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SO’Z BOSHI

Hozirgi zamon ilmiy — texnika taraqqiyoti sharoitida Oliy o’quv yurtlarida
yugori malakali mutaxassislar tayyorlash borasida fizika — matematika fanlariga katta
e’tibor berilayapti.

Oliy matematika kursi bo’yicha chuqur va har tomonlama bilim egallash uchun
fagat asosiy nazariy materialning o’zi yetarli bo’lmasdan, maxsus tanlangan misol va
masalalarni yetarlicha yechish ham zarur bo’ladi.

Bunda masala va misollarning aniq matematik ko’yilishi, yechimlarning
asoslanganligi va to’laligi, javoblarning to’g’riligi katta ahamiyatga egadir.

E’tiboringizga havola qilinayotgan mazkur qo’llanma Oliy o’quv yurtlarining
bakalavr yo’nalishidagi Oliy matematika dasturiga moslab tuzilgan.

Qo’llanmaning har qaysi bobida qisqacha nazariy ma’lumot bayon qilinib, tipik
masalalar to’liq yechimlari berilgan. Bulardan tashqari, har gaysi paragraf oxirida
mustaqil yechish uchun masalalar va ulaning javoblari keltirilgan. Ana shu misol va
masalalarni yechish bilangina — cheklanib qolish yaramaydi, zero ushbu qo’llanma
tegishli to’plamlarning o’rnini bosishga da’vo — gilmaydi.

Qo’llanma oliy o’quv yurtlarining barcha bakalar yo’nalishidagi talabalari
uchun mo’ljallangan.

Muallif gimmatli metodik maslahatlari uchun UzMU, mexanika — matematika
fakulteti professori, fizika — matematika fanlari doktori R.N.G’anixo’jayevga, GulDU
fizika — matematika fakulteti “Umumiy matematika” kafedrasi dotsenti, fizika —
matematika fanlari nomzodi K.Jomuratovga, hamda “Umumiy matematika” kafedrasi
mudiri dotsent, fizika — matematika fanlari nomzodi X. Norjigitovga o’zining chuqur
minnatdorchiligini bildiradi.

Muallif.



| BOB. Analitik geometriya

Analitik geometriya bobida siz analitik geometriyaning har xil
masalalari: to’g’ri chiziq, tekislik tenglamalari va ularga oid masalalar,
vektorlar ustida amallar, vektorlarning skalyar, vektor va aralash
ko’paytmalari, geometrik masalalarga ularning tatbiglari o’rganib olasiz.

Vektorni bazis bo’yicha yoyilmasi
Uchta chiziqli bog’ligmas vektorlar sistemasi p, ¢, r berlgan bo’lib,
agar ixtiyoriy x vektorni ularning chizigli kombinatsiya, ya’ni
;(za-6+ﬁ-a+y-F
shaklida ifodalash mumkin bo’lsa, u holda berilgan sistema bazis deyiladi.
Bu tenglik x vektorning p, q, r bazis bo’yicha yoyilmasi deyiladi.
X vektorning yoyilmasi quyidagi ko’rinishda 1zlanadi:
;(:a-[3+ﬂ-a+y-F.

Bu tenglama «,f,y larga nisbatan vektor tenglama bo’lib, uch
o’zgaruvchili uchta chiziqli tenglamalar sistemasi yordamida quyidagicha
yoziladi:

a-p+f-h+y-n=X
a-P+f-Ut+y-h=X%
a-P3+f-Oz+y-T3=X

Tenglamalar sistemasini yechib «, £,y larni topib,

;(za-6+ﬁ-a+y-F
vektorni ko’rinishini topamiz.

1-masala. x vektorni p, g, r vektorlar orgali yoyilmasini yozing.



x={-13, 2, 18},

p={1,1, 4},
q :{_31 01 2},
r={1, 2, -1}.

Echim:
x vektorni p, g, r vektorlar orgali yoyilmasi: x=a-p+-q+y-r.
yoki sistama ko’rinishida
a-p+pf-ht+y-nh=Xx
a-Py+f-Quty-Hh=X
a-P3+f-Oz+y-T3=Xg

Natijada
a—-30+y=-13
+ia+2y =2, |-—2
Ada+2p -y =18
a—-30+y=-13,
—a+6y =28,
Ada+2p—y =18

Uchinchi satrga birinchi satrni qo’shib:
a—-3p+y=-13,
—a+6y =28,
Sa—- =5

a—-30+y=-13,
+3—a+6y =28,
Sa - =5 |-6
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(a-3B+y=-13,
29« = 58,

50— =5

(a-38+y=-13,

o=2,

Izlanayotgan yoyilma: X

1-masala. x vektorni p, q

50— =5

-13,

, I vektorlar orgali yoyilmasini yozing.

ko’rinishida bo’lar ekan.



x={-2, 4, 7},
p={0, 1 2},

“q={L 0, 1},
r={-1, 2, 4}.

x={-9,5, 5},
p={4,1,1,

"q={2,0,-3},
r={-1,2,1}.

x={-19,-1,7},

p={0,1,1},
"q={-2,0,1,
r={3,1,0}.

x={-1,7,—4},

p={-1,21}
10. q :{2’ O’ 3}’
r={1,1,-1}

x ={5,15, 0},
p={10,5},

13. q :{_1’ 3, 2},
r={0,-1,1}.

x =48, 0, 5},
p={2,0,1},
16. q ={1,1’ O}’
r={4,1, 2}.

x ={6,12, -1},
p={1,3,0},

: q ={21 _111}’

r={0,-1,2}.

x ={-5,-5,5},

p ={_21 0,1},

) q :{11 3’ _1}1

r={0,4,1}.

x={3,-3,4},
p={1,0,2},

" q={0,1,1}

r={2,-1,4%

x={6,5,-14},

p={1,1,4}

11.
q :{O’ _31 2}’

r={2,1,-1}

x={2,-1,11,
p={1,1,0},

14.
q :{O’l’ - 2}1

r={1,0,3}.

x={3,1, 8},
p={0.1,3},

17.
q :{11 21 _1}1

r={2,0,-1}

x={1,-4,4},

p={2,1,-1},
" q=40,3,2}

r={1,-1,1%

x={13,2,7},
p=151,0},

Tq={2,-1,3}
r={1,0,-1}

x={3,3,-1},

p={3,1,0},
Tq={-1,2,1}

r={-1,0, 2}

x={6,~1,7},

p={1,-2,0},
Y q={-1,1,3}

r={1,0,4}

x={11,5, -3},
p={1,02},

15.
q = {_11 O’ 1}1

r={2,5,-3}%

x ={8,1,12},

p={L,2,-1,
Y q=43,0,2},

r={111



x={-9,-8,—3}, x ={-5,9,-13}, x ={-15,5, 6},

p={1,41} p={0,1,-2}, p={0,5,1},
Vg ={-3,2,0}, “q={3,-1,1}, " q={3,2,-1},
r={1,-1, 2}. r={4,1,0}. r={-1,1,0}.
x ={8,9, 4}, x ={23,~14, - 30}, x={3,1,3},
p={1,0,1}, p={2,1,0}, p={2,1,0},
“q={0,-2,1}, “q={1,-1,0}, “q={1,0,1},
r={1,3,0} r={-3, 2,5} r={4,2,1}.
x={1,7,0}, x ={11,—1, 4}, x ={0, -8, 9},
p=A{0,3,1}, p={1,-1,2}, p={0,-2,1},
®q={,-1,2}, ®q={3,2,0}, " q={3,1,-1},
r={2,-1,0} r={-1,1,1}. r={4,0,1}.

X ={8,—7,-13}. x={2, 7, 5}, x ={~15,- 20,1},
p={0,1,5}, p={1, 0, 1}, p={0,2,1},
“9={3-12,  q={,-2,0} Y q={0,1,-3,
r={-1,0,1}. r={0, 3, 1}. r={5,-3, 2}.

Javoblar.1.1 X=2p—-Q+r;12 X=4p+q-r;13X=—p+3r; 14 X=—p—-Qq+3r ;
1.5 X=p—-30+r;1.6 X=3p+q—4r;1.7X=2p+59—-3r;18 X=p—-2q+Tr;

19 X=—p+Q—r;110X=2p—q+3r;111 X=-2p—q-+4r;

112 X=—p—-30+4r;113 X=4p—q—18r; 114 x=-3p+ 29 +5r;

1.15 X=3p—69+7r;116 X=p—20q+2r;117 x=3p—Qq+2r;

118 X=—p+49+2,2r;1.19 X=-3p+2q;120 X=5p—-30+r 1.21Xx=2p—4q+3r;
122 X=7p—-3g+7r;1.23 x=13p+15q—-6r;

124 X=-3p+(q+2r;1.25 X=2p—(;1.26 X=3p+2q—2r;127 X=2p—4q+3r;

1.28X=—4p+3qQ+r;129 X=4p—-29+r;130 X=—6p+q+3r.



Vektorlarning kollinearligi

Bitta to’g’r1 chiziqda yoki parallel chiziqlarda yotgan c¢; va c,
vektorlar kollinear vektorlar deyiladi. Boshgacha aytganda shunday o
topilsaki, p=aq bo’lsa, ya’ni ularning koordinatalari 0’zaro proporsional
bo’lishi zarur va yetarli bo’ladi.

Demak,
Pi_P2_Ps
G G2 GO
bo’lsa, kollinear, tenglik bajarilmasa p va q vektorlar kollinear emas

bo’lar ekan.
2—-masala. a va b yordamida qurilgan ¢; va ¢, vektorlar

kollinearmi?

a={-12,-1}, b{2,-7,1}, c¢,=6a-2b, c,=b-3a
cq=6a-2b={6-(-1)-2-2;6-2-2-(-7); 1-6-(-)-2-1}=
={-10, 26, —8}.
c,=b-3a={2-3-(-1); -7-3-2; 1-3-(-D}=4{5, —-13, 4}.
-10 26 -8 .
s T13- 4 , ya'ni ¢, =—2C,.
Demak, ¢, va ¢, kollinear ekan.
ra={, -2, 3}, b={3, 0, -1}, ¢, =2a+4b, ¢c, =3b—a.
2.a={1,0,1}, b={-2,3,5}, ¢c,=a+2b, c, =3a-h.
sa={-2,4143, b={1,-2,7}, ¢c,=5a+3b, c,=2a-h.
sa={1,2,-3} b={2,-1,-1}, ¢,=4a+3b, c,=8a-h.
s.a={3,5,4}, b={59,7}, ¢,=-2a+b, ¢, =3a-2h.
s.a={1,4,-2}, b={1,1,-1}, ¢c,=a+b, c, =4a+2b.
ra={1,-2, 5} b={3,-1,0}, ¢c,=4a-2b, ¢, =b—-2a.
s.a={3,4,-1}, b={2,-1, 1}, ¢, =6a-3b, c, =b-2a.
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s.a={-2,-3,-2}, b={1,0,-5}, ¢,=3a+9b, c, =—a—-3h.
wa={-1,4, 2}, b={3,-2, 6}, ¢c,=2a—-b, c,=3b—-6a.
na={5 0,-1, b={7, 2, 3}, ¢c,=2a-Db, c, =3b-6a.
r.a={0, 3,-2}, b={1,-2, 1}, ¢c,=5a-2b, c, =3a+5b.
wa={-2,7,-1}, b={-3,5, 2}, c,=2a+3b, ¢c,=3a+2h.
uwa={3, 7 0} b={1,-3, 4}, ¢c,=4a—-2b, c, =b-2a
s.a={7,9,-2}, b={5, 4, 3}, ¢c,=4a-b, c,=4b-a
i.a={5, 0,—2}, b={6, 4, 3}, ¢, =5a—-3b, ¢, =6b—-10a.
v.a={8, 3,-1}, b={4,1, 3}, c,=2a-b, c,=2b-4a
s.a={3,—-1, 6}, b={5, 7,10}, ¢, =4a—-2b, c, =b-2a.
wa={l,-2, 4} b={7, 3, 5}, ¢c,=6a—-3b, c, =b—-2a.
oa={3, 7, 0} b={4, 6,-1}, c,=3a+2b, c, =5a-7h.
zna={2,-1, 4}, b={3,-7,-6}, ¢,=2a-3b, c, =3a—2b.
2 a={5-1,-2} b={6, 0, 7}, c,=3a—-2b, ¢, =4b-6a.
s a={-9, 5 3} b={7,1,-2}, ¢c,=2a—-Db, c, =3a+5b.
2z a={4, 2,9}, b={0,-1, 3}, c,=4b-3a, c, =4a-3b.
s a={2,-1, 6}, b={-1, 3, 8, ¢,=5a-2b, c, =2a-5b.
%.a={5 0, 8, b={-3, 1, 7}, ¢,=3a—-4b, ¢, =12b-9a.
z.a={-1, 3, 4}, b={2,-1, 0}, ¢c,=6a—-2b, c,=b-3a.
s a={4, 2,-7} b={5, 0,-3}, ¢,=a-3b, ¢, =6b—-2a.
»a={2, 0,-5}, b={1,-3, 4}, ¢, =2a-5b, c, =5a-2b.
o a={-1, 2, 8, b={3, 7,-1}, ¢, =4a—-3b, ¢, =9b-12a.

Javoblar.2.1yo’q; 2.2 yo’q; 2.3y0’q; 2.4y0’q; 25y0’q; 2.6 yo’q; 2.7 ha; 2.8 ha; 2.9 ha;
2.10 ha; 2.11 ha; 2.12 yo’q; 2.13yo’q; 2.14 ha; 2.15yo’q; 2.16 ha; 2.17 ha; 2.18 ha;
2.19 ha; 2.20 yo’q; 2.21 yo’q; 2.22 ha; 2.23 yo’q; 2.24 yo’q; 2.25 yo’q; 2.26 ha; 2.27 ha;

2.28 yo’q; 2.29 yo’q; 2.30 ha.
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Vektorlar orasidagi burchak
Ikkita AB va AC vektorning skalyar ko’paytmasi deb, (ﬁ, E)
ko’rinishda belgilanuvchi va shu vektorlar uzunliklari ko’paytmasining

ular orasidagi burchak kosinusi bilan ko’paytmasiga teng bo’lgan songa
aytiladi:

(AB, AC)=|AB|-[AC|-cosg.
A(X, Y1, 21), B(X,,Y,,2,) va C(Xs,Y3,23) berilganda vektorlarning
skalyar ko’paytmasi
AB = (X, =X, Y — V1,25 — 23)
AC = (X3 =X, Y3 — Y1, 23— 2y)
(AB, AC )= (x; = x)0% = 30) + (Y2 = Y1) (¥s = Y0) + (22 — 22)(25 — 2)

va vektorlarning uzunliklari mos ravishda:

‘Nj‘ = \/(Xz - X1)2 +(Y, - y1)2 +(2, - 21)2 )

‘Rj‘ = \/(X3 —x)° + (Y3 —Y)° + (25— 2)°,
formulalar bilan topiladi.

AB va AC vektor orasidagi burchak ushbu formula bilan

hisoblanadi:

B ——

AB,
e

33

COSQ =
3-masala. AB va AC vektorlar orasidagi burchak kosinusini toping.

AL, -2, 3),
B(3, 4, —6),
ca, 1, -1).
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AB={4, 2 -3}, [AB|=14%+2%+(-3)? =29,

AC={2, -1 2}, [AC|=\22+(-1)?+(2)? =3.

Al,-2, 3),
1. B(0,-1, 2),
C(3,-4, 5).

A(—4, -2, 0),
4 B(=1,-2, 4),
C(3,-2, 1).

A(2,-4, 6),
7. B(0,-2, 4),
C(6,-8, 10).

A2, 1,-1),

10. B(6,-1,-4),

C(4, 2, 1).

A0, 0, 4),
13. B(=3,-6, 1),

C(-5,-10,-1).

A0, 2,-4),
16. B(8, 2, 2),
C(6, 2, 4).

cos(ABN AC) =

(ABMAC) = )

A(0,-3, 6),

2 B(~12,—3,-3),
C(-9,-3,—6).

A(5, 3,-1),
5 B(5, 2, 0),
C(6, 4,-1).

A0, 1,-2),
8. B(3, 1, 2),
C@4,1,1).

A(-1,-2, 1),
11. B(-4,-2, 5),
C(-8,-2, 2).

A(2,-8,-1),
14. B(4,-6, 0),

C(-2,-5,-1).

A3, 3,-1),
17. B(5, 1,-2),
C4,1,1.

4-2-2:1-3-2_,

A3, 3,-1),

3 B(5, 5,-2),

C(4, 1, ).

A(-3,-7,-5),
6. B(0,-1,-2),
C(2, 3, 0).

A3, 3,-1),
0. B(L, 5,—2),
C(4, 1, 1).

A(6, 2,-3),
12. B(6, 3,-2),
C(7, 3,-3).

A@3,-6, 9),
15. B(0,-3, 6),
C(9,-12, 15).

A(-4, 3, 0),
18. B(0, 1, 3),
C(-2, 4,-2).



A, -1, 0),
19. B(-2,-1, 4),
C(8,-1,-1).

A2, 2, 7),
22. B(0, 0, 6),
C(-2, 5, 7).

A3, 3,-1),
25 B(5, 1,— 2),
C(4,1,-3).

A0, 1, 0),
28. B(O, 2, 1),
C@ 2, 0).

A(7, 0, 2),
20 B(7, 1, 3),
C(8, -1, 2).

A(-1, 2,-3),
23. B(0, 1,-2),

C(-3, 4,-5).

A(=2, 1, 1),
2% B(2, 3,-2),
C(0, 0, 3).

A(-4, 0, 4),
20. B(-1, 6, 7),
C(, 10, 9).

Javoblar. 3.1 77:3.216°15'37":3.3116°23'16"
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A2, 3, 2),
21. B(-1,-3,-1),
C(-3,-7,-3).

A(0, 3,-6),
24. B(9, 3, 6),
C(2, 3, 3).

A, 4,-1),
27. B(-2, 4,-5),
C(8, 4, 0).

A(-2, 4,-6),
3. B(0, 2,—4),
C(-6, 8,-10).

T 27
:34—:35—:;36 737 1;
4 3

3.8 arccos0,96 ; 3.9 152°44'2" ; 3.10 % $3.11 % £ 3.12 % :3.13 0°:3.14 97°39'44" .

3.15 77 :3.16 16°15'37": 3.17 63°36'44" : 3.18 % +3.19135°:3.20120°: 3.21 0°:;

3.22 82°20'15": 3.23 7:3.24 16%15'37": 3.25 27%15'58" : 3.26 % -3.27135%: 3.28 % :

329 0%:3.30 7.

Parallelogrammning yuzi

a va b vektorlarga qurilgan parallelogramm yuzi

s~

shu vektorlarning vektor ko’paytmasidan olingan modulga teng.
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[5’ bj = [0516 + aza, ﬁ16 + ﬂzaJ: 051,31[6, F] + alﬂZ[B’ 5] +
+ azﬁl[a, 3] + a5, [a, 5] =(uf, - 052,31)[6’ ﬂ
Bundan,

S =[[a, b] = (@B, —@.B)[p, dising.
4-masala. a va b wvektorlarga qurilgan parallelogramm yuzini
hisoblang.
a=6p-q,
b=5q+ p.

1 5x
=—, :4’ N = —
p| ) q (pha) =~

S=|(6p—0)x(5q+ p)|=[6px5q+6px p-5qxq—Qx p|=
=|6px5q+ pxq =31p|-|q-sin(p"q) =
231 tasin® 23121231

2 6 2
1La=p+20, b=3p-q; [p=1 =2 (pra)=x/6.
2a=3p+q, b=p-29; |[p=4 =1 (pra)=x/4
sa=pP—-30, b=p+2q; Ip|=1/5, |a|=1 (pq)=x/2.
. a=3p—-2q, b=p+5q;, |p=4 g =1/2, (p~q)=>5x/6.
sa=p—209, b=2p+q; p|=2, 0/ =3, (p"q)=37/4.
s.a=p+3q, b=p-209; [p=2, |q=3 (p*g)=7x/3.
ra=2p—q, b=p+3q; [p[=3 |d=2 (pra)=x/2.
s.a=4p+q, b=p-qg  [p=7, [o=2 (pro)=7x/4
o.a=p—4q, b=3p+q; |p=1 [d=2 (pra)=7/6.
w.a=p+4q, b=2p-q; [p|=7, =2 (pra)=x/3.
1ma=3p+2q, b=p-q; |p/=10, |o=1 (pra)=x/2.
12.a=4p—-0, b=p+29; |p|=5 |9g=4, (pro)=x/4
13.a=2p+30, b=p-2q; |p|=6 |o=7, (p*q)=x/3.
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uwa=3p—-q, b=p+2q;, |p|=3 |9g=4, (p"q)=x/3.
15.a=2p+39, b=p-2q; |p|=2 |o/=3 (prg)=x/4
16.a=2p—-3q, b=3p+0q; |p|=4 |d=1 (p"q)=x/6.
17.a=5p+¢q, b=p-3q; pl=1 |q=2 (pra)=x/3.
iB.a=7p—2q, b=p+3q; [p=1/2 |g=2 (prq)=x/2.
v.a=6p-q, b=p+q  [p=3 [d=4 (p"o)=x/4
20.a=10p+q, b=3p-209; |p|=4 |9=1 (p"q)=x/6.
21.a=6p—q, b=p+2q; Ip|=8, |o=1/2, (p*q)=x/3.
2.a=3p+4q9, b=q-p; p|=25, |g=2, (prg)==/2.
s.a=7p+d, b=p-30; |p=3 |d=1 (p"q)=3z/4
2.a=p+39, b=3p-q; Ip|=3 |a/=5 (p"q)=2x/3.
s.a=3p+0, b=p-3q; pl=7, lo=2 (prq)=xl/4
6.2a=5p—0q, b=p+q; p|=5 |a/=3 (p"q)=5x/6.
2ra=3p—4g, b=p+3q; |[p=2, [9=3 (prg)=x/4
8.a=2p+3d, b=p-2q; [p=2 [o=1 (pra)=x/3.
2.a=2p-3q, b=5p+0q; |p=2, |o/=3 (prg)=x/2
.a=3p+20, b=2p-q; |p=4 |d=4 (p"q)=37/4

Javoblar.4.l 7; 42 14~/2;431;4.417; 45152 ; 4.6 15+/3; 4.7 42; 4.8 35+/2; 4.9 13;
41063+/3; 4.11 50; 4.12 90~/2 ; 4.13 147+/3; 4.14 42+/3; 4.15 2142 ; 4.16 22; 4.17 16+/3;
4.18 23; 419 42+/2; 4.20 46 ; 4.2126+/3; 4.22 35; 4.23 33v/2; 4.24 7543 ; 4.25 70-/2 ; 4.26
45;4.27 39+/2;4.287+/3; 429 102; 4.30 42~/2.

Vektorlar komplanarligi
Bir tekislikda yoki parallel tekisliklarda yotuchi vektorlarni
komplanar vektorlar deyiladi.
Agar a=(a;, a,, a3), b=(b, b,, b;) va c=(c, c,, c;) vektorlar

komplanar bo’lishi uchun ularning aralash ko’paytmasi nolga teng bo’lishi
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zarur va yetarli, ya’ni
& d &
(a,b,c)=b, b, by=0.
G G G

5-masala. a, b va ¢ vektorlar komplanarmi?

a={7,3 4} b={-1 2 -1, c={4 2 4}

7 3 4
(a,b,c)=]-1 -2 -1=-56-12-8+32+14+12=-18#0=
4 2 4

a,b va c vektorlar komplanar emas.

a={2, 3, 1}, a={3, 2, 1}, a={1, 5, 2},
1b={-1 0,-1}, 2. b={2, 3, 4}, sb={-11-1},
c={2, 2, 2}. c={3,1-1} c={1,1, 1}.
a={1,-1-3}, a={3, 3, 1}, a={3, 1,-1},
1+ b={3, 2, 1}, s b={1,-2, 1}, e.b={-2,-1, 0},
c={2, 3, 4}. c={l,1, 1}. c={5, 2,-1}.
a={4, 3, 1}, a={4, 3, 1}, a={3, 2, 1},
.b={1,-2, 1}, s.b={6, 7, 4}, o.b={1,-3,-7},
c={2, 2, 2}. c={2, 0,-1}. c={1, 2, 3}.
a={3, 7, 2}, a={l,-2, 6}, a={6, 3, 4},
0. b={-2, 0,-1}, ub=4{, 0, 1}, 2 b={1, 2,-1},
c={2, 2, 1}. c={2,-6, 17}. c={2, 1, 2}.
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a={2, 3, 2}, a={b, 3, 4}, a={3, 10, 5},
1s.b={4, 7, 5}, ub={1, 0,-1}, 5. b={-2,-2,-3},

c={2, 0,-1}. c={4, 2, 4}. c={2, 4, 3}.

a={-2,-4,-3}, a={3, 1,-1}, a={4, 2, 2},

16. b ={4, 3, 1}, 1. b={1, 0,-1}, 18. b ={-3,-3,-3},
c={6, 7, 4}. c={8, 3,-2}. c={2, 1, 2}.
a={4, 1, 2}, a={5, 3, 4}, a={3, 4, 2},

19.b={9, 2, 5}, 20.b={4, 3, 3}, a.b={l, 1, O},
c={l,1,-1}. c={9, 5, 8} c={8, 11, 6}.
a={4,-1,-6}, a={3, 1, 0}, a={3, 0, 3},

2.b={1,-3,-7}, 23 b ={-5,—-4,-5}, 2. b={8, 1, 6},
c={2,-1,-4}. c={4, 2, 4}. c={1,1,-1}.
a={1,-1, 4}, a={6, 3, 4}, a={4, 1, 1},

s b={l, 0, 3}, % b={-1,-2,-1} a.b={-9,-4,-9},
c={1,-3, 8} c={2,1, 2}. c={6, 2, 6}.
a={-3, 3, 3}, a={-7, 10,-5}, a={7, 4, 6},

8. 0={-4, 7, 6}, 200 ={0,-2,-1}, s0.0={2, 1, 1},
c={3, 0,-1}. c={2, 4,-1}. c={19, 11, 17}.

Javoblar. 5.1 yo’q; 5.2 ha; 5.3 yo0’q; 5.4 ha; 5.5 yo’q; 5.6 ha; 5.7 yo’q; 5.8 ha; 5.9 ha;
5.10 yo’q; 5.11 ha; 5.12 yo’q; 5.13 ha; 5.14 yo’q; 5.15 yo’q; 5.16 ha; 5.17 ha; 5.18 yo’q;
5.19 ha; 5.20 yo’q; 5.21 ha; 5.22 ha; 5.23 yo’q; 5.24 ha; 5.25 yo’q; 5.26 yo’q; 5.27 yo'q;
5.28 ha; 5.29 yo’q; 5.30 ha .

Tetraedrning balandligi va hajmi
A Y 7)), Ao (%o, Yai 25), Ay(X3s Y35 Z3),
A, (X4, Y4, Z4)bo’lgan, hamda A, uchidan AA,A; yog’iga balandlik

Uchlari
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tushirilgan tetraedrning hajmini topish masalasini garaylik.

A, uchdan quyidagi vektorlarni o’tkazamiz:
AP ==X, Yo—Yi, Z,—7},
AA ==X, V3= Y1 Z3— 2,
AA = 1{Xs =X, Ya— Y1, 24— 21}
Vektorlarning aralash ko’patmasining geometrik ma’nosidan
quyidagiga egamiz:

V= Vo= (AR AR, AA

bu yerda V; va V,—lar mos ravishda A Ay, AA;, AA, vektorlar

yordamida qurilgan tetraedr va parallelepipedning hajmlari.
Ikkinchi tomondan

1
Vt :§SAA1A2A3 'h,

vektor ko’paytmaning geometrik ma’nosidan esa,

San, =5 A A
Demak, tetraedrning balandligi

¥, :\(AiAz AR, AR,
AAA A, AﬁAz A1A3J

h:

S

ga teng bo’ladi.

