) z=xy, (2,1,2)nugtada. Javob: Urinma tekisligi: z=x+2y-2,

X-2 y-1 z-2

-1 -2 1

Normali:



3)

4)

S.

10.

11.

z=x"+y?, (1,1,2) nugtada. Javob

: Urinma tekisligi : z=2x+2y-2.

x-1 y-1 z-2

Normali: .
2 -1
z=sin§, (w,1,0) nugtada.  Javob : Urinma tekisligi : z=—x+ay,
Normali:  X=Z_¥=1_z
1 -7 1
x> +y>+2°-1=0. Javob : Urinma tekisligi : Xx+Yy +2Zz =1,
Normali: X-X_Y-¥_Z2-2

(22——x2)xyz—-y5::5, (1,1,2) nugtada.
Javob :

(2,1,0) nugtada.
Javob :

e’ —z+xy—-3=0,

x> +2y*+3z° =6, (1,-1,1) nuqgtada.

Javob :  Urinma tekisligi : x-2y+3z=6,
Normali: X-t_y*+i_z-1
-2 3
2z =x%-y?, (3,1,4) nugtada.
Javob :  Urinma tekisligi : 3x-y-z=4,
Normali; X=3_Yy-1_2-4
-3 1 1
x> y* 7’ : - icligi - %, Yo ZZ
?+b—2—c—2:1, Javob :  Urinma tekisligi : ?er—zo—c—zo—
Normali: X=X _¥=¥% _%7%
*o Yo _%
a’ b? c?
X2 y2 Z2
¥+F—C—2:1, (a,b,c) nugtada.
Javob: Urinmatekisligi:5+i—5=1,
a b c
. X—a _ y-b z-c
Normali: =T -1

X y z

Urinma tekisligi : 2x +y +11z = 25,
x-1 y-1 z-2

Normali: .
1 11

Urinma tekisligi : x+2y=4,
Xx-2 y-1 z

Normali:

2 0

a B C



12 xy+xz+2z>=1-sirtning x+2z-y=0 tekislikka parallel gilib o tkazilgan
urinma tekisligini toping. Javob: x—y+22—g:0.

13 z=2x*+y? elliptik paraboloidning M(1,-1,3) nuqgtasida urinma tekislik va
normalining tenglamasini toping.  Javob: Urinma tekisligi :,4x-2y-z-3=0.

Normali; X~ _¥+1_z-1
-2 -1
14  x*+y*+z*=676 sferada urinma tekisligi 3x-12y+4z =0 tekislikka
parallel bolgan nugtalarni toping. Javob: (6,-24,8) va (-6,24,-8).
15 4x* +4y*+2° =4 ellipsoidning 12x-3y+2z=0 tekislikka parallel
urinma tekisligini toping. Javob: 12x-3y+2z =+13.

16. ax® +by® +cz? =1sirtning M, (x,, Y,, z,) hugtasidagi urinma tekisligini
ax,Xx+by,y+cz,z=1
ko rinishda yozish mumkinligini isbotlansin.
17. x=acosucosv, y =acosusinv, z=asinu sferaning a,0, 0 nuqtasidagi urinma
tekisligi va normalining tenglamasi yozilsin.
Javob: x—a=0.Normal y=z=0.

18. z= Xgo(%)sirtning barcha urinma tekisliklarining 0(0,0,0) nugtadan o'tishi

isbotlansin. (namunada berilgan).
19. xX®+y*+2° =ax, x> +y* ++2° = py, x> +y* +z* =z uchta sirtlarning to'g'ri
burchak ostida kesishishini isbotlansin.
20. x = gp(u)cosv, y = p(u)sinv, z = p(u) sirtning barcha normallari (0z) o°q bilan
kesishishini isbotlang.
21. xy? +z° =12 sirtning M,(1,2,2) nugtasidagi urinma tekisligi va normalining
tenglamasi yozilsin. Javob: x+y+32-9=0, x-1=y-2= 2;32
22. To g ri gelikoidning ixtiyoriy nugtasidagi urinma tekisligi va normalining
tenglamasi yozilsin.
Javob: asinvx —acosvy +uz —auv =0,
X—Uucosv y-usinv z-av
asinv._ —acosv U

23. xyz—a®=0 sirtning ixtiyoriy nuqgtasidagi urinma tekisligi va normali
aniglansin. Javob: y,zox+Xx,z,y+X%,Y,2—3a° =0
X=X _ Y=Y _2-1%,

YoZo XoZg X Yo




24. xyz-1=0sirtning x+y+z=1 tekislikka parallel urinma tekisligi
aniglansin.
Javob: x+y+z-3=0.

