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ANNOTATSIYA 
 Ushbu metodik qo‘llanma pedagogika oliy ta’lim muassasalari  
«matematika va informatika» bakalavriat ta’lim yonalishining 
«Matematik analiz» fani dasturiga mos yozilgan bo‘lib, bunda 
matematik analizning ko‘p o‘zgaruvchili funksiyaning differensial va 
integral hisobi bo‘limidan misol va masalalar berilgan. Bu uslubiy 
qo‘llanmadan «Fizika va astronomiya» bakalavriat yonalishida ta’lim 
olayatgan talabalar ham foydalanishi mumkin. 
 
 
 
 

Taqrizchilar: 
M.Madirimov Nizomiy nomidagi TDPU, Matematik analiz kafedrasi 

professori, f.-m.f.n. 
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K i r i s h 
 
 Pedagogika oliy ta’lim muassasalari “matematika va informatika” 
bakalavriat ta’lim yo`nalishi talabalari uchun mo`ljallangan o`zbek tilida 
matematik analizdan misol va masalalar to`plami mavjud emas. Shu 
sababli dars o`tkazish uchun bir nechta adabiyotlardan misol va 
masalalarni tanlashga to`g`ri keladi. 
 Ushbu metodik qo`llanma pedagogika oliy yurtlari “matematika va 
informatika” bakalavriat ta’lim yo`nalishi talabalari uchun mavjud fan 
dasturiga mos ravishda yozilgan bo`lib, ko`p argumentli funksiyalarning 
differensial va integral hisobi bo`limlarini o`z ichiga oladi.  
 Har bir bobdan oldin kerakli bo`lgan nazariy ma’lumotlar 
keltirilgan, deyarli barcha misol va masalalarning javoblari berilgan. 
 Ushbu qo`llanmani tayyorlashda mavjud bo`lgan misol va 
masalalar to`plamidan ijodiy foydalanildi.     
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XI-BOB. KO`P  O`ZGARUVCHILI FUNKSIYALARNING 
DIFFERENSIAL HISOBI 

 
1-§. Ko`p o`zgaruvchili funksiyalar 

 
 1. Berilgan doimiy C soni uchun xOy  tengsizlikdagi f(x,y)=C 
tenglikni qanoatlantiruvchi barcha nuqtalar to`plami z=f(x,y) 
funksiyaning sath chizig`i deyiladi. 
 2. Berilgan doimiy C soni uchun fazodagi f(x,y,z)=C tenglikni 
qanoatlantiruvchi barcha nuqtalar to`plami u=f(x,y,z) funksiyaning 
yuksaklik sirti deyiladi. 
 
1.   ( ) 22

3,
yx

xyyxf
+

=  funksiyani 8,2 =−= yx  dagi qiymatini toping; 

2. ( ) 22 2, xyyxf −=  funksiyani  10,4 =−= yx  dagi qiymatini toping; 

3. ( ) ,
2

2,
yx
yxyxF

−
−

=   ( )1,3F , ( )3,1F ,  ( )4,2−−F ,  ( )2,4−−F ,  ( )aaF ; , ( )aaF −;  

larni hisoblang; 
4. ( )

yx
yxyxF

−
+

=
2, ,  ( )1;2F ,  ( )1;3 −−F ,  ( )baF ; ,   ( )ba≠   larni toping; 

5. ( ) ( )yxeyxf += sin, ,  ⎟
⎠
⎞

⎜
⎝
⎛

2
,

2
ππf ,  ⎟

⎠
⎞

⎜
⎝
⎛ ππ 2,

2
f  larni toping; 

6. ( ) 1, −+= xy yxyxf ,  ( )1,1f ,  ( )2,1f ,  ( )2;2f  larni toping; 
 

Quyidagi funksiyalarning aniqlanish sohalarini toping. 
7.  

yx
z

−
=

1 ; 

8.  
yx

z
+

=
1 ; 

9.  yxz += ; 
10.  yxz −= ; 
11.  yxyxz −−+= ; 
12.  yxz += ; 
13.  922 −+= yxz ; 
14.  2225 yxz −−= ; 
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15.  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+= 1

49
ln

22 yxz ; 

16.  ( )84ln 2 +−= xyz ; 

17.  222
1

yx
z

−−
= ; 

18.  
yx

z 11
+= ; 

19.  
x

yz 1arcsin −
= ; 

20.  
2

arccos
2

arcsin yxz += ; 

21.  
zyx

u 111
++= ; 

22.  22222222 rzyxzyxRu −+++−−−=    ( )Rr < . 
 

Quyidagi funksiyalarning sath chiziqlarini yasang. 
23.  yxz += ; 
24.  22 yxz += ; 
25.  22 yxz −= ; 
26.  yxz += 2 ; 

27.  
zyx
zyxu

+−
++

=  funksiyaning yuksaklik sirtlarini toping;  

28.  222 zyzu ++=  funksiyaning yuksaklik sirtlarini toping.  
 

2-§. Ko`p  o`zgaruvchili funksiyaning limiti va uzluksizligi 
  

Agar har bir 0>ε  uchun shunday 0>δ  topilib, koordinatalari 
δδ <−<− 00 , yyxx  tengsizliklarni qanoatlantiruvchi ),( 000 yxМ  dan 

boshqa barcha ),( yxM  nuqtalarda ε<− Ayxf ),(  tengsizlik o`rinli 
bo`lsa, A soni ),( yxf  funksiyaning ),( 000 yxM  nuqtadagi limiti deyiladi 
va u Ayxf

yy
xx

=
→
→

),(lim
0
0

 ko`rinishda yoziladi. 

 Agar ),(),(lim 00

0
0

yxfyxf
yy
xx

=
→
→

tenglik o`rinli bo`lsa, ),( yxf  funksiya 

),( 000 yxM  nuqtada uzluksiz deyiladi. 
  

Funksiya limitining ta’rifiga asoslanib tengliklarni isbotlang. 
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29.  a)  ( ) 1332lim
3
2

=+
→
→

yx
y
x

;     b) 4lim 2

1
2

−=
−→

→
yx

y
x

. 

30.  a)  ( ) 23lim
1
1

=−
→
→

yx
y
x

;        b)  ( ) 2lim 22

1
1

=+
−→

→
yx

y
x

. 

   
Limitlarni toping 

31. 22

22

0
0

11
lim

yx
yx

y
x +

−++

→
→

;      

32. ( )
yx

yx

y
x

2

0
0

sinlim
→
→

; 

33. ( )
22

33

0
0

sinlim
yx

yx

y
x +

+

→
→

; 

34. 22

22

0
0

11
lim

yx
yx

y
x +

−+

→
→

; 

35. 
yxyxx

yx

y
x 22
lim 2

22

2
2 −−+

−

→
→

; 

36. ( ) yx

y
x

xy +

→
→

+
1

0
0

1lim ; 

37. 
yx
yx

y
x −

+

→
→

2
2

lim  mavjudmi? 

38. 22
0
0

2lim
yx

xy

y
x +
→
→

 mavjudmi?  

 
( )0;0  nuqtada quyidagi funksiyalarning uzluksizligini tekshiring.  

39. ( )
11

,
−+

=
xy

xyyxf ,    ( ) 20;0 =f ; 

40. ( ) ( )
x
xyyxf sin, = ,         ( ) 00;0 =f ; 

41. ( ) ( )
x
xytgyxf =, ,         ( ) 00;0 =f ; 

42. ( )
xy
xy

yxf
11

,
+−

= ,    ( )
2
10;0 −=f . 

 
Quyidagi funksiyalarning uzulish nuqtalarini toping. 

43.  
( ) 221

1
yx

yz
++

−
= ; 
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44.  22 yx
yxz

+
+

= ; 

45.  
xy
yxz

−
+

=
2

3 ; 

46.  2

4
yx
yxz

+
−

= ; 

47.  
xy

yxz
225 +

= ; 

48.  224
1

yx
z

−−
= . 

 
3-§. Xususiy hosilalar va to`la differensial 

 
 1. ),( yxfz = funksiyaning ),( yxM nuqtadagi to`la orttirmasi 

),(),( yxfyyxxfz −∆+∆+=∆ ni yxayBxAz ∆⋅+∆⋅+∆⋅+∆⋅=∆ β  
ko`rinishda yozish mumkin bo`lsa, ),( yxfz = funksiya ),( yxM nuqtada 
differensiallanuvchi deyiladi. Bu yerda A, B lar yx ∆∆ ,  larga bog`liq 
emas, 0,0 →∆→∆ yx da 0,0 →→ βα  bo`ladi. ),( yxM nuqtada 
differensiallanuvchi ),( yxfz =  funksiya to`la orttirmasining bosh qismi 

yBxA ∆+∆  uning to`la differensiali deyiladi va dy
x
zdx

x
zdz

∂
∂

+
∂
∂

=  formula 

yordamida topiladi. 
 2. ),( yxfz = funksiyaning ),( yxM nuqtadagi l yo`nalishi bo`yicha 

hosilasi deb 
),(

)()(lim
MM

MfMf
l
f

MM ′
−′

=
∂
∂

→′ ρ
ga aytiladi ( M ′nuqta M nuqtadan 

o`tuvchi l to`g`ri chiziqda yotadi, ),( MM ′ρ esa orientirilgan 
MM ′kesmaning uzunligi).  

 Agar ),( yxfz = funksiyaning ),( yxM nuqtada  differensiallanuvchi 
va l yo`nalish koordinata o`qlari bilan α  va β  burchaklari tashkil qilsa, 
u holda   
   βα coscos

y
f

x
f

l
f

∂
∂

+
∂
∂

=
∂
∂ . 

 3. 
→→→

∂
∂

+
∂
∂

= j
y
fi

x
ffgrad  vector ),( yxfz =  funksiyaning 

),( yxM nuqtadagi gradienti deyiladi. 
 