6-masala. Uchlari A, A, Ay A, nugtalarda yordamida berilgan
tetraedrning, A, uchidan AAA; yog’iga balandlik tushirilgan



tetraedrning hajmini toping.

40, -1, 1),
A, (-2, 3, 5),
A3(11_51_9)1
A4(_1, _6, 3).
={-2, 4, 6},
E L -4, -8
AA ={-1 -5, 4
. 1—2 4 6
V= (AR AR AA[= 1 —4 8=
-1 -5 4
——\32 30+32-24+80-16= 74
1 vV
Vaana, =3Saan h=h="
i j k
Sann, = Z\AiAz Ahs|= ——2 4 6|=
1 -4 -8

\ 8i —10 +4k| = \/64+100+16—

=§\/@:\/4_5.
374 _ 37
6-/45 /45
A(L, 3, 6), A(~4, 2, 6),
A2, 2,0), A (2,-3, 0),
" A=, 0, 1), * A(-10, 5, 8),
A (4, 6,-3). A (=5, 2,—4).

A,(7, 2, 4),

A, (7,-1,-2),
" A3, 3, 1),

A, (-4, 2, 1).

19
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4.

7.

10.

13.

16.

19.

4,(2, 1, 4),

A, (-1, 5,-2),

AS(_7! _31 2)1

A,(~6,-3, 6).

4,(2,-1,-2),
A1, 2,1,
A3(5’ 01_6)1

A,(-10, 9, 7).

4,1, 2, 0),
A, (3, 0,-3),

A (5, 2, 6),
A, (8, 4,-9).

4,(2, 3, 1),
A (4,1,-2),

A6, 3, 7),
A,(7, 5,-3).

A,(-3, 4,-7),

A (1, 5,-4),

AS(_S’ - 21 O)’

A, (2, 5, 4).

4,(1,-1, 1),
A, (-2, 0, 3),
A3(21 11_1)1

A(2,-2,—4).

8.

11.

14.

17.

20.

4,(-1,-5, 2),
A, (-6, 0,-3),

A3(31 61 _3)1

A,(-10, 6, 7).

A4,(-2, 0,-4),

A (-1, 7,1,

A3(4, _81 - 4)’

A,(1,-4, 6).

4,(2,-1, 2),
A, 2,-1),

A3, 2, 1),
A, (-4, 2, 5).

4,1, 1,-1),
A, (2, 3, 1),

A3, 2, 1),
A,(5, 9,-8).

4,(-1, 2,-3),
A, (4,-1, 0),

A3(21 11_2)1
A, (3, 4, 5).

4,1, 2, 0),
A, (1,-1, 2),

A3(01 11 _1)1
As(=3, 0, 1).

A(5, 2, 0),
A (2, 5, 0),

Y At 2, 4),
A(-1, 1, ).
4,(14, 4, 5),
A (-5,-3, 2),

" Ag(-2,-6,-3)
A(=2, 2,-1).
4L 1, 2),

A (-1, 1, 3),

P A2, -2, 4),
As(-1, 0,-2).
AL, 5,-7),
A (=3, 6, 3),

© A2, 7, 3),
A, (-4, 8,-12).
A4(4,-1, 3),
A (-2, 1, 0),

* A0,-5, 1),
A3, 2,-6).
A4(L, 0, 2),
AL, 2,-1),

T A2,-2, 1),

A2, 1, 0).



12—

4,1, 2,-3),
A (1, 0, 1),

22. Ag(—Z, 1 6),
A,(0,-5,-4).

4,(0,-3, 1),
A (4,1, 2),

25. A3(2, 1 5),
A, (3, 1,-4).

4,(-3,-5, 6),

A (2, 1,-4),
28. A3(O, 3 _1)1

A, (-5, 2,-8).

Javoblar. 6.1 23§ 2\/_ 6.2 182 4:.63 215;

18127

4,(3, 10,-1),
A, (-2, 3,-5),

~ A6, 0,-3),

A1, -1, 2).

4,1, 3, 0),
A, (4,-1, 2),

A3, 0, D),

A, (-4, 3, 5).

4,(2,-4,-3),
A, (5,-6, 0),

* A1, 3,-3),
A,(~10,-8, 7).

43

51 1N§

6.2345,5; 7:6.24 24; 4 :6.25 32§;

191, [191
28 ——: |===:6.29
6 3

st a2

46— 414 ; 6883— 52 ; 69112§ /26 ;6.10 34; 7%

611113\/7625—\/761323 1 5:6.14
25l / oL, 6— 5v2:6

6 V15"
6.2111;\/1;6.2216;8-\/2;
6 V11 3
6.26 2,5; S-F; 6.27 231;
2 3

1 45J_

955 ——:6.20
101

21
A4,(-1, 2, 4),
A (-1,-2,-4),

A3, 0,-1),

A (7,-3,1).

A4,(-2,-1,-1),
A (0, 3, 2),

" A3, 1,-4),

A, (-4, 7, 3).

4,(1,-1, 2),
A (2,1, 2),

YA 1, 4),

A,(6,-3, 8).

6.5 190; 2+/38 : 6.6

1517,5. 7
19. 19
6 V2

97

438
: 6.30 6; 3./6.
J747
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Nugqgtadan tekislikkacha bo’lgan masofa

Izlanayotgan masofani uchlari  My(Xg, Y0,29),  Mi(X, V1, Z4),
M, (X,,¥5,2,), M3(X3,Y3,23) berilgan tetraedrning uchi My (Xq, Yo, Zo)

dan M;M,Mj; yog’iga tushirilgan balandlik orqali topish mumkin, ya’ni

q _ |Axy + By, +Czy + D|
JAZ 1 B2 +C2

Masalani hal qilishning boshqacha ko’rinishi esa, M(Xy, Yo:Zp)

nuqgtadan tekislikkacha bo’Igan d masofa:

d="——,

bu yerda | n| —tekislikning normal vektori

In = MM, MM,

MlMZZ{XZ_XL Yo = Y1 22_21}' M1M3:{X3_X1’ Y3 = Y1 23_21}’

MMy ={Xo =X, Yo— Y1 Zo — Z;} Vektorlarning koordinatalarini topamiz

i j k
|n|=[M1I\/I2, M1M3]=X2—X1 Yo=Y 474

X3—X% Y= Y1 4374

ni topamiz.

7—-masala. M, M,, M5 nuqtalardan o’tuvchi M, nuqtadan

tekislikkacha bo’lgan masofani toping.
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M(2, 3, 1),
M2(4, 1, _2),
M,(6, 3, 7),
M,(-5, —4, 8).
Uch nugtadan o’tuvchi tekislik tenglamasi
X=% Y—-% -7
Xo=X Yo—Y1 Z,—7|=0,
X3=% Ys—Y1 Z3—4
X—-2 y-3 -
2 -2 =3/=0,
4 0 6
—12(x-2)-24(y-3)+8(z-1) =0,
—12x—-24y +8z+88=0,
d |AXq + By, +Czq + D

JAZ4B24c2
OI:\—12-(—5)—24-(—4)+8-8+88\: 308 _308 _.,
J(12)2 + (—24)% + 82 J784 28
M(-3, 4,-7), M(-1, 2,-3), M (-3,-1, ),
M,(1, 5,—4), M,(4,-1, 0), M,(-9, 1,-2),
" My(-5,-2,0), M2 1,-2), " M4(3,-5, 4),
My(-12, 7,-1).  M,(1,—6,-5). My(~7, 0,-1).
M,(1,-1, 1), M., 2, 0), M, 0, 2),
M,(-2, 0, 3), M,(1,-1, 2), M,(L, 2,-1),
" M2, 1,-1), " M4(0, 1,-1), My (2,-2, ),

My(-2, 4, 2). My(2,-1, 4). My(-5,-9, 1).
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7.

10

13

16

1

22

M1, 2,-3),

M,(, 0, 1),
M, (-2,-1, 6),
My(3,-2,-9).
M,(0,-3, 1),
M, (4,1, 2),
My(2,-1, 5),
My(=3, 4,-5).
M, (-3,-5, 6),
M,(2, 1,-4),
M;(0,-3,-1),
M, (3, 6, 68).
M. (L, 3, 6),
M,(2, 2, 1),
My(-1, 0, 1),
M,(5,-4, 5).
M2, 1, 4),
M,(3, 5,-2),
M(-7,-3, 2),
My(=3, 1, 8).
M, (5, 2, 0),
M,(2, 5, 0),
ML, 2, 4)
My(=3,-6,-8).

8.

11

14

17

2

0

23

M, (3, 10,-1),
M,(-2, 3,-5),
M (-6, 0,-3),
My(-6, 7,-10).
M,(1, 3, 0),
M,(4,-1, 2),
M,(3, 0, 1),
M,y (4, 3, 0).
M, (2,-4,-3),
M,(5,-6, 0),
M,(-1, 3,-3),
My(2,-10, 8).
M, (-4, 2, 6),
M,(2,-3, 0),
'M,(-10, 5, 8),
My(-12, 1, 8).
M,(-1,-5, 2),
M,(-6, 0,-3),
'M4(3, 6,-3),
M,(10,-8,-7).
M, (2,-1,-2),
M,(1, 2, 1),
M,4(5, 0,-6),
M,(14,-3, 7).

My(-1, 2, 4),
My(=1,-2,—4),

" M43, 0,-1),
My(=2, 3, 5).

My (=2,-1,-1),
M,(0, 3, 2),

“ M43, 1,-4),
My(=21, 20,~16).

ML, -1, 2),

M,(2, 1, 2),
S ML, 1, 4),

My(=3, 2, 7).

My (7, 2, 4),
M, (7,-1,-2),
P M4 (=5,-2,-1),
M,y(10, 1, 8).

M,(0,-1,-1),

M,(=2, 3, 5),
" M4, -5,-9),

My(~4,-13, 6).

M, (=2, 0,—4),
My(-1, 7, 1),
M, (4,-8,—4),
My(=8, 5, 5).
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M,(14, 4, 5), M@, 2, 0), M,(2,-1, 2),
M,(-5,-3,2),  M,(3, 0,-3) M, (L, 2,-1),
® My(=2,-6,-3),  Ms(5, 2, 6) "ML (3, 2, D),
My(-1,-8, 7).  M,y(~13,-8, 16). My (=5, 3, 7).
M, 1, 2), M1, 1,-1), M1, 5-7),
M,(-1, 1, 3), M,(2, 3, 1), M,(-3, 6, 3),
T ML2,-2,8), M@, 2, 1), Y My(=2, 7, 3),
M,y(2, 3, 8). My(=3,~7, 6). My(,-1, 2).
Javoblar. 7.1 \/%;7.2 5v2:730:74 \/190_1;7.5 \/;_8;7.6 J77:77206:787;
7.9 g; 7.10 \/28_4 - 711 /6 : 7.12 jfoz_z?’l; 7.13 /573 7.14 %; 715 /6 : 7.16 214 - 7.17

232

4:7183:7.19 4:7.20 2+/38 : 7.21 2+/45:7.22 83 : 7.23 414 : 7.24 -

7.25 3\/E; 72619% -7.07 24/22: 7.28 7\/z - 7.29 ﬂ; 730 7.
2 7 10 V17

Normal vektori berilgan tekislik tenglamasi

8—masala. BC vektorga perpendikulyar bo’lgan 4 nuqtadan o’tuvchi

tekislik tenglamasini yozing.

A0, —2, 8),
B(4, 3, 2),
C@ 4, 3).
BC={-3 1 1.
BC izlananayotgan tekislikka perpendikulyar bo’lganligidan, uni

vektorning normali sifatida olish mumkin, u holda
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A(l, 0,-2),

1. B(2,-1,3),
C(0,-3, 2).
A(-8, 0, 7),

2. B(=3, 2, 4),
C(-1, 4, 5).
A, -1, 8),

7. B(—4,-3, 10),
C(-1,-1, 7).
A(-7, 0, 3),

0. B(1,-5,-4),
C(2,-3, 0).
A(-3, 7, 2),

13. B(3, 5, 1),
C(4, 5, 3).
A(3,-3,-6),

6. B(1, 9,-5),
C(6, 6,—4).
A(l, 0,-6),

1. B(-7, 2, 1),
C(-9, 6, 1).

—3(x=0)+(y+2)+(z-8) =0,

—-3Xx+y+z2-6=0.

A(-1, 3, 4),
2. B(-1, 5, 0),
C(2, 6, 1).

A(7,-5, 1),
s B(5,—1,—3),
C(3, 0,-4).

A(-2, 0,-5),
s. B(2, 7,-3),
C(, 10,-12).

A(0,-3, 5),
u B(-7, 2, 6),
C(-3, 2, 4).

A(l, -1, 5),
1. B(0, 7, 8),
C(-1, 3, 8).

A2, 1, 7),
17. B(9, 0, 2),
C(9, 2, 3).

A(-3, 1, 0),
2. B(6, 3, 3),
C(9, 4,-2).

A(4,-2, 0),

3 B(L,-1,-5),

C(-2, 1,-3).

A(=3, 5,-2),
6 B(~4, 0, 3),
C(-3, 2, 5).

A(l, 9,-4),
o B(5, 7, 1),
C(3, 5, 0).

A(b,-1, 2),
. B(2,—-4, 3),
C@4,-1, 3).

A(-10, 0, 9),
15. B(12, 4, 11),
C(8, 5, 15).

A(-7, 1,—4),
18 B8, 11,-3),
C(9, 9,-1).

A(~4,—-2, 5),
2 B(3,-3,-7),
C(9, 3,-7).



A(0,-8, 10), Al,-5,-2), A0, 7,-9),
2. B(-5, 5, 7), 23 B(6,-2, 1), 2. B(-1, 8,-11),
C(-8, 0, 4). C(2,-2,-2). C(-4, 3,-12).
A(-3,-1, 7), A5, 3, 1), A(-1, 2,-2),
2. B(0, 2,-6), 2. B(0, 0,-23), 27. B(13, 14, 1),
C(2, 3,-5). C(5,-1, 0). C(14, 15, 2).
A(7,-5, 0), A(-3, 6, 4), A(2, 5,-3),
28. B(8, 3,-1), 20. B(8,—3, 5), 5. B(7, 8,-1),
C(, 5,1). C(0,-3, 7). C(9, 7, 4).

Javoblar. 8.1 2X+2y+2=0;82 3Xx+y+2—-4=0;83 -3Xx+2y+2z+16=0;

84 —4X+2y+2-39=0;85-2Xx+y—-2+20=0;86 x+2y+22-9=0;

8.73X+2y—-32+23=0;88-X+3y+22+8=0;89 -2x—-2y—-2-16=0;

27

8.10 X+2y+4z—-5=0; 811 2Xx—z+5=0; 812 2x+3y—-7=0; 813 x+2z2-1=0;

8.14 X+4y+3=0;815—-4x+y+4z—-76=0;816 5x—-3y+2z-18=0;

8.172y+2—-9=0;818 Xx—2y+22+17=0;819 —x+2y+1=0;

8.20 3X+Yy—52+8=0;821 x+y+6=0;8223x+5y+32+10=0;

823 4X+32+2=0;824—-3x—-5y—-72+26=0;8252x+y+2=0;

8.26 5X—y+32-19=0;827 Xx+y+2z+1=0;828 y+2z+5=0;829 x+z-1=0;8.30
2X—Yy+52+16=0.

Tekisliklar orasidagi burchak

Fazoda tekisliklar
Ax+By+Ciz+D =0 va Ax+B,y+C,z+D, =0
tenglamalar bilan berilgan bo’Isin. Ular orasidagi ¢ burchak ushbu

formula bilan hisoblanadi:
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bunda n, ={A, B,, C,}, n, ={A,, B,, C,} —mos ravishda berilgan

tekisliklarning normal vektorlari.

9-masala. Tekisliklar orasidagi burchakni toping.

6X+2y—-4z+17 =0,
Ox+3y—-6z2—-4=0.

n ={6, 2,-4},
n, ={9, 3,-6}.
6-9+2-3+(-4)-(-6) -
J62 422 4 (—4)2. /9% + 32 1 (6)2
__ 84 84 _84_,
J56-4/126 /7056 84
@ =arccosl=0.

COSQ =

X—3y+5=0, X—-3y+z-1=0, 4x—-5y+3z-1=0,
1'2x—y+52—16:0. " Xt+z-1=0. 3'x—4y—z+9:0.

3X—y+2z+15=0, x-y/2+2-1=0, 3y-z=0,
4'5x+9y—3z—1=0. 5'x+ y~2-2+36=0. 6'2y+z=0.

6Xx+3y—2z =0, X+2y+2z-3=0, 2X—Y+52+16,
"X+2y+67-12=0.  16x+12y-152-1=0. x+2y+3z+8=0.

2X+2y+2-1=0, 3X+y+z-4=0, 3x—2y—-2z2-16=0,

10. 11. 12.
X+z-1=0. y+2+5=0. X+y—-3z-7=0.

2X+2y+2+9=0, x+2y+2z-3=0, 3Xx+2y—-3z2-1=0,
3'x—y+3z—1:0. 14'2x—y+22+5:0. 15'x+y+z—7:0.

1
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X—3y—-2z2-8=0, 3X-2y+3z+23=0, XxX+y+3z-7=0,

16. 17. 18.
X+y—-2+3=0. y+z+5=0. y+z-1=0.
X—2y+2z+17=0, X—2y—-1=0, 2X—72+5=0,

Y x—2y-1=0. P X+y+6=0. " 2x+3y-7=0.
SX+3y+z-18=0, 4x+3z-2=0, X+4y—-z+1=0,
“2y+z-9=0. P X+2y+2245=0.  2x+y+4z-3=0.
2y+2-9=0, 2X—6y+14z-1=0, X—y+7x-1=0,

2

5'x—y+22—1:0. 26'5x—15y+352—3:0. o 2x—2y-5=0.

3x—y-5=0, X+Y+2/2-3=0, X+2y—2z—7=0,
8-2X+y—320. 29.X_y+2\/§_120. 3O'X+y—35=0.

2

Javoblar. 9.1 arccos% ~73%13'17": 9.2 arccos\/% ~64°45'38":
9.3 arccos0,7 ~ 45°34'23": 9.4 90°; 9.5 60°: 9.6 45°: 9.7 90°; 9.8 arccos% ~82°:

9.9 arccos, /% ~ 42°57'7":9.10 arccos% =45°:9.11 arccos\/% ~64°45'38":

7 1 4
9.12 arccos ~59°12'37": 9.13 arccos—— ~ 72°27'6": 9.14 arccos— =~ 63°36'44" -
187 Vi1 9
9.15 arccosi ~ 75°44'54" - 9.16 arccos 0 = 90°: 9.17 arccosi ~81%19'45" .
66 N44

0.18 arccosZ\/lz =31°28'56" ; 9.19 arccos? =41°48'37":

9.20 arccosi=18°26’6”; 9.21 arccosiz60°15’18”; 9.22 arccosg:58°3’7”;

J10 /65
9.23 arccosg = 48%11'23": 9.24 arccos 2 =84°5'4":9.2590%: 9.26 1;
3 342

9.27 arccos‘/mi2 = 78°34'42": 9.28 45°: 9.29 60° 9.30 45°.



30

Bir xil uzoglikda yotgan nugtaning koordinatalari

10-masala. B va C nuglardan bir xil uzoglikda yotgan 4 nugtaning

koordinatalarini toping.

A(x,0,0), B(L2,3), C(26,10).

AB =/(1-x)2 +22 +3% =~/x2 — 2x +14,
AC =+/(2—x)% + 62 +10% =~/x2 — 4x +140.

Shartga ko’ra AB = AC ekanligidan

VX2 = 2% +14 = X2 — 4x +140,
X° —2X +14 = x* — 4x + 140,
2x =126,
X =063
Demak, A(63, 0, 0).

A(0, 0, 2), A(0, 0, 2), A(0, 0, 2),
1. B(5, 1, 0), 2.B(3, 3, 1), 3. B(3, 1, 3),
C(0, 2, 3). C(@4, 1, 2. C@, 4, 2).
A(0, 0, 2), A(0, 0, 2), A(0, 0, 2),

2 B(-1,-1,-6), 5. B(—13, 4, 6), 6. B(-5,-5, 6),
C(2, 3, 5). C(0,-9, 5). C(-7, 6, 2).
A(0, 0, 2), A(0, 0, 2), A(0, 0, 2),

7. B(-18, 1, 0), s. B(10, 0,-2), o. B(-6, 7, 5),

C(15,-10, 2). C(9,-2, 1). C(8,-4, 3).



A(0, 0, 2),
0. B(6,-7, 1),
C(-1, 2, 5).

A0, y, 0),
3. B(1, 6, 4),
C@, 7, 1.

A0, y, 0),
16. B(2, 2, 4),
C(0, 4, 2).

A0, y, 0),
9. B(-2, 4,-6),
C(, 5, 1.

A(x, 0, 0),
2. B(0, 1, 3),
C(2, 0, 4).

A(x, 0, 0),
2. B(3, 5, 6),
C(, 2, 3).

A(x, 0, 0),
28. B(1, 5, 9),
C(@3, 7, 11).

A(0, 0, 2),
u B(7, 0,-15),

C(2, 10,-12).

A0, y, 0),
1. B(-2, 8, 10),
C(6, 11,-2).

A0, y, 0),
1. B(0,—4, 1),
C@,-3, 5).

A0, y, 0),
2 B(7, 3,-4),
C(, 5, 7).

A(x, 0, 0),
23 B(4, 0, 5),
C(5, 4, 2).

A(x, 0, 0),
26. B(4, 5,—2),
C(2, 3, 4).

A(x, 0, 0),
20. B(4, 6, 8),
C(2, 4, 6).

A0, y, 0),
2. B(3, 0, 3),
C(0, 2, 4).

A, y, 0),
15. B(-2,—4, 6),
C(7, 2, 5).

A, y, 0),
e B(0, 5,-9),
C(-1, 0, 5).

A0, v, 0),
21. B(0,-2, 4),
C(-4, 0, 4).

A(x, 0, 0),
2. B(8, 1,-7),
C(0,-2, 1.

A(x, 0, 0),
27. B(-2, 0, 6),
C(0,-2,-4).

A(x, 0, 0),
0. B(-2,-4,-6),
C(-1,-2,-3).

Javoblar. 10.1 A(o; 0; —2%) 1102 A(0;0;1); 103 A(0; 0; —1); 10.4 A(0;0;0);

105 A(0;0;7,5); 10.6 A(O; o;—gj; 107 A(0;0;1); 108 A(0;0;-3); 109 A(0;0;5,25);
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10.10 A(0;0; - 7); 10.11 A(O; 0;—4%);10.12 A(O; %; oj; 1013 A(0; 11; 0);
10.14 A(O; —%; o);lo.ls A(O; 12; oj;lo.le A(0; -1 0);10.17 A(0; 9; 0);

1018 A(0; 8; 0); 1019 A(0; 17; 0); 10.20 A(O; %; Oj; 1021 A(0; 3; 0);

1022 A(2,5; 0; 0); 1023 A(2; 0; 0); 10.24 A(-2,25; 0; 0); 10.25 A(14; 0; 0);
1026 A(4; 0; 0);10.27 A(=5; 0; 0); 10.28 A(18; 0; 0); 10.29 A(15; 0; 0);
10.30 A(-21; 0; 0).

11-masala. Markazi koordinata boshida bo’lgan k-—gomotetiya
koeffitsiyenti bo’lsin. A nuqta « tekislikning obrazi(aksi)ga tegishliligini
tekshiring.
A 1, 1),
a.(X—06y+z-5=0,
k =-2.
Markazi koordinata boshida bo’lgan « tekislik o’xshash akslantirishlarga
ko’ra o' tekislikka o’tadi.
a.Ax+By+Cz+ D=0,
a'  AXx+By+Cz+k-D=0,
a'.IXx—6y+z+10=0.
Al,1,1)=7-6+1+10=0,
12 # 0.
Shunday qilib, A nugta « tekislikning obrazi (aksi)ga tegishli bo’lmas

ekan.
A, 2,-1), A2, 1, 2),
La:2X+3y+z2-1=0, 2 X—2y+2+1=0,

k=2. k =-2.



A(-1, 1, 1),
s :3X—y+22+4=0,

k=",
2

A(li 11_2j1
3
s X—3y+2+6=0,
k==.
3
A(2, 0,-1),
7.0:X—3y+52-1=0,
k =-1.

A(2,-5, 4),
0. 5X+2y—-2+3=0,
4

k=",
3

A(-2, 3,-3),
noa.3X+2y—-2-2=0,
k=2,
2
A0, 1,-1),
13 .6X—-5y+32-4=0,
3

k=-2.
4

33
A(-2, 4, 1),
4 3X+Yy+2x+2=0,
k =3.

{5

6.a:2X—3y+32—-2=0,
k =15.

Al,-2, 1),
8 .:OX+Yy—2+6=0,
k=2/3.

A(2,-3, 1),
0a.X+y—-22+2=0,

A2, 3,-2),
1 o.3X—2y+4z-6=0,
4

kK=—".
3
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A(-2,-1,1), A(5, 0,-1),

5. X—2y+62-10=0, 6. a.2X—y+32-1=0,
k:§. k =3.
5
1
=, 11
A(:%’ ’ ) A2, 5, 1),
7. 3X—Y+52-6=0, 18.15X—2y+2-3=0,
k=2, k=1
6 3
A(_ll 2! 3)1 A(4’ 31 1)1
v X—-3y+2+2=0, 20 :3X—4y+52-6=0,
k=25. k:§.
6
A3, 5, 2), A4, 0,-3),
21 9X—3y+2—-4=0, 2a.lXx—y+32z-1=0,
k:l_ k=3.
2
A(-1, 1,-2), A(2,-5,-1),
3.0 4X—y+32-6=0, 240 .5x+2y—-32-9=0,
k:—§. kzl.
3 3
A(-3,-2, 4), A(5, 0,-6),
5.0 .2X—3y+2-5=0, 6. .6X—y—2+7=0,
K=—2 k=2,

3) 7
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A, 2, 2), AQ3, 2, 4),
.0 . 3X—2+5=0, 8.0 .2X—3y+2—-6=0,
k=-1 k=2,
5 3
A(7, 0,-1), A0, 3,-1),
.. X—y—-2-1=0, 0.a:2X—Yy+32-1=0,

Javoblar. 11.1 yo’q; 112 ha; 11.3 ha; 11.4 yo’q; 11.5 ha; 11.6 ha; 11.7 yo’q; 11.8 yo’q;
11.9 ha; 11.10 yo’q; 11.11 ha; 11.12 ha; 11.13 yo’q; 11.14 ha; 11.15 ha; 11.16 yo’q; 11.17 ha;
11.18 ha; 11.19 yo’q; 1120 ha; 11.21 ha; 11.22 yo’q; 11.23 yo’q; 11.24 ha; 11.25 yo’q;

11.26 yo’q; 11.27 ha; 11.28 yo’q; 11.29 yo’q; 11.30 yo’q.

To’g’ri chizigning kanonik tenglamasi

12—-masala. To’g’ri chizigning kanonik tenglamasini yozing.

X—3y+2z2+2=0,
X+3y+2z+14=0.

i k
S=nxn, = -3 2/=-9i+ j+6k.
1 3 1

S={-9, 1, 6}
(X0, Yo, 2g) to’g’ri chizigdan o’tuvchi biror nuqtaning koordinasini
topamiz.

z ning koordinatasiga z = 0 giymatni beramiz

X—-3y+2=0, X-3y+2=0, X = -8,
= =
X+3y+14=0 6y =-12



36
Shunday qilib, izlanayotgan nugtaning koordinatasi (-8, —2, 0).
To’g’ri chiziq tenglamasi

X+8 y+2 1z

-9 1 6

2X+y+2—-2=0, X—2y+z-4=0, X+y+z-2=0,
COX—y-324+46=0. 2x+2y-7-8=0.  Xx—y-22+2=0.