25. z=xsin2¥, x=0 sirtning barcha urinma tekisliklari fazoning biror

fiksirlangan nuqgtasidan otishi isbotlansin.
Ko rsatma: Tekislik tenglamasida 0zod hadning nolga tengligini ko rsating.
26. ¥ = aé(p) + vk to'g'ri doiraviy slindr urinma tekisligi tenglamasini yozing.
Javob: E&(p)p-a=0. Bunda p- urinma tekislik
ixtiyoriy nuqtasining radius-vektori.
27. Sfera urinma tekisligining tenglamasi yozilsin.
Yechish:

F=af{é(u)cosv+ksinv}, F =ag(u)cosv, F =af{-€(u)sinv+kcosv}, N =[F F]=acosvr.

Urinma tekislik 7(p-7)=0 tenglamaga ega, bunda r- urinish nugtaning
radius vektori, 5 esa urinma tekislik ixtiyoriy nuqgtasining radius vektori.
28. ¥ ={6(u)cosa +ksinadv doiraviy konusning urinma tekisligi tenglamasini
aniglang. Javob: (b&(u)-ak)p =0.
29. x=2u-v, y=u®+v?, z=u®’-Vv® sirtning M(35,7) nugtasidagi urinma
tekisligining tenglamasini yozing. Javob: 18x+3y—-4z-41=0.

30. x=u,y=u®-2uv,z=u®-3u’v sirtning M(3,4) nuqgtasidagi urinma
tekisligi va normalini aniglang. Javob: 6x+3y-2z-7=0va
x-1 y-3 z2-2
6 3 -2
31. Quyidagi sirtlar uchun urinma tekislik va normal tenglamasini yozing:
a) z=x%+y*, M(12,9)nugtada;
b) x*+y®+2z* =169, M (3,4,12) nugtada;
C) x* -2y*-3z°-4=0, M(3,1-1) nugtada.

Javoblar:
a) 3x+12y-z-18=0, x-1_y-2_2-9
12 -1
b) 3x+4y+12z-169=0, XS _¥=4_2-1
3 4 12

Xx-3 y-1 z-6
3 -2 3

C) 3x—-2y+3z-4=0,



2 2
32. X—2+y—+z—2=1 ellipsoidning M(x,,Y,,z,) hugtasidagi urinma tekisligi

2
2

QD
(ox
o

33. xyz=a’® sirtning urinma tekisliklari koordinat o qlari bilan kesishib doimiy
hajmga ega bo"lgan tetraedr tashkil etishi isbotlansin.

34 Konusning ixtiyoriy nugtasidagi urunma tekisligi uning uchi orqali
o tishini isbotlang.

35 z=x%+y® sirtning M (a,—2,0) nuqtasidagi urunma tekisliklarining
dasta tashkil etishi isbotlansin.

36  Quyidagi sirtlar oilasining juft-jufti bilan ortogonalini isbotlansin;

Q) AxP+y 4z =A,y= 2,y +1° =6,

tenglamasini yozing. Javob:

D) x*+y?*+z22 =A,x*+y’ +2° =y, x*+y* +2° =wz,

V) xy=Az° X’ +y*+2° = 4, x* +y* +2° =v(x* —y?);

37 x+y+Vz=a,(x>0,y>0,z>0); Sirtning urunma tekisliklari
kordinata o"qlari bilan kesishib ajratgan kesmalar yig indisi sirtdagi urunish
nuqgtalarga bog’liq bo’lishligi isbotlansin.

38 x=U, y=V, z=UV? va x=U" y=U"*V*, z=V~*, Sirtlarning mos
nuqtalardagi urunma tekisliklari o°zaro parallel bo'lsa, ushbu nuqtalar

orasidagi  moslikni  aniglang; Javob:
U =ﬁ, A =—2V—U, UV =0.

39 x=U+V,y=U-V,z=UV +3 Sirtning 0(0,0,00 nugta orgali otuchi,
normalini  aniglang. Javob: M,(0,2,2),M,(0,-2,2),M,(0,0,3) nuqtalardagi
normalar.

40 x*+3y*-2xz+z°-2=0  Sirtning barcha  urunma tekisliklari biror
vektorga parallel bo'lsa, ushbu vektorni aniglang.
Ko'rsatma: p=i+k.

41 Z=x+(y-2z)sin(y—z) Sirtning barcha urunma tekisliklari biror
vektorga parallel bo'lsa, ushbu vektorni aniglang. Javob: p=i+j+k.
Foydalanilgan adabiyotlar

1. Wilhelm Klingenberg, A Course in differential geometry,1978 by Springer-
Verlag, New York Inc. Printed in the United States of America.

2. M.A.Arstrong, Basic Tpology, Springer, 1998 y.

3.Coopuuk 3amay no auddepennuan Hoi reomerpun. [lox pen. Denenko A.C.