 9

49-68 misollarda berilgan funksiyalarning xususiy hosilalarini 
toping. 
49.  xyyxz 53 22 +−= ; 
50.  xyyxyxz 246 323 −−+= ; 
51.  ( )332 75 +−= yyxz ; 
52.  22 yxz −= ; 
53.  )ln( 22 yxxz ++= ; 
54.  ( )yxz lnln += ; 
55.  yxez sin2

= ; 
56.  xyyez −= ; 

57.  
y
xarctgz = ; 

58.  ( )xyz arcsinln= ; 
59.  xyz = ; 
60.  2yxz = ; 
61.  ( ) 22, yxyxyxf +−+=  funksiya uchun ( )4,3xf ′ , ( )4,3yf ′  larni   
hisoblang; 
62.  ( ) 3 32, yxyxf +=  funksiya uchun ( )1,1xf ′ , ( )1,1yf ′  larni hisoblang. 
63.  xzzyxu 2222 +−+= ; 

64.  
222 zyx

xu
++

= ; 

65.  ( )222 zyxxeu ++= ; 
66.  ( )222sin zyxu ++= ; 

67.  z
y

xu = ; 
68.  zyxu = ; 
69.  ( )22ln yxz +=  funksiya uchun 0=

∂
∂

−
∂
∂

y
zx

x
zy  tenglikning o`rinli 

ekanligini ko`rsating. 
70.  

x
yarctgz =  funksiya uchun 0=

∂
∂

+
∂
∂

y
zy

x
zx  tenglikning o`rinli 

ekanligini ko`rsating. 
71.  ( )( )( )xzzyyxu −−−=  funksiya 0=

∂
∂

+
∂
∂

+
∂
∂

z
u

y
u

x
u  tenglikni 

qanotlantirishini ko`rsating. 
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72.  
zy
yxxu

−
−

+=  funksiya 1=
∂
∂

+
∂
∂

+
∂
∂

z
u

y
u

x
u  tenglikni qanotlantirishini 

ko`rsating. 
 

Funksiyalarning to`la differensiallarini toping. 
73.  32 yxz = ; 
74.  22 yxz −= ; 
75.  243342 yxyxyxz +−= ; 
76.  yxyxxyz 332 +−= ; 
77.  xyyez −=

2 ; 
78.  ( )xyz cos= ; 
79.  ( )xyarctgz = ; 

80.  
y
xz arcsin= ; 

81.  42 yzxu = ; 
82.  ( )333 2ln zyxu +−= ; 

83.  
xz
yu = ; 

84.  zxyu = ; 
85.  ( ) 343, yxyxyxf ++=  funksiyaning (1, 2) nuqtadagi abtsissa o`qi 
bilan 1350 burchak tashkil qiluvchi yo`nalish bo`yicha hosilasini toping. 
86. ( ) ( )xyarctgyxf =,  funksiyaning (1, 1) nuqtadagi birinchi chorak 
burchagi bissektrisasi yo`nalishi bo`yicha hosilasini toping. 
87.  ( ) 133, 223 ++−= xyyxxyxf  funksiyaning (3, 1) nuqtadagi shu 
nuqtadan (6, 5) nuqtaga qaratilgan yo`nalish bo`yicha hosilasini toping. 
88.  ( ) 13, 322 −−−= yxyyxyxf  funksiyaning (2, 1) nuqtadagi shu 
nuqtadan koordinata boshiga qaratilgan yo`nalish bo`yicha hosilasini 
toping. 
89.  ( )

x
yarctgyxf =,  funksiyaning 0222 =−+ xyx  aylanada yotuvchi 

(
2
3;

2
1 )  nuqtada aylananing shu nuqtadagi yo`nalishi bo`yicha 

hosilasini toping. 

90.  ( )
x
yyxf

2

, =  funksiyaning 12 22 =+ yx   ellipsning  ixtiyoriy 

nuqtasida ellipsning o`sha nuqtadagi normali yo`nalishi bo`yicha 
olingan hosila nolga tengligini isbotlang. 
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Funksiyalarning gradientlarini toping 

91.  224 yxz ++= , ( )1,2  nuqtada; 

92.  
y
xarctgz = ,  ( )2;1  nuqtada; 

93.  22 yxz += , ( )oyx ,0  nuqtada; 
94.  xyz 2= ,   ( )oyx ,0  nuqtada. 
 

4-§. Murakkab funksiyalarni differensiallash 
 

95.  yxez 3−= , tx sin= , 2ty = .      
dt
dz   ni toping; 

96.  
x
yz =  tex = , tey 21−= . 

dt
dz  ni toping; 

97.  )arcsin( yxz −= , 24tx = ,  3ty = .  
dt
dz  ni toping; 

98.  22 yxez += ,  tax cos= ,   tay sin= .  
dt
dz  ni toping; 

99.  
y
xz ln= ,  ttgx 2= ,  tctgy 2= . 

dt
dz  ni toping; 

100. ( )yx eez += ln ,  2xy = .      
dx
dz  ni toping; 

101. 
y
xz arcsin= ,   12 += xy .    

dx
dz   ni toping; 

102. 22 yxz += ,   vux += ,  vuy −=  
u
z
∂
∂  , 

v
z
∂
∂  larni toping; 

103. )ln( 22 yxz += ,  uvx = , 
v
uy = .   

u
z
∂
∂  , 

v
z
∂
∂  larni toping;    

104. xyyxz 22 −= ,  vux cos= ,   vuy sin= . 
u
z
∂
∂  , 

v
z
∂
∂  larni toping;   

105. ( )zyxu 23sin −−= ,   32tx = ,  2ty = ,  ;4tz −=  
dt
du  ni toping; 

106. ( )zyxtgu −+= 42 ,  xy = ,  
x

z 1
−= .   

dx
du  ni toping. 
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5-§. Oshkormas funksiyalarning hosilalari 
 

 )(xfy =  oshkormas funksiya  0),( =yxF  tenglik bilan berilgan 

bo`lsa, u holda  
y

x

F
F

dx
dy

′
′

= . Xuddi shu kabi 0),,( =Φ zyx  dan ,
z

x

x
z

Φ′
Φ′

−=
∂
∂   

z

y

y
z

Φ′
Φ′

−=
∂
∂  

  
107-116 misollarda 

dx
dy  ni toping. 

107. 1633 =− xyyx ; 
108. ( ) 1ln 2222 =+++ yxyx ; 
109. 0ln =− yxy ; 
110. 0=+ yx eye ; 
111. xy yx = ; 

112. x
y

eyx =+ ; 

113. 12

2

2

2

=−
b
y

d
x ; 

114. xeye yx cossin = ; 
115. 0633 =++ xyyx ; 
116. 0sin 2 =−+ xyey x . 
  

117-124 misollarda 
x
z
∂
∂   va  

y
z
∂
∂   larni toping. 

117. xyz = ; 
118. zezyx =++ ; 
119. xyzzyx 3333 =++ ; 
120. 08222 =−++ xzyx ; 
121. yxe z sincos= ; 
122. 33 3 axyzz =+ ; 
123. 0=− xyzeZ ; 

124. 12

2

2

2

2

2

=++
c
z

b
y

a
x . 
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6-§.  Yuqori tartibli hususiy hosilalar va yuqori tartibli 
differensiallar 

 
 1. Ikki argumentli funksiya uchun Teylor formulasi quyidagicha:  

 
10),,(

)!1(
1

),(
!

1...),(
!2

1),(),(

1

2

<<∆+∆+⋅
+

+

++++=∆

+ θθθ yyxxfd
n

yxfd
n

yxfdyxdfyxf

n

n

 

yoki  

 
nRy

y
fyx

yx
fx

x
f

y
y
fx

x
fyxfyyxxf

++⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∆

∂
∂

+∆∆
∂∂

∂
+∆

∂
∂

+

+∆
∂
∂

+∆
∂
∂

+=∆+∆+

...2
2
1

),(),(

2
2

22
2

2

2  

bu yerda Rn – qoldiq had. 
 2. Sirtga o`tkazilgan urinma tekislik va normalning tenglamasi. 
 Agar sirt 0),,( =zyxF tenglama bilan berilgan bo`lsa, uning 

),,( 000 zyx  nuqtasidagi urinma tekislik tenglamasi 
 0))(,,()(),,())(,,( 000000000000 =−′+−⋅′+−′ zzzyxFyyzyxFxxzyxF zyx , 
normal tenglamasi 
 

),,(),,(),,( 000

0

000

0

000

0

zyxF
zz

zyxF
yy

zyxF
xx

zyx ′
−

=
′

−
=

′
−  

ko`rinishda bo`ldi. 
125-134 misollarda ko`rsatilgan tartibli hususiy hosilalarni 

toping.  

125. 
yx

xyyxz
−

++= , 2

2

x
z

∂
∂ , 

yx
z
∂∂

∂ 2

, 2

2

y
z

∂
∂ ; 

126. yxez = ,   2

2

x
z

∂
∂ ,  

yx
z
∂∂

∂ 2

,  2

2

y
z

∂
∂ ; 

127. xyz ln= ,  2

2

x
z

∂
∂ ,   

yx
z
∂∂

∂ 2

; 

128. 22 yxyz += ,  
yx
z
∂∂

∂ 2

; 

129. )ln( 22 yxyz ++= ,  2

2

y
z

∂
∂ ; 

130. yxexez = ,  2

2

x
z

∂
∂ ,  

yx
z
∂∂

∂ 2

,  2

2

y
z

∂
∂ ; 
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131. ( )yxz += ln ,  
yx

z
∂∂

∂
2

3

; 

132. ( )xyz sin= ,  2

3

yx
z
∂∂
∂ ; 

133. 2xyez = ,  2

3

yx
z
∂∂
∂ ; 

134. xyzu 3= ,  
zyx

u
∂∂∂

∂ 3

; 

135. yez x cos= ,  02

2

2

2

=
∂
∂

+
∂
∂

y
z

x
z  tenglikni o`rinli ekanligini ko`rsating. 

136. ( )22ln yxz += . 02

2

2

2

=
∂
∂

+
∂
∂

y
z

x
z  tenglikni o`rinli ekanligini ko`rsating. 

 
Quyidagi funksiyalarning ko`rsatilgan tartibli differensiallarini 

toping. 
137. zdxyxz 2,+= ; 
138. zdez yx 2,

2+= ; 
139. ( ) zdyxz 2,ln −= ; 
140. zd

yx
xz 2,
+

= ; 

141. zdyxz 22 ,sin= ; 
142. zdxyyxu 3,++= ; 
143. zdez nyx ,+= ; 
144. zdzzyx 2222 ,2=++ . 
 

Urinma tekislik va normal tenglamalarini yozing 
145. ( )2;1;2,xyz =    nuqtada; 
146. ( )2;1;1,22 yxz +=  nuqtada; 
147. ( )0;1;,sin π

y
xz =   nuqtada; 

148. ⎟
⎠
⎞

⎜
⎝
⎛=

4
;1;1, π

x
yarctgz  nuqtada; 

149. ( )000
222 ;;,01 zyxzyx =−++  nuqtada; 

150. ( ) ( )2;1;1;5522 =−− yxyzxz   nuqtada; 
151. 12 222 =++ zyx  ellipsoidning 02 =+− zyx  tekislikka parallel 
bo`lgan urinma tekislik tenglamasini tuzing. 
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152. 12

2

2

2

2

2

=++
c
z

b
y

a
x  ellipsoidning koordinata musbat yarim o`qlarida 

bir hil kesma ajratuvchi urinma tekislik tenglamasini tuzing.  
  