2X+3y+2+6=0, 3X+y—-z-6=0, X+95y+2z2+11=0,
4'x—3y—22+3:0. 5'3x—y+22:0. 6'x—y—z—1:0.
3Xx+4y—-2z2+1=0, OX+y—-32+4=0, X—y—z-2=0,

7'2x—4y+3z-+4:0. 8'x—y+22+2:0. 9'x—2y+z+4:0.

4x+y—-32+2=0, 3x+3y—-2z-1=0, 6Xx—-7y—-4z-2=0,
O'2x—y+z—8:0. 11'2x—3y+z+6=0. 1

1

2'x+7y—z—5=0.

8x—y—-3z-1=0, 6Xx—-5y—-4z+8=0, X+5y—-z2-5=0,
3'x+y+z+10:0. 14'6x+5y+32-+4:0. 15'2x—5y+22+5:0.

1

2X—-3y+2+6=0, SX+y+2z2+4=0, Ax+y+2+2=0,
"X—3y-27+43=0.  x-y-3242=0.  2x—y-3z-8=0.

1

2X+Yy—-32—-2=0, X+5y—-2z+11=0, X+y—-2z2-2=0,
19'2x—y+z+6:0. 20'x—y+22—1:0. 21'x—y+z+2:0.
X—y+z2-2=0, 6Xx—-7y—z-2=0, X+5y+2z2-5=0,

2 2

2'x—2y—z+4:0. 23'x+7y—4z—5:0. 4'2x—5y—z+5:0.

X—3y+z+2=0, 2X+3y—22+6=0, 3X+4y+3z+1=0,
5'x+3y+22+14:0.26'x—3y+z+3:0. 27'2x—4y—22+4:0.

2



3x+3y+z-1=0, 6Xx -5y +32+8=0, 2X—-3y—-2z+6=0,

2

Y OX—3y—2746=0. 6x+5y—4z+4=0.  x—-3y+z+3=0

Javoblar.lZ.ll—Xzy;z—— 122X;:X:E;12_3i:y__2:i
— 3 6 — -2
124)(—+3_X=i 125 X—1== y :z+2;126x+6_y+1_ z
-3 5 -9 -9 -6 -3 3 -6
_1 _ _ _
127x+1_y 2 _ 2 x+1_y 1_ Z ;12.9x_8:y_6:i
-4 -13 -20 -1 -13 -6 -3 -2 -1
_1 4
g Xt y+b_z x4l Yos 2 1212 =Y r_2
-2 =10 - — -7 -15 2 49
X+1 y+9 z x+1 y-04 z X y-1 z
1213 ——=-"——=—:;1214 = = 1215 — =2 " —_—
2 -11 9 5 —-42 60 5 -4 -15
e X3 Y 2y Xyl 2, X2l Y6z
9 — -1 17 -6 — 14 -6
g X¥2_Y=4_ 2 Xl y+2 Z X _¥=2_ 2z
-2 - - -3 - — -3 =2
X — —6 z x-1 y—-7 z 1z
1222 ——="——=—;1228 — = =— ;1224 —="7—"=——
2 -1 35 23 49 5 5 -15
1
oo x+8_y+2:E 526 x+3: y _ 2 ;1227x+1:y+2: z ’
-9 - - -4 -9 12 -20
_4 _
12.28 =5 _ 2 :12.29 x+1_y-04_2 o 22 _Y_Z
-3 8 -15 42 60 9 4 3

To’g’ri chiziq va tekislikning kesishish nuqtasi

13-masala. To’g’ri chiziq va tekislikning kesishish nuqtasini toping.

X+2 y-1 z+3
-1 1 2
X+2y—-z-2=0,

37
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X=—t-2,
y=t+1,
z=2t-3.

Tekislik tenglamasiga olib borib qo’yamiz

(-t—-2)+2(t+1)-(2t-3)-2=0,
—1-2+2t+2-2t+3-2=0,
-t+1=0,
t=1.

Shunday qilib, izlanayotgan nugtaning koordinasi (-3, 2, —1).

x-2_y-3_z+1 x+1 y-3_z+1 x-1 y+5 z-1

. -1 -1 4’23 -4 5"s-1 4 2
X+2y+3z-14=0. x+2y-52+20=0. x-3y+7z-24=0.

x-1_y_z+3 Xx—5_y-3 z-2 x+1 y+2 7-3
« 1 0 27 s 1 -1 0 'e-3 2 -2
2X—y+4z=0. 3X+y-5z-12=0. X+3y—-52+9=0.

x-1_y-2 z+1 x-1 y-2 z-4 X+2 y-1 z+4

-2 1 -1"«2 0 1 ee-1 1 -1'
X—2y+5z2+17=0. X—2y+4z-19=0. 2X—-Yy+3z+23=0.

X+2 y-2 z+3 x-1_ y-1 z+2 x-1 y+1 z-1

w 1 0 0 w2 -1 3 w1 0 -1
2X—-3y—-5z2-7=0. 4x+2y-z-11=0. 3Xx-2y—-4z-8=0.

X+3 y-2 z2+2 x-2 y-2 1-4 x-3 y-4 1-4

s 1 -5 3 'w 2 -1 3 's-1 5 2
SX—y+4z+3=0. X+3y+5z2-42=0. IX+y+4z—-47=0.
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x+3 y-1 z-1 x-3 y+1 z+3 X-=5 y-2 z+4
6. 2 3 5 1w 2 3 2 1 =2 0 -1
2X+3y+72-52=0. 3x+4y+7z-16=0. 2x-5y+4z+24=0.

x-1 y-8 z+5 x-3 y-1 z+5 Xx-5 y+3 z-1

19. 8 -5 12 20 1 -1 0 2. —1 5 2
X—2y—-32+18=0. x+7y+3z+11=0. 3X+7y—-5z-11=0.

x-1_y-2 z-6 x-3_y+2_ z-8 Xx+1 y_ z+1

22. 1 —1 'z 1 -1 0 "2 -2 0 3
4x+y-6z2-5=0. SX+9y+4z-25=0. x+4y+13z-23=0.

x-1 y-3 z+5 x-2 y-1 z+3 x-1 y+2 z-3

5. 6 1 3 2 4 3 -2 a2 -5 -2
3X-2y+52-3=0. 3x-y+4z=0. X+2y-52+16=0.

X=1 y-3 z+2 X+3 y—-2 z+5 X-7 y-3 z+1

28. 1 0 -2 2» 0 -3 11 30 3 1 -2
3X-7y—-2z+7=0. SX+7y+9z-32=0. 2X+Yy+72-3=0.

Javoblar. 13.1 (1, 2;3);13.2 (2;-1; 4);133 (0;-1; 3);134(2; 0; —1) ;135 (7;1 2);

13.6 (-4; 0; 1); 137 (7;-1 —5%); 13.8 (3;2;5); 139 (-3; 2; —5); 3.10 (-1 2; —3);

13.11 (3;0;1); 1312 (2;-1; 0); 1313 (-2; —3;1);13.14 (4; 1; 7); 1315 (2, 9; 6);

13.16 (=1, 4; 6); 13.17 (5; 2; —1); 13.18 (3; 2; —5); 13.19 (9; 3; 7); 13.20 (4; O0; —5);
1321 (4; 2; 3); 1322 (8; 3; 5); 1323 (4; —3; 8); 1324 (-3, 0; 2); 1325 (7; 4, —2);
1326 (6; —2; —5); 1327 (3, —-7;1); 1328 (2;3;, —4); 13.29 (-3, -1 6);
13.30(10; 4; —3).

To’g’ri chizigqa nisbatan nuqtalarning simmetrikligi

14-masala. To’g’ri chiziqqa nisbatan, M nuqtaga simmetrik bo’lgan
M'" nugtani toping.
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M(3, 3, 3),
x-1 y-15 z-3
-1 0 1
—1.(x-3)+0-(y—-3)+1-(z-3) =0,
—-X+2=0.

To’g’ri chiziq va tekislikning kesishish nuqgtasini topamiz

. . X=-t+1]
x-1_y- ,522—3:> y=15,
-1 0

z=1+3.

—(-t+D)+(t+3)=0,
2t +2 =0,
t=-1.

M, (2; 1,5; 2)— kesishish nuqgtasining koordinatasi

Bundan,
Xy = MM = 20y — Xy =2-2-3=1,
+ Yy
YMm, :wj Ym =2Ym, —¥Ym =2:15-3=0,
2. =WZ>ZM-=ZZMO —zy =2-2-3=1.

Demak, M'(1, O, 1)— izlanayotgan nuqta.

To’g’ri chizigqa (1-15 variantlar uchun) yoki tekislikka (16—30

variantlar uchun) nisbatan » nuqtaga simmetrik bo’lgan »* nugtani

toping
M(0,-3,-2), M(2,-1,1),
1 x-1 y+15 z 2X-45 y+3 z-2

1 -1 1 1 05 1




M(,1,1),
3x-2 y+15 z-1
1 -2 1

M(, 0,-1),
5. X=35 y-15 z

2 2 0

M(-2,-3, 0),

. X+05 y+15 z-05

1 0 1

MO, 2, 1),
©x-15 'y z-2

2 -1 1

M(-1, 2, 0),

1 Xx+05 y+075 z-2

1 -0,2 2

M(-1, 0, 1),
BXx+05 y-1 z-4
0 0 2

M(, 0, 1),
15'4x+6y+4z—25:0.

M(0, 2, 1),
7'2x+4y—3=0.

1

M(-1, 2, 0),
9'4x—5y—z—7:0.

1
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M(1, 2, 3),
4x-05 y+15 z-15
0 -1 1
M(2,1, 0),
6 Xx—2 y+15 z+05
0 -1 1
M(-1, 0,-1),
& X y-15 z-2
-1 0 1
M@3,-3,-1),
wx-6 y-35 z+05
5 4 0o
M(2,-2,-3),
2x-1 y+05 z+15
-1 0 0
M(0,-3,-2),
14 x-05 y+15 z-15
0 -1 1
M(-1, 0,-1),

1

" oX+6y—2z+11=0.

M(2, 1, 0),
8'y+z+2:0.

1

M(2,-1, 1),
0'x—y+22—2=0.

2
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M@, 1, ), M(L, 2, 3),

21'x+4y+3z +5=0. * 2x+10y+10z-1=0.
M(0,-3,-2), M(L, 0,-1),

® 2x+10y +102-1=0. “oy+az-1=0.
M(3,-3,-1), M(=2,-3, 0),

25'2x—4y—4z—13=0. ® X+5y+4=0.
M(2,-2,-3), M(-1, 0, 1),

" yirz42=0. ® 2x+4y-3=0.
M(3, 3, 3), M(=2, 0, 3),

“ 8x+6y+82-22=0. Y ox—2y+102+1=0.

Javoblar. 14.1 M'(1; ;1) ;142 M'(3;-3;-1) ;143 M'(L; 0;-1); 144 M'(0; - 3;-2);

145 M'(2;-1 1) ;146 M'(2;-2;-3);147 M'(-L, 0;-1);148 M'(3;3;3);

149 M'(-1; 0;1); 1420 M'(-L 2;0); 1411 M'(-2;-3;0); 1412 M'(2; 1; 0);

1413 M'(0; 2;1); 1414 M'(L; 2; 3); 1415 M'(3; 3; 3) ; 14.16 M'(-2; - 3;0) ;

1417 M'(-L; 0;1); 1418 M'(2;—2;-3); 1419 M'(3;-3;-1); 1420 M'(1; 0;-1); 14.21
M'(0;-3;—2);1422 M'(0; - 3;—2) ;1423 M'(1; 2;3); 1424 M'(1,1,1) ;

1425 M'(2;-1; 1); 1426 M'(-1,-2; 0); 1427 M'(2; 1, 0); 1428 M'(0; 2; 1);

1429 M'(-1 0;-1) 1430 M'(-3; 1;,-2).

Il BOB. Limitlar nazariyasi

Limitlar nazariyasi bo’limida, siz sonli ketma-ketlik tushunchasi,
nugtada son va funksiyaning uzluksizligi, turli limitlarni hisoblashning
maxsus yo’llari bilan tanishasiz.

Ta’rif. Agar a nugtaning ixtiyoriy (a—e, a+¢) atrofi Ve >0

olinganda ham {x, } ketma-ketlikning biror hadidan boshlab, keyingi
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barcha hadlari shu trofga tegishli bo’lsa, a son {x,} ketma — ketlikning

limiti deyiladi va
limx, =a
n—oo

kabi belgilanadi.

Ketma-ketlikning ti’rifini quyidagicha ta’riflash ham mumkin.
Ta’rif. Agar Ve >0 son olinganda ham shunday natural n, son

(ny € N) topilsaki, barcha n > n, lar uchun
X, —a<e
tengsizlik bajarilsa, a son {x,} ketma—ketlikning limiti deyiladi.

1-masala. lim a, =a ekanligini isbotlang (N (¢) ko’rsating).
3n—-2 3
= a

n ' -

2n—1 2

limitning ta’rifiga ko’ra:

Ve>0: IN(g): Vnin>=N(e): |a, —a <e
3n-2 3
on—1 2
‘Zﬁn—a—BQn—DLQT
22n-1 | 7

6n-4-6n+3

<&

2(2n-1) |

-1
2(2n -1)

1
2(2n -1)

<&

<é&;

<é&

Vne N : 1 > 0 ekanligidan,
2(2n-1)
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1

<&
2(2n-1)
2n—1>i;
2&

n >1(i+lj;
2\ 2¢
o[ el
2\ 2¢ 12 4g| | 4¢

vn> N(¢)da |a, —al < & tengsizlik bajarilishidan,

. 3n—-2 3
lim =—
oo 2n—-1 2
kelib chigadi.
4dn -1 n+4 /
1 a, = , a=2. 2.4, = , a=—.
2n+1 2n+1 2
2n—-5 2 7n-1
a, = , a=—. 4.a, = ,a="T1.
3n+1 3 n+1
_4nt+l 4 sa 90 1
" 3n?+2" 3 N 14 ond 2
4n-3 1-2n? 1
a, = , a=2. g, =——,a=—_.
2n+1 2+4n 2
an n+1 1
9., =———, a=->. 10. @, = L a=—-=
n+1 -2n 2
2n+1 2 —2n?
1. a, = , a=—_. 12. 8y =— , a=-2
n—>5 3 n°+3
13. a, = 3n° a=-3 14. &, = a—1
"2-n? " en-1T 3



1112{

1.15

1.20

15.

17. a

19.

21.

23.

25.

27.

29.

8+ 20¢
. 25¢

13+6€:|

3n® 3 4+2n 2
=——, a=3. 16. @, o AT
n° -1 1-3n 3
5n+15 3-n? 1
= = -5, 18. @, = 5, a=—=
6-—n 4+ 2n 2
2n-1 2 n-1 3
= a=——. 20. &, = ,a=—.
2—-3n 3 5n+1 5
_4n-3 2 _1-2n° a1
2n+1 | 2 +4n? 2
_on+1 21 o4 2 2-2n 1
10n-3’ 2 " 344n’ 2
:23 4n _a 2'an_1+3n, __a
2-n 6-n
_2n+3 s 3n*+2 _ 3
n+5 ' " an? 1 4
2 —3n? 3 2n3
= a=——. 0.8, =—_, a=2
4 +5n 5 n° —2
3+g} {1+2g [17+63' {8} { 1/5 H
1. 1.3 ‘14| —|;15]| . [=|——=2| |+1;
2¢& 9¢ | g 3¢
} 5+g ;1.8|: ll—1}+1;1.9[§};1.103-[i+£}
2\e g de 2
{/ }+1;1.13[ §+2}+1;1.14 [l+128};
& 9¢
3‘/1+§:|+1;1.16|:14+128:|; 77+{E ;1.18|: i—2}+1;1 [1+158
i & 9¢ & 2¢& O¢
} [5”} { 1 Jﬂ [5+14g} [7+2g}
:1.21 1.22| === |+1:1.23 - 1.24 :
2¢ & 20¢ 8¢

45
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1.25 3+[E} 1.26 7 +[§}; 1.27 [Z}—m 1.2 F
P P & 2
1.30 {3‘/2+ﬂ}+1.
&

2—masala. Sonli ketma-ketlikning limitini hisoblang.

E§—4‘ +1;
5|5¢

11 JH {
—+1|+1;1.29
4

Sonli ketma-ketlikning limiti

(6 n)’ —(6+n)°?
bl (6+n)° —(1—n)?
—24n . —24 24 12

= lim =lim——" = _=c
"M14n135 ne14+35/n 14 7

Im(36 12n+n?) — (36+12n+n)
e (364+12n+n%)—(1-2n+n?)

i B n)2+(3+n)2
> (3—n)? —(3+n)°

o im 3~ n)* +(2- n)4_
n—o (1-n)* - (1+n)*

. (3 n)*—(2- n) o lim 1-n)*-@1+n)*
oy —@an)? e (L+1)? = (1-n)°
. (n+1)° - (n+1)? (1+2n) —8n®
oo (n-1)° —(n+1)° 'n%oo(1+2n) +4n°
(3—4n)? (3-n)’

'r!Loo(n 32 —(n+3)%

(n+1) +(n-D?-(n+2)*

g (4—n)°

a4 lim (n+1)3+(n+2)°
n—>o (n+4)° +(n+5)°

i lim (n+1) —(n- 1)
o (n+1)° +(n-1)°%

s lim (n+6)° —(n+1)°
o (2n+3)2 + (n+4)?

8. lim .
n—>o (n+1)% — (n+1)°

2(n+1)% +(n-2)°

10. lim 5
e N°4+2n-3
3 3
o lim (n+3)°+(n+4) |
n—>x (n+3)* —(n+4)*
8n® —2n
14. lim 7
> (n+1)* — (n-1)
3 3
s lim (2n-3)" - (n+5)

-0 (3n-1)°%+(2n+3)°
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. (n+10) +(3n+1)* + lim (2n+1)3+(3n+2)3
o (n+6)°-(n+1)° n—® (2n+3)° —(n—-7)°
" (n+7)°%-(n+2)3 o lim (2n+1)°%-(2n+3)*
'n»oo(3n+2) +(4n+1)* n%oo(2n+1) +(2n+3)*
21. lim n° —(n- 1) 22. lim (n+2)* - (n-2)*
o (142)* —n? n>= (N+5)° +(n-5)>
23. lim (n+1) _(n 1) . 24. liIm (n+1) _(n 1)
n—>» (n+1)° + (n-1)° n—o (N +1)° —(n—l)
. (n+1) —(n-1)° | o Tim (n+2)3+(n—2)3.
%oo(n+1) —(n-1)° nso  n*42n? -1
. (n+1) +(n- 1) | 2 [im (n+1) +(n 1)
n—>oo n —3n n—c0 n +1
2o (n+2) —(n— 2) w0 lim (2n+1) —(n+1)
n—>oo (n+3)° N0 n®+n+1

1 8
Javoblar.2.1 —o0; 2.2 5; 232:24—-4:25—-0;2615;27—-—:;281;290;2.10 +o0;

2111; 212 —%; 213 4:2141;2153;2.16 é; 2.17 g; 2.18 5:2.19 g; 2.20 — 3;

221 0:222 +00:2234:224 +00;2253:2260:2272:2282:2290:230 3.

Sonli ketma-ketlikning limiti

3—-masala. Sonli ketma-ketlikning limitini hisoblang.

2 4 3l — ——+7
. AN =1+7n° . n n°
lim =lim
=8N +n+1-n ”%4\/ L, 1

lim n3/5n2 +4/9n8 +1 . lim Jn—1++/n%+1

”%w(n+\/n)m ”*"O\/Sn +3+4n°+1
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3. lim

13.

15.

17. lim

19.

21.

23.

\/nTJrl—\/n——l
i n¥/n —%/27n°® + n?
e (n+4nVe+n®
jim Y1+ 240 -2
”*"OM+ﬁ

\/W Jan®+5

Yn+7-n

Jn+3-+/n?-3
1. lim .
n—>»3/n5 _4 _4/n* +1
lim 3/n —9n?
n—>03n_4/on8 11
lim n3/7n —4/81n® =
”—>°°(n+4\/_}\/n —

Vn® +4 +/n
n—>3nb 46 \/7

lim Jn+3 3\/8n+
> 4+ 4 —Yn5 +5
3/n2 —Jn2 +5

lim
n%oof{/‘ Jnsl

lim In® +2 -5n°
oo _ynf—n+l

i nv71n —3/64n°® +9

n—>oo

10. lim

14. lim

T AN’

J3n-1+3/125n° tn
3/n—n

o JIn+2-+n?+2
6. lim 3 .
e 4/4n? +1-3/n? -1
T
e \f4n® 43 n

4. lim

n—o0

n%/3n +1+J81n —n?+1

-2 (n4+3/n)V5-n+n’
2. lim In°+3—+

n—e 3/ pd +3+\/7
Jan+1-327n° + 4

n>e 4/n _3/n® +n
C 3Ynd—7+43n?+4
16. lim ,
N> 4/n° 4+ 544/n
an? —4/n3
18. lim

n—>o3nb 31— 5n
o lim n%/11n ++/25n* —81
"Hw(n 7JnNnZ—n+1

22. lim n'+5- n—5.
”%w7\/n7+5+\/n—5
. Jn+2 3x/n?’+ |
rH°‘°7x/n+2 An® +2

Jn+6-+/n*-5
6. lim :
”%w\/n +3+4nd+1




x/n8+ —Jn . n?=-+n*+1

Ilm 28. lim

Jn+1- 3x/n?’+1 n¥/n+3n' +1

9. lim 30. lim

”*004\/n+1 In® +1 naoo(n+\/ﬁ n’ —1

Javoblar. 3.1\/§; 32 —00:3300;347:355:36—-3:370:3820:;393:3102;
311 9:3.120:3.13 00: 3.14 3\/§; 3.150:3.16 —3;3.170:3.18 00; 3.194;3.20 2;
321 5:3220:32300:3245:3251:3.26 —4:3.27 —1:3.2800:3.291:3.30 00.

Sonli ketma-ketlikning limiti

4-masala. Sonli ketma-ketlikning limitini hisoblang.

| m\/(n2 +5)(n* +2) —/n® —3n%+5 _

nN—o0 n

= n(\/(n2 +5)(n* +2) +/n° —3n° +5)

: 5n* +3n° +2n* +5
=lim _
e nw(n2 +5)(n* +2) +/n® - 3n* +5)
(5n +3n° +2n° +5)

=lim
i n(\/(n +5)(n* +2) +/n® =3n° +5)

S+t A+ 5+0+0+0 5
wa(1+5)(1+2)+¢1 3+5) JL+0)1+0)+1-0+0 2

1. lim n(\/n +1-+/n? -1).

n—oo

2. lim n(/n(n—2) —v/n* —3).
3. Ilm(n—\/n - )”n/—

Nn—oo

4 lim(/(n? +1)(n2 —4) —/n* - 9).

49

(\/(n2 +5)(n* +2) —v/n® —3n° JFSXJ(n2 +5)(n* +2) ++/n° —3n° +5):
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Jn® -8 —ny/n(n? +5))

 Jm S

6. lim(/n*=3n+2—n).
N—oo

7 Iim(n +34— n3).
Nn—oo

8. lim(/n(n+2) —Vn*-2n+3).

o. lim(J(n+2)(n+1) —/(n-1)(n+3)).

0. lim n2(y/n(n* —1) —vn® —8).

11. lim n(3/5+8n° - 2n).

N—o0

2 limn?2@/5+n3 -3+ n%).

n—oo

i3 lim@/(n+2)% -3 (n-3)%).

J(h+1)*—/n(n-1)(n-3)
N .

14. lim
n—oo

5 lim(W/n? +3n—2-/n?-3).

n—oo

16. lim Vn(vn+2-+/n=3).

nN—o0

o tim \/n(n5+9)—\/(n4—1)(n2+5).

N— o0 n

18. lim(y/n(n+5) —n).

10, lim Vnd +8(/n3 +2 —/n?-1).

nN—oo

o Tim \/(n?’ +1Xn2 +3)—\/n(n4 + 2).
N—>o0 2:/n




21.

=

lim ((n* +(n* +2) = /(0 ~1)(n° - 2)).
o i VO +D(0” =D —nyn(n +1)

n—o0 n

y \/(n4+1)(n2—1)—\/n6 1

n—)OO

24, nm(n—m)

2. 1im n°@fn?(n° + 4)-3/(n° - 1)),
2. JL@O(nﬁ—Jn(n +1)(n+2)).

27. lim ¥n@/n? —3/n(n-1)).

nN—oo

28. lim Vn+2(n+3-+n-4).

N—00

20. lim n('n* +3-/n*-2).

n—oo

20. lim \/n(n+1)(n+2)(Vn® =3 -/n*-2).

1
Javoblar. 4.1 00: 42 —00:430:4.4 —g; 4.5 —g; 4.6 —g; 470:482:49 5;4.10 —0

2 7 3 5 5 5 3 3
411 0:412 —:4130:414 —: 415 —: 416 —: 417 ——; 418 —: 419 —: 420 — ;
3 2 2 2 2 2 2 4

1 1 1 7 1
421 3:422 —00;423 ——:424 —:4250; 426 —00:4.27 —: 428 —:; 429 0: 430 ——.
2 2 3 2 2

Sonli ketma-ketlikning limiti
5-masala. Sonli ketma-ketlikning limitini hisoblang.

(2n +1)H+(2n + 2)! _lim (2n+1D4+(2n+ 2)! B
atl (2n+3)-(2n+2)! = (2n+3)-(2n+2)—(2n+2)!
(2n+1)H+(2n+2)! . (2n+D)H+(2n+ 2)!
=1lim =lim -
o0 (2n+2)H(2n+3)-1) "= (2n+2)4(2n + 2)
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=lim

N—o0

=lim

n—o0

(n+)!  (2n+2) ~
2n+2)+2n+2) (@n+2)42n+2))

Clim

10. lim

11. lim

L + 1 =0+0=0.
(2n+2)-(2n+2) (2n+2)
1 Iim(i+£+i+ +n_—1)
nown?2 p2 p2 o2 ”
lim (2n+D)+(2n + 2)!
N (2n+3)! .
Iim(1+3+5+7+...+(2n—1)_2n+1j
n—o0 n+1 2 )
2n+1+3n+1
Clim — .

nseo 20 43"

. 1+2+3+...+n
lim .

o Von* +1

1+3+5+...+(2n-1)
nso  1+2+3+..4n

. (1+3+5+...+(2n—1) ]
. lim —n|

n+3

n—oo0

. 1+4+7+..+(3n-2)
[im :

oo V5n* +n+1

im (n+4)—(n+ 2)!.

n—>a0 (n+3)!

Bn-1D)4+(3n+1)!
oo (3n)(n-1)

n n+1

N—o0 2n+1 +5n+2 )



12.

13.

14.

lim

1-3+5-7+9-11+..+(4n—3)— (4n—-1)

n—oo

Jn2+1+Jn2+n+1

n—oo

15. lim

16.

17.

18.

19.

20.

21.

22. i

23.

24,

n

3N +5—-+/3n% +2

n>ol+3+5+..+(2n-1)

lim

3n_2n

n_>003n—1+2n '

lim

n—oo0

.5
IimE=+=—+...+
36

n—oo

N—>o0 n+3

. 14+2+..+n

lim 5 .

o N-—N°+3

fim n?++n-1

n>w2+7+12+..+(5n-3)
3 5 9 1+2"

IimEE+—+—+..+

nbo 4 16 64 4"

2+4+6+..2n

lim

( n+2

1+2+3+m+n_

;)

13 3"+ 2"

6n

)-

.m1—2+3—4h_+Qn—D—2n

.m2—5+4—7+m+2n—Qn+$

n>ol+3+5+..+(2n-1)

lim

n—oo0

[

1+45+9+413+..+(4n-3) 4n+1

)-

n+1

2

)

53
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. 1-2+3-4+...—2n
25. lim .
N—00 3{/n3+2n+2

2" + 7"
26. lIm ——
n_>002n_7n -1°

: n4+(n+ 2)!
27. lim .
n—>w (N—=1)H4+(n+ 2)!
. 3+6+9+...+3n
28. lim 5 .
n—o0 n°+4
29 2" +5"

29. (— —+..+
n—>oo 10 100 10"

. (2+4+...+2n )
30. lim -n|

)-

n—>o0 n+3

Javoblar. 5.1 %; 52 0;5.3 —g; 54 3;55 %; 56 2:57—3;5.8 i; 59 00:510 3

25

5.11 —%; 5.12 g; 513 —1:5.14 0;5.15 —\/§; 5.16 3; 5.17 —%; 518 00:5.19 — 3:

1 2 7 3
520 ——;521 —:52200:;5231:524 ——:525—-1:526 —-7:5271:5.28 —:5.29 c0;
2 5 2 2

530 —2.
Sonli ketma-ketlikning limiti

6—masala. Sonli ketma-ketlikning limitini hisoblang.