M., 1979



27-30. Sirtning birinchi kvadratik formasi
Sirt ustidagi chizigning yoy uzunligi;
Sirtdagi chiziglar tashkil etgan burchak.
Kerakli formulalar:

@, = ds* = Edu’® + 2F du dv + Gdv?, @

S :IJEU’Z +2Fu'V' +Gv'2dt, (2)
Edu ou + F(dud v+dvou) +Gdvou

cosd =

: ©)

1 1
(Edu® + 2Fdudv + Gdv?)2(ESu® + 2FSu 8V +Go v?)?2

S:J.J'\/EG—FZdudv, (4)
©)

F=xX +Y,Y, +2,2 G:x'vz +y'vz +z'v2,(5)

u-v?

2 2
E=x, +y, +2

u !

Masalalar yechish namunalari

1 x=g@(u)cosv, y=gp()sinv, z=y () aylanma sirtning  birinchi
kvadratik formasini aniqglang:
Yechish:

X, =@, cosV,y=, @, (u)sinv,z, =y (u);
X', =—y(u)sinv,y, = p(u)cosv, z, =0;

E= xf + yf + z'uz = gpj (u)+1//f (u),F =0;

G=x +y, +2, =¢*(1);
g =05’ = (¢ (u)+y (U))dU’ +¢’ (u)dV>.

2 Sirtning birinchi kvadratik formasi

dS*=duU?+sh’udv? bo'lib, sirt ustida y:U-Vv =0 chiziqg Dberilgan.
Bu chiziq yoyining uzunligi topilsin.
Yechish: E=1,F=0,G=sh’U,dU =dV.

u, U,
S = [Vdu?+sh'Udv? = |

Uy U

U,
J1+shUduU = Ichudu =[shul|? =|shU, —shU,|.
Ul
Javob: S=[shu, —shu,|.
3 x:ach(gjcosv, y:ach((gjsin v, Z=u katenoid wustida U+V =0

chiziglar  Dberilgan. Ular orasidagi burchakni toping.
Yechish: Katenoidning birinchi kvadratik formasi

ds? = ch? (Ejduz +azch2(g)dv2 . E :chz(gj, F=0 G= azchz(gj . du=dv, Su=-5v,
a a a a



ch?udu su —a?ch?ududsu dudu (Chzu—azchzu)
cosf@ = _ ]

(chzu +a’ch?u ); du (chzu +a’ch?u ); Su - dusuch’u (1+ az)

2

1_a2; Javob: cosezl_az.
l1+a l+a

2

cos O =

4. To'g'rigelikoid x=ucosv,y=usinv,z=av ustuda

u=0,u=a,v=0, v=1 chiziglar bilan chegaralangan to rtburchakni yuzini
hisoblang.

Yechish: ds? =du? +(u? +a?)dv? = E =1,F =0,G =u? +a?,

s=[[VEG — deudv:Jl'dvjE\/u2 +a’du =a—22[\/§+ln(1+\/§)].
()

(] 0
Isboti:

a u=atgt;t, =0 =u=0 D o A sint =X
[u*+a*du= du = —2dt; t—f:u—azjcisittzjaci:“lrt]t Lo 4 Y27
° Ccost 24 T T 0 “=0 %=

2 X 2 & & &

2 2 2 2 2 2

azJ‘ dX2 :azjl(i ij dX=a— J' dX2+2I dX2+I dX2 _
> (1-%) 5 4ll-x L+x 415 1-x) 5 (1-x) 5 (1+x)

(|n2+“/§+ 2 2 ]_
2-J2 2-2 2+42)

a

=a? Eln(l+\/§)+g}. Javob: S :jdvj\/nz +a’ :%2[\/5+In(1+\/§)}

0 0
Mustagqil yechish uchun masalalar :

1. Quyudagi sirtlarning birinchi kvadratik formasi hisoblansin
a) Tekislik x=u, y=v,z=0. Javob: ds? =du® +dv?.

b) Tekislik x=pcosp, y=psing, z=0. Javob: ds’ =dp’ + p°de’.

v) Sfera x=acosucosv, y=acosusinv, z=asinu Javob:

ds® =a’du® +a’ cos’ udv.

g) Psevdosfera x=asinucosv, y=asinusinv, z=f (u)= a(lntg (%)+cosuj.
Javob:
ds® = a’ctg’udu® + a®sin® udv?.

2. x=ucosv,y=usinv,z=av gelikoidning ¢, formasi hisoblansin

Javob: ds? = du? + (u? +a? Jdv?.



3. z=f(xy)sirtning ¢ formasi hisoblansin.
Javob :
ds? = (L+ p? Jax? + 2 pgdxdy+ L+ g2 Jdy?, p = £/(x).q= f(y).
4. Slindrning chizigli elementini aniglang.
Javob: ds? =a’du® +dv?.
5. Konusning chizigli elementini aniglang.
Javob ds® =dv?® +v?cos® ardu®.
6. To'g'ri doiraviy konusning yasovchilari Vv =Ae™ egri chiziq bilan
kesishib ¢ burchak tashkil etadi, cos# ni aniglang.
Yechish: ds? =dv? +(vcosa)*du® yasovchilar uchun su=0,8v=0 berilgan chiziq
dvov 3 m
\/dv2+(vcos(x)2du2\/57 Vm?® +cos’ o
7. Torning chizigli elementi topilsin.
Javob:
F =(a+bcosv)e(u)+bksinv, ds*=b’dv®+(a+bcosv)du’.

uchun dv= Ame™du=mvdu, cosd = =const .