Quyidagi funksiyalar uchun Teylor formulasini yozing (birinchi 
va ikkinchi tartibli hosillar bilan  cheklaning) 
153. 

yx
z

−
=

1 ; 

154. ( )yxz += ln ; 
155. xyez = ; 
156. yxz cossin ⋅= ; 

157. 
y
xarctgz = ; 

158. yez x cos= . 
 

7-§.  Ko`p argumentli funksiyalarning ekstremumlari. Shartli 
ekstremumlar 

 ),( yxfz = funksiya ),( 00 yxM  nuqtada ekstremumga ega bo`lib, 
),(),,( 0000 yxfyxf yx ′′ xususiy hosilalar mavjud bo`lsa, u holda 

0),(,0),( 0000 =′=′ yxfyxf yx  bo`ladi. 
ByxfCyxfAyxf xyyx

=′′=′′=′′ ),(,),(,),( 000000 22 deb olaylik. 
 Agar 02 >−⋅=∆ BCA bo`lsa, ),( 00 yxM  nuqtada funksiya 
ekstremumga ega bo`lib, A<0 bo`lsa, maksimum, A>0 bo`lsa minimum 
bo`ladi. 
 

Quyidagi   funksiyalarning ekstremum nuqtalarini toping. 
159. 2263 yxyxyxz +−−+= ; 

160. ( )22 yxez
x

+= ; 
161. 2223 52 yxxyxz ++−= ; 
162. 32ln3 yxyxz −+= ; 
163. 2822 −−+= xyxz ; 
164. 543 22 ++−= yyxz ; 
165. xyxyxz 623 ++= ; 
166. 168 33 −++= xyyxz ; 

167. ( ) 43
2

22 ++= yxz ; 
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168. ( )64 21 −−−= yxz ; 
169. 022 =+− yxxyze z ; 
170. 02253 222 =−++ xyzyx ; 

171. 
y

a
x

ayxyxz
33

22 ++++=  funksiyani 
3 3
ayx ==  nuqtada 

minimumga ega ekanligini tekshiring . 
172. 2244 242 yxyxyxz −−−+=  funksiyani 2== yx  nuqtada 
minimumga ega ekanligini tekshiring.  
  

Qu`yidagi funksiyalarni ko`rsatilgan yopiq sohalardagi  eng 
kichik va eng katta qiymatlarni toping. 
173.  1; 222 ≤+= yxyxz  doirada; 
174. 4; 2222 ≤+−= yxyxz  doirada; 
175. ,0;3 22 ≤−++= xyxyxz   0≥y ,   1≤− xy  uchburchakda. 
176. ;25933 −−+= xyyxz 50 ≤≤ x ,   50 ≤≤ y  kvadratda 
177. yxxyyxz ++−+= 22 .   0=x ,   0=y   3−=+ yx   tug`ri  chiziqlar 
bilan chegaralangan uchburchakda;  
178. 168 33 +−+= xyyxz 0=x , ,2=x   1−=y , 1=y  tug`ri burchakli 
to`rtburchaktda;  
  

Shartli ekstemumlarni  toping. 
179. ,11

yx
z +=   111

22 =+
yx

; 

180. 22 yxz += . 1=+ yx ; 
181. ayxez xy =+= , ; 
182. ( ) ( )0,02,1 ≥≥=+>+= yxyxmyxz mm ; 
183. )0;1(Α  nuqtadan 3694 22 =+ yx  ellipsgacha bo`lgan eng qisqa  
masofani toping. 
184.  )5;1(−Α  nuqtadan xy =2  parabolagacha bo`lgan eng qisqa 
masofani toping. 
185. 5=− yx  to`g`ri chiziq va 2xy =  parabola orasidagi eng qisqa 
masofani toping. 

186. 1
94

22

=+
yx  ellipsda 093 =−+ yx   tug`ri  chiziqqa eng yaqin va eng 

uzoq nuqtalarni toping. 
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XII-BOB. KARRALI INTEGRALLAR 
 
1-§. Ikki karrali integrallar 

 1. To`g`ri to`rtburchak bo`yicha ikki karrali integral. Agar 

integrallash sohasi 
⎭
⎬
⎫

⎩
⎨
⎧

≤≤
≤≤

=
dyc
bxa

yxD ),(  to`g`ri to`rtburchakdan iborat 

bo`lsa, u holda ikki karrali integral quyidagi ikki formulaning biri bilan 
hisoblanadi: 
 
  ∫∫ ∫ ∫=

D

d

c

b

a

dxyxfdydxdyyxf ),(),( ,     (1) 

  ∫∫ ∫ ∫=
D

b

a

d

c

dyyxfdxdxdyyxf ),(),( .      (2) 

 (1) va (2) tengliklarning o`ng tomonidagi integrallar takroriy 

integrallar deyiladi. (1) dagi ∫
b

a

dxyxf ),(  ichki integral deyiladi va [a; b] 

da y ni o`zgarmas deb x ga nisbatan hisoblab, biror )(уϕ natija olinadi. 

So`ngra ∫
d

с

dyy)(ϕ  tashqi integral hisoblanadi. 

 2. Agar ],;,[ dcbaD =  to`g`ri to`rtburchakda integral ostidagi 
funksiya )()(),( yxyxf φϕ ⋅=  ko`rinishda bo`lsa, u holda  

∫∫ ∫ ∫=
D

b

a

d

c

dyydxxdxdyyxf )()(),( φϕ  

ko`paytma shaklida yoziladi. 
 3. D soha shuday L yopiq egri chiziq bilan chegaralangaki, Oy 
o`qiga parallel bo`lgan har bir to`g`ri chiziq uni ko`pi bilan 2 nuqtada 
kesib o`tadi. D sohani Ox o`qiga proeksiyalasak, [a; b] hosil qilinadi L 
konturda A(a) va B(b) nuqtalar uni ikki bo`lakka ajratadi: ularning 
tenglamalari )(1 xy ϕ=  va ];[)()()( 212 baxxxxy ∈≤= ϕϕϕ  bo`lsin. Bu 
holda D soha qisqacha: 

⎭
⎬
⎫

⎩
⎨
⎧

≤≤
≤≤

)()(
:

21 xyx
bxa

D
ϕϕ

 

ko`rinishda belgilanadi. 
 Ikki karrali integral takroriy integrallar yordamida  

 ∫∫ ∫ ∫=
D

b

a

x

x

dyyxfdxdydxyxf
)(

)(

2

1

),(),(
ϕ

ϕ

      (1) 

ko`rinishda yoziladi. 
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 4. D sohani chegralovchi L yopiq kontur Ox ga parallel to`g`ri 
chiziqlar bilan eng ko`pi bilan ikkita umumiy nuqtaga ega bo`lsa, D 
sohani Oy ga proeksiyalab, [c;d] ni topamiz va 

)()(),(),( 2121 yyyxyx φφφφ ≤== larni hosil qilamiz. Bu holda 

∫∫ ∫ ∫=
D

d

c

y

y

dxyxfdydxdyyxf
(

)(

)(

2

1

),(),(
φ

φ

 (2) ko`rinishda bo`ladi. 

 5. Agar D soha 1 va 2 hollardagi shartlarni bir vaqtda 
qanoatlantirsa, u holda ikki karrali integral quyidagicha hisoblanadi.  

∫∫∫ ∫ ∫ ∫==
)(

)(

)(

)(

2

1

2

1

),(),(),(
y

yD

d

c

x

x

d

c

dxyxfdydyyxfdydxdyyxf
φ

φ

ϕ

ϕ

, 

bu tengliklardan takroriy integrallarda integrallash tartibini 
o`zgartirish mumkinligi kelib chiqadi.  
 6. Agar soha 1 va 2-hollardagi shartlarni qanoatlantirmasa, u 
holda D sohani bir necha 1 yoki 2-shartlarni qanoatlantiradigan 
sohalarga ajratib integralning additivlik xossasidan foydalaniladi. 
  

Takroriy integrallarni hisoblang 

187. xydydx
1

0

2

1
∫∫ ; 

188. ydyxdx 2
2

1

3

2
∫∫ ; 

189. 2

3

1

2

1 x
dxdy ∫∫ ; 

190. 2

2

1

3

2 y
xdxdy ∫∫ ; 

191. xdydx
x2

0

4

2
∫∫ ; 

192. dyxdx
x

2

0

2

0
∫∫ ; 

193. xdxdy
y

y2

1

0
∫∫ ; 

194. dx
y

dy
y

30

2

1

4
3

∫∫ ; 

195. ( )dyxyxdx
x

22

0

2

0
+∫∫ ; 

196. ( )dxyxdy
y

2
2

0

2

0
+∫∫ ; 
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197. dxedx x
yx

0

1

0
∫∫ ; 

198. dyyxdx
x

++∫∫
−

4
5

0

5

0
. 

 

Ikki karrali integralni takroriy integralga keltiring:   ( )dxdyyxf
D
∫∫ ,  

199. 
⎩
⎨
⎧

=
=
1

:
2

x
xy

D ; 

200. 
⎩
⎨
⎧

=−+
=

07
6

:
yx

xy
D ; 

201. 
⎩
⎨
⎧

=
=
xy
xy

D
2

: ; 

202. 
⎪
⎩

⎪
⎨

⎧

=
≥
=

4
0
4

:

2

x
y

xy
D ; 

203. 2,0,0 =+==− yxyxD to`g`ri chiziqlar bilan chegaralangan  
uchburchak; 
204. 0,0,122 ≥≥≤+− yxyxD ; 
205. 0,1,1 ≥≤−≤+− xyxyxD ; 
206. 22 4, xyxyD −≤≥− ; 
207. 2xyD =−  va  xy =  parabolalar bilan chegaralangan. 
208. 52,12,3, +−=+−=+==− xyxyxyxyD  to`g`ri chiziqlar bilan 
chegaralangan parallelogramm. 
 

209-216 misollarda integrallash tartibini o`zgartiring. 

209. ( )dxyxfdy
y

y
,

1

0
∫∫ ; 

210. ( )dyyxfdx
x

,
21

0

1

1

−

−
∫∫ ; 

211. ( )dyyxfdx
x

x
,

2

3

1

0
∫∫ ; 

212. ( )dyyxfdx
x

x
,

22

0
∫∫ ; 

213. ( )dxyxfdy
y

y
,

21

0

−

∫∫ ; 
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214. ( )dyyxfdx
x

x

e

e
,

1

0 −
∫∫ ; 

215. ( ) ( )dyyxfdxdyyxfdx
xx

,,
2

0

2

10

1

0

−

∫∫+∫∫ ; 

216. ( ) ( )dyyxfdxdyyxfdx

x
x

,,
2

3

0

3

10

1

0

2
−

∫∫+∫∫ . 