2 1-2n 2 1-2n
) 4n“ +4n-1 . [4n“+2n+3+2n-4
lim 5 = lim 5
4n“ +2n+3 4n“ +2n+3

nN—oo nN—oo

1-2n
:Iim(1+ 2n—4 j _ lim

1-2n
1
5 1++— =
n—oo\  4n° +2n+3 N—>o0 iw ’



2

4n +2n+3X 2n-4 kl' n
1 ( 204 M4n2i2n43 )

=lim|1++— =
N—so0 i4n +2n+3)
2n-4

, i ( 2n-4 )(1 2n)
4n"+2n+3 n~>oo 4n212n+3
1 2n-4

=lim|1++— =
N—so00 i4n +2n+3)
2n-4

1

Iim( 1+tjt = e ikkinchi ajoyib limitdan foydalangan holda,

t—0
o (2n-4)(1-2n) im 21~ 4n?-4+8n "n]—4n2+10n—4
enw 4n?42n43  _ @m* 4n°42n43  _ amor 4n°42n43
10 4
—d+—=——
L(-4n*+10n-4) lim n_n
im -~ -4+0-0
now L1 2 44+ —+—
_e nz(4n +2n+3) e + e 211040 :e_l :1.
e
n n+1
] n+1 ) 2n+3
1. lim| —=| . 2. lim .
n—o\ N—1 n—so\ 2N +1
. (n?-1 " . n+2
3. lim 5 4. lim| —= .
n—o00 n n— oo n+3
2
2 n 2 -n+1
) 2n° + 2 ) —6n+7
5. lim 5 6. lim 5 .
n—o{ 2N +1 n—o{ 3n° +20n-1
n/2 3n+1
. (n®°=3n+6 . (n-— n*
7. lim > . 8. lim
n—ol N°4+5n+1 n—o\ N+
3n+2 2n+5
_ (en=7)"" _ (3n%+4n-1
9. lim 10. lim 5 .
n—oo\ 6N +4 n—ool 3N +2n+7
5 -n? 9 n
n“+n+1 2n° +5n+7
11. i 5 12. lim 5
n—ol N +Nn-=1 n—o{ 2N° +5n+3
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n—1\" 5n2 +3n—1)
13. lim| —= 14. lim
N— o0 n+l n—>w»| 5n +3n+3
3n+1)""3 2n+7n-1)
15. lim 16. lim
n—oo\ 3N n—o0 2n +3n-1
2 _ 3
(n+3)”+4 . £n3+1] "
17. 18. lim .
n—>oo n+5 n—o n3 -1
2n° +2In—7 . (lOn—B)
19. 20. lim| ———
n—>oo 2n% +18n+9 n—wo\ 10N —1
1 N2
L 3n? —5n Jm . (n+3j n
21. lim 5 . 22. lim| ——
n—wo\ 3n“ —=5n+7 noo\ N+1
3n+2 n
( —6n+5} . (n+4j
23, 24. lim| —— | .
n—>oo 5n+5 n—so\ N+ 2
7n% +18n—-15) . ( j“”
25. 5 26. 1lim
o 7n° +11In+15 n—e\ 2N +1
n ne1) . (13n+3)n3
27. 28. lim| ——
n—>oo n +2 n—o\ 13n =10
3n*-7
on?+2n+3) . (n+5}”/6+1
29. .30 lim| —— .
n—>oo 2n +2n+1 n—o\ N —7

26 u

Javoblar. 6.1 €%:62 €:630:64€ % 65~Je:66e3 67 %686 696e 2
4 _4 4
610e3:61162:6121:6130:614e 5:615e3:6160:617e 2. 618 2. 619€°;

1 _ 1
620-:6.211:6220;623€ ;624 €%:625€;626 —;627€%;628€;620€°:630 °.

e e

7-masala. Isbotlang (6(g) toping):
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Iim15x2 -2x-1 _g
x—>1 X _%
Koshining funksiya limiti ta’rifiga ko’ra: Agar V & >0 son olinganda ham
shunday 36(&) >0 topilsaki, V x e M uchun
(O x—alko(e)) = (| f(X)—Alke)
tengsizlik bajarilsa, A€ R soni f(x) funksiyaning A nuqtadagi limiti
deyiladi:

Ve>0:35()>0: VxeM: 0dx—alkd) = (| f(x)- Al ).

Natijad , % da

15x2 —2x—1_8‘_ (15x +3)(x - 1)
R 1 T
X—§ X_§
:|15x+3—8|:|15—x|:15x—%<g
yoki
‘ _1‘ I3
315

Buerda o(¢) = i
15
Shunday qilib, x — % da funksiyaning limiti mavjud va u 8 ga va

&
o(g) =— tenq.
() 15 g

0= 5x2 —1, , f(x)=4x> -2,
x0_6 Xo = 9.
f(x) 3x? -3, f(x) —2x% -
x0_4 x0:2.
f(x)——3x —6, i f(x)=-4x>-7,



58

f(x)_—5x -8,
x0_2
f(x)——4x +9,
x0_4
_ 9y2
" f(x)=-2x"+7,
_ay2
- f(x) =3x° +5,
B2
. f(X) =5x°+3,
_Av2 _
17_f(x)_4x 1,
—2v2 _
19'f(x)_2x 3,
__2y2 _
21.f(x)_ 3X° =5,
N~V
23.f(x)_ 5x° -7,
__2y2 _
25.f(x) 3x° -9,
.
. f(x) =2x°+8,
.
. f(x) =4x° +6,

g & & g & & & & & &
Javoblar. 7.1 —;72 —;73 —;74 —;75—;76 —;7.7 —;78 =;79 —;710 —; 7.11 €;
3 4 6 3 7

g & & & & g & g
712 —;7.13 —;714 —; 715 €;7.16 £;7.17 —;7.18 —;7.19 —;7.20 —; 7.21 —;
2 10 6 6 2 5 2

f(x) —5x° —
xO =3.

, f0= —3x° +8,

: f(x) = 2% +86,

X =T.
f(x) 4x° + 4,
x0—9
f(x) 5x2 +1,
x0_7
f(x) 3x% -2,
x0=5

. f(x) =—2x°> —4,

f(x)_—4x — 6,
xo_l

, f0=—4x"-8,
f(x)——2x +9,
x0_4

_ay2

. f(x)=3x"+7,
f(x) 5x° +5,
x0—8

6 9 3
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g g & & g & & &
722 —;7.23 —; 724 £;7.25 —;7.26 —;7.27 —;7.28 —;7.29 —; 7.30 —.
2 2 3 5

8—masala . f(x) funksiya X, nuqgtada uzluksiz ekanligi isbotlang
(5(£)ni toping.).
f(x)=2x"-4, x,=3.
X —X,| <S(e) da|f(x)— f(x|<e,
2x° —4-(2-9-4) =[2x* -18 =2x* -9 < ¢,
X —9<el2, |[(x-3)(x+3)<e/2=[x-3<&/2=

X—Xo|<0(e)=£=f(x)— f(X,) <& bajariladi.
0 2

1. f(x) =5x* -1, x, =6. 2. f(X) =4x* -2, X, =5.
3. f(x)=3x* =3, x, =4 4. f(X)=—2x% =5, X, =2.
5. f(X) =—3x* -6, X,=1. 6. T(X)=—-4x* =7, %, =1.
7. f(x) = -5x* -8, x, = 2. 8. f(x)=-5x*-9, x,=3.
9. f(X) = —4x*+9, X, =4. 10. f(x)=-3x*+8,%, =5.
1. f(x) =—2x*+7,% =6. 12. f(X) =2x% +6,%, = 7.
13. f(x) =3x%+5,%, =8. 14. f(X) = 4x% +4,%, =9.
15. f(x) =5x"+3,%, =8. 16. f(X)=5x* +1,%, = 7.
17. f(X) = 4x* -1, =6. 18. f(x)=3x*-2,%, =5.
19. f(x) =2x%-3,x, = 4. 20. f(X)=—2x>—4,x, =3.

21. f(x)=—-3x%-5,%, = 2. 22. f(X) =—4x% —6,%, =1.
23. f(X) =—5x*-7,%, =1. 24. f(X) = —4x* —8,x, = 2.
25. f(x) =—3x*—9,%, =3. 26. f(X) = —2x*+9, X, =4.
27. (X) =2x* +8, X, =5. 28. f(X)=3x*+7, X, =6.

20. T(X) =4x* +6, %y ="7. 30. f(x)=5x"+5, X, =8.
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& & & & & & & & & & &
Javoblar.81 —;82 —;83 —;84 —;85 —;86 —;87 —;88 —;89 —;810 —; 811 —;
3) 4 3 2 3 4 3)
& & & & & & & & & & &
812 —;813 —; 814 —; 815 —; 816 —,; 8.17 —, 8.18 —,; 8.19 —; 8.20 —; 8.21 —; 8.22 —;
2 3 4 3) 3) 4 3 2 2 3
& & & & & & & &
823 —;824 —;825 —;826 —; 827 —; 828 —; 829 —; 830 —.
3) 4 3 2 2 3 4
Funksiyaning limiti
9-masala . Funksiyaning limitini hisoblang .

lim 3 5
x—>3 X° —=5x“+3x+9

x3—4x2—3x+18_{9} (x—3)(x* = x—6)
o H3(x 3)(x* - 2x—23)

_lim X% — X — 6_{9} fim (X=3)(x+2) _
x—>3x —2x -3 x—>3(X 3)(x+1)

0
X+2 3+2 5 1

= lim =—=1-.

x—>3x+1 3+1 4 4
. (x —2X— 1)(x+1) > lim x> —3x— 2
'X—>—1 x* +4x%* -5 gt X+ X

. 2

. lim (3x +32x+2) | o lim (2x X—1) |
Xx>-1x° 42X —X—-2 x>1x3 +2x% —x =2
. (x +2x—3)? . (x —2X— 1)(x+1)
'x—>3x +4x +3x .X—>—1 X +4X -5
, (1+x) (1+3x) + lim X% —2x+1
'x—>0 X + X2 x>12x% —x -1

. x3-3x-2 X3 +5x% +7x+3
9. lim — 10. lim 3

x—>-1 x4 —x—2 x>-1%x3 4+ 4x? +5x+2

X3 —3x+2 X3 + x° —5x+3

11. lim 3 12. lim 3

x>1x3 —x% —x+1 x>1 X3 —x®—x+1

X3+ 4X% +5x+2 x* -1
13. lim 3 . 14. lim

x—-1 X° —3x—-2 x—12x4 —X —1

. x3+5x°+8x+4 . x3-5x%+8x—4
15. lim . 16. lim .

x>-2  x>+3x% -4 x>2  x3-3x%+4
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. X2—6Xx%+12x-8 X3 45x°+8x+4
17. lim . 18. lim

x—>2  X3_3x°+4 x>-2 X3 +7x% +16X+12
o x3-3x-2 X =3x=2
19. lim = 5 20. lim———— =,
x>-1(X* —Xx—2) x>2 X—2
X3 —-3x-2 X2 —2x+1
21. lim — 22. lim 3 5 .
Xx—>-1X° 4+ 2X +1 x=>1xX7 — X —x+1
_ x4 1 . X2 +3X+2
23. lim 1 - 24. lim 3 5 .
x=>12xX" —x° -1 x—>-1X" +2X°—X—-2
. 2x% —x—1 . X?4+2x-3
25. lIm 3 5 . 26. lim 3 5 .
X=1X° +2X5 —X -2 x—=>-3 X7 +4X° +3X
. x*-2x-1  (1+x)°—(1+3x)
27. lim = ———. 28. lim g .
x=>-1xX" 4+ 2X+1 x>0 X"+ X
2 3 2
] X =1 . X"+ T7x°+15x+9
2. lim————. 30. lim — . .
x—>12x% —x —1 x—>-3 X7 +8xX° +21x+18

Javoblar.9.1 0;9.2 0;930;940;950;960;970;980;990;9.10 2;9.11 g 9,12 2;
9.13 —1; 9.14 g; 9.15 1; 9.16 l; 9.17 0;9.18 —1; 9.19 —1; 9.209:9.21 —3;9.22 1;
3 3 3 3 3 2

2 1 1 2 1 2
923 —:924 ——:925 —:;926 ——:9.27 ——:9.28 3:9.29 —:9.30 2.
3 2 2 3 2 3

Funksiyaning limiti

10-masala. Funksiyaning limitini hisoblang .

IX+13-2Jx+1 (\/X+13—2\/X+1X\/X+13+2\/X+1)

lim =lim
-3 33?9 o3 3y _9(Vx+13+24/x+1)

_lim X+13-4(x+1) _

x—33/ y2 —9(«/x+13+ 2\/x+l)
-3x+9

:my(x_s)(x+3)wx+13+2«/x+1):
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—3(x-3)

>|<;3?</(x 3)(x +3)(Vx+13 + 24/x +1)

~3/(x-3)°

x—>3?(/(X 3)(x +3)(Vx +13+2\/x+1)

~33/(x—3)?

X—>3‘?{/(X+3)(\/X+13+2'\/X+1)

~33/(3-3)?

pﬁ§K3+3ﬂJ3+13+2J§IE)

-’02

4. lim

6. lim

0. lim

10.
X—0 X + 23/ x*

H3§/_(\/_+2\/_)

L lim N1+2x -3

.x—>4 \/_ 2

lim

3x—>13,/ 1

s, lim YX=6+2

ol x>+8

S lim VI9+2X =5

aN: %/;—2 .

. R8+3x+x%-2

9. lim 5 :

x—0 X+ X

11. lim Vx -1

x>114+ X — /2%
13. i Yax -2
.X_>2\/2+ —J2x
- lim 3/9x -3
.X—>3\/3+ —J2x
i lim 316x — 4
.X—>4\/4+ —J2x

2. lim =3
x—-8 2+\/_

VX+13-2Vx+1

X—3 )( -9

4/x — 2

x—16 /X — 4

V1-2x+x% = (1+X)
m .
X

Xx—0

3/27 + x —3/27 — x

 lim V1+x—+1-x
HO:’V1+X 31—x

Jx -1
14. lim

x—>1)(2—1

. 3x-6+2
16. ||m _—.

x—>-2 X+2
s lim NJ9+2Xx -5

X—>8 \/> 4 .
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\/Y 1 3fx _1
. 9 3

19. Ilm

>t 14X \/_x xob Lex—v2x
21. lim \/>_ 22. lim 1+ X = 1= X
'x—> /,_|_ \/_X x>0 W .
. R27+x-327—x . 38+3x-x%2-2
23. lim . 24. lim :
x>0 3/x? 13/x x>0 3[x2 4 %3
V14 2x+3x2 —(1+X) . J9+2x-5
25. lim . 26. lim .
x—0 %/; x—8 3/x—2
. 4x -2 . 3x-6+2
27. lim . 28. lIMm ——.
x—>163/(\/§_4)2 x>-2 3/y3 .8
o Tim Jx =2 o lim 10~ X~ 61—
'x+43/ 16 'xa—8 2+3/x

Javoblar. 10111 102 —2:1030: 104—i 105i 1061 10.7 2g 10.8 — 2:
3 16 144 4 5

1 2 22 3 1 1 26 1
10.9 —; 10.10 —; 10.11 — ——; 1012— 1013—1— 1014— 1015—— 10.16 —;

12

42
1017—T 10.18 0,6; 1019—— 1020—— ©10.21 —— . [—;10.22 0; 10.23 0;

2
10.24 0; 10.25 0; 10.26 25; 10.27 0:10.28 0:10.29 0: 1030 0.

Funksiyaning limiti

11-masala. Funksiyaning limitini hisoblang .

-3
lim In(1—3x) (9] 1|.m In(1—3x) 1Iim 1-3x _
x—>0+/8X + 4 0 2x->0~/2X+1-1 2x-»0 1
V2X+1
_ Ly 3vax+1l 13 3
2x—>0 1—3X 21 2
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11.

13.

15.

17.

19.

21.

. In(1+sin x)
lim — .
x—0SIN 4(X — )

_ 3x% -5

lim — .
x—0 SIn 3X

) 4x

lim .
x->0tg (7 (2 + X))

1—cos® x
4x>
2X+1_2

m—.

x—0 In(1+ 4X)

lim _In(1—7x) |
x=0SIn(z(X+ 7))

. 1-+/3x+1
lim

x—0coS(z(X +1/2)

lim NA+ X -2
x>0 3arctgx

lim

x—0

COS 2X — COS X
1-cosx

sin(5(x + 7))
3x-1 )

lim

x—0

lim

Xx—0 e

i arcsin 2x
lim .
x-0In(e—x) -1

23. lim
X—0 (e3X _1)2

] arcsin 2x
25. lim .
x—0In(e—x) -1

2
o i In(x“ +1)

Im .
Xx>092 _\[2x% + 4

1+ cos(x — )

. 1—c0s10(x + )
2. lim . :
x—0 eX -1

i 1—-cos2x
4. lim .
x—0 COS 7 X — COS 3X

: 2X
6. lim .
x—0tg(27(x+1/2))

) arcsin 3x
8. lIm

x>0/2+ X —~/2

. arctg2x
10. lim — .
x—0sin(2z(x +10))
cos(X + 57z / 2)tgx
arcsin 2x*>

12. lim
Xx—0

sin 7x
2

14. lim

x>0 X% 4 7
2sin(z(x+1))
In(L+2x)

) V1+x -1
18. lim

x—0Ssin(7z(X+2))

1-+/cos x

XSin x

16. lim

Xx—0

20. lim
Xx—0

. et -1
22. lim — .
x—08in(z(x/2+1))

sin® x —tg°x

24. lIm 1

x—0 X

. tgx—sinx
26. lim :
x—0 X(1— c0os 2X)

2 lim tg(r(1+ x/2)).

x—0

In(x +1)
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| Xsin 2x
29. Ilm 30. lim
x—03/8 + 24X x—>01+cos(x —37)

Javoblar. 11.1 1; 11.2 50;11.3 —12; 11.4 —i; 11.5 i; 11.6 1; 11.7 §; 11.8 6x/§;
4 3 T Vs

n 1 7 1 3 3 7 1
11.9 —:11.10 —; 11.11 —:; 11.12 ——:11.13 — —:11.14 —: 11.15 —: 11.16 —;
T T 2 2 T T

1 2 1 2 8 1
11.17 —77: 1118 —3:11.19 —;11.20 = 1—:11.21 = :11.22 — —:11.23 — —: 11.24 —: 11.25
27 3 4 3 T

1 T
—1:11.26 —2e; 11.27 Z; 11.28 2:11.29 E; 11.30 271 .

Funksiyaning limiti

12—-masala. Funksiyaning limitini hisoblang .

. €0S3Xx—cosx .. —2sin 3X2+X sin 3X2—X
lim 5 = |lim ; —
X—>71 tg 2X X—>7 tg 2X

_ Iim—25in2xsinx:{X=y+7r:>y=X—7r}:

X7 thZX X>r=YyY—>0

_lim —2sin2(y + z)sin(y + ) _lim 2sin(2y +2x)siny _
y—0 tg?2(y + ) y-0  tg?(2y +27)
siny=y, mpu y—0

=|sin2y =2y, mpu Yy —>0 (2y >0) |=

tg2y~=y, mpu y—>0 (2y > 0)
2
:Iimiyzy I|m4L_I|m1 1.
y—0 (2y) y—>04y y—0

x> —1 AP —x+1-1

1. lim . 2. lim
x—1 |n X x—1 In X
. 1+cos3x . 1-sin2x
3, ImT. 4, Ilm—
x—=7 SIN“ 7X x=>% (- 4x)
.1+ coszx . tg3x
5 [im———. 6. lim =——.

x—1 '[gz7zX x—75 IgX
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. sin? x—tg2x X2 -x+1-1
7. lim 7 8. lim .
x>r  (X—=7) x—1 tgnx
. COS5x —cos3x . SIN7X-— sm3x
9. lim — : lim -
X—>7 SIN“ X x—>27 X _e
sin 7 zx In(5—2x)
1. lim ——. 2. lim
x—2 Sin 87X x—>2+/10 — 3x
X2 -3x+3-1 G
13. lim _ : 14. lim —
Xx—1 SIN 77X x—=>7z SIN X
2
o 3XT3 g X _16
15. lim 16. lim ———.
x>l tgax x—4 Sin 72X
. In2x-Inx Intgx
17. lim — z . 8. lim
x—5 sin(>) cos X x—>7 COS2X
e” —e* _In(9-2x?)
19. lim 20 lim ————~,
x—7z SiN5X —Sin3x x—2  SIN 272X
2
1-247 Yx-1
21. lim 22. Ilm\/_
2p([ax—\f3x? —5xr2)  LVx-1
. tgnx . 1-sin(x/2
23. lim 9 24. lim ( ).
X—>-2X+2 X7 T —X
. 1-2cosx . arctg(x? — 2x
25. lim 26. lim g_( ).
x—>Z 1 —3X x—>2  SIn 372X
. 1-x? . cos(nx/ 2)
27. lim = . 28. lim————=~.
x—=1SIN /X Xx—1 1—\/;
. 3—+/10-x sin 5x
29, lim — . 0. lim
x—1  SIN 37X x>x tg3X
Javoblar. 12.1 2 12.2 1 123g 124E 125l 1261 12.7 —1; 128i 12.9 8:
2 98 8 2 3 27
7 2 1 9In 3 16In 2
12.10 > 012,11 —; 12.12 2—; 12.13 —: 12.14 —27[; 12.15 :12.16 ;
4z 8 3 27 T T

€



v

22 e 4
1217 ——:12.18 —1: 12.19 —:12.20 — —: 12.21 — ©12.22 —:12.23 T :
T 2 T 3
3 2 2
12.24 0:12.25 ———:12.26 —: 12.27 —: 12.28 77; 12.29 ———: 12.30 — —.
3 T 187 3

Funksiyaning limiti

13—-masala. Funksiyaning limitini hisoblang .

X2
sin| —
i (ﬂ'J [x=y+z=>y=x-7]_
x—>7z2‘V5'nX+1 2_ X—>n =y—>0 -

2 2 2
S;in[(yJﬂz) J Sin[y +2ymr+ 7 J
. T ) T
= == [im

S Gy T
sin(y-y+2”+7zj —sin(y-y+2ﬂ)
=1 2J—sTy7+T1_2 =1im zm_ﬂz =
| _Sin(y'ytzz;[) Sin(y-“z”jzy-y””
_Iylmz(ewm_l)_l)_ e'”z(mz—lﬂnZ(\/f—W ~1) _
| _y.y+27r y+2ﬂ(m+1)
:yL%ZInZ(m—l) Lozmz(W D(-siny+1)
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1-siny +1) 1-siny +1)
= lim z _ = lim _ =
y—0 2In2(1—-siny-1) y—0 2In2siny
1-siny +1)
siny = y] y—0 2In2y
Tosiny +1) T 2% (isin0+1)
y—0 2In2 2In2
_2(1+1) _ 2
2In2  In2’
cos’ _1 (2x —1)?
1. lim 2. lim —
X—71/2 Insmx x—>1es'””x e—5|n37zx
. In(x —3/2x —3) m tgx —tg2
xo2sin(zx/2) —sin((x-1)7z)  x-2sinin(x-1)
. glax _gmsin2x . Insin3x
5. lim - 6. lim —.
x>5  sinx-1 x> (6X— 1)

sm(JZx —3Xx-5-+1+X

X—>3 In(x-D)-In(x+1) +In2

i In(@x-1)
x>i1-cosax —1

sin zx 1

11. lim
x>3[n(x® —6x—8)

13. lim 9 In(3x—25) :
X—>2 ex+3 _ex +1

_ f+In?x-1
15. lim .

x—1 14 CcoS X

(x—27)°
x-27 lg(cosx —1)

. arcsm"i2
. x_) 23\/2+X+X 9

10

) Incos 2x
12. I|m o
x-z (1— 7/ X)

Incos x

14. ||m Sinox a4
3 -1

X—27

X
COS 5

16. liIm — T
X_mesmx_esm X




In(2x —5) esin2 6X _esin2 3X
17. lim——~, 18. lIm .
x—3 @SN _1 x—>% log, COS6X
sin 2x tg2x X+2 x 24
. e —e . fg(e
19. lim . 20. lim 9 ).
x—5  In(2x/ 7) x>-2  tgx+1g2
 N2X 7 2% 5 : In(2+cosx)
21. lim . 22. lim 5
x—1 x3 -1 X—>7 (35|nx ~1)
3
) X° —7°)sin 5x } tag(x +1
23. Ilm( ) 24. lim 9( ) .
X7 sin” x -1 x——1 ,3x*-4x*+6
e e —e
. Incos2x ] Insin x
25 lim ——. 26. lim P Y
x—z [N COS4X x=>% (2X— 1)
2_,2 ., 3
R S| . sin(e 2 —eV**?)
27. hm ————, 28. lim
x—algIn(x/a) x—>-3 arctg(x+3)
o lim __In(cos(x/a) +2) w lim tg(3”'* - 3)
sar aazﬂz IX*~arlx _ qa7/x-1 L xor 300sBx/2) _q°
2 1
Javoblar. 13.1 —2In 2: 13.2 53133 _—;134—— ;135 0:136 ——:13.7 8;
e-r 3r cos“(2) 8
8 +1
138 —:13.91: 13.10 — ;1311 1312 —272:1313 —€°:13.14 0:
s 27In-3
2 1 2 3 In2
1315 ——;13.16 ——; 13.17 ——; 13.18 —_ In3:13.19 — 27:13.20 5C08° 2: 13.21 — —— -
3z 10 T 2 0
5 3 1 1 5
13.22 o 13.23 —157°: 1324 —: 1325 —:13.26 ——:13.27 2a° -Ina: 13.28
2In°3 1le 8
1 2 2
———:13.29 -13.30 ——.
12¢° 2Ina T

Funksiyaning limiti

14-masala. Funksiyaning limitini hisoblang .