8. x=ucosv, y=usinv, z=av gelikoidda koordinat chiziglar tashkil etgan
burchakni teng ikkiga ajratuvchi chiziglar tenglamasi aniglansin.

Javob: In(u ++u?+a? )iv = const.

9. Sirtnig chizigli elementi ds? =du?® +(u? +a?)dv? ko'rinishda sirtga tegishli
7,:u :%avz, 7,:U :—%avz, 7, :v=1 chiziglar kesishib xosil gilingan egri

uchburchak peremetrini aniglang. Javab : %a.

10. x:%(ﬁcosv+sinv), y=%(«/§sinv—cosv), z=av sirtdagi ;/:u=%av2
chizigga tegishli A(u=0,v=0),B(u=2a,v=2) nuqtalar orasidagi yoy uzunligini
aniglang. Javob : %a.

11. x=u(u+v), y=3(u-v), z=2uv sirtustudagi y,:u+v=0y,:u-v

chiziglar kesishib tashkil etgan burchajni aniglang : Javob : g0:%.
12. Chizigli elementi ds®=du®+u®*+a®)dv® bo’lgan sirtdagi u:%a\,z,

u:—%avz chiziglar tashkil etgan ¢ burchakni aniglang. Javob: 9=0°.
13. u=u,, v=v, chiziglar x=u, y=v, z=uv sirtda yotib ¢ burchak ostida

keshadi. ¢ burchak topilsin. Javob: cosé =

UgV
JLU,2 14y, .



14. Chizigli elementi ds® = du® +dv* bo'lgan sirtda v=2u va v=-2u chiziglar
tashkil etgan burchakni aniglang. Javob: cosa =-=

15. x=ucosv, y=usinv, z=u? sirtdagi v=u+1 va v=3-v chiziglar tashkil
etgan burchakni aniglang. Javob: cosa =§

16. Chizigli elementi ds® =du®+cos*udv’ bo’lgan sirtda u=v chizigning
M, (u,,v,), M,(u,,v,) nuqgtalari orasidagi yoy uzunligini hisoblang.

Javob: s = 2\/§(c05u—2l — cosu?z) :

17. Chizigli elementi ds®=du®+@u®+a*dv> bo’lgan sirtga tegishli
u=zav, v=1 chiziglar tashkil etgan egri uchburchak yuzini aniglang.

Javob: S =a? [g—£+ln(l+\/_)]

18. To g ri gelikoid va katenoidlarning o zaro izometrik munosabatda ekanini
isbotlang.

19. JEdu++/Gdv=0, JEdu—+/Gdv=0 differensial tenglamalar orgali
aniglangan chiziglar oilasining ortogonalligini isbotlang.

20. Gelikoiddagi  du® —(a® +u?)dv® = odifferensial  tenglamalar orgali
aniglangan chiziglar oilasining ortogonal sistema tashkil etishini isbotlang.

21. Sfera yuzini aniglang.

Yechish: ds® =a*(dv? + cos’ vdu®); E=a’cos’v, F=0, G=a’

T

z z 42
S = j.[\/ EG - F2dudv= 2Jydu Jz'\/a“ cos? vdv = —aszu j' cosvdv = aZTdusinv 2 3’
¢ 0 oz 0 4 0
2 2

2

Javob: S =4a’x.
Foydalanilgan adabiyotlar
1. Wilhelm Klingenberg, A Course in differential geometry,1978 by Springer-
Verlag, New York Inc. Printed in the United States of America.
2. M.A.Arstrong, Basic Tpology, Springer, 1998 y.
3.Coopuuk 3amay no auddepennuan Hoi reomerpun. [lox pen. Denenko A.C.
M., 1979

31-34. Ikkinchi kvadratik forma. Sirt egriligi.
Tayanch tushuncha va iboralar: Ikkinchi kvadratik forma, sirt egriligi,
bosh egrilik, o'rta egrilik, to'la egrilik, Dyupen indikatrissasi.
Asosiy formulalar: ¢, = Ldu® + 2Mdudv+ Ndv?. (1)



—’I! —'!—'l)
UU u-v

JEG-F?'
Dyupen indikatrisasi:
Eyler formulasi:

[=_~uwuv/

—’"—’I—’V) —’I!—’!—’I)

Bosh egriliklar uchun formula:

(EG-F?)K, > —(LG

O rta egrilik:

To'la egrilik:

—_\Vwuv/ —_\Vwuv/ (2)

JEG-F?' JEG-F?
Ldu® +2Mdudv+ Ndv? = +1. (3)
k, =k 'cos’ p+k >sin’ . 4)
—~2FM + NE)K, + (LN -=M?) =0. (5)

2(EG-F°)
LN -M?