  
Ikki karrali integrallarni hisoblang 

217. 
( )

2,1,4,3,2 ====−
+

∫∫ yyxxD
yx

dxdy
D

 to`g`ri chiziqlar bilan  

chegaralangan to`g`ri burchakli to`rtburchak. 

218. 21,0,0, xyyyDxydxdy
D

−===−∫∫  chiziqlar bilan chegaralangan 

soha. 

219. ( ) 3,0,0, =+==−+∫∫ yxyxDdxdyyx
D

 to`g`ri chiziqlar bilan  

chegaralangan uchburchak. 

220. xyyDdxdyyx
D

==−∫∫ ,1,   va xy 3=  to`g`ri chiziqlar bilan  

chegaralangan soha. 

221. RyxDdxdyyx
D

≤+−∫∫ 2223 ,  doira. 

222. ( ) xyxyDdxdyyx
D

==−+∫∫ 222 ,,  parabolalar bilan chegaralangan 

soha. 

223. 1,, 22 ==−∫∫ xxyDdxdyxy
D

 chiziqlar bilan chegaralangan soha. 

224. ( ) xyxyDdxdyyx
D

=+=−+∫∫ ,2, 22  chiziqlar bilan chegaralangan  

soha. 

225. 1,1 2222 ≤+−−−∫∫ yxDdxdyyx
D

 doiraning birinchi kvadrantdagi 

qismi. 

226.  −−−∫∫ Ddxdyyxyx
D

,1 3322 koordinata o`qlari va 133 =+ yx  

chiziq bilan chegaralangan soha. 
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2-§. Qutb koordinatalarida ikki karrali integral 
 

 1. Agar uzluksiz differensiallanuvchi ),(),,( υϕυϕ uyux ==  
funksiyalar D sohani S sohaga o`zaro bir qiymatli aks ettirsa, u holda 
o`zgaruvchilarni almashtirish formulasi  

υυφυϕ dudjuufdxdyyxf
D S
∫∫ ∫∫= )],(),,([),( bo`ladi.  

 Bunda ),( υuJ yakobian quyidagicha hisoblanadi: 
x x
uJ
y y
u

υ

υ

∂ ∂
∂ ∂=
∂ ∂
∂ ∂

. 

 2. ϕρϕρ sin,cos == yx  formulalar yordamida qutb koordinatalar 
sistemasiga o`tiladigan bo`lsa, yuqoridagi formulaga asosan: 
 

∫∫ ∫∫=
D S

ddfdxdyyxf ϕρρϕρϕρ )sin,cos(),(  

bo`ladi, bunda ρ=J . 
 3. Qutb koordinatlar sistemasida ikki karrali integralni takroriy 
integrallarga aylantirish quyidagicha bo`ladi: 
 a) agar S soha qutb o`qi bilan βϕϕ == 21 ,a  burchaklar tashkil 
qilgan nurlar va )(),(),( 2121 ρρϕρρϕρρ <== egri chiziqlar bilan 
chegaralangan bo`lsa,  

∫∫ ∫ ∫=
S a

dfdddf
β ρ

ρ

ρρϕρϕρϕϕρρϕρϕρ
2

1

)sin,cos()sin,cos(  

bo`ladi. 
 b) Agar S soha koordinatalar boshi 0 nuqtani o`z ichiga olsa,  

∫∫ ∫ ∫=
S

dfdddf
π ϕρ

ρρϕρϕρϕϕρρϕρϕρ
2

0

)(

0

)sin,cos()sin,cos(  

bo`ladi. 
 

( )dxdyyxf
D

,∫∫   integralda qutb koordinatalariga o`ting. 
227. 222 RyxD ≤+−  doira. 
228. axyxD ≤+− 22  doira. 
229. byyxD ≤+− 22  doira 
230. xyxxyxD 8,4 2222 =+=+−  aylanalar; xy =  va xy 2=  to`g`ri  
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chiziqlar bilan chegaralangan soha. 
231. axyxD ≤+− 22  va  byyx ≤+ 22  doiralarning umumiy qismi. 
232. 1,0, ===− xyxyD  to`g`ri chiziqlar bilan chegaralangan 
uchburchak.   

 
Qutb koordinatalariga o`tib qo`yidagi integrallarni hisoblang. 

233. 9, 2222 ≤+−+∫∫ yxDdxdyyx
D

doiraning 1-kvadrantdagi qismi. 

234. 1, 22 ≤+−∫∫ yxDydxdy
D

 doiraning yuqori yarim qismi. 

235. 4,1, 2222

22
≤+≥+−

+
∫∫ yxyxD

yx
dxdy

D
 halqa. 

236. 0,1,
1

22
22 ≥≤+−

++
∫∫ yyxD

yx
dxdy

D
 yarim doira. 

237. xyxDdxdyyx
D

4,)( 2222 ≤+−+∫∫  doira. 

238. dyyxdx
xRR

∫
−

++∫
22

0

22

0
)1ln( . 

 
 

3-§. Ikki karrali integralning tatbiqlari 
 
 1. D sohaning yuzi ikki karrali integral yordamida σ∫∫=

D
D dS  

formula bo`yicha hisoblanadi. 
 To`g`ri burchakli koordinatalarda yuz elementi dxdyd =σ  bo`lgani 
uchun ∫∫=

D
D dxdyS  bo`ladi. Egri chiziqli koordinatala sistemasida esa 

υυσ duduJd ),(=  bo`lgani uchun ∫∫=
D

D duduJS υυ),( bo`ladi. Xususiy 

holda qutb koordinatalar sistemasida ρ=J  bo`lib, ρρρ∫∫=
D

D ddS  

bo`ladi. 
 2. Quyidan z=0 tekisligi, yuqoridan 0),( ≥= yxfz uzluksiz sirt, yon 
yoqlardan yasovchisi Oz o`qiga parallel, yo`naltiruvchisi D sohaning 
konturidan iborat bo`lgan silindrik sirt bilan chegaralangan jismning 
hajmi 

∫∫=
D

dxdyyxfV ),(  
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formula bilan hisoblanadi. 
 3. Qutb koordinatalar sistemasida jism hajmi uchun ushbu  

∫∫=
D

ddfV ϕρρϕρϕρ )sin,cos(  

formul o`rinlidir. 
 
 4. a) Agar sirt ),( yxfz =  tenglama berilib, uning Oxy  tekisligiga 

proeksiyasi D bo`lsa, u holda sirt yuzi dxdy
y
f

x
fS

D
∫∫ ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

+=
22

1  

formula yordamida topiladi. 
 
 239-250 masalalarda berilgan chiziqlar bilan chegaralangan 
tekis figuralarning yuzalarini hisoblang.  
239. 0=y ,  4=y ,  xy −= ,  

2
1−

=
xy  ; 

240. 
x

y 9
= ,  xy = ,  6=x ; 

241. 4,2 −=−= xxy ; 
242. 6,2 =+= yxxy ; 
243. xyxy −== ,22 ; 

244. x
a
by

2
2 = ,   x

a
by = ; 

245. 4,2, === xxyxy ; 
246. 0222 =−+ axyx  va 0222 =−+ ayyx  (Qutb koordinatalariga o`ting); 
247. 0,02 2222 =−+=−+ axyxaxyx ; 
248. 02, 22222 =−+=+ ryyxryx ; 
249. ϕρ cos3= ;  
250. ( )ϕρ cos1+= a . 
 
 251-266 misollarda ko`rsatilgan sirtlar bilan chegaralangan 
jismlarning hajmlarini hisoblang. 
251.   0,0,0,0623 ====−++ zyxzyx ; 
252. 0,4,2, ==+== zzxxyxy ; 
253. 0,0,0,3,22 ====++= zyxyxyxz ; 
254. 0,0,0,4,4,122 =====++= zyxyxyxz ; 

255. 0,0,0,1 ====++ zyx
c
z

b
y

a
x ; 
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256. xyxyyzyxz −====+= 6,2,1,0,22 ; 
257. 0,2,2 ==+= zzyxy ; 
258. 0,3,122 ==++=+ zzyxyx ; 
259. 0,0,1,22 ===−= zyxyxz ; 
260. 9,9 2222 =+=+ zxyx ; 
261. 0,2 22 =+−= zyxz   (Qutb koordinatasiga o`ting). 
262. 0,5,922 ===+ zxzyx ; 
263. 0,3,,1 22 ===−−= zxyxyyxz  ( I oktantdagi qismi). 
264. 0,2, 2222 ==++= zxyxyxz ; 

265. 
2

2,4
22

22 yxzyxz ++
=−−= ; 

266. 0,0422 ==−++ zzyx . 
  

267-274 masalalarda berilgan sirt bo`laklarining yuzini 
hisoblang. 
267. 12236 =++ zyx  tengsizlikning I oktantdagi bo`lagi. 
268. 222 Ryx =+   tsilindrning Hzz == ,0  tekisliklar orasidagi bo`lagi. 
269. 222 Ryx =+ tsilindrning kxzz == ,0  tekisliklar orasidagi  bo`lagi. 
270. 922 =+ zx  tsilindrning  922 =+ yx  tsilindr bilan kesilgan bo`lagi. 
271. zyx 222 =+  paraboloidning 322 =+ yx   tsilindr ichida joylashgan 
bo`lagi. 
272. 22 yxz +=   konusning xyx 222 =+  tsilindr ichida joylashgan 
bo`lagi. 
273. 222 yxz +=   konusning pyz 22 =   tsilindr bilan kesilgan bo`lagi. 
274. 9222 =++ zyx   sferaning 422 =+ yx  tsilindr bilan kesilgan 
bo`lagi. 
 
 Qo`yidagi bir jinisli tekis figuraning og`irlik markazini 
koordinatalarini toping. 
275. 2xyD =−  parabola va 2=+ yx  to`g`ri chiziqlar bilan 
chegaralangan soha. 
276. 0,22 ≥−= yxRy ; 

277. 0,12

2

2

2

≥=+ y
b
y

a
x ; 

278. 22 xxyD −=−  va 0=y   chiziqlar bilan chegaralangan soha. 
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4-§. Uch karrali integralni hisoblash 

 
 1. Uch o`lchovli fazoda T jism berilgan bo`lib, unda ),,( zyxfu =  
funksiya aniqlangan bo`lsin.  
 Agar T jism quyidagi tengsizliklar bilan aniqlangan bo`lsa,  
 

    
⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧

≤≤
≤≤

≤≤
=

),(),(
)()(),(

21

21

yxzyx
xyx

bxa
zyxT

φφ
ϕϕ , 

U holda uch karrali integral 
 

∫∫∫ ∫ ∫∫=
T

b

a

yx

yx

x

x

dzzyxfdydxdxdydzzyxf
),(

),(

)(

)(

2

1

2

1

),,(),,(
φ

φ

ϕ

ϕ

 

 
formula yordamida hisoblanadi. 
  