69
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23X 3% (8% —1)— (243" -1)
lim——=1im _ =
x—>0SIN7X—2X x—0 SIN7X—2X

((eln8) _1)_ ((eln 243)x _1> _

=lim _
x—0 SiIn7XxX —2X

_lim (exln8 _'1)_ (exln 243 _1):
x—0 SIn7X—2X

. )1((exln18 _-1)_(exln 243 _1):
x>0 L(sin7x-2x)

) )I(i_rgl(exlnS _1)_ (exln 243 _1)_

lim £ (sin 7x—2x) -

x—0 X

xIn8
lim ey lim exin243_q —1~xIn8

_x20 X xo0 X oxn243 g oy n043 | =
|imsin7x ||m2x
x—0 X x—0 % Sin7xX~7X
lim X8 _ |im X243 |im In8— lim In 243
_x20 * x50 X _ x50 x—0 _
lim 7% — lim 2% lim7-1lim?2
Xx—0 Xx—0 Xx—0 x—0

In8—In243 1, 8 1 2°
— In —In—

7-2 5243535

72x _ 53X _ e3x _e—2x 62x _ 7—2x
1. lim 2. lim _ — 3 lim—.
x—>0 2X —arctg3x ~ x—02arcsin X —sin X x—0SIn 3X — 2X
g°X _e3x 32x _53x e2x _e3x
4. lim .5 1im : 6. lim
x>08iN2X—SiNX  x-0arctgx + X° x—>0 arctgx — x°
35X _ 2X ) e4X _ e—2X ] 12X _5—3X
7. lim————. s lim ——. o lim _ .
x—>0 X —Sin 9x x—0 2arctgx —sin X x—02arcsin X — X
p/X _e—2x _ 35x _ 27x e5x _eX
10. lm — . 11, lim _ .12 lim

x—0 SIN X — 2X x—0 arcsin 2x — x x—0 arcsin X + x°
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/L 27x X _ @ 102x _ 77X
13 lim ———. 14. lim 15. lim

x—0 tg3X — X x—>01tg2X —Sin X x—0 2tgX — arctgx

_ eZX _eX 73x _32x X _e2x
16. lim — _ . 17. Ilm—. 18. lim

x>08iN3X —sin5x x>0 tgx + x> x—0 2tgX —sin X

32x _7X er _e—5x 45x _9—2x

19. lim . . 20. lim 21. lim

x—0arcsin X —5X x—028in X —tgx x->0sin x—tgx®

) e3x _ er 52x . 23x X _e3x
22. lim — . 23. lim 24. lim

x—05In 3X —tg2X x—>OS|nx+3|nx x—0Sin 3x — thx

] 9X _ 23X eX _e—2X ] 35X _ 2—7X
25. lim . 26. lim : 27. lm ——.

x—>0 arctg2x — 7x x—0 X + Sin x? x—>0 2X —1gx

_ 2X _eX e2x _ex _32x
28. lim — ——. 20. lim 30. lim

x—0SIn 2X —Sin X x—0 X -|—th x—0 X + arcsin X

Javoblar.14.1 In %; 142 5:143 In(62 7 ) 14.4 2145 In i 146 —1; 14.7 1In i
49 125" 243’

5
14.8 6; 14.9 In(12-5%); 14.10 - 9; 1411In(:2)’ ] 14.12 4; 1413 In /2%;14.14 2;

3
14.15 In 700; 14.16 —%; 14.17 In ;—2; 14.18 2;14.19 In \/Z; 14.20 7 14.21In(2%° - 9%): 14.22

1;14.23 In %; 14.24 —2; 14.25—%In g; 14.26 3; 14.27 In(3° - 27); 14.28 1;

3
14.29 1: 14.30 In —.
32

Funksiyaning limiti

15-masala. Funksiyaning limitini hisoblang .
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i eX_e {x y+1l=>y=x- 1}

x—>15|n(x -1) [Xx=>1=>y—>0

- eV _e . ee’-)  _

y-0sin((y+1)% -1) yﬁosin(y2+2y+1—1)

= lim e(e’ -1) {ey -lxy ]
y=0sin(y? +2y) | sin(y?+2y) ~ y? +2y

e-y e e e
=lim = lim =—,
y>0y2 +2y  y-0Yy+2 T0+2 2

. ef+e =2 . 1+xsmx cost
1. lim — : 2. lim
x—=>0  sin‘ X x—0 sin? x
3
) X~ +1 . tgx—tga
5 lim -2 s lim 3% —t9a
x—>-18in(X +1) x—alnx—Ina
_J1+tgx —+/1-sinx e e/
5. lim 3 . 6. lim
x—0 X x—0Sin ax — smﬂx
.1+ xsinx -1 . X (e —e )
7. lim 5 . 8. lim n
x—0 X" 1 x—0 eX t_e
. 1-2cosX 1—x?
9. Im ———MM—, 10. lim
x—7z/38IN(7 — 3X) x—18in 71X
. Sin X —cos X _a¥—aP
11. lim . 12. lim
x->rxl4  Intgx x=b X—Db
. 1-c0s2x +1g°x . sin2x—2sin x
13. lim - . 14. lim .
x—0 XSin 3X x—=0 XIncos5x
. In(x+h)+In(x— h)+2|nx . 1-x
15. lim 5 16. lim
h—0 h x—1l0g, X
_ sin 2x _esinx _ X _9
17. lim . 18. lim

X—0 tgx x->1 Inx



_sin(x+h) —sin(x—h) _ Ix+2-42
19. lim .20 lim . .
h—0 h x—=0  SIN3X
Cath LM —2a* _ 1-+Jcos x
21. lim 5 . 22. lim
h—0 h x—>0]1— cos\/_
354 x-2 . 2sin®x4+sinx—1
23 lim———. 24. lim ——— _ :
x—3  SIN 72X x—>7/62sIN“ X—-3sINX+1
. ng 1 3+ _3
25. lim 26. lIm
0 X —9 1 -0 In(L+ xv1+ xe*)
) «/cos -1 ) sin bx —sin ax
27. lim . 28. lIm .
x—>0 sin? 2x x=0 In(tg (7 / 4 + ax))
. 1-sin®x _ log, x—1
. lim LS 0. lim 1298 X1
x—>7l2 COS° X x—>3  tgax
1 1 3
Javoblar.15.1 1: 152 3;15.3 3: 154 >—:155 —;15.6 1l:157 —; 158 —: 15.9—£;
CcoSs” a 4 2 e
2 2 b 2 1
15.10 —; 15.11 —:; 15.12 a" -Ina; 15.131; 15.14 —: 15.15 —— ;1516 —In2:;
s 2 25 X
1 1
15.17 1: 15.18 2In 2: 15.19 2C0OSX: 15.20 —=:15.21 0; 1522 0: 1523 — ——:
6/2° 127
1 - 3
15.24 —3; 15.25 -15.26 3In 3: 15.27 —— 15.28 :15.29 — : 15.30 .
5In10 16 2a 2 37In3

Funksiyaning limiti

16—masala. Funksiyaning limitini hisoblang .

i 2 nX
(14_ XZ.ZX]Sin:“x ) In# _13

lim

— ||m(e 1+x -5X)sm X —
x-0| 1+ x2 . 5"

x—0

x>0sin®x 14 x2.5%

1 1+x%2%
e o e 1 14x%- 28
= limesin®x x5 — axpJ [im In =
x—0 in3

73
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1 14+x%.5F—x%.5X4x%.2%
= exps lim In =

x—>03sin3 x 1+ x%.5%
1 _x%.5% £ x%. 2%

=expylim———1In/1- o= =
x—=0sIn~ X 1+x-5

(1 , 5% 42%
= exps lim— Inf1-x"——— |+ =
1H03|n3x 14 x?.5%

eXIN5 _ 1~ x-In5 | , 5% 42%
= =expylim———In1-x"——— |+ =
eX2 _14x.In2 x—05in° X 1+x°-5

—expi lim-— A% i X2
x—0 x-(1+x2-5x) x>0 X-(L+ x? - 5¥)

+I|m|n—2 =
x—>0 1+ x2 5X x—01 + x2 . 5X -

ooin
exp{ In2 }=exp{—|n5+|n2}:

1+0- 50 1+0-5°
2 h2 2
=exp<—In exps In e s =—,
p{ } p{ 5} 5
3
L lim(@=In(L+x3) & @esinn 5 Jim(cos VX)X,
x—0 x—0
S 2
X 2 2 .
s lim| 2X2 o 1im (2 — 327 VX ysinx
x—0| 1+ x-3* x—0
. ctg®x 1
5. lim 1”!”“05“)‘] 6 lim(5— 2 )sn*3x,
x—0\ 1+ sIn x cos fx x—0 COS X
X 3
7. lim(L—In@@+ 3/x))sin* ¥x, 8. |im(2—ea“>3'n &)
x—0 x—0
1 1
9. lim(cos zx) XN ™) 10. lim(L+sin? 3x)mcosx.

Xx—0 Xx—0



11.
13.

15.

17.

19.

21.

23.
25.

217.

29.

_3 1 2 1 5
Javoblar.16.1 € ;162 —; 16.3 —; 16.4 —; 16.5€

T

lim(tg(5 — X)°**

cosec?x

lim(2— garcsin x° )
x—0

Iim(2 . esin x)ctgﬂx.

x—0
I
. 2 In(L+tg? (7))
lim(2-¢*) 3,
x—0
1

lim(2— 35" Xy cosx,
x—0

lim(6— )9,
x—0 COS X

1+sin Xcos 2x

lim sin x3_

x—0 1+ Sin X cos 3X

Xx—0

1
14+ x3% g2k
lim(=—==—)19",

x>0 1+ X7”%
1
i 2
lim(1—Incos x)" .
x—0

Je

1

1
Iim(1+ln%arctg6\/§)x?’.

1
. . 3
12. lim(1— xsin? x) "+
x—0
1
. 2
14. lim (2 — cos 3x)N4+x%).
Xx—0
1
- 1 2
16. lim(cos x)"M+sin” %)
x—0
. _ 2
18. lim(3—2cos x) “®¢ ¥,
x—0
. 2
20. lim *J2 — cos x
x—0
: 2 2
2. lim(3— 2 )eosec’,
x>0 COSX
1
- 2 —
24, lim(2 —e*" ) L-cosm™).
x—0
1
. 1+tgxcos2xx®
2. lim =9 *
x—>01+tgx cos5x
1
- 2
28. lim(L+tg2x)nd+3x7)
x—0
1

. o X\ In(1eta?3x)
20 I|m(1—sm2§)'”(1”gz3x).

x—0

B2-a? 2

9 1 1

166€ 91676 1. 168e°:

169€ 2:1610€ 8-1611 €72: 1612 € 7: 16.13 = 1614 €2:1615€ 7:16.16 € 2:

9 5 5 _2

2 - ) - Py 2
16.17€ 7 ;16.18 € 1; 16.19 9; 16.20 \/E; 16.21 € 2;16.22 € 1; 16.23 €2;16.24 € 7 ;
21 1 1 1

16.25 §; 16.26 € 2 : 16.27 ?; 16.28 €3:16.29 €2:16.30 € 36,

75
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- 1+X
. (sIn2Xx
1. lim .
Xx—0 X

cos? (Z+Xx)
_ (e¥* -1 :
4. lim .
x—0 X

X 2
. (In(Q+ x "2 tgdx "
7. lim| ——=2 | . lim| =/—=
Xx—0 OX x—>0\ X
. 2
(X + 2\ sin6x )~
10. lim| —— . 11. lim
x—0\ X + 4 x—0\ 22X
. X2 X+2
. (SIn2x
13. lim| — : 14. lim| tg(x + =)
x—0\ SIN 3x x—0
1
. 3 o (2% - o
16. lim(sin(x + 2))3*>. 17. lim
x—0 x—0 X
2 _Z
C (11x+8\* ¥ X341 )"
19. lim . 20. lim 2
x—>0\ 12X +1 x—0 X° +8
X arcsin x )2
22. lim(cos 2. 23 Iim(—j . 24, lim
x—0 T Xx—0 X
5 1
. 4 . [sin5xc |**
25, lim(e* + x)*®* . 26 lim| ———— | .
x—0 x—=>0l SINn X

Funksiyaning limiti

17-masala. Funksiyaning limitini hisoblang .

(B +aY? (03447 (4)5 \/Z 2
im = lim = -] =./—=—.
x—0 X3+9 x—0 O3+9 9 9 3

. (2+ij
2. lim| —— | .
x—>0\ 3— X

x—0

5. lim(cos x)**. 6. lim

12. lim

15. lim

18. lim
x—0

21. lim
Xx—0

3 1+X
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tg X . ) 2x+1
i 5 ) 1+8x ¥ ) arcsin© x
28. lim| 6 ——— .29. lim .o dimp ———— :
X—0 COS X x—0\ 2 +11X x—0| arcsin“ 4x

1
Javoblar.17.1 2; 172 1;1734:174 \/§; 1751:1768;17.71;17816;17.90; 17.10 —;
2
) 1
17.11 9;17.121;17.131; 17.14 3;17.15 0,64 ; 17.16 Sin 2; 17.17 2In 2; 17.18 —; 17.19
4
1
8:17.20 a; 17.211;17.221;17.231; 1724 9;17251; 1726 0; 17.271;

1 1
17.28 1:17.29 —: 17.30 —.
2 16

Funksiyaning limiti

18—-masala. Funksiyaning limitini hisoblang .

In(3+2%) In(3+2x)
n{s+eXx) 2x-1)\ In(2—x) In(3+2x) (2x—1j
| 1
(ZX—l X _ e”( » j _lime 120 U x

X x—1 x—1

lim

mln(3+2x).|n(2x—l) (Xx=y+l=>y=x-1]
x-1 In(2 - x) X Xx—=>1 =y->0

L InG+2(y+1). In(z(erl) —1} _
x->1In(2—(y+1)) y+1

{
|

_ exp{”m InG5+2y) | 2y +1)} _
|

x->1 In(1-y) y+1

||mM|n 1+L =
x>1 In(1l-y) y+1

In[1+ y jz y ,any—>O(L—>Oj
— y+1 y+1 y+1 =

Inl-y)~-y, mpuy—0 (-y—0)



o

11

13.

15.

17.

19.

21.

I.mln(5+2y)_[

eXp{xl—n —y

0+1

lim
x—1

ox —1 1/(/x-1)
SR

lim (cosx)
X—>27

. (6_X)tg(ﬂx/6)
im| —— .
Xx—3 3

lim(3—2x)19™/2),

x—1

9_2x tg(7x/6)
Iim( ) :
X—3 3

lim(2e* ! —1)*/(D),

x—1

3x-1
lim(2e* ™ —1) L.

Xx—1

3x+2
lim(2e* ™2 —1) x-2 .

X—>2

y+1

ctg2x/sin 3x

j} _ exp{“m_ In(5+ 2y)} _
x->1  y+1

1
. In~
_M}:exp{_|n5}:exp{|n%}:en5 :1.

5

. 1
] Sin X \**

2. lim| —— | .
x—a\ SIn a

1
. COS X \*?

4. him| —— | .
x—2\ COS 2

6. lim (tgx)l/(COS(37z/4—X).

Xx—>rl4

X

ti
5 lim(2—x/a) 22,
X—a

- i 2
10. lim (cos x)Y/sn" 2,
X271

12. lim (cosx)S9x/sin4x,

X—4ar

5
tg5xsin 2x

14. lim (cos x)
X—>4rx

16. lim (sinx)®9*193%,
X—>rl2

1(x—r12)
. X

18. lim (tg—j :
X—>7zl2 2

20. lim (1+cos3x)*¢*.

X—>rl2

sin(x-1)

- Ilm(wj x—l—sin(x—l).
x—1 X—-1
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2 _x 1/In(2-x)
23, Ilm( j . 24, lim (ctyg )“COSX.
x—1 X X—>xl2
Sin(ﬂX/Z) Sln X 1/(X—3)
25. lim(2 — x) 20 6. lim| >— .
x—1 x—3\ Sin 3
1 In(x+2) 18sin x
. X+ 1 \)In(2-x
27 lim| 2= | 28. lim (sinx) 9 .
x—1\ 2X X—7zl2
In(x+1)
) 1 \in(2-x
20 lim| = |"¢7. 30. lim (ctg )“COS(X/Z).
Xx—1\ X X—>7T
4 2
Javoblar.18.1 €2 182 €. 18363 184 €792 . 185e3: 186 e°:187€°: 188 €7 ;
1 1 2 1 4 1 4

180 e 12:1810 € 8:1811e7:1812 € 8:1813€7:1814 € 4:1815€7:18.16 €
18.17 €2: 1818 €:18.19 e*- 1820 e 3:- 1821 %% 18220 et 1823 02%: 1824 €: 1825 € -
18.26 €%9°: 1827 +/3:18.28 1: 18.29 2: 18.30 €.

Funksiyaning limiti

19-masala. Funksiyaning limitini hisoblang .

1+1 2
e _g? _e*(e®* 2 1)
= im—— =| lim =
x—1 X-=1 x—1 X—1
X+1 lim x+1
e2x _e2 _ er —82 sl
lim ———— =lim ——— =
x—=1l Xx-=1 x—1l Xx-=1

Cheksiz kichiklarning ekvivalentlik munosabatidan foydalanib:
x —>1 (2x—2—0) da e*? —1~2x—2 ega bo’lamiz.
Natijada:
e?(2x -2) i
=| lim——= :(

x—1 X—1

lim ZeZJ2 = (2e2)2 = 4e*,

Xx—1
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C (Inx=1\"2 X
1. lim .
Xx—e\ X—e

(x+7/4)
s lim ('“ﬂ} |
Xx—rl4 1—ctgx

. in?(x—2
_ (sin3m " 72
5. lim| — .
x—2\ SIN X

7 lim(2 = Zysin .
X—3 3
sin zx
0. lim(1+e”) t-x .
x—1
2
: 8
. (arcsin(x—3) )"
11. lim -
x—3\_ SIn 37X
X+1
: x—3/4
13 limarctg —— | .
x—1 (x_]_)
. . 2/ 2
. (sinx—sina)* "®
15. lim :
X—a X—a
17. lim (sin x + cos x)*/'9%.
Xx—>rl4
19. lim(arcsinx)'9%.
x—1
. 2
21 lim(In? ex)Y" D),
x—1
1/ x?
. (x3-1
23. lim
x—=1l X—=1

25. lim(cos )92,
X—2

27. lim (cosx+1)*"*,

X—>rl2

2. lim(tgx) “%%.

Xx—>xl4

4. lim(sin x)3/¢+).

X—2

6. lim (sinx)®/".

X—=>z/6

. ( tg97zX jX/(X+1)
10. lim| —=— .
x—1\ SIn 47X

x?—7? 116
12. lim (sin2x) x-=/4

x—orl4l

sin(x—r)
. X

14. lim (ctg —j :
4

X—>7

x* —4

X—2

/
. (\/x+2—2j“
16. lim| ——

18. lim (tg2x)sn(=/8+x),
X—>l8

20. lim (x +sin x)*" %%,

X—>r

2. lim(v/x +1)7/arctex

x—1

. x?+1
] eSInﬂX _1
24, lim| ——= .
x—=l  x-=1
1

26. lim (arcsin x + arccos x)*.
x—1/2

2. lim3/x + x —1)Sn(=/4),

x—1
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2

2 1/(2—x) X

. [ xc+2x-3 . [ 1+ cosax

29. lim — . 30. lim — | -
x->U X“+4x-5 x-1 - tgax

1 : 1 4
Javoblar.19.1 —;19.2 1;19.31;19.45In2; 1951; 19.6 E; 19.71; 198 5; 199 (1+e)";
e

2

3 1 T 1

1010 =:1911— —:19.121: 1913 — - 19.14 0: 19.15 COSA: 19.16 — : 19.17 /2 ;
2 3z 4 4

2

T
19.181:19.191:19.20 77 1921 1: 19.22 16:19.23 3: 19.24 7£2:19.25 1: 19.26 =—

2 1
19.271:19.28 1: 19.29 —: 19.30 —.
3 2

20—masala. Funksiyaning yoki sonli ketma-ketlikning limitini
hisoblang.

fire Jn?43n-1+%2n%+1
N—>c0 n+2sinn

. l(\/n2+3n—1+'°1/2n2+1)
= lim™~ .
N> 1(n+2sinn)

3 1 2 1
\/]'—i_“_n?‘—i_:){/n—i_n3 : sinn
= Iim3™™ X =0 |=

= lim :
n—>o0 1+2%

_140-0+%0+0 V1430 _,
1+2-0 1 '

n—oo n

1. lim \/40033x+ xarctg <.

x—0

: : : X
2. lim \/3sm X+ (2X —7)sin
X—>7l2 2X— 71

) 2n—-sinn
3. lim T .
n—o n_3nd_-7

. 1
" Iimtgx cost +1g(2 + x).
x>0 lg(4 + x)
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9. lim
n—w (n? —ncosn+1)\/_
. 3sinn++/n-1
10. lim :
noo  N+~/N+1
o tim & cosn)%/—
'naoo N2n+1-1
12. lim In£2+\/arctgxsin E]
x—0 X
: 1+ COs 7x
13. lim v
A+ (x+2)sin T
X+2
n

14.

15.

16.

el 4 sin

,—Cosn
lim n"+1

N—>o0 1+cos-

_ A24n° =203 43
lim _ .
nso  (N+sinn)v/7n

3/tgx + (4x — ) cos

lim
x—>ml4 l9(2 +tgx)

lim (sinvn® +

n—oo
—\3n° -7

lim

n>o3/n4 3 1sinn

lim 3i/n cosn+\/3n +2

N—>0 An® +1

3 /tgxarctg ~+3
lim X .
x—>0 2 —1g(1+sin x)




: . 21
17. lim \/arctg sin® = +5c0s X.
Xx—0 X

18. lim \/4cosx+sin lIn(1+ X).
x—0 X

19. lim \/Zcosz X+ (¥ —1)sin 1
x—0 X

2+ In(e+ xsin 1)
X

20. lim _
x—0 COS X +SIN X

21, liﬂ%ln((eX —C0S X)C0s(5) +tg(x + %))

cos X + In(L+ x)./2 + cos(1/ x)

22. lim
X—0 2+e"
) COS 272X
23. lim VY
2124 (@ ~Darctg 1
X_

24. lim \/(es"‘ X _1) cos 2+ 4¢os X

x—0 X
) cos(1+ x

25. lim ( )
x—0

(2+sin 1) In(l+ x)+ 2
X

26. Iirr;?i/lg(x +2) +sin4 - x? cos X2
X—>

2 4+ COS XSin
27. lim 2X—7

X—>712 3+ 2xsin x

. . x-1_ x+1
28. limtg(cos x + sin COS

x—1 X+1  x-1

20. lim \/x(2+sin 1) + 4.C0S X
X

Xx—0
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1+ x
1+ cos x

(2+sin 1) In(+ x)+ 2
X

sin X + sin zx - arctg

30. lim
Xx—1

Javoblar.20.1 2; 20.2 \/§; 203 —2;20.4 l; 20.5 l; 20.6 — g; 20.7 L; 20.8 0;
2 2 7 lg(3)

N 3
20.9 —\/§; 20.10 0: 20.11 0: 20.12 In 2: 20.13 7; 20.14 1: 20.15 0: 20.16 E © 20.17 \/5; 20.18

22019 /2 ;2020 3;20.21 In+/3; 20.22 %; 20.23 %; 20.24 2;20.25 —C0231;

2 sinl
20.26 3/lg 4 ; 20.27 - 20.28 tg(cosl); 20.29 2: 20.30 .
g 3+ 9( ) 1+ cosl

Il BOB. Funktsiyaning hosilasi

Bir argumentli funksiyalarni differensiallash bo’limida siz
funksiyaning hosilasini topish, differensiallashning asosiy goidalari, asosiy
formulalari, yuqori tartibli hosilalarni hisoblash, shuningdek funksiyalarni
umumiy tekshirish masalalari bilan tanishasiz.

Ta’rif. Agar ushbu

im Ay im f (Xg +AX) — f(Xg)
AX—>0 AX  Ax—0 AX

limit mavjud va chekli bo’lsa, u f(x) funksiyaning x, dagi hosilasi

deyiladi va

f’(X ): lim f(XO+AX)_ f(XO)
0 AX—0 AX

(1)
kabi belgilanadi.
Agar x, +Ax =x deyilsa, unda Ax=x-x, va Ax —0 da x — x, bo’lib,

(1) munosabat quyidagi
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£/(xg) = lim )= (%)

X=X, X—=Xo
ko’rinishga keladi.

1-masala. Hosila ta’rifidan foydalanib, f'(0) toping.

1-cos(xsin ), x = 0;
F(x) = "
0, x=0

X =0 nugtada hosilasi

)~ lim f(O+AAx)— f (0)
AX—> X

Hosila ta’rifidan foydalanib:
FO+A)-f(0) _ i 1-cos(Axsin L) -0 _

£'(0) = lim
AX—0 AX AX—0 AX
. 2 . ) .
_lim 1—(1—23|n (;-AxsmAlx)): lim 2sin (;-AxsmAlx):
AX—0 AX Ax—0 AX

= [sin(%-Axsin i)z%-Axsin ﬁ]:

. 2

_2(t-axsintf _

= lim =2 A= im 1. Axsin®-L =
AXx—0 AX AXx—0 X

- 2 1
sin“ -= — chegaralan gan, u holda
—[ A : : ]—2-0—0.

Ax—0 da Axsin®-L 0,

1 f(x)= {tg(x3 +x° Sin(ﬁ)())’ Xx i ((3);

2 (X) = {ar(:sin(x2 cos(i))+ %Ox,xx_;too;
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100 {arctg (x cos(%)g, >)<( ;: (());

In(l—sin(x3 sin %)) X % 0;
0, x=0

4.f(X):<

(sin(xsin %) X # 0;
0, x=0

F(x) =

(62}

1+ In(1+ X2 sin%)—l, X % 0;

0, x=0

o
—h
)
>
N
I

~

0, x=0

1S
—h
—~
>
~
Il

3 yicin l :
arctg(x” —xzsinz-), x=0;

©w

f(x)=
0, x=0

F(x) = {sin(ex2 D)4 x, x#0;

sinx-cos2, X #0;
10. f(X) = X
0, x=0

- (2 ;0 6 .
X+ arcsin{x“sin2) x#0;
11. £(x) = ( X)
0, x=0



9" cos(g; 1+x) X #0;

12, (X) = {tg X

arctgx - sin —, X # 0;
13. f(X) =
0, x=0

2x2+x2cosg—1x, X # 0;
0, x=0

14. f(X) =

15. f(X) = 0 0

2x% +x2cost, x#0:
6. F(X) = X

{xz cos? L ox=0;

0, x=0
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x? sin 2 .
2 f(X) = 3 -1+ 2%, x#0;
0, x=0

2 2| .
2 £ (x) = \/1+In(1+3x cosx) 1 x=0;
0, x=0

xsin 2 . .
2 f(X) ={e L x#0

0, x=0
tgx sin x
- ¢ X #0
24. T(X) = x2 ’ ’
0, x=0
(arctg(¥ — x%sinl), x 0:
25 £ (x) = 12790 o X
\ 0, x=0
sin(xgsiniJ
2. f (x) =€ ~1+x2, x#0;
0, x=0
31 _ 3 5 .
27.f(x):{“/1 2X sin2 1+x, x#0:;
0, x=0

25X qin 1 0"
26, (X) = x“e"sin—;, x=0;
0, x=0
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20, f(x) = X0

0, x=0

COS X — COS 3X L0

30. f (X) = X ’ ’
0, x=0

2 : .
Javoblar. 1.1 0;1.2 5; 1.3 mavjud emas; 1.4 0; 1.5 mavjud emas;1.6 0;1.71; 1.8 0;

1.9 0; .10 mavjud emas; 1.11 1; 1.121; 1.23 mavjud emas; 1.14 0; 1.15 0; 1.16 O;

1 : : :
1.17 -5 1.18 mavjud emas; 1.19 1,5; 1.20 mavjud emas; 1.21—2; 1.22 0; 1.23 mavjud

3
emas: 1.24 In \/5; 1.25 E; 126 0:1.271:1280:1292:1304.

Differensiallanuvchi y= f(x) funksiya grafigining My(Xy,Y)
(Yo = f(Xp)) nuqtasida o’tkazilgan urinma tenglamasi
Y= Yo = f'(X)(X=Xp)
ko’rinishga,
f'(Xy) =0 da normal tenglamasi

Y=Yo=— (X=X%p)

1
F'(%o)
ko’rinishga ega bo’ladi.

2—masala. Funksiya grafigining abssissasi X, bo’lgan nuqtasiga

o’tkazilgan urinma tenglamasini tuzing.