K=K,'K,=——5. 7
K = e (7)

Masala yechish namunalari:

1. Psevdosferaning ikkinchi kvadratik formasi aniglansin.

X =asinucosv, y=asinusinv,

Ma lumki, ds® = a’ctg®udu® +a’sin® udv’.
E=a’ctg’u, F=0, G=a’sin’u.
VEG —F? =+a*cos*u = a*cosu
. L , —2cosusin®u—cos®u
x, =-asinucosv, y, =-asinusinv, 2" =a — ,
sin®u
1 cos’ u
z —a(——smu)—a :
sinu sinu
. . acosu
—asinucosv —asinusinv — (L+sinu)
sin’u
1 . cos’u
L= acosucosv acosusinv = a-— =
a’cosu sinu
—asinusinv  asinucosv 0
. . u _
sinucosv sinusinv. ———(1+sin”u)
sin®u
—a’cosusinu : cosu
=—————| cosv sinv — =
a’cosu sinu
—sinv cosv 0
[ cosucos®v(L+sin’u) sin?vcosu . ,
=-asinu — —cosusin’v+>————(1+sinu)—cos’vcosu |=-actgu,,
sin®u sin®u

z= a(Intg(%) +cosu).




—asinucosv —asinusinv 0 .
CosSV  sinv 0

. cos’u| —a®sin®ucosu .
M=0,N=— acosucosv acosusinv a— = > cosv sinv ctgu|=
a“cosu sinu a“cosu )
. . . —sinv cosv O
—asinusinv  asinucosv 0

=—asin’ u(—sin’vctgu —cos’ vetgu ) = asin’ u ctgu.
¢, =—actgu(du’ —sin udv®).
2. x=u, y=v, z=u’+Vv?sirtustidagi u-v®=0 chizigning Au=1v=1)
nuqtadagi normal egriligi hisoblansin.
Yechish :
E=x?+y?+2?=1+4u*; E|,=5
F=x X +Yy,y, +2,z,=4uv;, F|,=4

G=x’+y’+2°=1+4* G|,=5

ds? = 5du? +8dudv +5dv?, VEG —F? =+/25-16 =+/9 =3,

0 0 2 0 0O 0 0 2
Lz%l 0 2u :Z; M:%. . .|=0; N:%l 0 ZU:Z,
0 1 2v . 0 1 2v

_ Ldu® +2Mdudv + Ndv? 2 du® +dv’
" Edu® + 2Fdudv+Gdv® 3 5du” +8dudv +5dv?’
K :g 10dv? _ 20 _ 10
" 3 45dv® +24dv® +5dv? 222 111,
3. Psevdosferaning o'rta vato la egriligi hisoblansin.
Yechish : E=a’ctg’u, F =0, G=a’sin’u, L=-actgu, M =0, N = actgusin®u,
s . 5, cos®u
_LG-2FM +NE & CosusitU+ar-o = 1 cos’a-—cosusin’u
- 2(EG-F?) 2a‘ cos’u "~ 2a sinucos’ u )
 _ LN -M? :—azctgzu§in2u _ 1
EG-F* a’ctg®usin®u a’
Xulosa: Psevdosfera manfiy o zgarmas egrilikka ega bo lgan sirt.

du = 3v3dv = 3dv,

:i(ctgu —tgu)
2a

Mustagqil yechish uchun masalalar
1. Quyidagi sirtlarning ikkinchi kvadratik formasi hisoblansin.
a) x=Rcosucosv, y=Rcosusinv, z=Rsinu - sfera.

Javob: ¢, = R(du® +cos® udv?).
b) x=f(u)cosv, y=f(u)sinv, z=¢p(u) - aylanmasirt.

1
Javob: ¢, =————[(f'¢"-f
\/f' +o

V) x=achucosv, y=achusinv, z=cshu bir pallali aylana giperboloid.

"p')du’ + fodv? .



—ac
JaZsh?u +c’chu

g) x=ashucosv, y=ashusinv, z=cchu ikki pallali aylanma
giperboloid.

Javob: ¢, = (du® —ch’udv?).

ac
Jach?u+c?sh’u
d) x=ucosv, y=usinv, z=u* aylanma paraboloid.
2
O I
e) x=Rcosv, y=Rsinv, z=u doiraviy silindr.
Javob: ¢, =Rdv?.
¢) x=ucosv, y=usinv, z=ku (‘uchsiz doiraviy konus ).

Javob: ¢, = KU v,

N1+k?

m) x:ach[gjcosv, y:ach(gjsinv,z:u katenoid.

Javob: ¢, = (du? + sh?udv?).

Javob:

(du2 +u2dv2).