Takroriy integrallarni hisoblang. 

279. dzzyxdydx∫ ++∫∫
3

0

4

0

2

0
)( ; 

280. ( )dzzdydx
x

4
2

0

11

1 2
+∫∫∫

−
; 

281. xyzdzdydx
yx

00

2

0
∫∫∫ ; 

282. zdzdydx
yxx

x

221

0

22
1

0

−−

∫∫∫ . 

  
283-292 misollarda uch karrali integrallarni hisoblang. 

283. ( ) czzbyyaxxdxdydzzyx
G

======++∫∫∫ ,0,,0,,0,222 ; 

284. yzzyyxxydxdydz
G

−======∫∫∫ 1,0,1,0,2,0, ; 

285. 3,0,2,0,2,2, 22 =====−=∫∫∫ zzyyxyyxdxdydzxz
G

; 

286. ( ) 4,0,3,0,0,32 ===+==−+∫∫∫ zzyxyxdxdydzzyx
G

; 

287. 1,0,0,0, =++===∫∫∫ zyxzyxxyzdxdydz
G

; 

288. xyzzxyxdxdydzzxy
G

====∫∫∫ ,0,,1,32 ; 
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289. * 6,2,, 222 ==+=∫∫∫ zzyxzdxdydzz
G

; 

290. 3,0,4, 223 ==−−=∫∫∫ zzyxzdxdydzz
G

 (289-misolning javobiga 

qarang). 
291. ( ) 6,311,1 22 ===+−∫∫∫ zzyxdxdydz

zG
 (289-misolning javobiga 

qarang). 
292. 2,1,9,1 222

2 ===++∫∫∫ zzzyxdxdydz
zG

 (289-misolning javobiga 

qarang). 
  
 5-§. Silindrik va sferik koordinatalarda uch karrali integral 
 
 1. zzyx === ,sin,cos ϕρϕρ  silindrik koordinatalarga o`tib, uch 
karrali integralni hisoblash mumkin: 
  ),20,0( +∞<<∞−≤≤+∞<≤ zπϕρ  
 ∫∫∫ ∫∫∫=

G G

dzddzfdxdydzzyxf .),sin,cos(),,( ϕρρϕρϕρ  

 2. θρθϕρθϕρ cos,sinsin,sin,cos === zyx  sferik koordinatalarga 
o`tib, uch karrali integralni hisoblash mumkin: 

)0,20,0( πθπϕρ ≤≤≤≤+∞<≤  
 
∫∫∫ ∫∫∫=

G G

dddfdxdydzzyxf θϕρθρθρθϕρθϕρ sin)cos,sinsin,sincos(),,( 2 . 

 Silindrlik koordinatalarga o`tib uch karrali integralni hisoblang. 
293. ( ) 2222 9; yxzGdxdydzyx

G
+−=−+∫∫∫  yarim sfera va 0=z   

tengsizlik bilan chegaralangan soha. 
294. xyxGdxdydzyxz

G
2, 2222 =+−+∫∫∫  tsilindr va 3,0 == zz   

teksliklar bilan chegaralangan soha. 
295. 222; yxzGzdxdydz

G
+=−∫∫∫  konus va 2=z  tekisizlik bilan  

chegaralangan soha. 
296. ( ) ( )2222

2
1; yxzGdxdydzyx

G
+=−+∫∫∫  aylanma paraboloid va  2=z  

tengsizlik bilan chegaralangan soha. 
 Sferik  koordinatalarga o`tib uch karrali integralni hisoblang. 
297. 22222 ; RzyxGdxdydzx

G
≤++−∫∫∫   shar. 
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298. ( ) 2222222 ; RzyxGdxdydzzyx
G

≤++−++∫∫∫  shar. 

299. 4; 222 =++−∫∫∫ zyxGdxdydzz
G

 sfera va 22 yxz +=  konus bilan  

chegaralangan soha (Konusning  ichki qismi). 
300. 4; 222

222
=++−

++
∫∫∫ zyxG

zyx
dxdydz

G
  va  16222 =++ zyx  sferalar 

bilan chegaralangan soha. 
 

6-§. Uch karrali integralning tatbiqlari 
  
 Agar G da 1),,( =zyxf  bo`lsa, u holda G jismning hajmi 

∫∫∫=
G

dxdydzV   formula  yordamida hisoblanadi. 

 Agar G jismning zichligi ρ bo’lsa, og`irlik markazining 
koordinatalari quyidagicha aniqlanadi: 

∫∫∫

∫∫∫
=

G

G

dydzdx

dydzxdx
x

ρ

ρ
,    

∫∫∫

∫∫∫
=

G

G

dzdydx

dzdydxy
y

ρ

ρ
,     

∫∫∫

∫∫∫
=

G

G

dzdydx

dzdydxz
z

ρ

ρ
   

 301-312 masalalarda uch karrali integrallar yordamida 
ko`rsatilgan sirtlar bilan chegaralangan jisimlarning hajmlarini 
hisoblang. 
301. 32,0,3,1,0 =+==== zxzyyx ; 
302. 2,1,2,4 22 =−=+=−= zzxyxy ; 

303. 00,42,
2

2 ===++= zyzyxxy ; 

304. 3,122 =+=+ zzyx ; 
305. 2,122 =+=+ zyyx ; 
306. 2222 , yxzyxz +=+= ; 
307. 0,1,29 2222 ==+−=+ zyxzyx   (tsilindrning tashqarisida). 
308. 2222 ,103 yxzyxz +=−−= ; 
309. xyxzyx 2,4 22222 =+=++  (tsilindrning ichi ). 
310. xyxzyx 3,4 22222 =+=++  (paraboloidning ichi). 
311. ( ) 0,32222 >=++ axazyx ; 
312. ( ) 0,2222 >=++ aaxyzzyx . 
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 313-316 masalalarda bir jinsli jismlarning og`irlik 
markazlarining koordinatalarini toping. 
313. 229 yxz −−=  paraboloid va 0=z  tekislik bilan chegaralangan  
jism. 
314. 0,5,5,2 ==== zyxxyz  sirtlar bilan chegaralangan jism. 
315. 3222 =++ zyx  sfera va zyx 222 =+  paraboloid bilan  
chegaralangan jism. 
316. 16222 =++ zyx  sfera va 22 yxz +=  konus bilan chegaralangan  
jism. 
 
 

XIII-BOB. EGRI CHIZIQLI INTEGRALLAR 
 

1-§. Birinchi tur egri chiziqli integrallar (yoy uzinligi bo`yicha 
olingan egri chiziqli integrallar) 

 
 1. Tekislikdagi to`g`rilanuvchi sodda egri chiziqda “nuqta 
funksiyasi” ),()( yxfMf = , egri chiziqni 1+ii AA bo`laklarga bo`lish usuli 

{ }nAAAT .,..,, 10= berilgan bo`lsin. Har bir 1+ii AA  bo`laklarda ixtiyoriy 
),( iiiM ηξ nuqta tanlab, 

 ∑∑
−

=

−

=

∆=∆=
1

0

1

0
),()()(

n

i
iii

n

i
iiT sfsMffS ηξ       (1) 

integral yig`indini tuzamiz, bu yerda is∆  bilan 1+ii AA  yoy uzunligi 
belgilangan. 
 Agar 0max)( →∆= isTλ da (1) integral yig`indining bo`lish usuli T 
ga va Mi nuqtalarning tanlab olinishiga bog`liq bo`lmagan chekli limiti 
mavjud bo`lsa, bu limit f(x,y) funksiyadan G egri chiziq bo`yicha olingan 
birinchi tur egri chiziqli integral deyiladi va quyidagicha belgilanadi: 
 ∫=

Г

dsyxfI ),(          (2) 

bu yerda ds – yoy differensali. 
 2. Oddiy aniq integralga keltirish.  
AB chiziq )(),(),( βαψϕ ≤≤== ttytx  parametrik tenglamalar bilan 
berilgan bo`lsin, bu yerda )(tϕ  va )(tψ  hosilalari bilan birga uzluksiz 
bo`lgan funksiyalar. U holda (2) egri chiziqli integral quyidagicha 

hisoblanadi: ∫ ∫ ′+′=
AB

dtttttfdsyxf
β

α

ψϕψϕ 22 ))(())(())(),((),( . 
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 Agar AB chiziq oshkor bxaxgy ≤≤= ),(  tenglama bilan berilgan 

bo`lsa, (2) integral ∫ ∫ ′+=
AB

b

a

dxxgxgxfdsyxf 2))((1))(,(),(  ko`rinishini 

oladi. 
 Agar AB chiziq qutb koordinatalari sistemasida 

)()( 10 θθθθρ ≤≤= g  tenglama bilan berilgan bo`lsa, (2) integral  

∫ ∫ ′+=
AB

dfdsyxf
1

0

22)sin,cos(),(
θ

θ

θρρθρθρ  formula bo`yicha hisoblaymiz. 

 Quyidagi egri chiziqli integrallarni hisoblang. 
317. 2

2
, −=−

−
∫

xyL
yx

ds
L

 to`g`ri chiziqning )2;0( −A  va )0;4(B  nuqtalar 

orasidagi kesma. 
318. −∫ Lxyds

L
, uchlari )0;0(A ,  )0;4(B , )2;4(C  va  )2;0(D  nuqtalarda 

bo`lgan to`g`ri to`rtburchakning konturi. 
319. ( ) taytaxLdsyx n

L
sin,cos,22 ==−+∫ aylana; 

320. ( ) ( )tayttaxLdsy
L

cos1,sin,2 −=−=−∫  sikloidaning birinchi arki; 
321. pxyLyds

L
2, 2 =−∫  parabolaning pyx =2  parabola bilan kesilgan 

yoyi; 
322. ( ) ( )tayttaxLdsy

L
cos1,,sin,2 −=−=−∫  sikloidaning birinchi arki.  

323. ( ) axyxLdsyx
L

=+−−∫ 22,  aylana. 

324. ϕρ 2cos,22 aLdsyxx
L

=−−∫  lemniskataning o`ng yaprog`i. 

 
2-§. Ikkinchi tur egri chiziqli integral. 