4

Echim:



3
:61 X_%—E'E'X_ZZZ-X s_ﬂ X4
3 3 4 3
3 4 2
f=vyr(Xy)=21°——14=2——==
Yo = Yo(Xo) 373

y" funksiya X, nugtada hosilaga ega ekanligidan, urinma tenglamasi

quyidagi ko’rinishda bo’ladi:

Y — VYo =Yo(X—Xp), buyerda yy==

YOZY(X0)=63{/1—@ 6—%:%
U holda:
2 2
y- 373 (x-1)
y_2.,.2,2
3 3 3
o2
3
Shunday qilib, urinma tenglamasi:
o2
3

Funksiya grafigining abssissasi x, bo’lgan nuqtasiga o’tkazilgan
normal (1-12 variantlarda) yoki urinma (13-30 varintlarda) tenglamasini
tuzing.

2
1.y:4X4X , Xp = 2. 2.y:2x2+3x—1, Xg = —2.

3.y =X +8Jx 32, x, = 4. ay=x+V%3, % =1.




5.y =3/x2 —20, x, =-8.

7.y =84/x - 70, x, =16.

x* —3X+6
0.y=2"2T2 x,=3.
X
11 y—X3Jr2 Xg =2
AP
13 y_x29+6 1
x4 '

. 8
15.y:M, Xo =1.
3(x" +1)

17 y—ﬁ X —1
s 0T
1
19. Y = . X = 2.
Vg 0
x? —3x+3
2L y=———"—, Xy =3.
X

23, y:—2(§/§+3\/§), Xo =1.

2.y =14/x —15%¥/x +2, %, =1.

27 y—BX_ZX3 Xo =1

. 3 y 0 .
2

29.y:$, Xg = 4.

X .2 X
Javoblar. 2.1 X=2;2.2 y:§+1_; 23y=——+

5

6y_1+x/§ . =

8.y =2x2—3x+1, X, =1.

4.

10. y =~/x —3R/x, x, =64
12y =2x? 43, Xy =-1.

14, y:2x+l, Xg =1.
X

8.y =3%/x —2vx), % =1.

20. Y = . Xg =—2.
y x241" 0
22. Y = . Xq =1.
y x241" 0
24 y—ﬂ X —l
| 34x2 0T

26. Y =3/x —/x, X, =1.

X2
28. Y =—+3, Xo =2.
y 10 0
_ 3 _
3. y=X—-X", Xy =-1

E-24 y:—%+22;

10 5 5 5
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25 Yy=3x+8;26 y=—2X+5; 27 y=—4x+10;28 y =—X+1; 2.9 y=9x—26%; 2.10
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X=064;211 y:§x+%;2.12 y=—4X+1;213 y=7,5X—4;2.14 y =X+ 2;

2.15 y——gX—1'216y—§+£'217 y—gx—g-zls y=-2X-1;
' 3 3 2 2 4 4 '

219 Y = —ix+l 2oy——ix—E 221 y=X—-2;222y=1;
64 32 25 25

223 3y +11x+13=0;224 y=X;225 y=2X+1;2.26 y:§+£;2.27 y:—x+1%; 2.28
y—gx+E-229 y—§x—g-230 y—5+l
5 5 2 4 2 2

Funksiyaning differentsiali

Agar y = f(x) funksiyaning Ay orttirmasi Ay = A- AX + 0(AX)
ko’rinishda yozilishi mumkin bo’lsa, ortirmaning Ax ga nisbatan chizigli
gismi A- Ax funksiyaning differensiali deyiladi va dy yoki df (x) orqali
belgilanadi: dy = A(X)Ax. Differensila mavjud bo’lishi uchun chekli hosila
f’(x)ning mavjudligi va yetarlidir. Bunda dy = f'(x)dx = y'dx bo’ladi.

Agar y = f(u), u=e(x) murakkab funksiya berilgan bo’lsa, u holda
dy = f'(u)du bo’ladi.

3—-masala. Differensial dyni toping.

y=xVyx®-1+ In|x+\/x2 —1|.
dy = y'dx = (xx/x2 -1+ In‘x+x/x2 —1‘) -dx =

[m” Y ! ﬁ'“ﬁdxz
_ meXZ;—l :‘_E [ dex
= \/x27—1+\/x7_1 x—/x2 -1 (l+ijdx



Ly=X- arcsin(§)+ In|x +/X? —1|, x> 0.
2.y = tg(2 arccos v1— 2x? ) X > 0.
3.y =~1+2X - In‘x + 1+ ZX‘.

4.y = x> -arctg(\/x2 —1)— Vx?-1.

5.y = arccos . X>0.
V1+2x?

6.y:xln|x+\/x2+3‘—\/x2+3.

7.y = arctg(shx) + (shx) In(chx).

8. Y = arccos X -1
. 5|
9.y = In(cos2 X +v1+ cos” x).

10.y = In(x 414 X2 )— J1+ x2arctgx.

11 y__ln\x\ _lm X
14 x% 2 1+x%

2.y = In(eX +/e* —1)+ arcsin e*.

93
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13.y = X4 —x* +a-arcsin %

14.y = In(tg %)—ﬁ

15.y = 2X+ In[sin x + 2cos X.

[ 3
16. Y = ,/Ctgx — tgx.

X+/x%+1

2X

18 y:3XL2
. "}X_Z.

x? -1

X

17.y=In

19.y = arctg

1
x> -1

20.y = In‘x2 —# —
21y = arctg(tgg +1)

22.y=|n2x+2x/x2+x+q.

23.y = In|cos \/ﬂ +~/xtg/x.

24.y = e*(cos 2X + 2sin 2X).



25.y = X(sin(In x) — cos(Inx))
2.y = (\/x——l - %)ezm.

27.y =C€0SX - In(tgx) — In(tg g)
28.y=\/3+7x2—xln|x+\/3+7x2|.

20.y =/x — (L+ X)arctg/x .

30. y = X-arctgx — Inv1+ x?.

(1 22 x—-1
Javoblar. 3.1 arcsin| = |dx; 3.2 dx; 3.3 dx;
X (1-4x2)% -\[1-2x2 (x+\/1+2x)\/1+2x
3.42X-arcty (\/x2 —1)dx; 35 1\/52'362 dx; 3.6 In‘x+\/x2 +3‘dx;
+2x
2 sin 2x - dx
3.7 chx- (1+ In(chx))dx; 3.8 — dx;39 - ——;
xvx* +2x% -1 V1+cos? x
X X
3.10 — X -arctgxdx; 3.11 —anl);'dx; 3.12 ( © + € de;
V14 x° 1+x7) Je* -1 J1-e¥
i 2
3.13 2x" +4+2a dx; 3.14 Z?tgx dx; 3.15— SC0SX dx;
Ny sin X sin X+ 2Cc0sX
3.16 — V2 dx; 3.17 — dx :3.18 4dx ;
cosx-/sin®2x x(x+\/x2 +1), 3(x—2)3/(x +2)2(x-2)
3.19 ﬁdx-szoz—xsdx-wl dx :3.22 ax_
Toxt x24T (x®-D2 T 3+2sinx+cosx JxZax
d—)z(; 3.24 58" - c0s 2xdx ; 3.25 2sin(In x)dx; 3.26 e gy, 3.27
2c0s% \/x

—sin x-In tgxdx; 3.28 — In‘x ++/3+ x2|dx; 3.20 —arctg/xdx; 3.30 arctgxdx.

95
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Funksiyaning differentsiali

Agar x argumentning ortirmasi AX = X — X, absolyut giymati kichik
bo’lsa, u holda
f(X)=f(xy+Ax)= f(X)+ F'(Xy)- A
ko’rinishda yoziladi. Bu formuladan funksiyalarning qiymatlarini taqribiy

hisoblashlarda foydalaniladi.

4-masala. Differensial yordamida taqribiy hisoblang.

1
= . X=158.
y N2X+1

Echim:
Agar x argumentning ortirmasi Ax = X — X, absolyut giymati kichik
bo’lsa, u holda
f(X)=f(Xg+AX)= f(x5)+ F'(Xp) - AX

Xo =15 ni deb olamiz

U holda:
Ax =0,08
Hisoblaymiz:
1 1 1
1’5 = = = —,
y{L9) J2.15+1 J4 2
Y O] > 1
= =\(2x+1) ? ) =—=-(2x+1]) - 2=——~—.
y (\/2X+1) (( ) ) 2( ) /(2X+1)3

yas oL 1 1
7 J15+1? Va2 8

Natijada:




y(158) ~ Y(L5) + y'(L5)-0,08 = % - % .0,08=0,5-0,01=0,49.

1y=3%x, x=17,76. 2.y =3x3+7x, x=1012.
A

y=2" g X x=098. 2.y =3x, x=2754.

5. y =arcsinx,, x =0,08. 6.y =3X?+7x+5, x=0,97.

7.y =3/x, x = 26,46. 8.y =VX°+X+3, x=197.

0. y=x1, x=1021. 0.y =3/x, x=121.

1y =x2, x=0998 2 y=3x* x=103.

13.y=x°%, x=2,01. 14. y =3/x, x =8,24.

15. y=x', x=1996. 16. y =3/x, x =7,64.

17.y =+/4x -1, x=2,56. 18. Y = 1 , Xx=1,016.
V2x2 +x+1
1

19. y =3/x, x=28,36. 20V=—, X=416.

y y Jx

21 y=Xx', Xx=2,002. 2.y =+/4x-3, x=178.

23y =x3, x=0,98. 2 y=x°, x=20997.

25 y=3/x? x=103. 2% y=x*, x=3998.

27. y =-/1+ x+sinx, x=0,01. 28 y=3%/3x+cosx, x=0,01.

20. y =4/2x—sinZ, x =1,02 30 y=vx?+5, x=197.

Javoblar. 4.1198: 4.2 2,01;431,495; 4.4 3,02; 45 0,08: 4.6 1,99: 4.7 2,98; 4.8 2,975;
491,231; 410 1,07; 4.11 0,958; 4.12 1,02 ; 4.13 65,92 ; 4.14 2,02 ; 4.15 126,208;

416 197:4.17 3,04; 4.18 0,495 4.19 2,03; 4.20 0,49, 4.21 128,896 ; 4.22 2,03;

4.23 0,98: 4.24 241,785 4.25 1,012 ; 4.26 255,488 ; 4.27 1,01; 4.28 1,01; 4.29 1,01;
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430 2,98.

Differensiallashning asosiy goidalari
Funksiya hosilasini topish amaliga funksiyani differensiallash
deyiladi. Differensiallashning asosiy goidalari:
Agar u(x), v(x) differensiallanuvchi funksiyalar bo’lib, C —const,
ya’ni o’zgarmas bo’lsin.
1. :u(x)iv(x)]' =U'(x) £V'(X).

2. :Cu(x)]’ =Cu'(x).

3. [u(x) -v(x)], =U'(X)-V(X) +u(x)-V'(x).

4

4 _M} _U'(x)-v(x) —u(x) - v'(x)

Lv() vA(x)

5-masala. Funksiyaning hosilasini toping.

, bu yerda v(x) =0.

} 15v1+ x?
_ (3x6 +4x* —x? —2),\/1+ x? —(3x6 +4x* —x? -2 W1+ xz)

15(1+ x?) B
18 +16x° — 2N+ x7 —3x° 4 4x* 3 —2)- L 2x
+X

, £3x6 +4x% — x? —Zj

151+ x?)



(18x5 +16x% — 2x N1+ x2 — (3x6 +4x* —x? - 2)- J;T :

_ x(18x4 +16x% — 2)(1+ x?) — (3x6 +4x* —x% - 2)- X

151+ x?)

15v1+ X2 (1+ x?)

~ x(18x* +16x2 —2+18x® +16x* — 2x% —3x® — 4x* + %2 + 2)

15V1+ x* (1+ x?)

~ x(15x6 +30x* +15x2) ~ 15x3(x4 +2x° +1) ~ xg'(x4 +2x° +1)

1y

23X +4x* —x-2)

15V1+ X
Ly= x* —8x*
T2(xP-4)
1+ x3)V1+ X8
5.y = .
12x
: y_(xz—es)w/(4+ x)°
| 120x° '
oy 4+ 3x°
T ox3)@2+x%)?
x°+x3-2
1.y =
1-x°
1+ x?

15. Y =
d 3x°
V2X+3-(X-2)
17. Y = :

X

(2x% —)V1+ x?
2.y = % :

3
\ y_2x2—x—1
7 32+4x
X2
6. Y=

241-3x4
- (x> —8)Vx* -8
6x° '

/1+X3/4 2
10. y:3(XT).

C(X* =24+ x?
_ ; _

oo

12.
y 24X
VX=1-(3x+2)
14,y = 5 :
4x
x® +8x°-128
16. Y = :

V8- X
18. y = (1— x%)8/x* +1.

151+ x2(1+x2)  156V1+x2(1+%x3)  +x2(1+x?)

99
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_(2x* +3Wx* -3 0y = x—1
ox* (x? +5)Vx% +5
_(2X+1)VX* — X 1—-+/x
= > .
X

2.V=2- .
y 1++/x

.y 1 N y_3.3x/x2+x+1
(X+2)Vx? +4x+5 X+1

25. Yy =3-3 x+1 26. Y = ahal
| V(x—1)2 VX2 2x+7

X/ X +1 X°+2
2.y =——. 28 Y = —F——.
X2+ X+1 21— x*
_ (x+3)V2x-1 " y_3x+x/§
2X+ 7 X2+2
[ 8
Javoblar. 5.1 X~/1+X; 5.2 ;;5.3 X+ 216 51 o4 . 95— 1—|1F3X :
x3 1+ x2 (x= —4) N2 +4X X

X _57\/4+x2_584x/x2—8_59 -8 |
(1—3x4)\/1—3x4 | x° ¥ x22+x3)2+x%)?

5.6

o 9x° _512—x4+x3+2x2—2x+24_
2X - \/_ 31+ x¥* 21— x% 24x*\4 + x?
. x° —3x +8 515_\/1+x2_516 ox°
(1+2x it 8CYx—1 x> 28—x®
—x? +3x+12 1 4 2 1 3
5.17 _— | -13X"+3X°"-9—— ;519 ————;
x3\/2x+3 3 1) ( xzj' 4. /2 _3
551/(x +§) XTX" =3
—2x +3x+5 3 . 1 _
JX +5 XZ\/X2—3’ JXA=%) - @+x)
2x% +8x+9 X +2
5.23 —

(x+2)% /(x? +4x+5)? o _3w/(x2 +X+1)% - (x+1)° |



525 —3
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X+3

X X
. ; 5.26 — ;
(x+1)? (x-1)? (X2 +2x+7)-Vx?+2x+7

—x®—x*+3x+2 2x° + X 2x% +15x + 20

5.27 1 5.28 — 5.2 :
23X +1-(X? + x+1)? (L—x*)-V1-x* (2x+7)? -vJ2x -1

5.3

124/% + 2 — X2

i 2Ix (X2 + 20X +2

Murakkab funksiyaning hosilasi

Agar y= f(x) bo’lib, u=¢(x) bo’lsa, ya’ni y funksiya x argument

bilan oraliq argument orqali bog’langan bo’lsa, y ni x ning murakkab

funksiyasi deyiladi.

Murakkab funksiyaning hosilasi, uning oraliq argument bo’yicha

hosilasini oralig argumentning erkli argument bo’yicha hosilasiga

ko’paytmasiga teng, ya’ni:

dy dy du :
—=—".— yoki y' = f'(u)-u'(x).
O du o YK (u)-u'(x)

6—masala. Funksiyaning hosilasini toping.

(1+ xz)2

e -2x-(1+ xz)—e"2 2x 23X

(1+ x2)2 (1+ xz)zl

1L y= x—In(2+eX +2y/e** ¥ +1)
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w

e

[$)

»

~

o

10.

1.y =

12.

13.

14.

15.

2¥(2 —sin 2x — cos 2x)
o .

X

y:

y —l-arctg
2

1 In 1+ 2%
In4 1— 2%

y=24e* +1+In——=— e’ +1-1
JeX +1+1

Ly = %w/(arctgex)e’ .

y= % : In(ezx +1)— 2arctge”.

18e* + 27¢e* +11
6(e* +1)°

_ 2('\/2" -1- arctg\/ZT—l).

In2

y=2(x—21te* —2in ite —1
N1+e* +1

e (a- sm,Bx iz cos,Bx)
a +ﬂ

e” (8- sm,Bx a- cos,Bx)
a +ﬂ

ax 1 N a-cos 2bx + 2b - sin 2bx
2a 2(a + 4b?)

y = In(ex +1)

y=¢

1
—In(L+e%).
1+e* ( )

y =X —3In((1+ e%)\/1+ g0 ) —3arctgeé.

y=X+




16.

17.y =
18.

19.

20.

21.

22.

23y =

24.

25.

26.

27.

28. Y

29.

30.

Javoblar. 6.1

103

y =X+

l+e*

In(ex ++/e% —1)+ arcsin e,
y =Xx—e *arcsine* — In(1+ V1—e* )

y=x—In(l+e*)—2e 2 -arctge? — (arctge_g)z.

X3

e
1+x3°

1 . \F
= arctgl e -.|— |
Y= mJab g( bj
y =3 [{x® —23/x +2)

\/1+e e _eX-1
\/1+e +eX _eX41

y = esin X(X— 1 j
COS X

y = %((x2 —1)cos X+ (x —1)% sin x).

y:

y =arctg(e* —e™%).

y = 3% (/x5 —5x® + 20x - 603/x? +1203/x —120)

e3x

3sh3x

y =arcsine X —y1—e?*,
y = —%e‘xz (x4 +2x% + 2)

X X
) e 2
62 €% .sin?X:6.3

1
— - : 6. : 6. o X ; 6.4 % ;
q/e +e +1 e —6e” +13 1-2
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e* . /arctge” e?* _gX e
65vVe*+1:66 g - 6.7 - 6.8 692 —1:

1+e 1+e?* (¥ +1)*

2e* +x-e2* -2 .
6.10 .6.11 €% -sin SX;

e*y1+e*

e™(B? cos,Bx+2a,BS|n3x a’ -cosX)

6.12 16.13 €™ - cos” bx; 6.14 ———;
a’ + fB* 1+e")
1_ex/2 _ex/3 _ex/6 1+ex/2 eX —1 N o
5 X3 X6 ; 6.16 VAR 6.17 < ; 6.18€ “alCsine”;
2(1+e*3)(1+e¥®) (1+ex/4) e’ +1
3
arctge’? 3x° . e* e™ Ix
ﬁ;&ZO ﬁ;G.Zl —me;6.226 )
e’ -(1+e”) 1+ x°) b+a-e
1 sin x SIn X 2 X
6.23 16.24 ™" .| X-COSX———— |: 6.25 X” -€* - COS X;
V1+e* +e* Cos” X
e +e* Iy e¥* . (chx —shx) e¥e? —1—e -1
6.26 W; 6.27 X-€ ; 6.28 2 ; 6.29
et —e?* 41 sh*x Ji—e 2 .1—e®
6.30 X~ -e %
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y=InlIn?In®x.

1 1
) —3-2Inln3x-T-3In2x-—:
In“In° X In° x X
1_ 6
X x-Inx-Inin®x’

<
Il

= (Inin?1n3

InIn® x Inx

1Ly =JxIn[Vx+x+a)-x+a. 2 y=|n(x+\/a2 +x2)

2
3.y =2x—4In(2+/x) 4. y=|nx—4.
1-ax
2
= In(vx ++/x+1) 6y = Ina—+X2.

a—x



7.y = In?(X + cos X).
2

9. y=1In .
y 1— x>

1+ 2x
11. y =In4 :
1-2x

(. 2x+4j
13. y =In| sin B
X +

15. y = log, log, tgx.

2X+3

17. y =Incos
X+1

19.

o

1
=loQ.,| — |.
y ga[ Tj
21, In(arcsm J1— 2")

23 (bx+x/a +b?x 2)

25. Y = In(arcco %)
X
f V5+tg}
27. .
Y= \/_ tg X

29. Yy =1In Insin(1+§)

Javoblar. 7.1 —— \/_-I-\/X-i-
2& ( )
1 4a’x 1-sin x
7.5 7.6

7.7
’ 4 4
24 X% + X a’ —X

~ 3:sinx-In*(1+cosx) s
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8. ¥ = In3(x + cos X).

10. y=In tg(% +§)

X- \/_ "
\/_ N2

12. Y = X+

14. y = log,4 109 tox.

x(cos(In x) +sin(In x))
5 .

18. y = Ig In(ctgx).

2.y = % In(ﬁtgx + 1+ 2tgzx)

22,y = Inarccos vV1—e?*.

VX2 414+ X4/2
Ix2 +1-x4/2

2.y = In(eX +/1+e*" )

In x
28. Y = In[Sln }

30. Yy =InIn®In? x.

Jx 2

24. Yy =1In

"~ X+COSX

1+ cosx

o x-(l—xz);7

Va? \/_ (2+\/_) x—ax 5

-2In(x+cosx);
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2 2X+4 1 1
7.13 — - ; 7.14 — ;7.15 — ;
(x+1) X+1 sin2x-In4-Intgx sin2x-In2-Intgx
2x+3 3
7.16 cos(Inx); 717 —*-: 7.18 — 2 ———:7.19 2X o
(x+1) In(ctgx) - In10 - sin 2x Ina-(1-x")
1 e”
7.20 $7.21 — ;
c0s” X4/1+ 2tg°x V1-e®* .arcsiny1-—e?*
2e %" b 22

7.22 1 7.23 0 7.24 ;
V1—-e* .arccosvl—e** vaZ® +b?x? A—x*)Vx% +x

7.25 ! £ 7.26 e $7.27 >

' 2x-\/x—1-arccos%’ - J14e> 6cos’ (-1
sinl—x-Inx-cost ctg(l+1 6

7.28 X X.7.29 ( X)

x-Inx-sin%

x?-Insin@l+%) " x-Inx-Inh?x’
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y'=|tg cos(qut
3

(1) sin? 31x

y=tg. /cOS| = |+ ——.

3) 31cos62x
sin®31x | [ sin®31x |
31c0s 62X 31cos 62X

! '

( 2sin?31x _(1—cos62xj _( 1 _ij'_
62C0S62X 62C0S 62X 62C0s62X 62
St o L (sine2x)62= 992
62C0S62X 62C0S“ 62X C0S62X
) 2
1.y:sin\/§+1-sm 3 2.y:cos,ln2—1-cc?S 3
3 C€0s6X Sin 6x
1 1 sin®4x cos(sin 5) -sin? 2x
3. y=tglg=+~- : = :
3 4 cos8x 2C0S4x




5.y = ctg?{/_—1 cos” ax

11.

13.

15.

17.

19.

21.

23.

25.

27.

29.
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_ sin(cos 3) - cos” 2x

8 sin8x 4sin 4x
cosIn7-sin® 7x 1 cos®8x
= : 8. y = cos(ctg2) — —-
7cosldx 16 sin16x
1 sm 26X 1 _cos 210x
9. ctg(cos 2 10. Y =3/ctg2 — —
Y = ctg( )+ 6 colex y 92 20 sin 20x
1 ( 1) 1 sin?10x 1 1 cos®12x
y==-cos| tg= |+—- . 122y=Insin=—-—-
3 2) 10 cos20x 2 24 sin24x
. 2
y = Bsin(ctg3) + 1 sin®5x ZS|n(ct93? cos”14x
5 cos10x 28sIin 28x
cos(tgé)-sin 15x sin(tg%)-c03216x
= . 16. = .
y 15c0s 30x y 32sin 32x
ctg(sin %)-sin217x 8/ctg2 - cos 18x
— . 8. Y= :
y 17 cos34x 18y 36sin 36X
- 2
_ tg(In2)-sin 19x. 0y = ctg(cosS)—i cos? 20x
19cos38x 40 sin40x
sm 2 21x 1 cos? 22x
J1g 22, cos(ln13) - — ———.
y= 21cos42x Y= ( ) 44 sin44x
1  sin?23x ( 1) 1 cos? 24x
y=Incos=+ —— 24y =ctg| sin— |——-——.
3 23c0s46x’ 13) 48 sin48x
. sin? 25x 1 cos® 26x
y=sin(ln2)+ ——. 26. Y = 3/cos~/2 —
25c0s50x 52 sin52x
=2
SIn“ 27X ) cos? 28x
=71/tg(cos2) + ———M. 28. y=SIin3/tg2 - —.
y o ) 27 Cc0s54x y J 565sin 56X
=2 2
y = c0s°(sin 3)+M. 30. y:sinS(COSZ)—M.
29c0s58x 60sin 60x

Javoblar. 8.1 8.2

tg6Xx 1

thx 64 cos(sin5)-tg4x o 1

COS6X 2sin? 3x

' c058x ' cOS4X " 4sin?4x’
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sin(cos3) cosin 7 -tgl4x 1 tg12x 1
— 5 ;8.7 ;8.8 ;8.9 ;810 —————— > ;
4sin“ 2x cosl4x 4sin®8x’ cosl2x 4sin“10x
1).

611 tg 20X 812 1 813 tg10x 814 — cos(ctg3) 615 Cos(tg 3) thOx;
c0s20x 4sin?12x cos10x 4sin?14x’ c0s30x
sinltg L tg(sin i) 5/ )

8.16 — (g 7) . 8.17 ctg(sin 3) tg34x; 8.18 _ N2 :8.19 tg(in 2) t938x;
4sin?16x c0s34x 4sin?18x c0538X
1 tg42x 1 tg 46X 1

8.20 T; 8.21 ; 8.22 - D ; 8.23 ; 8.24 T;
4sin“ 20X c0s42x’ 4sin“ 22X c0s46X 4sin“ 24X
25 szﬂ; 8.26 + 8.27 tg94X-sec54x; 8.28 + 8.29 tgo8x ;
cos” 50x 2sin“ 26X 4sin“ 28X c0s58x
1
830 ———.
4sin? 30x
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tg3+1 tg3+1
y’=(arctg 922+J: 1X 2.(92;}:
1+(tg2+1J

2

1 1 1 1
" tg? X429 % +5 2 o3 2x 2
1 B 1 B
~sin? 5+2sin3cos; +5coszg_l+smx+4co X
1 1

SinX+2cosX+2 sSinX+2cosx+3

tgx — ctgx
5

T

1. y = arctg

2.y =arcsin




3.y = 2X=1 v x—x2 +§-arcsin 2X3_1.

4
Vi+x% -1
4,y =arctg ———,
X
x? -4

Jx2+16

6 y—\ﬁ-arctg -1
| 3 JBx

7 y—l-lnx—_l—larctgx
T4 x+1 '

5. Y = arccos

8. y:%-(x—4)\/8x—x2 ~7 —9arccos,/XT_1.

- (1+ x)arctg~/x L1

X 3xV/x
x> 2+ X2 5
10. y:E-arccosx— A1-x“.
1 1+X
1.y =——+ =" .arctg/x.
y 24/x  2x J
12. y:3+—x- X(2 - X) +3arccos\ﬁ.
2 2
13 y—4+x4 -arctgx—2+ﬂ
| x> 2 X
14y =arcsin .| +arctg/x.
X+1
5 y_l. i_l_arccosx
2 % 2x?

16. y = 6arcsin ——67- X(4—X).
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17. y :XT_S\/6x—x2 —8+arcsin ,/g—l.
1+ x)arctg/x —+/x

18. Y =
X
2J1—x-arcsin/x 2
9.y = + .
X Jx

2.y = 2)(4_5-\/5x—4—x2 +%-arcsin ,/XT_l

X +1

21.

|_\

y = arctgx+§ In
6 x°+4

(x-D~2°
23,y =+/1—x* — x-arcsin v1— x°.

24, y=\/§+%~arctg\/§+g-arctg§.

22.y =arcsin

J1-Xx
25. Yy = arctg l—.
— /X

26. Y = (2x* + 6X + 5)arctg X+ s
X+2

27y =——2_arcsin 2x+%- In(1—4x?).

24/1— 4x?
x>—-1 x° 43

28. (Zx —x+1jarctg —— X
- x\/_ 23 2
2.y = (x—2v/x +2)arctg —Jx.