Javob: ¢, = —i(du2 —aldv?).

2. x=ucosv,y=usinv,z=av to g ri gelikoidning ¢, formasi hisoblansin.
_2adudv

Ju+a?

Javob: ¢, =

3. Tekislik uchun ¢, =0 ni isbotlang .

4. To g ri gelikoidning bosh yo nalishlari va bosh egriliklarini hisoblang.
a
u?+a’’
5. x=cosv—(u+v)sinv, y=sinv+(u+v)cosv, z=u+2v sirtning bosh egriliklari

Javob: & - Ja? o7, K,=-K, =
dv

aniglansin.
1

\/E(u+v)'

6. Z:%(ax2+by2) Paraboloidning 0(0,0,0) nugtadagi dx:dy yo'nalish bo’yicha

Javob: .k =0, k,=-

adx® +bdy?

normal egriligi aniglansin . Javob: k, =————
dx +dy



7. x=uy=v,z=uv giperbolik paraboloidning ixtiyoriy nuqtasidagi bosh

—uv+\/(1+ u?)(1+v?) |

(1+u2 +v2)2

egriliklari aniglansin. Javob: k =

. —uv—\/(1+ u?)(1+v?) |

2 3

(1+u2+v2)E
8. %—g—z—i—zzl Ikki pallali giperpoloidning uchlaridagi bosh egriliklarni
hisoblang. Javob: kF% kzzc%.

9. z=xy sirtning M(LL1) nugtasidagi bosh egriliklarni aniglang.

B, B

Javob: k =—, k,=——.
9 3

2 2

10. %+%:22 sirtning M,(0,0,0) nugtasidagi bosh egriliklarni aniglang.

Javob: klzi, kzzl.
P q
11. x=u?+v? y=u’-v? z=uv sirt P(2,01) nuqtasidagi bosh egriliklarni aniglang.
1
Javob: k =——, k,=0.
1 2\/§ 2

12. z =2x* +4.5y? sirtning 0(0,0,0) nugtasidagi Dyupen indikatrisasini aniglang.
Javob: 4x* +9y* =1.

2 2

13. XF+yF =2z paraboloidning to’la egriligi aniglansin.

2 22
Javob: k™= pq[l+%+§j .
14. ds® =du® +e*dr? sirtning to'la egriligi aniglansin .
Javob: k=-1.
15. a radiusli doiraviy silindrning to'la va o'rta egriligi aniglansin.
1

Javob: k=0, H=——".
2a

16. r = pe(v)+ f(p)k aylanma sirtning to'liq egriligi fo'rmulasini yozing.

Javob: M =k

p(1+ fr? )2

17.Sferani to’la va o’rta egriligi aniglansin.

Javob: k=i 2H =3.
a

a?’



18. Katenoid orta egriligi nol ekani aniglansin .
19. z=x*>-y? giperbolik paraboloid ixtiyoriy nuqgtasidagi to'la va o'rta egriligini
hisoblang. Javob:
k=- 4 H- 4(y2_xz)3.
(1+4x° +4y?) (L+4xt +4y2)?
20. z=Incosx—Incosy sirt o'rta egriligi nol ekani isbotlansin.
21. Sirt ¢, va ¢, formalarining koeffisentlari proporsional
L=AE, M=AF, N=AG bo’lsa, H>=K tenglikni isbotlang.
Foydalanilgan adabiyotlar
1. Wilhelm Klingenberg, A Course in differential geometry,1978 by Springer-
Verlag, New York Inc. Printed in the United States of America.
2. M.A.Arstrong, Basic Tpology, Springer, 1998 y.
3.Coopuuk 3amay no auddepennuan Hoi reomerpun. [lox pen. Penenko A.C.
M., 1979

35-36.Sirtdagi ajoyib chiziqglar.
Asosiy formulalar

1. P{p.p,} va G{q,q,}, yo nalishlarning sirt urinma tekisligida qo’shmalik

sharti Lqul +M (ql P, +0Q, p1)+ N P4, = 0. (1)
2.Asimptotik chiziglar tenglamasi.
Ldu® + 2Mdudv+ Ndv® = 0. (2

3.Egrilik chiziglar tenglamasi;
dv> —dudv du?
E F G [=0. (3)
L M N

4. Giodezik egrilik formulasi: k;=(m?%),mzu. (4)

Giodezik buralish formulasi:  k? = (rm m). (5)
5. Giodezik chiziq tenglamasi :

2 3 2
d_u+avE(dUJ +(aUE _@Gj(dUJ +(%_%jd_“_5u6 _0. (6)

dv?  2G \dv 2E G Jldv E 2GJ)dv 2E

Masalalar yechish namunalari



1.x=ucosv, y=usinv, z=av gQelikoidga tegishli  v?du®-u®dv®=0
chiziglarning go shma to'r tashkil etishi isbotlansin.
Isbot. P(u,v)du® +Q(u,v)dudv+R(u,v)dv’ =0  differensial tenglama orgali
sirtga tegishli ikkita chiziglar oilasining go shma bo'lishi sharti. LR-MQ+ NP =0
(*)

Gelikoidning ¢, va ¢, formalari :

@ ¢ ds? =du® + (U’ +a®)dv?, @,=-— 2adudv ,
Ju?+a’
E=1, F=0, Go(u?+a’), LeN=0, M =—22
Ju? +a?