(Koordinatalar bo`yicha egri chiziqli integral ) 
 1. Sodda AB egri chiziqda ),()( yxPMP =  va ),()( yxQMQ =  
funksiyalar va bu egri chiziqni 1+ii AA  bo`laklarga ajratish usuli 

{ }nAAAT ,...,, 10=  berilgan bo`lsin. Har bir 1+ii AA  bo`laklarda ixtiyoriy  
),( iiiM ηξ  nuqta tanlab olib, 

   ∑
−

=

∆=
1

0
),()(

n

i
iiiT xPPS ηξ  

   ∑
−

=

∆=
1

0
),()(

n

i
iiiT yQQS ηξ  

integral yig`indilarni tuzamiz, bu yerda ix∆ va iy∆  lar bilan mos ravishda 
1+ii AA  yoyning x va u o`qlaridagi proeksiyalari belgilangan. 
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 Agar 0max)( 1 →= +ii AATλ da ST (P) va ST(Q) yig`indilarning 
limitlari mavjud bo`lsa, u holda bu limitlar P(x,y) va Q(x,y) 
funksiyalardan olingan ikkinchi tur egri chiziqli integrallar deyiladi va 
mos ravishda ∫∫

ABAB

dyyxQdxyxP ),(,),( belgilanadi. 

 ∫∫ +
ABAB

dyyxQdxyxP ),(),( yig`indini Ikkinchi tur egri chiziqli 

integrallarning umumiy ko`rinishi deb atash va dyyxQdxyxP
AB

),(),(∫ +  

kabi yozish qabul qilingan. 
 2. Oddiy aniq integralga keltirish.  
 Agar AB egri chiziq 
 )(),(),( βφϕ ≤≤== tatytx  
parametrik tenglamalar bilan berilsa, u holda ikkinchi tur egri chiziqli 
integral 

∫ ∫ ′+′=+
AB

b

a

dttttQtttPdyyxQdxyxP ))())(),(()())(),(((),(),( φφϕϕφϕ   (1) 

formula bo`yicha hisoblanadi. 
 Agar egri chiziq )()( bxaxfy ≤≤=  tenglama bilan berilsa, (1) 
formula 

∫ ∫ ′+=+
AB

b

a

dxxfxfxQxxfPdyyxQdxyxP ))())(,())(((),(),(    (2) 

ko`rinishni oladi. 
 Agar )},(),,({),( yxQyxPyxF =

→

- kuch maydoni bo`lsa, bu kuchning 
moddiy nuqtani egri chiziq bo`ylab siljitishda bajargan ishi W  ikkinchi 
tur egri chiziqli integral bilan ifodalanadi: 
    ∫ +=

AB

dyyxQdxyxPW ),(),( . 

 3. Agar P(x,y) va Q(x,y) funksiyalar uchun  

y
P

x
Q

∂
∂

=
∂
∂                    (1) 

shart bajarilsa, u holda  dyyxQdxyxP ),(),( +  ifoda biror u(x,y) 
funksiyaning to`la differensiali bo`ladi va  ∫ +

AB

dyyxQdxyx ),(),(  integral 

integrallash yo`liga bog`liq bo`lmaydi, faqat A va V nuqtalarning 
berilishi bilan bir qiymatli aniqlanadi. 
 To`la differensiali bo`yicha funksiyaning o`zi  

∫∫ ++=
y

y

x

x

CdttxQdtytPyxu
00

),(),(),( 0  
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yoki       

∫∫ ++=
y

y

x

x

CdttxQdtytPyxu
00

),(),(),( 0  

formula orqali topiladi. 
 4. Ikki karrali va egri chiziqli integrallarni bog`lovchi  

∫∫ ∫ +=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

−
∂
∂

D Г

dyQPdxdxdy
y
P

x
Q  

formula Grin formulasi deyilib, bu formuladan foydalanib, D sohaning 
yuzini quyidagicha ifodalash mumkin: 

∫ ∫∫ −=−==
Г ГГ

ydxxdyydxxdyS
2
1 , 

bu yerda G – D sohaning chegarasi. 
  

Integrallarni hisoblang 

325. 2,1 xyLdy
y

x
L

=−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−∫  parabolaning )1;1(  nuqtadan )4;2(  

nuqtagacha bo`lgan yoyi. 
326. xyLxydx

L
sin, =−∫    sinusoidaning π=x  dan 0=x  gacha bo`lgan  

yoyi. 
327. 0,,2, ===−∫ yxyxLxds

L
 to`g`ri yaiziqlardan tashkil topgan  

uchburchakning konturi (Musbat yo`nalishi bo`yicha). 
328. ( ) 2,1,0,0,2 ====−−∫ yxyxLdxyx

L
 to`g`ri chiziqlardan tashkil 

topgan to`g`ri to`rtburchak perimetri (musbat yo`nalish bo`yicha). 
329.  ( ) −+−∫ Lxdydxyxy

L
,2 quyidagi chiziqlarning  ( )0;0  nuqtadan ( )2;1  

nuqtagacha bo`lgan qismi;   a) ,2xy =      b) 22xy = ,  c) xy 2= . 
330. −+∫ Ldyxxydx

L
,2 2  quyidagi chiziqlarning ( )0;0  nuqtadan ( )1;1   

nuqtagacha bo`lgan qismi: a) ,2xy =      b) 3xy = ,  c) xy =2 . 
331. tRytRxLxdyydx

L
sin,cos, ==−+∫  aylananing 0=t  dan  

2
π

=t  

gacha bo`lgan yoyi. 
332. tbytaxLxdyydx

L
sin,cos, ==−−∫  ellips (musbat yo`nalishi  

bo`yicha). 

333. taytaxL
yx

dyxdxy
L

sin,cos,22

22

==−
+
−

∫  aylananing 0=t  dan π=t   

gacha bo`lgan yoyi (yarim aylana).  
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334. ( ) ( ) ( )tayttaxLdyyadxya
L

cos1,sin,)2( −=−=−−−−∫  sikloidaning 

birinchi arki ( 0=t  dan π2=t gacha). 
 
To`la differensiali bo`yicha funksiyani o`zini toping. 

335. ( ) ( )dyxyxdxyyxdz 2332 33 −+−= ; 

336. dy
y
x

x
dx

x
y

y
dz ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−= 22

11 ; 

337. dyydxxdz 22 += ; 
338. ( )( )ydyxdxyxdz −−= 224 ; 

339. 22 yx
ydxxdydz

+
−

= ; 

340. ( )( )dyxdxxyedz xy 21 ++= ; 

341. ⎟
⎠
⎞

⎜
⎝
⎛ += dyyxdxxyxydz 223

3
4 ; 

342. ( )( )dydxyxdz ++= sin . 
 
Quyidagi to`la differensiallardan olingan integrallarni 

hisoblang. 

343. xdyydx +∫
−

)3,2(

)2;1(
; 

344. dyxydxx 2
)1;2(

)0;0(
2 +∫ ; 

345. ( )( )dxtdyyx +∫
)1;1(

)0;0(
; 

346. 22

)12,5(

)4;3( yx
ydyxdx

+
+

∫  (koordinatalar boshi integrallash yo`liga tegishli 

emas). 
3-§. Egri chiziqli integrallarning tatbiqlari 
Birinchi tur egri chiziqli integralning tatbiqlari 

347. Har bir nuqtadagi zichligi shu nuqtaning ordinatasiga teng bo`lgan 
tax cos= ,   tby sin=  ellipsining birinchi kvadrantda yotuvchi 

bo`lagining massasini hisoblang. 
348. Har bir nuqtadagi zichligi ( ) yyx == ,µ  bo`lgan 

)
2

0(22 pxpxy ≤≤=   
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parabola yoyining massasini toping. 
349. Bir jinsli ( ) ( ) ( )π≤≤−=−= ttayttax 0cos1,sin  sikloida yoyining 
og`irlik markazi koordinatalarini toping. 
350. Bir jinsli ( )π≤≤== ttaytax 0,sin,cos 33  astroida yoyining  
og`irlik markazi koordinatalarini toping. 

 
Ikkinchi tur egri chiziqli integral yordamida yopiq egri chiziqlar 

bilan chegaralangan tekis figura yuzalarini hisoblang. 
351. tbytax sin,cos == , ellips bilan. 
352.  taytax 33 sin,cos ==  astroida bilan. 
353. trtrytrtrx 2sinsin2,2coscos2 −=−=  kardioida  bilan. 
354. ( ) ( )222222 2 yxayx −=+   Bernulli lemniskatasi bilan.  
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JAVOBLAR 
1. 

17
12

− ;  

2. 6; 
3.  5; ;

5
1   0;  mavjud emas; -1; 1.  

4. 4; 2,5; 
ba
ba

−
+ 2 ;  

5. .;1 e  
6. .6;2;2   
7.  Tekislikning 0=− yx  to`g`ri chiziqdan tashqari barcha nuqtalar 
to`plami.  
8.  Tengsizlikning 0=+ yx  to`g`ri chiziqdan tashqari barcha nuqtalar 
to`plami. 
9.  xy −=  to`g`ri chiziq va tekislikning bu to`g`ri chiziqdan 
yuqoridagi qismidan iborat. 
10.  Tekislikning xy =  to`g`ri chiziq va undan pastagi barcha 
nuqtalari. 
11. Tekislikning birinchi va to`rtinchi chorak bissektrisalari orasidagi 
qismi. Bisektrisalarning  o`zlari ham sohaga tegishli.  
12. 0,0 ≥≥ yx (1-kvadrant). 
13. 222 3≥+ yx  . 
14. 222 5≤+ yx . 

15. 1
23 2

2

2

2

>+
yx . 

16. 2
4

2

+<
yx . 

17. ( )222 2≠+ yx  Tekislikning 222 =+ yx  aylanada yotmagan barcha 
nuqtalari to`plami. 
18. 0,0 >> yx . 

19. 
⎪
⎩

⎪
⎨

⎧

<
−≤
+≥

0
1

1

x
xy

xy
. 

20. 
⎩
⎨
⎧

≤≤−
≤≤−

22
22

y
x   kvadrat. 

21.  Fazodagi uchala koordinatalari musbat bo`lgan barcha nuqtalar 
to`plamidan iborat. 
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22. 22222 Rzyxr ≤++≤  (fazoning 2222 rzyx =++ ,  2222 Rzyx =++  
sferalar orasidagi qismi. Sferalarning o`zlari həm sohaga tegishli). 
23.  Cz =  desak, Cyx =+ . Demak, sath chiziqlari to`g`ri chiziqlar 
oilasidan iborat. 
24. cyx =+ 22  (aylanalar oilasi). 
25. cyx =− 22  (giperbolalar oilasi). 
26. cxy =+ 2   (parabolalar oilasi). 
27.  ( ) ( ) ( ) 0111 =−+++− zcycxc  (tekisliklar oilasi). 
28.  czyx =++ 222  sferalar oilasi. 