30. Yy =14 2x — x?arcsin f—z —/2In(1+ X).
+ X
Javoblar. 9.1 V2 :9.2 ! 1932+ X=X

sin? x + cos” x 2% X +~/X =1




~1+/1+ %2 o5 2\/5(4+x) 3x+1 1

(X F(W1ex? -2 N1+ x*+16 \/§(9x2+1)'9'7 -1
08 VBX—x2—7:09 —2FX) ';mtg& . 9.10 X2 - arccos X :
9.11 —%-arctgﬁ; 9.12 —X—z; 9.1:«;u arctg - X2 1
2X Jx@2-x) x* \/_(x+1)
o1c X++1-x - arccosx. x*-3 1 Jox—x2 8.

x3v1-x2 \/ X(4 X)

9.18 —i arc:tg\/_+i 9.19

arcsinﬂ 920 V5X—4— X2 -

x? X \/
x> +9

9.21 ;9.22 :9.23 —arcsin v1— x?

1+ x2)-(x* +4) (x— 1)1/)( _
24 3X” +16x+32 -925;-926(4x+6)arctgx—+1-

6VX(X+D(x+4) 4 x@-x) X+2

4

. arcsin 2x 028 (4x-Darctg > -1 \/§(x +1)(3x% —2x — X ).

2(1— 4x%)-1-4x? ﬁ 2(x* + x% +1)

Jx 1-x X2
-arcsin—— .

1
9.29 | 1+ arctg ———;9.30——
( \/_j Jx+2 V14 2x—x? 1+X
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2 chx
= —-Cthx — :
Y73 3sh®x
' " h3y _ rhy . (ch3yv)’
y,:(g_cthx_ ch>3< j _ 2 12 _ (chx) -sh®x 6chx (sh*x)’ _
3sh~x 3 sh<x 3sh”x
2 1 shx-sh®x—chx-3sh®x-chx  2sh®x sh®x-3ch®x
3 sh®x 3sh®x 3sh”x 3sh*x

—23h X —sh?x +3ch?x 30h X —3sh? X 3 1
3sh*x 3h®x  3sh®x  sh’x.
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1 2+J§thx
4( 2 —+/5-thx

2.y = shx + 3shx +§arctg(shx)
7 4ch?x  8ch®x 8 '

1 1+ +/thx
=_.In + arctg+/thx.
y 2 1—+/thx J

w

3 \/5 thx  thx

:'>

8\/_ "2tk 4(2 —th?x)

1+\/_thx
4x/§ 1 J2thx

1 X chx
=——-In| thx— |- :
y 2 ( 2) 2sh?x

! Ina+\/1+a2thx
oavl+a? a—+1+althx

&2

yth

o

~

1 In1+\/§cthx
182 1-+/2cthx’

sh2 x
9. y=arctg———.
chx —shx
1, 1-sh2x
10. y==1In

6 1+sh2x’
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11+ thx
11. y=4 :
1— thx

V= shx
7 l+chx
5y = chx
7 Jsh2x
10y = sh3x
7 Jchex
_ 1+8ch®x-In(chx)
15. y— 2ch2X .
_ 12sh®x+1
16'y__—33h2x :
17 y——ShX+1+§-arcsin(thx)
| 2ch?x 2 |
18 y—iarcsin 3+ chx
78 1+ 3chx
arcsin i \/gth%
19. YV =—= —_—.
'8 4—/8th
20 y=tinithX_L.p 3t
4 2| 4 shx
5+ 3chx

21. Y = —Earcsin :
4 3+ 5chx
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1—8ch?x
22. =

Ach*x
23y = 21 + shx +§arctg(shx)
7 shx 3sh®x 2ch?x 2 '
8 1
24, Y =—-Cthx ——MM.
y 3 3chx -sh3x
1 shx
25. Y = —-arctg(shx)— :
y=> g(shx) N
3 chx
26. Y =—-Inlth 2 )+ chx — .
y 2 ( 2) 2sh?x
shx 1 3
27. Y = — — — —arctg(shx).
y 2ch?x shx 2 9(shx)
shx 1
28. Y = + — . arctg(shx).
y 2ch?x 2 g(shx)

1( shx
20. Y =— + arctg(shx) |.
y Z(Chzx g )j

chx 1 X
30. Y =— —=In| th=
y 2sh’x 2 ( 2)

1 1-3ch?x

Javoblar. 10.1 10.2 -10.3 v/thx; 10.4

1 1 1
5 > > 10.6 3 10.7
ch“x(@—sh°x) sh®x

chx + shx ch2x

1
10.9 - 10.10 1011 —— = -10.12 ;
Jsh2x -ch2x sh?2x+sh2x — 2 2~/chx —shx 1+ chx

4—sh?x’ 4ch’x (L+ch?x)?’

1

;108 —mMmM8M8m
a?-ch?x+(1+a?)-sh?x 9. (1+ch?x)




lo.13 1 to.14 3ch3x o1 shx- (4ch®x 1) 016 2chx
"~ 2shxa/sh2x~ chéx-+/chex ch®x 7 3shix’
1017 ch2x. 18—98—hx'1019 1 -1020i-
~ ch®x’ 8(1+3chx) 2‘ch2§+1i' T 2shx’
h®x 2chx chx 1-sh®x 5
10.21 - 10.22 - 10.23 — + + + :
3+5chx ch?x sh®x sh*x 2ch3®x 2chx
1—4sh3x sh?x ch*x chx 2-sh?x 1
1024 —————;10.25 ———; 10.26 11027 ———=—=,10.28 ———;
chx-sh”x ch’x sh®x shx ch’®x ch’x
10.29 £ 10.30 .
ch3x sh3x
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Iny= In(xe -x9)= e*.

!

y
y

y’:y-(ex(lnx+lj+gj:xex -xg-(e>‘(lnx+1j+g .
x) X X) X

1. y = (arctgx) M)
3.y =(sinx)** .

5.y =(Inx)* .

7.y = (ctg3x)*®".

0. y = (tgx)*®

tgx

(
13. Yy = (X3 +4)

—=(Inx-(ex+9)) :l-(ex+9)+lnx-ex =ex(lnx+l +9_
X

)8 In (xsin x).

y=x% -x°.

InXx+9-Inx=Inx-(e* +9).

X X

2y = (sin ﬁ)‘n(Sin o)

4.y =(arcsin x)° .
6.y = Xarcsinx.

g y=x°
10. y = (cos5x)° .
12y = (x—5)"™

: 3
14,y =x"%,
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15. y = (x2 —1)th. 16. Y = (x4 + S)Ctgx.
17. y = (sin X)%X. 18. Y = (x2 +1)COSX.

1. y =195 . x1°. 20 y=x° 2%

21. y:(sin\/;)em. 2 y=x"
23.y=x% 2.y =x% 5%

25 y=x*". 26. y =(tgx)"s .

27 y=x""". 28. Y = (x8 + 4)thx.
2. y =29 -x%. 30. y = COS 2% Y

Iin(arctg)  In(arctgy)
Javoblar. 11.1 (arctgx)? : J N
arctgx- (1+ x<)

» (sin \/;)In(sinﬁ)Jn(Sin \/\/é)ctg\/;;

113 56 - (sin X)* - (In(sin x) + ctgx )

: . 1
114 (arcsin x)® -eX -{In(arcsm X)+ J;

V11— x? arcsin x

115 (Inx)* -3 -((In 3-In(In x) + L j; 11.6 XN [ Inx , arcsin X];
X-In x h_x2 X

11.7 2e* - (ctg3x) % -(In(cthx)—_Lj; 118 X5 ' ( In2x +1j;
Sin 6x COS" X X

119 (tgx)*® - 4e* -(In(tgx)+ _22 j; 1110 (cos5x)° -e* - (In(cos 5x) —tg5X);
sin 2x

. 16(xsin x) 39 In(xsin x) - (L+ X - ctgx)
" :

111

1112 (x—5)™ '(th‘ In(x —5) +—Chx5); 11.13 (x3 +4)th (

In(x* +4) 3x?-tgx
2 + 3
1+X X" +4
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- 3
3 sin X
11.14 x5MX -(3X2 .Inx-cosx® + J;
X

11.15 (x? —1)*™ -(chx- In(x2 —1) + 2X-shx}

x? -1
4%° -ctgx In(x4 +5)
x* +5 sin? x

11.16 (x* +5) %% ( J; 11.17 g-(sin x)57X -(In(sin x) + x - ctgx);

2X-COSX

11.18 (x2+1)c°sx-( S —sinx-ln(x2+1)j;
X“+1

X
1119 19%" . X9 -19(x18 In 19+1); 1120 x¥ - 2* -[3X AN 3-I(X)+ >+ In 2};
X X

1 .
11.21 (sin ﬁ)eux ex . In(sin ) +tg\/§ L1120 XL g0 (l— .|I"|2X j;
X 2/x X sin?x

cOS X 1 . X 2X
11.23 X* g% -(——sm X-In xj; 11.24 X% -5% -(ZX [In2-In(x) +—+1In 5};
X X

1) 9 In(tgx)

sinx :
1125 X° ™ . cosx-Inx+ = [;11.26 tgx 4 - — ,
X Sin 2X

arctgx Inx 1 In(x® +1) 8x’ -thx
1127 X& @3 (—2 +—j; 11.28 (x® +2)™. ( . ) - :
1+x X ch*x X +1

X

29 +In 29];
X

11.29 X% - 29 -(29* I 29- In(x) +

nCOSZX
11.30 —Cc0s2X 4 -tg2x-In(cos2x).
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y =arcsin(e™?*) + In(ezx +/e¥ —1)
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y = (arcsin(e‘zx) + In(ezx + m)) -

__ 1 1 e x/e4x—1+ g2 _
ll_e—4x er 4 /e4x 1 /e4x 1 /e4x 1
~ e2x . 2e2x . /e4x 1+ e2x ~
/e4x_1 er+ /e4x_1 /e4x_1
e2x e2x 3e2x
Ve -1 e —14/e¥ -1

2
1.y:i( °+8 x2—4+x—arcsing, x> 0.
24 16 X
2.y = x+l L -arctng'X—+1
7 16x2+8x+3 2 V2

LY =2X— In(1+ V1-e# )— e 2% . arcsin(e?¥).

4.y =~9X2 —12x+5-arctg(3x—2)—In(3x—2+\/9x2 —12x+5)

/ 2
. yzil.\/ZX—x2 ppifyex=xt
X_

x-1

w

(6]

4
6. y:X—-arcsin§+i(x2+18)x/x2—9, x>0,
81 x 81

o gL, L 31
2 V23 32 —2x+1
Ly =3x-— In(1+ V1—e® )— e 3 .arcsin(e®).

Ly = In(4x—1+ V16x2 —8x + 2)— V16x2 —8x + 2 - arctg(4x —1).

In1+2x/—x—x2 4 5

+ . — —
2X+1 2X+1

~

oo

©

10. Y =



11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

y =(2x+3)*-arcsin

X+ 2

1

1

X+ 2

_ +——-arctg ———.
Y e ax+6 2 9
y =5x — In(1+ V1—el% )— e % . arcsin(e>®).
y= X2 —8x+17 -arctg(x—4) — In(x—4+\/x2 —8x+17)

y=I

y=(3x% —4x+2)-9x2 —12x+ 3 + (3x - 2)* -arcsin3 !
X

n1+\/—3+4x—x2

-2 C3iax—x2.

2—X

2—X

x-1

, 3X—2>0.
2

x-1

— —_.arct n .
y V2 g\/i X° —2X+3

y = In(e5x ++/et0 —1)+ arcsin(e ™).

y = In(2x—3+ Jax? —12x +10)+ Vax? —12x+10 -arctg(2x — 3).

y=I

y

n1+\/—3—4x—x2 ~

23 ax—x.

—X-2

3
2x -1

1

X+ 2

=g-(4x2—4x+3)-\/x2—x+(2x—1)4-arcsin21 , 2X—1>0.

x—-1
2x—-1

+ - .arctg =5 —".
4x% —4x+3 /2 ’ V2

y =arcsin(e ") + In(e“x ++/e% —1)

y = In(5x ++/25x2 +1)— J25x2 +1-arctgbx.

y

y = (3x+1)* -arcsin

y

2
3X—-2

1

= ——-arctg

V2

A=3+12x-9x% +In

1++/—3+12x—9x2
3x—2 '

L +(3X% +2Xx+1)-VIX® +6X, 3x+1>0.

3x+1

2X+1

2x+1

ﬁ+

4%% +4x+3

2(@@+&2x+ﬂ)Vx2+3x+& 2x +3>0.

+_
2Xx+3 3
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28,y = ( +/e®% 1)+ arcsin(e™>).
20. y =V49x* +1-arctg7 x — In(7x+x/49x2 +1)
1+ 1+ 4x°

2X

0. yzi. 1-4x% +In
X

x>-x 8 2 16
Javoblar. 12.1 —————+—-arcsin—; 12.2

8Vx* -4 X X (16x2+8x+3)2
(9x —6) - arctg(3x — 2) -, 2x* —7x+3

Jox2 —12x+5 (x=1)22x—x2

12.3 282X -arcsin(ezx);1z.4

3
126 2 arcsinS 4 X (€ _1) 4 > 1128 3" -arcsin(e3x );
X 27Vx* - (3x2 —2x+1)
4(1—4x) 2X+3
12.9 -arctg(4x-1); 12.10 — ;
V162 —8x +2 V=X—x? - (2x+1)?
12.11 8(2x +3)® - arcsin 11212 — 4 ~:12.13 56> - arcsin(e>).
2X +3 (X° +4x+6)
12.14 x—4 -arctg(x—4); 12.15 4-x
Vx? —8x+17 (2= X)2 /= 3+4x— X’
12.16 12(3x — 2)® - arcsin L1217 — 4 - 1218 5™ - 1-e 7
3x-2 (x°—2x+3)
12.19 4x -6 -arctg(2x —3);

Jax? Z12x+10

2x% +8X+9++/—3—4x—X>

12.20 ; 12.21 8(2x —1) - arcsin
(x+2)-x/—3—4x—x2-(1+\/—3—4x—x2) -
1229 8 2 4 e“x—l , 25x-arctgbx.
(4x2—4x+3)2’ e +1 \25x% +1
3-9x
12.25

J-3+12x-9x% - (3x-2)
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1 18x° 8
12.26 12(3x +1)* - arcsin +(3X 41— 1227 :
3X VOX? +6x (4x2 +4X+ 3)2
e —1 7 arctg?x 1 1

12.28 3

e¥ +1 2\/49x +1 14 x1sax?

Funksiyaning hosilasi

13—-masala. Funksiyaning hosilasini toping.

arcsmx 1 1 X

1= X2 2 1+X.

v (arcsmx 1,.1- XJ (arcsinx)'-x/l—xz—arcsinx(x/l—xz)Jr
J-x?2 2 "1ex) T 1-x°

1 1+x -1-(1+x)-Q=x)- 1

2 1-x L+ x)?

1 5 ) 1
-A/1—X° —arcsin X — —— - 2X
1-x* 241— x°

_ +
1—x?

+1. 1 -2 _ Ji-x* 1 x-arcsinX
2 1-x 1+X 1— x2 1 x2 (l—xz)/l—le

oy = ZAONX n1-x2,
V1-x?

2
2.y=4In X _Vi-4x ,

141-4x2 X
3.y = X(2x% + 5)V x? +1+3In(x+\/ X2 +1)

2
i X"+ 2
4.y = x3arcsin X + 3 V1-x2,
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o

o

-~

oo

©

10.

1

(BN

12. Y

13.

14.

15.

16.

17.

18.

19.

.y =2arcsin

y = 3arcsin +204x% 42X~ 2, 4x+1>0.

4x +1

y =1+ x?arctgx — In(x +~1+ X )

+VOX2 + 24X +12, 3x+4>0.

3x+4

y:w«2x2+DVx2+1—h«x+Vx2+1)
In@+Vx +Q L +1

4x+3
A7

3
arcsin ——

—J1-3x—2x% 4
y 202

.w:ﬂ4+@a+@+BMW4+x+ﬁﬁx)

Vx —x+1 1
3

1x—x+1 1 V3
arctg ———

T (e +1)Z T30 a1

y = 4arcsin -+vﬁx2+12x—7,2x+3>0

2x+3

y = 2arcsin +9x% +6X—3, 3x+1>0.

3x+1

y=(2+3@«x—1—§am@«x—1
y=%(x—$dx+l+h{dx+1+ﬂ

y:[;:E——I\m +1-X
NG +1+1

y—35:}—l(1+ 1 jwa@<
Vx+1 22 x%2-1 '
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20.y = xln(\/l— X +~1+ x)+%(arcsin X — X).

In x
21, y =arctgy/x? —1— .
VX2 -1

22. y=3arcsini+\/x2 +4x—-5, x+2>0.

X+2

23. y = +/(3— X)(2 + x) + 5arcsin ,/X%Z

24. y = x(arcsin x)% + 2+/1— x? arcsin x — 2x.

2

— X .
25, y = +arcsin x.
X
X2 +2
26. Y = X° arccos X — 3 V1-x2,
- y_\/x2+2_ 1 V2+3x°+2
. R » .
X X
28, yzz(lo—xz)x/4—x2 +6arcsin >
29. y = arcsin +2UXx2 +3X+2, 2x+3>0.
2X +3

[ x
30. Y = X-arcsin | —— — /X + arctg~/x.

X+1
1133 8y/(x% +1)° ; 13.4 3x? arcsin x;;

arcsin x

2
B A T P —
J(1=x%)3 x31-4x?

Javoblar. 13.1

135 7-(4x+1) - 13.6 x-arctgx; 13.7 8(3x +4) -13.8 8x%/x% +1:
2Jax2 +2x—2 1+ x2 JIX2 + 24x +12
13.9 X +1-1310— 2X -13.11 m-1312 x-1
Cox2 T 1ok Viex T X (P = x4+
x° 2JAx% +12x—7 3v9x2 + 6x—3
13.13 1 - 13.15 -

72 5 ;13.14 ; 13.
(X" =x“+1)-(x* +1) 2X+3 3x+1
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18x2—8x—3_131 BxVX+143x—VX+1+2 2% +1+4X+2
4xIx-1 6 /x+1-(Wx+1+1) («/x +1+1) Ny

5x* +17 | x-arctgx. 2oln(x/1 x+\/1+X) 1391 X 13.22

o 12(x* 1) (x? -1)* 1/(x2—1)3
X+ 4x— / >t x : 13.24 (arcsin x)?; — 13.26

13.16

4
2X - arccosx — x> 1/— 1327 ——— 1328 4/(4—X?)3 13.29
1+x X3 Ix%+2 ( .
4X? +3X+2 [ x
- 13.30 arcsin . [—— .
2X+3 X+1

Funksiyaning hosilasi

14-masala. Funksiyaning hosilasini toping.

_tgx+/2tgx +1
\tgx — /2tgx +1

, | [tgx+4/2tgx +1 tgx+1/2tgx+1 tgx +2tgx +1|
y tgx —/2tgx +1 tgx —/2tgx +1 ( tgx —/2tgx +1

1 1 .2 _ _ _ 1 1 .2
_ 1 Jtgx+42tgx +1 ‘ (cos2 " 2,/2tgx  cos? x)(tgx 21gx +1) — (tgx -/ 2tgx +1)(cosz x 2.J2tgx  cos? x) _
\2tgx +1

2\ tgx— (tgx —/2tgx +1)?
tgx+%+1 b+ 2 Tox A Ktgx—/2tgx +1) - (tgx - /2tgx + DL - m)
tgx —\/2tgx +1 cos” X - (tgx —/2tgx +1)*
Jgx Jigx
1 tgx+\/ﬂ+1 tgx —/2tgx +1+ ¥ % 1+J%gx—tgx—m—1+ - +1+\/%gx:

tgx —/2tgx +1 cos? X - (tgx — A/2tgx +1)?

2
1\/tgx+\/ﬂ+1 \J2tgx - 2,/2tgx +f2

tgx —/2tgx +1 cos? x- (tgx J2tgx +1)°

_ 1 [tgx++/2tgx +1 ﬁ 21gx ~

tgx — 2tgx+1 cos? X - (tgx —~/2tgx +1)*




B 1\/ tgx — /2tgx +1 \/'[1@]7_\/1:97
(t

gX + +/2tgx + 1thx J2tgx + 1) c0s? X - (tgx — /2tgx +1)

1 1 \/E — i
\/_ tg 2% +1 cOS% X (tgx \J21gX +1)

=1 cosx. ﬁ =
V2 cos® X - (tgx — +/2tgx +1)
1-tgx

~ [2tox -(sin x — /sin 2x + cos x )

1Ly= o In(tgx + ctg ).
sin

2. y=X-Ccosa+Ssina - Insin(x — a).

—i i _ _1). V241
.y_zﬁ(sm(ln X) (\/5 1) cos(lnx))x .

COS X

sin X sin X
5 y=3——5—+2—,—.
COS“ X COS”~ X

6.y =(a’+b?)2 -arcsin[ -

Ja? +b? -sin x]

7*(3sin 3x +cos3x - In 7)

7.y =
y= 9+1In%7
sin X

8. y=1In :

COS X ++/C0S 2X

= arctg(acos x) + alnltg 2
1 1 1 1+sin X

10. Yy =— — —In

3sin®x  sinx 2 1—sinx’
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1.y

12.

13y =

14.

15. y =

16.

17.

18. Y =

19. Y

20. Y =

21y =

2.y =

23. Y =

24,

25. Y =

y = arctg

y = arctg

= (14 x?)e?c%,
_ Ctgx+ X
1-X-ctgx
—— -arctg 2xsin02‘.
2sin4 1-x?
y=arctg\NxT+1_Xz, x> 0.
6% (sin4x-In6— 4cos4x)
16+In°6
J/2tgx
1-tgx
2sin X
Jocos?x—4
5%(2sin 2x + COS 2X - In5)
4+In°5
\/_+thX
\/_ thx
3*(4sin4x +In3- cos4x)
16+In°3
4*(In4-sin4x — 4cos4x)
16+1In* 4
;zsz);—ZCOSX—BIn(tgg)
5%(sin3x-In5— 30053x)
9+1In®5

y =X —In(l+€e*) — 26 2arctgez.

2% (sinx +cosx-In 2)
1+In%2




5V = In(ctgx + ctg )
| sin & '
COS X COS X
21.y=2—71—+3———.
SIn X SIN™ X
28. Y = sx | 4 arctg 2tg(>2‘) +
7 3(2+sinx) 33 V3
9.y = 3*(In3-sin 2x — 2(:032x)
| In>3+4
1, 1+ COSX 1 1
30. y==1In
2 1-cosx CcosX 3cos X
Javoblar. 14.1 1 ;14.2 Sm—x
COSX - COS(x — X) sin(x —a)
sin® x
14.4 — :
( C0S2X + COS x)~ 4/(cos2x)®
3+3sin®x 2-6sin®x COSX .
14.5 3 + 5 : 14.6 1147 77 -Cc0OS3X;
COS™ X oS’ X Jb? -cos? x—a? -sin? x
1 COSX - Ctgx 1
14.8 — . 149 . 92 11410 ——————;14.11 (2X +1) - e,
SiN X -/C0S2X l1+a“-cos” x COSX-Sin™ X
X2 1+ X2
1412 — — 551413 N R
(sin X —X-COsX) (1-x%)* +4x°-sin“ 4
1 ) 1—-tgx + 4/ 2tgx
14.14 — - 14.15 6% sin 4X; 14.16 g g ;
(x4 +1)-\/\/x4 +1-—x2 2tgx
14.17 2 - 14.18 5* - €0S 2X; 14.19 22 - 14.20 3% - c0os 4X;
cosx\/9cos? x—4 ’ ch?x+1’ '
. 2 +3sin? x . 2 2
14.21 4% sin 4X; 1422 ——————;14.23 5" sin 3x; 14.24 X-e 2 -arctge?;
sin® x
X 1 5 2sinX+7
14.25 2" -COS X ; 14.26 —————— 14.27 3COSECX —8COSEC’X ; 14.28 —
sin(a + X) 3(2+sinx)

1

14.29 37 sin 2X; 14.30 — ——————.
sin x-cos” x
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Parametrik berilgan funksiyalarning hosilalari

Agar x ning funksiyasi y ushbu

{X=¢G%
y=y(t)
parametrik tenglamalar bilan berilgan bo’lsa, u holda y ning x bo’yicha
hosilasi vy,
N
yX X{

tenglik bilan aniglanadi.
15-masala. y; funksiyaning hosilasini toping.

x:ln(t+ 1+t2)
. 2 14++/1+t2
y=v1+t" —In=%2

’ 1 1
x':(ln(t+ 1+t2)) :—-(1+ -2t]=
t t+1+t 24/1+t2
1+t2 +t 1

1
o142 142 V12




1+\/H) 1

‘ 21 +t2

t \/1+t2

1+V1+t2

1
141482 { t

2t t—(1+ﬂ)

t
- V14?2 1+ \/1+t2 t?

t t? —V1+t? -1t

t
V12 1441412
1 VI+t%+1

t2~/1+t2

t? +1

\/1—|-'[2 l+\/1+t2 t/1+t2

Natijada:

e

. 1
yxzﬁz[

X
Y=o

—In(t +Vt2 +1)
5. y:tm

(x = ctg(2e")
y=In(tge’)

( t
X= arctge 2

ly=+e'+1

s

V1 +t2

t“+1 )
1+t2 t2+1
2 X =1-t?

y =tgv1+t

X = arcsin(sin t)
" |y = arccos(cost)

. {X:\/Zt—tz

y =arcsin(t —1)
=In(ctgt)
8. 1
cos’ t
\/Et
1+t
V1-t?

Xx=1In
10.

y

!

J:
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_ 1
X=1In o = /1—t2
11. < g 12. ¢
V= arcsm1+t2 y= T
- ( . t
x:arcsin(\/l—tz) X= 1-t2
13. 4 14, 3 :
= (arccost)? y = Ininitt
(v _ 2 412 )
X = (1+cos“t) x:Inﬁ
15. cost 16. «
=22 y =~1-1?
" sin‘t \
e . 1- _L
X = arccos ; X =
17. 3 > _ 18 e
y =v1-t* +arcsin? In =t
- . ( . 2
X = arcsin +/t X = (arcsin t)
19. < 20. <

\y:'\[1+\/f | y: 1t_t2
(¥ = tt2+1 (x = arctgt

21. 3 22. %
2 1+t2
y=Inte y =
:In(l—tz) (x = arctg &
23. 3 24, 3
|y =arcsin V1t |y = arcsin 1t
— 1-sint
o 4X—|n 1+sint 264 arCtg\/
\y:%tgzt+lncost \y:\/'_ A—t - arcsin <t
= In(tgt) X:tlzl?zt“n h_t2
27. 1 28. 4 -
Y= Y= arcsint +In+1—t?
(e’ X = ——arcsint +Inv1-t
2.4 30. < -t
1y:tgt-lncost+tgt—t y=—
1-t2




3 _ 42
Javoblar. 15.1 —t4-co t—+t :15.2 12 ¢ :15.3 22t ;
3 2t - cos ( 1+t) 3(1-t%)-3/(1-1)?