P(u,v) =Vv*, Q(u,v)=0, R(u,v)=-u*> bo'lganidan  (*) shart bajariladi. u=+cv
gelikoid ustidagi chiziglar oilasi.
2. To g ri gelikoid ustidagi asimptotik chiziglar aniglansin .
2a
Jutta?

a) du=0 = u=const.

Yechish: L=N=0,M =— dudv=0,

b) dv=0 = v=const.
X =ccosv, x=csinv, z=av birinchi oila vint chiziglar.
Ikkinchi oila v = const. to'g'ri chiziqgli yasovchilar
X=UC0Sq,, y=USing,, Z=aa,.
3. To g ri gelikoid ustidagi egrilik chiziglarni aniglang.
Gelikoid tenglamasi: x=ucosv, y=usinv, z=av.
Egrilik chiziglarning differensial tenglamasi: (a® +u?)dv® —du® =0,

(Ve (v -t ) =0 = v=In(u+ui+a’)+c.

Ja?+u JaZ+u

Egrilik chiziglar ikkita oila tashkil etadi.

Mustagqil yechish uchun masalalar

1. r=r(u)+r(v) ko chish sirtining koordinat chiziglari go’shma to'r tashkil
etadi. Isbotlansin.

2 2

2. X;+yF:22 elliptik parabaloidni x+y=c tekisliklar bilan kesaylik ,
kesimdagi chiziglar oilasi bilan go'shma to'r tashkil etuvchi chiziglar oilasi
aniglansin. Javob: Z_chl_

a b

3. xyz=1 sirtning M(1,1,1) nuqgtasida a{l,-21} yo'nalishga go’shma
yo nalishni aniglang . Javob : b{1,0,-1 }.



4. Sirtda bir parametrli chiziglar oilasi A(u,v)du+B(u,v)dv=0 differensial
tenglama orgali berilgan .Ushbu oilaga qo'shma chiziglar oilasining
differensialtenglamasi yozilsin.

Javob: (LB - MA)du + (MB - NA)dv =0.
5. X=UCO0SsV, y=usinv, Z=U+V giyshiq gelikoida U+V =C chiziglar

oilasiga qo shma chiziglar oilasini aniglang. Javob: V=arctgu+C, .
6. Har ganday sirtda cheksiz ko p go shma turlar mavjudligi isbotlansin.

dv
Isboti: Sirtda H: f(U’V) (1) differensial tenglama orgali aniglangan

chiziglar oilasini garaylik. Ushbu oila bilan go'shma to’r tashkil etuvchi ikkinchi
chiziglar oilasini izlaymiz. Uning yo'nalishi dv:du nisbat orgali aniglansin.

Yo nalishlarning go shmalik sharti bo’lgan
oV ou

L+M| —+ f(u,v)|+Nf(uv)—=0 '
Sty @3 yoki

(Nf (u,v)+M )%+ Mf (u,v)+L=0 (2)

Nf (u,v)+M =0
Agar Mf (u,v)+L=0" )

Holni garamasak (2) differensial tenglamani bir giymatli yechish mumkin.
Shu yechimlar izlangan go'shma chiziglar oilasidan iborat bo ladi. (3) tengliklar
sirtdagi parabolik nugtalarda bajariladi. (3) tenglik birgalikda bolishi uchun
N M

m L

5:

=0 bajarilishi kerak, ya’ni LN-M?2=0.

Xulosa:

LN —M? =0 bo'lsa berilgan chiziglar oilasiga qo'shma chiziglar
oilasi mavjud va bunday oilalar cheksiz ko'p. Parabolik egilgan sirtlarda esa har
ganday oilaga qo shma chiziglar oilasi ushbu sirtlarning asimptotik chiziglaridir.
Sirtdagi goshma  torni koordinata  chiziglar uchun tanlansa

@, = Ldu®*+Ndv?>, M =0.

7. z=Ax* +By? paraboloid koordinat chiziglarining qo’shma to'r tashkil
etishini isbotlansin.

8. F =VE(u)+e'k aylanma sirtda v-u=const chiziglar oilasi bilan go’shma
to r tashkil etuvchi chiziglar oilasini aniglang. Javob: v=e¥ va v=Ce".

9. r=vEé(u)+Inv k aylanma sirtning asimptotik chiziglarini aniglang.



Javob: v=Ce”, v=CeV.