31.  
2
1 .    32.   0 33.  0 34.  0 35. 1  36.  1 

37.  Mavjud emas. 38.  Mavjud emas. 43. ( )0;1−   

44.  ( )0;0 . 45. 
2
xy =  to`g`ri chiziq. 46. xy −=2  parabola. 

47.  Tekislikdagi koordinitalari 0≥xy  tengsizlikni qanoatlantiruvchi 
barcha ( )yxM ,  nuqtalar to`plami. II va IV kvadrantdagi barcha nuqtalar 
to`plami.  
48.  422 =+ yx  aylana.  49.  ;52 yxzx +=′   ;65 yxzy −=′  
50.  xyxyzyyxz yx 21212;263 222 −−=′−+=′ ; 
51.  ( ) ( )( )23222232 75353;7530 +−−=′+−=′ yyxyxzyyxxyz yx ; 

52.  
2222

;
yx

yz
yx

xz yx
−

−=′
−

=′ ; 

53.  
222222

;1
yxyxx

yz
yx

z yx
+++

=′
+

=′ ; 

54.  ( )yxy
z

yx
z yx ln

1;
ln
1

+
=′

+
=′ . 

55.  yx
y

yx
x eyxzyexz sin2sin 22

cos;sin2 =′=′ ; 
56.  ( ) xy

y
xy

x exyzeyz −− −=′−=′ 1;2 ; 

57.  2222 ,
yx

xz
yx

yz yx +
−=′

+
=′ ; 

58.  
( ) ( ) 2222 1arcsin

;
1arcsin yxxy

xz
yxxy

yz yx
−⋅

=′
−⋅

=′ ; 

59.  1;ln −=′=′ x
y

x
x xyzyyz ; 

60.  xyxzxyz y
y

y
x ln2;

22 12 =′=′ − ; 
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61.  ( ) ( )
5
14,3;

5
24,3 =′=′ yx ff ; 

62.  ( ) ( )
2
21,1;

3
21,1

33

=′=′ yx ff ; 

63. 
2 2 2 2 2 2

; ;
2 2

x y
x z yu u

x y z xz x y z xz
+′ ′= =

+ − + + − +
 

2 2 2 2
z

x zu
x y z xz

−′ =
+ − +

; 

64.  
( ) ( ) ( )2

3
2222

3
2222

3
222

22

;;
zyx

zu
zyx

yu
zyx

zyu zyx

++
−=′

++
−=′

++

+
=′ ; 

65.  ( ) ( ) ( ) ( )222222222

2;2;3 222 zyxx
z

zyxx
y

zyxx
x xzeuexyuezyxu ++++++ =′⋅=′⋅++=′ ; 

66.  ( ) ( )2 2 2 2 2 22 cos ; 2 cos ;x yu x x y z u y x y z′ ′= + + = + +  

( )2 2 22 coszu z x y z′ = + + ; 

67.  .ln;ln; 2
z
y

x
z
y

y
z

zy

x x
z

xyux
z
xux

z
yu ⋅−=′=′=′

−

 

68. yxxyuxxzyuxyu
zzz yz

x
yz

y
yz

x lnln;ln; 11 =′=′=′ −− ; 
73.  dyyxdxxydz 223 32 += ; 

74.  
22 yx

ydyxdxdz
−

−
= ; 

75.  ( ) ( )dyyxyxyxdxyxyxxydz 4233223324 234432 +−++−= ; 
76.  ( ) ( )dyxyxxdxyxxyydz 32223 332 +−++−= ; 
77.  ( ) dyexydxyedz xyyxyy −− −+−=

22
2 ; 

78.  ( )( )xdyydxxydz +−= sin ; 

79.  221 yx
xdyydxdz

+
+

= ; 

80.  
22 xyy

xdyydxdz
−

−
= ;   

81.  dzyzxdyzxdxxyzdu 32424 42 ++= ; 

82.  333

222

2
633

zyx
dzzdyydxxdu

+−
+−

= ; 

83.  dz
xz
ydy

xz
dx

zx
ydu 22

1
−+−= ; 

84  ydzxydyxzydxydu zzz ln1 ++= − ; 

85.  
2
2

− ;  86.  
2
2 ;  87.  0; 
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88.  5− ;  89.  
2
1

− ;   91.  ( )ji +2
3
1 ; 

92.  ( )ji −2
5
1 ;  93.  ( )jyix 002 + ; 94. ( )jxiy 00 + ; 

95.  ( )tte tt 6cos
23sin −− ; 96. ( )tt ee −+− ; 97.  

232

2

)4(1
38

tt
tt
−−

− ; 

98.  0;   99.  
t2sin

8 ;  100.  2

2
2

xx

xx

ee
xee

+

+
− ; 

101.  
1

1
2 +x

;  102.  ν
ν

4,4 =
∂
∂

=
∂
∂ zu
u
z ;    

103.  ( )
( )1

12;2
4

4

+
−

=
∂
∂

=
∂
∂

νϑ
ν

ν
z

uu
z ; 

104  ( ) ( )( )ννν
ϑ

νννν cossin31cossin;sincoscossin3 32 uuzu
u
z

−+=
∂
∂

−−=
∂
∂ ; 

105. ( ) ( ).232cos668 42323 tttttt +−−+ ; 

106.  
⎟
⎠
⎞

⎜
⎝
⎛ ++

++

x
xx

xx
x

14cos

122

22

2

;  107.  32

32

3
3

xxy
yyx

−
− ; 108. 

y
x

− ; 

109.  
xy

y
−1

2

;   110.  
1−y

y ;  111.  
xxxy
yyyx

yx

xy

ln
ln

1

1

−
−

−

−

; 

112.  
xy

yxyx 22 ++ ;  113.  
ya
xb

2

2

;  114.  
yexe
xeye

xy

yx

coscos
sinsin

−
+ ;  

115.  
xy
yx

2
2

2

2

+
+

− ;  116. 
yxy

ye x

cos2

2

−
− ;   117. 

y
x

y
z

x
y

x
z

2
1;

2
1

=
∂
∂

=
∂
∂ ; 

118.  
1

1
−++

=
∂
∂

=
∂
∂

zyxy
z

x
z ;  119.  

xyz
yxz

y
z

xyz
xyz

x
z

−
−

=
∂
∂

−
−

=
∂
∂

2

2

2

2

; ; 

120. 
x
y

y
z

z
x

x
z

−=
∂
∂−

=
∂
∂ ;4 ;  121.  tgy

y
ztgx

x
z

−=
∂
∂

−=
∂
∂ ; ; 

122.  
xyz

xz
y
z

xyz
yz

x
z

+
−=

∂
∂

+
−=

∂
∂

22 ; ; 

123.  
xye

xz
y
z

xye
yz

x
z

zz −
=

∂
∂

−
=

∂
∂ ; ; 124.  

zb
yc

y
z

za
xc

x
z

2

2

2

2

; −=
∂
∂

−=
∂
∂ ; 

125.  
( ) ( ) ( )3

2

2

2

3

2

3

2

2

2 2;2;2
yx

x
y

z
yx

xy
yx
z

yx
y

x
z

−
=

∂
∂

−
−=

∂∂
∂

−
=

∂
∂ ; 
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126.  yy xe
y

ze
yx
z

x
z

=
∂
∂

=
∂∂

∂
=

∂
∂

2

22

2

2

;;0 ; 

127.  
xyx

z
x
y

x
z 1;

2

22

2

=
∂∂

∂
−=

∂
∂ ; 

128.  
( )2

3
2

2

2 yxy

xy
yx
z

+
=

∂∂
∂ ; 129.  

( )2
3

22
2

2

yx

y
y

z

+
−=

∂
∂ ; 

130. ( ) yxeyyyxeyxe yyy

exex
y

zxee
yx
ze

x
z +++ +=

∂
∂

+=
∂∂

∂
=

∂
∂ 1);1(; 2

22
2

2

2

; 

131.  
( )32

3 2
yxyx

z
+

=
∂∂

∂ ;  132.  )sin(2)cos(2
2

3

xyxxyyx
yx
z

−−=
∂∂
∂ ; 

133.  2

)251(2 422
2

3
xyeyxxy

yx
z

++=
∂∂
∂ ; 

134.  ( ) 3ln33ln33ln1 2222
3

xyzxyzzyx
zyx

z
+−=

∂∂∂
∂ ; 

137.  dxdy2 ;   138.  ( )( ).424 2222

dyyydxdydxe yx ++++ ; 

139.  
2

22

)(
2

yx
dydxdydx

−
+−

−  ; 140.  
( )

( )( ).2 22
3 ydxdxdyyxxdy

yx
−−+

+
; 

141.  22cos22sin2 dyyxydxdy + ; 
142.  0;  143.  ( )nnnyx dydydxndxe +++ −+ ...1 ; 

144.  
( )

( ) ( ) ).12212
1

1 222222
3 dyzzyxydxdydxzzx

z
+−++++−+

−
− ; 

145.  
1

2
2
1

1
2;22 −

=
−
−

=
−
−

−+=
zyxyxz ; 

146.  
1

2
2
1

2
1;222 −

=
−
−

=
−
−

−+=
zyxyxz ; 

147.  
1

1
1

; zyxxyz =
−
−

=
−

−=
π

ππ ; 

148.  
2

2
1
1

1
1;0

2
2

π
π −

=
−
−

=
−

=−+−
zyxzyx ; 

149.  
0

0

0

0

0

0
000 ;1

z
zz

y
yy

x
xx

zzyyxx
−

=
−

=
−

=++ ; 

150.  
11

2
1

1
2

1;25112 −
=

−
=

−
=++

zyxzyx ; 

151.  
2

112 =+− zyx   va 
2

112 −=+− zyx ; 
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152.  222 cbazyx ++=++ ; 

153.  
( )

( )
( ) 23

2

2 R
yx

yx
yx

xyz +
−
∆−∆

+
−
∆−∆

=∆ ; 

154.  ( )
( )

( ) 2
2

22
11 Ryx

yx
yx

yx
z +∆+∆

+
−∆+∆

+
=∆ ; 

155.  ( )( ) 2
2222 12

2
1)( Ryxyxxyxyeyxxyez xyxy +∆+∆∆++∆+∆+∆=∆ ; 

156. −∆−∆=∆ yyxxyxz sinsincoscos  

( ) 2
22 cossinsincos2cossin

2
1 Ryyxyxyxxyx +∆+∆∆+∆ ; 

157. +∆−∆
+

=∆ )(1
22 yxxy

yx
z  

( )( ) 2
2222

222 222
)(2

1 Ryxyyxyxxxy
yx

+∆+∆∆−+∆−
+

; 

158. ( ) 2
22 cossincos

2
1sincos Ryyyxyxyyyxyez x +⎟

⎠
⎞

⎜
⎝
⎛ ∆−∆∆−∆+∆−∆=∆ ; 

159.  Ekstremum mavjud emas.  160.  ( )0;2−  nuqtada minimumga ega. 
161.  ( )0;0  minimum nuqtasi. 162.  Ekstremum yo`q. 
163.  ( )0,4  minimum nuqtasi. 164.  ekstemum yo`q. 