10. Quyidagi shartlardan biri o'rinli bo'lsa, sirt ustidagi chizigning asimptotik
chizigdan iborat ekanligini isbotlang:

a) chizigning ixtiyoriy nuqtasidagi urunmasi asimptotik yo nalishga ega.

b) Xar bir nugtasidagi normal egrilik nolga teng.

c) Sirt ustidagi chizigning ixtiyoriy nuqtasidagi yopishma tekisligi, sirtning
urunmasi tekislik bilan ustma — ust tushadi.

11. Psedosfera ustidagi asimptotik chiziglarni aniglang.

Javob: Intg(%)iv =C,

12. x=chucosv, y=chusinv, z=u katenoid ustidagi asimptotik
chiziglarni aniglang. Javob: U £V =Const.
13. Bir pallali giperboloidning asimptotik chiziglarini ko rsating.
Javob: To g ri chizigli yasovchilar.
14. x=au, y=bv, z=u’v sirtning asimptotik chizig'ini aniglang.
Javob: u=c, uv?=c,.
15. X=U, y=uv, z=u+V’ sirtning asimptotik chizig ini aniglang
Javob: V =C,, U=C\V,
16. z=Incosx—Incosy sirtning asimptotik chiziglar to'rining ortogonaligini
ko rsating.
17. x=au, y=bv, z=uv paraboloidning asimptotik chizig ini aniglang.
Javob : U =Const, V =Cosnt
18. X=cosu+usinv, y=-sinv+ucosv, zZ=V sirtning asimptotik

chiziglarini ko"rsating. Javob: 1) v=v, 2) v=2(U+C).
19. z=247Y sirtning asimptotik chiziglarini aniglang,
y X
_ 1 1
Javob : x=cy, ?—7=cz,

20. x=u, y=v, z=uv sirtning egrilik chiziglarini aniglang.

Javob: x+\/mzcl(y+\/W), (X ++/X° +1)(y+1/y2 +1):cz.

21. x=vcosu, y=vsinu, z=2v konusning egrilik chizigini aniglang.
Javob: u=const, to'g'ri chiziglar, v=const aylanishlar.
22. Ixtiyoriy silindrik sirtning egrilik chizig ini aniglang.
Javob: to'g'ri chizigli yasovchilar va ularni ortogonal kesib o tuvchi
chiziglar.
23. x=u’+v? y=u®-v?z=v sirtning egrilik chiziglari aniglansin.



Javob : Koordinat chiziglari.
24. Ixtiyoriy aylanma sirtning egrilik chiziglari aniglang.

Javob : paralellar va meridianlar.
25. Tekislikda va sferada ixtiyoriy chizigning egrilik chizig ekani isbotlansin .
26. R radiusli sfera ustudagi r radiusini aylananing geodezik egriligi

aniglansin.

Rr

Javob: k; =

27. Gelikoid ustidagi u=const vint chizigning geodezik egriligini aniglang.

]

c?+a?’

Javob: k; =

28. Sirtning geodezik chizig'i quyudagi xossalardan aqalli bittasi orgali to'la

xarakterlanishini isbotlang.

a) Har bir nugtasida sirt normali chizigning bosh normali bilan ustma-ust

tushadi.

b) Sirt normali chiziq yopishma tekisligida joylashadi.

v) Xar bir nugtasida geodezik egrilik k; =0.

g) Chiziq egriligi va normal egrilik uchun |k| =k, .

d) To g rilovchi tekislik sirt urinma tekisligi

bilan ustma-ust tushadi.

29. Sirtdagi xar ganday togri chizig geodezik
chizig ekanini isbotlang.

30. Aylanma sirt meredianining geodezik chiziq
ekanini isbotlang.

31.To'gri doiraviy silindr sirtidagi geodezik
chiziglar oilasi aniglansin.

Yechish: Silindrda yo naltiruvchi  x* +y® =R?.

Yasovchilari (0z)ga parallel

X= RCOSg
R

Parametrlashtirish quyidagicha <y= Rsin% bunda

Z=V

u=@R, (0<@p<2R), ¢, =du®+dv* .
Geodezik chizig tenglamasi: ViU/-U"V/=0,

_—
\

v=<

—

39-chizma

(U,v) tekislikda ushbu tenglama yechimlari  u=at+b, v=ct+d.



X= Rcosater

Silindrik sirtdagi geodezik chiziglar |y = Rsin -2

z=ct+d

Bu chiziglar fazoda vint chiziglardir
Xulosa :  Silindr sirtidagi geodezik chiziglar vint chiziglardir .
Foydalanilgan adabiyotlar
1. Wilhelm Klingenberg, A Course in differential geometry,1978 by Springer-
Verlag, New York Inc. Printed in the United States of America.
2. M.A.Arstrong, Basic Tpology, Springer, 1998 y.
3.Coopuuk 3amay no auddepennuan Hoi reomerpun. [lox pen. Penenko A.C.
M., 1979