165.  ( )3;3 −  minimum nuqtasi. 166. ⎟
⎠
⎞

⎜
⎝
⎛ −−

2
1;1  maksimum nuqtasi. 

167.  ( )0;0  minimum nuqtasi. 168.  ( )2;0  maksimum nuqtasi. 
169.  Ekstremum  yo`q.  170.  Ekstremum  yo`q. 
173.  Eng kichik qiymat ;

33
2

−  eng katta qiymat 
33

2 ; 

174.  Eng kishik qiymat -4, eng katta qiymat 4. 
175.  Eng kishik qiymat ,

3
1

−   eng katta qiymat. 2; 

176.  Eng kishik qiymat -52  , eng katta qiymat 100; 
177.  Eng kishik qiymat -1  , eng katta qiymat 6; 
178.  Eng kishik qiymat  -11,  eng katta qiymat 249 + ; 

179.  Minimum ,2−  maksimum 2 ; 

180.  Minimum 
2
1 ;  181.  Maksimum 4

2a

e ; 

182.  Minimum 2;  183.  
5

4 ; 
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184. 20 ;   185. 
8

219 ; 

186.  ⎟
⎠
⎞

⎜
⎝
⎛

5
3,

5
4  va ⎟

⎠
⎞

⎜
⎝
⎛ −−

5
3,

5
4 ; 

187.  
4
3 ;  188. 

3
19 ;   189. 

3
2 ; 

190.  
4
1 ;  191.  60;  192.  64; 

193. 
15
1

− ; 194.  4;  195.8; 

196.  
5

56
− ;  197.  

2
1−e ;  198.  

15
506 ; 

199.  ( ) ( )dxyxfdydyyxfdx
y

x

x
,,

11

1

1

0 2
∫∫=∫⋅∫

−−
; 

200.  ( ) ( )dxyxfdydyyxfdx
y

y

x

x

,,
7

/6

6

1

1

6

6

1

−−

∫∫=∫∫ ; 

201.  ( ) ( )dxyxfdydyyxfdx
y

y

x

x
,,

2

1

0

1

0
∫∫=∫∫ ; 

202.  ( ) ( )dxyxfdydyyxfdx
y

x

,,
4

4

4

0

2

0

4

0 2
∫∫=∫∫ ; 

203.  ( ) ( )dxyxfdydyyxfdx
yx

,,
2

0

2

0

2

0

2

0

−−

∫∫=∫∫ ; 

204.  ( ) ( )dxyxfdydyyxfdx
yx

,,
22 1

0

1

0

1

0

1

0

−−

∫∫=∫∫ ; 

205.  ( ) ( ) ( )dxyxfdydxyxfdydyyxfdx
yyx

x
,,,

1

0

1

0

1

0

0

1

1

1

1

0

−+

−

−

−
∫∫+∫∫=∫∫ ; 

206.  ( )dyyxfdx
x

x
,

2

2

42

2

−

−
∫∫ ; 

207.  ( ) ( )dxyxfdydyyxfdx
x

x

x

x
,,

2

2

1

0

1

0
∫∫=∫∫ ; 

208.  ( ) ( ) ( )dyyxfdxdyyxfdxdyyxfdx
x

x

x

x

x

x
,,,

253
5

3
2

33
2

3
1

3

21

3
1

3
2

−++

−−

∫∫+∫∫+∫∫ ; 

209.  ( )dyyxfdx
x

x
,

2

1

0
∫∫ ;  210.  ( )dxyxfdy

y

y
,

2

2

1

1

1

0

−

−−
∫∫ ; 
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211.  ( )dxyxfdy
y

y
,

31

0
∫∫ ;  212.  ( ) ( )dxyxfdydxyxfdy

y

y

y
,,

2

2

4

2
2

2

0
∫∫+∫∫ ; 

213.  ( ) ( )dyyxfdxdyyxfdx
xx

,,
2

0

2

10

1

0

−

∫∫+∫∫ ; 

214.  ( ) ( )dxyxfdydxyxfdy
y

e

y
e

,,
1

ln1

1

ln

1

1
∫∫+∫∫

−
; 

215.  ( )dxyxfdy
y

y
,

21

0

−

∫∫ ;  216.  ( )dxyxfdy
y

y
,

231

0

−

∫∫ ; 

217.  
24
25ln ; 218.  0; 219.  9; 

220.  
63
8 ;  221.  0; 222.  

144
33 ; 

223.  
21
4 ;  224.  

20
27 ; 225.  

6
π ; 

226.  
135

4 ; 227.  ( ) ρρϕρϕρϕ
π

dfd
R

sin,cos
0

2

0
∫∫ ; 

228.  ( ) ρρϕρϕρϕ
ϕ

π

π
dfd

a

sin,cos
cos

0

2

2

∫∫
−

; 

229.   ( ) ρρϕρϕρϕ
ϕπ

dfd
b

sin,cos
sin

00
∫∫ ; 

230.  ( ) ρρϕρϕρϕ
ϕ

ϕπ
dfd

arctg

sin,cos
cos8

cos4

2

4

∫∫ ; 

231.  ( ) ( ) ρρϕρϕρϕρρϕρϕρϕ
ϕ

π
ϕ

dfddfd
a

b
aarctg

bb
aarctg

sin,cossin,cos
cos

0

2sin

00
∫∫+∫∫ ; 

232.  ( ) ρρϕρϕρϕ
ϕπ

π

dfd sin,cos
cos

1

00
∫∫ ; 

233.  9
2
π ;   234.  2

3
;  235.  2π; 

236. ln 2
2

π ;  237.  24π;  238.  ( ) ( )2 2 21 ln 1
4

R R Rπ ⎛ ⎞+ + −⎜ ⎟
⎝ ⎠

; 

239.  28;   240.  13,5 9ln 2− ; 241.  2
3

; 

242.  125
6

;   243.  2
3

;  244.  
6
ab ; 
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245. 16
3

;   246. ⎟
⎠
⎞

⎜
⎝
⎛ −1

2
2 πa ; 247.  2

4
3 aπ ; 

248.  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

2
3

32

2 πr ; 249.  
4

9π ;  250. 
2

3 2aπ ; 

251.  6;   252.  
15
128 ;  253.  13,5; 

254.  
5
116 ;  255. 

6
abc ;  256.  

32
1578 ; 

257.  
15

232 ;  258.  π3 ;  259.  
6
1 ; 

260.  144;  261.  
3

8π ;  262. 90; 

263.  
48
π ;  264. 3

2
π ;  265.  3π; 

266.  π8 ;   267.  14;  268.  2 RHπ ; 
270.  72;   271.  14

3
π ;  272.  2π . 

273.  22 2πρ ;  274.  ( )12 3 5π − ; 275  1 8,
2 5

x y= − = ; 

276.  40,
3

Rx y
π

= = ; 277.  40,
3

bx y
π

= = ;  278. 41,
3

x y
π

= = ; 

279. 108;  280.  40
3

;  281.  4
3

; 

282.  7
192

;  283. ( )2 2 2

3
abc a b c+ +

; 

284. 1
3

;   285.  30;  286.  54; 

287.  1
720

;  288. 1
364

;  

289* 320 π. Berilgan integralni quyidagicha yozib olamiz: 
∫∫∫ ∫ ∫∫=

D

dxdydzzdxdydzz 22  

Bu yerda ∫∫
D

dxdy  D soha bo`yicha olingan integral bo`lib, D soha G bilan 

z=c tekislikning kesishishidan hosil bo`lgan radiusi z bo`lgan doiradan 
iborat. ∫∫

D

dxdy integral D sohaning yuzasini ifodalaydi. Shuning uchun 

∫∫ =
D

zdxdy π . 
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Demak, ∫∫∫ ∫ ∫∫∫ =
−

====
G

z

D

zdzzdxdydzzdxdydzz
6

2

446

2
1

6
2

4322 320
4

26
4

ππππ

π

. 

 
290.  162

5
π ;     291.  ln 2π ;  292.  7

2
π ;  293. 324

5
π  

294.  16;   295.  8π;  296.  16
3
π ; 

297.  
54

5
Rπ ;  298.  54

5
Rπ ;  299.  2π 

300.  24π;    301.  4,5 kub. birl.  302.  8; 
303.  3,4;       304.  8π;  305.  2π; 
306.  

6
π ;   307.  16;  308. 16

3
π ; 

309. ( )16 3 4
9
π − ;  310. 19

6
π ;  311.  31

3
aπ ; 

312.  
3

360
a ;  313.  0, 0, 3x y z= = = ; 

314.  453, 3,
32

x y z= = = ;  315. ( )5 6 3 5
0, 0,

83
x y z

+
= = = ; 

316. 6 3 20, 0,
4

x y z +
= = = ; 317.  5 ln 2; 



 44

318.  24;   319.  2 12 naπ + ; 

320. 4 a aπ ;  321. ( )
2

5 5 1
3

P
− ; 

322. 3256
15

a  ;  323. 
2

2
aπ ;  324.  

32
3
a ; 

325.  14 ln 4
23

−  ;  326.  π− ;  327.  2; 

328.  2;   329.  a) 1 ;
3

b) 31
30

c) 8
15

− ; 

330.  a) 0; b) 0; c) 0; 331.  0; 332. -2πab ; 
333.  4

3
a  ; 334.  πa2; 335.  3 3z x y y x C= − + ; 

336.  y xz C
x y

= + + ;    337.  
3 3

3
x yz C+

= + ; 

338.  ( )22 2z x y C= − + ;  39.  yz arctg C
x

= + ; 

340.  xyz xe C= + ;  341.  
3 4

3
x yz C= + ; 

342.  ( )cosz C x y= − + ;  343.  8; 344.  4; 

345.  2;   346.  13ln
5

;  347.  
2 2 2 2

2 2
arcsin

2
b a b a b

aa b
−

+
+

; 

348.  ( )22 2 2 1
3
ρ − ; 349.  4 4,

3 3
x a y a= = ; 350.  2 2,

5 5
x a y a= = ;  

351. πab;  352.  23
8

aπ ;  353.  6πa2;  354.  2a2; 
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