.15.7 —sin(2e'); 158 —2tg°t; 159 Ve* +e';

1541:1552t% +1: 15.6

; 15.12

—F— ;151
t3 t-(t? —1) J1_t2

t-1-t? ) In?t 1—t
;1516 ——— ; 15.17 t —l; 15.18 :15.19 2 ;
t-cost 2 1—1t2 1+t

2 J1—t2 2 _
1510 t- 112 ;15,11 ° —1 1 5 28rCCost- V1t 1514 1 t 1;

15.15

4sin®

1 1 t-1 V1-t?
15.20 > —; 15.21 PN 15.22 ——; 15.23 ;
(1—t°)-2arcsint t-(2t° +1) t+1 2t

t?2 +1 sint-cost —1 Jt -arcsin/t
- 15.25 - 15.26

. . 15, 1 15.27 — 2ctg °t;
1—12 cost 2-(1-1)

arcsint - /1—t? 1 B
1520 = -ctgt-Incost-e*"t; 1530~
2t-Int 2 arcsint

Egri chiziqqa nuqtadan o’tkazilgan urinma va normal
tenglamasi

131

y=f(x) egri chizigning M,(X,, f(X,)) nugtasidan o’tkazilgan

urinma tenglamasi:

y— (%)= F'(X)(X=%)
y = f(X) egri chizigning M(X,, f (X)) nugtasidan o’tkazilgan
normal(perpendikulyar) tenglamasi:

oy ) (10) 20

Y=Yo=—

16—masala. Funksiya grafigining t = t, parametrning giymatiga mos

kelgan egri chizigning nuqtasiga o’tkazilgan urinma va normal

{X:Zet
y=e", t;=0

tenglamasini tuzing.
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Echim:

t, =0 ekanligidan, u holda

Hosilalarni topamiz:

u holda

urinma tenglamasi:

normal tenglamasi:

yi=e") =-¢"
V' y, —e 1
X 26! 262!
Yo =- S
0 2e2.o )

Y= Yo = Yo(X—Xp)

1
—l=—Z.(x-2
y 2()

1
=——-X+2
y 2
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(x = asin3t X =+/3-cost
1.3 2
3 T ' - T
=acos’t, t,=— =sint, ty ==
y 073 y 073
x=a(t—sint) (= 2t _t2
y =a(l-cost), tozg ly=3t-t°, t5=1
(y = 2t+t? (x = arcsin —t
)T e N it
|y 2t-t? _ Ny = ot __
y=2-5, t5=1 \y arccos —=—, ty=-1
(X =t(t-cost—2sint) (y — 3at.
1+t2
& t(t-sint + 2cost), ty=_ B,
\y 0 4 \y 1+t2’ to 2
(x = 2In(ctgt) + ctgt ((—1.42_1.¢4
T2 4
9. < T 10. 3 , 5
(x =a-t-cost (x =sint
11. < _ T 12. < P
=a-t-sint, ty==— =cost, t,==
\y 075 \y 075
(x = arcsin —t (y _ 1+t
sin ——— X =L
13. 3 . 14, 4 .
\y:arccos el t, =1 Y= t, =1
x = Lt (x =a-sin®t
15, < t3 ) 16. 4 .
y=-7t1 =2 y=a-cos’t, ty=—
(x =a(t-sint + cost) (=t
17. 3 _ T 18. 4 t
y =a(sint —t-cost), t0=Z \y:tt;l, ty=—1
x=1-t? X = In(L+t?)
19. < 3 20. <
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X =t(l-sint) X=30
“1y=t-cost, t,=0 ) t
y ! 0 \y=t2_11 t0=2
X =3cost (=t _t4
23. 4 : T 24. < s
w =13 41 X = 2cost
25. § 26. i T
y=t*+t+1 t,=1 y =sint, tO:—§
X=2tgt x=t>+1
27. 3 . _ T 28. ,
y=2sIin“t+sin 2t, tOZZ y=t°, t;=-2
(X =sint X=sint
29, 4 30. T
\y:at, t,=0 y = CO0S 2t, to=g
X a X 8.72'
Javoblar. 16.1 Yy = ———+ —; \/_X a; 16.2 3X — \/_ 163 Yy=——F :
SERCAE ' SRR

16.4 Yy =3x—-1, y:—§+2%; 16.5 Y =3x—4, y:—§+1; 16.6 y:2x+377[;

y=—24". 167 y——x+ﬂ2'\/§'y—x+ﬁ'\/§-168 y——ﬂ-x—4a'

2 8 16 2 3 ’

3 3a 2X a-rx
y=—-X+—;169yYy=2;,X=1;1610 y=X; Yy =—X; 1611 Yy =——+—;

4 2 T 2

T-X a-m X
= o+ T2 y=—"t V3:x; 1613 y=2x—2; y=—2 422,
y 5 5 y \/— \/— Y= y= 4 y 2

x 17 4x 2

16.14 X+2, Yy=—X+4;1615 Yy=—+2—; Yy=——+4—:16.16

= Y y 4 48’ y 7 21°

4/3a N

= B+ —= 11617 Y = X+ = —x++2-a;
y 3 y= \/— \/— y= 4 Y
16.18 Y =—X+2; Y =X+2;16.19 y—g+g'y——ﬁ—ﬁ-
' ’ o 4’ 11 11°

3
8
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X 4—7—-In4 4—77+Inl6 _
1620yYy=—+——"—;y=-2X+——; 1621 Yy=0; x=0;
2 4 2
2 4 3. T2 X
1622 X=3 Yy =—:1623 Y= ——X+4J2, Y= "X+ :1624 y=—: y=—3X:
y 3 y 3 y 4 3 y 3 y

24/3 _ o h. +3\F1

3
1625 Y=X+1 y=—X+5;1626 Yy =—X———;
6 3
1 1
16.27 Y = —2X+6; y=§x+1; 16.28 y:—§x+7; y =3x—23;

16.29 Y=X-Ina+1; y:—ﬁ'Fl; 16.30 Y =—2X+15; y:%x+0,25.

Yugqori tartibli hosilalar

Birinchi tartibli hosiladan olingan hosila, ya’ni
(y) =(f'(x))" yoki y"=1"(x)
y = f(x) funksiyaning ikkinchi tartibli hosilasi deyiladi.

Ikkinchi tartibli hosilaning hosilasiga uchinchi tartibli hosila deyiladi

va y”, £"(x), M belgilarning biri bilan belgilanadi.
dx®

Umuman, y = f(x) funksiyaning n—tartibli hosilasi deb, uning

n
(n—1) —tartibli hosilasining hosilasiga aytiladi va y™, ™ (x), d—g’

belgilarning biri bilan belgilanadi.

17-masala. Funksiyaning n—tartibli hosilasini toping.

32X+5.

y:
Echim:
yr _ (32X+5) _ 32X+5 . |n3 .2
yll — (32X+5 . In3 2) — 32X+5 . In2 3 22'
Shunday qilib,
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y(n) :32x+5 ) Inn 3_2n _ 2n . Inn 3.32x+5.

1 y=x-e¥,

3 y:5/67x—1.

5. Y =1g(5x + 2).
7.y - X
7 2(3x+2)
9. y =/X.

11,y = 235,

13y = 3/ezx+1.

15. y =1g(3x +1).

17.y=L.
9(4x+9)

9.y =—.

21.y=a

23y =~/e>XH,

)
o
<
Il
Q
—~
N
x
+
\l
~—

Javoblar. 17.1 (n+ax)-e* -a"

2.y =sin2x+ cos(X +1).

4x+7
4.y = :
2X+3
6.y =a>~.
8. y =1g(x+4).
2X+5

"V = 13Gx+1)

12. y =sin(X +1) + cos 2x.

4 +15x

14. Yy = :
ox+1

16. y = 7°%.

18. Y = lg(L+ x).

y= 5x +1

13(2x+3)

22. Y =Sin(3x +1) + cosHX.
11+12x

24. Y = :
6X+5

2. y = 2%

28. Y =log;(X +5).

X+1
.y=———1.
17(4x +3)

o172 2" sin(%n+2xj+co{%n+ x+1);



176 a>-3"In"a:

n n N\ A 1\LED
17_3(1) Bl 1. 17 , & n"-2 . ,17_5 D" -(n-DL5
5 (2x+3)n+ In10- (5x +2)"

n-1
n-1
( 1) n-1 nl 3n—1 ( 1) n-1 (n 1)| (_1 E(ZK_]')
n+l 17, ;17.9 (n+1) n-1 \/_ .
(3x+2) In 10-(x+4)" 2 X X

(-D"-nt3"* 3x45
17.10 3 1)n+1 1711 2% .3" . In" 2:
X+

17.12 sin(%ﬁ-n+ x+1)+2n -co{%ﬂ-n+ 2xj;

" nt5" D"t (n=nL3"
17.13 (%) -3\/ezx+1;17.14( D" -nt5 17.15( D ~-(n-Dt3 11716 5" In(7)" - 7>,

(Gx+1)" In10- (3x +1)"
(-1 f‘—l-n!.4”—l NG D" (n-1r 4.(-)"-nt NG nhtope2"
17.17 PR ;17.19 —n, ey
(4x+9) In10-(1+x)" X (2x+3)

1721 a2 .2".In"a; 17.22 3" -sin(%ﬁ-n+3x+1j+5” -co{gg-n+5xj;

n
17.23 (gj ¥ 17,24 (1) -nk6" - (6x+5) ",

"-(n-1)! I
1725 (-1)" 'M'(ZXJJ)_”: 17.26 2" k" In" 2; 17.27 (—1)**? . +12'2‘;
In10 (x+1)*
i ! : ! —"t.nrgtt
PEDTODL 2 G
In3-(x+5)" (1-x) (4x +3)

Yuqori tartibli hosilalar

Birinchi tartibli hosiladan olingan hosila, ya’ni
(v)'=(f'(x))" yoki y"=£"(x)
y = f(x) funksiyaning ikkinchi tartibli hosilasi deyiladi.
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Ikkinchi tartibli hosilaning hosilasiga uchinchi tartibli hosila deyiladi

3
va y”, £"(x), % belgilarning biri bilan belgilanadi.

Umuman, y = f(x) funksiyaning n—tartibli hosilasi deb, uning
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n
(n—1) —tartibli hosilasining hosilasiga aytiladi va y, ™ (x), %
X
belgilarning biri bilan belgilanadi.
Ikkita funksiya ko’paytmasining n —tartibli hosilasi ushbu

n(n-1 _
( ' )u(n 2)V”

(u-v)™ =u™y 4 nu™ Dy 4 Fot

4 n(n —1)...k(|n —k +1) u(n_k)v(k)

formuladan foydalanib topiladi. Bu formula Leybnits formulasi deyiladi.

+ .+ nuv®D gy

Xususan,
(u-v)'=uv+u-v.
18-masala. Funksiyalarning talab gilingan tartibli hosilasini toping.
y :(x3 +3)e4x+3’ yIV _9

Echim:

y = ((x3 N 3}34x+3 )’ _ 3y 23 | (X3 N 3)e4x+3 =

= (4x3 +3x% +12) - e¥*3,

y' = ((4x3 +3x% +12)- e4x+3) =
= (12x% +6x) -6 + (4x% +3x* +12) - ™% .4 =

= (16X> + 24%° + 6x + 48) -e***3,

y" = ((16x® + 24X + 6x +48) -e¥*? ) =
= (48x% + 48X+ 6) - ™" + (16x3 +24x° + 6x + 48) -e¥*3 .4 =
= (64x® +144x% +72x+198) - e***3,

y" = ((64x° +144x% + 72x+198) - €3 =
= (192x% + 288x + 72) - e***3 1 (64x> +144x° + 72x +198) - e . 4 =
= (256%° + 768x” + 576X +864) -+,
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w

»

~

log, x
y=—92% ym_o

y=(2x*=7)In(x-1), yY="
y=B=x})In’x, y"=?

Yy =X-C0SX?, y"=?

In(x—1) v
Jx—-1"

= ~?

X3

Yy =(4x3 +5)e?*, YV =9

Ly =x%-sin(5x—3), y"="?

_Inx oy

8'y_—21 y =:

X

0. y=(2x+3)In%x, y"="?

10. y = (L+ x?)arctgx, y”=?
11.y:m—3x, V=9

X
12. Yy = (4x+3)-27%, y¥=2

13.

14. Y

15.

16.

17.

18.

19.

20.

y =e" .sin(2+3x), y" =2

_In(3+x)
3+ X

m__n

y=(2x3+1)cosx, yY=2.
y=(x*+3)In(x=3), yV=2.
y=0-x-x%)e7, yV=.
y:l-sin2x, y" =7,

X

y=(Xx+7)In(x+4), yY=2.
y=0Bx-7)-37%, yV=2

139
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_In(2x +5)
2X+5

m__n
) T s .

22. y=e2-sin2x, yVv =2

Inx
23. y:—5, y =7?.
X

24. y =xIn(1-3x), y“=2
25. y = (x? +3x +1)e3**?, yV =2,
26. Yy = (5x—8)e”*, yV=2.

_ In(x—2)’ Voo
X—2

28.y =€ % -(cos2x —3sin 2x), y"V =2.

27. Y

2. y=(5x—=1)-In*x, y"=2.

log. X
30. Y = gg ,yV =2,

X
8- (x? —5x—11) —4.Inx 6Inx—7x>-15
Javoblar. 18.1 c ;18.2 + 3 :
(x-1) X X

18.3 — 242 -cos X2 + (8X* —6) -sin x2; 18.4 46 -15In(x -1) 185 47 - 60 I;] X
8\ (x-1)’ In2-x

18.6 32(4x® +30x* + 60x + 35)e >

18.7 150X Sin(5% — 3) + (30 ~125%2) -cos(5x ~ 3) 18.8 2 T 120N X,

X
4Inx-(3—x)-18 —342 +3601n x
18.9 3 11810 ————-;18.11 - :
X (1+ X ) X
18.12 (- In®2- (4x+3) +20In* 2)- 2,
1813 —1226"2 - sin(2 + 3%) 59762 - cos(2+ 3X) : 18.14 —( ;3 ln(f + X).
+ X

—2X% +24x-126

18.15 (30x% —120) cos X — (2x*> —120x +1)sin X: 18.16 (x_3)
X_




141

x-1 2 _ 2
18.17 —i-(55+17x+x2)e 2 .18.18 .sin 2X + .COS2X:
16 x4 3
19 _120X+17680 :18.20 (7IN3-12-3In3-x)-In*3-37%;
(x+4)
X X
18.21 8848 In(2§+5) ;18.22 @-ez -sin2x—15-e2 -c0s2X ; 18.23 107- 230 Inx :
(2x+5) 16 y
wz4—95&139;m25§»«m2+57x+3aewﬂ;
(1-3x)
1826 2% -In?2- (512 x~8In 2 20); 1827 1 120 MN(X=2).
(x-2)
18.28 —e X - (79.c0s 2X + 3sin 2X) ; 18.29 6_2(5)(: 2)In x £ 18.30 _1546+ ng In x |
X X° -In

Parametrik ko’rinishda berilgan funksiyaning hosilasi.

Agar y = f(x) funksiya rarametrik ko’rinishda berilgan bo’lsa, ya’ni

i
bo’lsa, u holda
4]
®=0
va
£7(x) = v ()e'(t) — ")y (t)
o"(t)
bo’ladi.

19-masala. Parametrik ko’rinishda berilgan funksiyaning Y7,

hosilasini toping.
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X=Int
y = arctgt

Echim:
X = (Int) =
t
= (arctgt)’ =
(2rtgh t?+1
Natijada:
: t
F Yt _ 241 _
yX Xt % +1
N t 1(1+t)t2t 1-t°
(yx) il
t°+1 (1+t ) (1+t )
U holda:
= 5
yr =Wty At
X P (+tY)?
X = C0s 2t x = et cost
1 , 1 3 |
y=2sec”t E y:etsmt
r ( 1
_ch? 1
x=sht X=t+sint =1
a 1 y = 2—cost °) 1
y=—5- _
.~ chat y n
x=t X =sint X =1gt
y=_12 "1y = sect 1y 1
g g Y= sin 2t




cost
x=A/t—1 =
L0, | t " X =+t bl 1+ 2 cost
y=7— y=3¥t-1 | sint
1-t 1+ 2cost
X =At3 -1 {Xzshzt X=+t-1
13. 14. ’ 15. < 1
y y y NG
(X = cos?t Xx=+t—-3 {x:sint
16. < 17. 18.
|y = tgt y=In(t-2) In(cost)
X=t+sint X=t-sint = cost
20.
y =2+ Ccost y =2 —cost y =In(sint)
=cost +t-sint X = el X= COSt
] 23.
y—smt—t-cost y =arcsint y:sm
X = arctgt
X = Cht J X = 2(t —sint)
26. 4 t2
y = y=— y = 4(2 + cost)
-2
x= L
X =sint —t-cost - ¢2 X = cost +sint
8. ) 3 30. .
y=cost+t-sint y= 1 y =sin 2t
T t?+1
1 3-2t*
Javoblar. 19.1 51192 5193 — 5194 ——
cos 't t e -(cost—sint) cht
2 4 2
19.5 o > ge—z(t —Cj)~3t 119.7 (1+2t)\/1—t;198—1+28:)n t;
(1+cost) @$+t9) cos’ t
2.c0s°t 2(t + (1+2cost)®
199 —————:19.10 ;1911 —————;1912 ——————;
sint-cos2t 1-1)° 93/(t —1)° sin®t
2(2-1°%) 2 —6sh’t (2t —3)/t 2
19.13 5 ; 14 —6;1915 —3;19.16 6.
3t cht t cos’t

143
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1+sin?t
19.17 — > ;19.18 — 7 ; 19. ——2; 19.20——2;
(t—2) cos"t (1+cost) (1—cost)
1+cos’t 1 t?+t-1
19.21 — ; 19.23

—:; 1922 —; :
sin“t t-cos’t et . /(1-1?)°

cos?(t/2)+1 2(3+ch’t 1+ 3t?
19.24 ;19256 ————;19.26 ;

2 ; 19. s 10. ;1927 ————— 2
4cos’(t/2) 9sh™t 1+t (1—cos(t))
6
19.28 — ;19.29 —————;19.30 2.
t-sin’t 1+t%)°
20-masala. y funksiya berilgan tenglamaning yechimi bo’lishini
ko’rsating.

y=— INC.
Xx-y-y—y>=x* (1)
Echim:

X—2x3

Vx* —x?

(4x3 = 2x) =

1
24 x* - x?

(1) tenglamaga qo’yamiz:

x-(—\/x“—xz)-X;%ZXSZ—(—\/X“—XZ)2 =x*,
x* —x

Soddalashtiramiz:
x-(2x3 = x) = (x* =x?) = x*
2x* —x? —x* +x% = x4
x* =x*,
Tenglik o’rinli. y funksiya berilgan (1) tenglamaning yechimi

bo’ladi.
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2 _sinx

y:)(.e 2 y__
1. 2. X
x~y’=(1—x2)y (1) X-y'+y=cosx (1)
X
; y:5.e—2x+% . y=2+c-\/1—x2
. . 2 '
y'+2y=e* (1) (1—x)-y+xy:2x (1)
y=X-vV1-x> y=—°
5, , ; 6."  COSX
y-y'=x-2x" (1) y' —tgx-y=0 (1)
1
= — :| X
e ¥
’ "= B 1
y'=3y> (1) y=e" ()
9y=\/X2—C-X 10y=x-(c—|nx)
'(2+y2)dx—2-x-y-dy:0 1) (x—y)dx+x-dy=0 (1)
y L
y:etg% 1-x
11. . | (l) 12. 1+y2
y'sinx=ylny ,_ 1
Yo (1)
_b+x y =2+ 3x - 3x°
13, 1+ bx 14, 1— 2x
’ ' Y = 1
y—x-y:b(1+x2-y) @  YYTy (1)
1+e¥)
)= m[ - j+1 y = tgx(in3¥
15. 2 16. 5
1+ y9)dx=x-dy (1)
L+e’)-y-y'=e" (1)
y=- 32—1 y=%x-Inx-1
17. X 18

' 3_a.v.v2.y —
1+y2+x-y-y'=0 (1) InX+y*-3-x-y“-y'=0 (1)
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X a
y y=a-tg,|— -1
19. ax+1 20. X

—a+
y—x-y’:a(1+x2-y’) (1)  a?+y?+2xVax—x2-y'=0 (1)
y=‘{/x/§+\/x+1

2

y=(x+1)-e*

21. . -1 22. ,
8'X°y _y:y3\/m (1) y'—2xy:2-X-eX (1)
2 1
y=X3+1+; y y:ex+x2 4 2e*

3 ' +x°
x-(x3+1)-y’:(2x3—1)yzx —2 1 Y-oy=2e (1)

y = —X-C0S X + 3X
25. 5 .
X-y'=y+x°sinx (1)

1
26. y_f\/sinx+x
2sinx-y'+ycosx == y>(x-cosx—sinx) (1)
X 2 X
=—+X = —
27.y x—-1 28.y COS X

X-(x=1)-y' +y=x*(2x-1) (1) y' —y-tgx=secx (1)
y=(x+1)" (" -1

29. .
y -2 _eXx+1)" (1)
X+1

sin X
y=2——+C0S X
30. X

X-SinX-y'+(SINX—X-c0sX)y=sinx-cosx—x (1)
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IV BOB. Grafiklar
Funktsiyaning grafigi

1-masala. Birinchi tartibli hosila yordamida funksiyaning
grafigini yasang.
y =x%(x-2)2.
1) D(y) = (~o0}+0).
2) Funksiya juft ham, tog ham emas.
3) v = 2X(x—2)? + 2x*(x — 2) = 4x(x — 2)(x -1).

X =2,
y'=0da, {x=1,
x=0
- A " N y'(x)
- X
™ A 1 a4 2 A y(x)
(0;0)- minimum nugta,
(2;0)- minimum nugta ,
(1;1)- maksimum nugta .
OYHKIUSHUHT rpaduru
1y =2x3—9x? +12x -9, 2.y =3x—Xx°.
3.y =(x3-9%x%)/4+6x-9.. 4y =2-3x>-x3
5.y = (X +1)%(x —1)°. 6.y =2X>—3x*—4.

7.y=3x?-2-x> 8.y =(x—1)2(x—23)°.
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0.y =(x>+3x%)/4-5. 10.y = 6x —8x>,

11,y =16x%(x —1)2. 12y =2x3+3x%* -5,

13y =2-12x% —8x°, 14.y = (2x +1)%(2x -1)2.
15.y = 2x3 + 9x% +12x. 16.y =12x2 —8x3 - 2.

17.y = (2x —=1)3(2x - 3)?. 18.y =27(x° = x?)/4-4,
19.y = x(12—x%)/8. 20.y = x?(x—4)?/16.

21y =27(x> + x*)/4-5. 2.y =(16-6x>—-x%)/8.
23y =—(x? —4)%/16. 24y =16x° —36x% +24x -9,
25.y = (6x° — x> —16) /8. 2.y =—(x—2)%(x —6)%/186.
27y =16x3 —12x° — 4. 28y = (114 9x —3x* — x°) /8.
20.y = —(x+1)%(x—3)? /16. 30.y =16x3 +12x2 —5.

2—masala. Birinchi tartibli hosila yordamida funksiyaning grafigini
yasang.

y =1-3/x? +2x.

1) D(y) = (- o0}+0).
2) Funksiya juft ham, tog ham emas.
2X+ 2

)y =- :
)Y 33/(x% + 2x)?

y'=0da, x=1; x=0 va x=-2 nugtalarda y' mavjud emas.

m yl{xj
L) = b

+ -
A o A 4 N b N y(x)

max

(—1; 2) — maksimum nugta .
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(63

1.y

13.

1

ol

1

~

19

21y =

23.

25.

21. Y =

29.

y:2x—3w.
123/6(x —1)°

y:_ 2 .
X“+2x+9

y =2x+6—33/(x+3)2.
y =1-%/x® +4x+3.
63/6x°

y__x2+4x+12'

~ R/6(x-4)°

X2 —4x+12

y =3x?+4x+3.

Ly =63/(x—2)* —4x +8.

Ly =2+3/8x(X + 2).
y=3x? +6x+8.

_Rl6(x+2)°

X° +8x+24
y=1-%/x® —4x+3.
 6}/6(x+3)°
~ x% +10x+33

63/6(x —6)°

x2_8x+24

- 36(x-1)°

C2(x2+2x+9)

Funksiyaning eng katta va eng kichik giymatlari

3—masala. Berilgan kesmada funksiyaning eng katta va eng kichik

128/6(x - 2)?

2. =

y X° +8
2.y =1-3/x? +2x.
_ 63/6(x—3)°

6. V= .
y X2 —2x+9
8.y =33/(x—3)° —2x+86.

10y = 4x+8—63/(x + 2)°.

12. Y =3/X(X + 2).
~ R/6(x+1)°

X2 +6X+17

~ R/6(x-5)*

X2 —6x+17

18,y =6x—6—93/(x—1)°.
y =3/4x(x—1).

Ly =3/X(Xx—2).

24,y = 93/(x +1)° —6x —6.

14. Yy =

16. Y

20.

o

2

N

2. Y =8X —16—123/(x — 2)°.

Ly =123/(x + 2)* —8x —186.

2

(o]

30. y = 3/(x +4)? —2x -8.

o

149
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giymatlarini toping.

y = 2x° +¥—59, [2, 4]

X #0.

108  4x°-108

X? NG

y'=0da, x=3€¢[2; 4];
x=0¢|[2; 4] da y' mavjud emas.

y' =4x—

y(2) =3,
y(3) =-5,
y(4) =0.
max y =y(2) =3
[2;4]
miny = y(3) =-5;
[2;4]
L y=x2+1—6—16, 1, 4] 2 y=4—x—i2, L, 4]
X X
2
5 y=32(x-2)2@8-x) -1 [0, 6] 4 yzw, [-3, 3]
Xc—2X+5
5. y=2x—x, [0, 4] 6.y =1+32(x-1)%(x-7), [-1, 5]
7.y =Xx—4J/x+5, [, 9] 8.y = 10)(2, [0, 3]
1+ X
0.y =32(x +1)2(5-x) -2, [-3, 3] 10. y=3-x~ =,
(X+2)
2
1.y =3/2x*(x-3), [-1, 6] 12,y = 2(_;( +7x=7)
XS —2X+2

-1, 2]

1 4]

13y =X—4/x+2+8, [-1, 7] 14 y=32(x-2)2(G-x), [1 5]

2

15. y:%, [—4, 2]. 16. y:—%+%+8, [—4, —1].
+ X

—2X(2x+3)

8. Y= |1, 4

y X% +4x+5 [ 4]

17. y =3/2x*(x—6), [-2, 4]

[N
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2
19.y:—w, [-5, 1] 20y =3/2(x-1)%(x-4), [0, 4]
X+ 2X+5
21.y:x2—2x+xl—61—13, [2, 5] 2 y=2Jx-1-x+2, [1 5]
_3 2 X2 8
23, y—\/2(x+2) @-x), [-3 4] 24.y:—7+2x+—2+5, [-2, 1]
X_
4 1 5 >
5 y=8x+ 515 |, 2| 26y =32(x+2)2(x—4) +3, [-4, 2]
X
27. y:x2+4x+X1T62—9, [-1, 2] 28 y=Xi'2—8x—15, [—2, —ﬂ
20y =32(x+1)%(x-2), [-2, 5] 0. y= %0”10 -1, 2]
X+ 2X+2

Javoblar.31 f =y =y(@4) =4 f,, =y(-2)=-4;32 f ., =Y(2) =1L

1:min =y@)=-1;33 fmax =y(0) =y(6) =3 fmin =y(2)=-1;

3.4 fmax =y(-) =1, fmin =y(3)=3;35 fmax =y@) =% fmin =y(4) =0;

3.6 fmax =y@) =% 1:min =y()=-3;37 fmax =y =y(9) =2 1:min =y(4) =1

3.8 fmax =y@) =5 fmin =y(0)=0;309 fmax =y(=3) =y =2 1:min =y(-1)=-2;
3.10 fmax =y(0) = 2; fmin =y(-1)=0;311 fmax =y(6) = 6; fmin =y =y(2)=-2;
3.12 fmax =y(2) =3 fmin =y@)=-2;

3.13 fmax =y =y(7) =3 fmin =y(2)=2; 314 fmax =y =y4) =2

fmin =Yy(2)=y(5) =0;315 fmax =y(2) =1, fmin =y(-2)=-1;

316 f o =Y(-2)=2, f,, =y(-4)=-2;317 f, =Y(0)=0;

fmin = y(—2) = y(4) =—4,318 fmax = y(l) =-1 fmin = y(4) =-
3.19 fmax = y(l) =-1; fmin = y(—3) =-3;
3.20 fmax = y(l) = y(4) = O, fmin = y(O) =-2:321 fmax = y(5) = 6, fmin = y(3) =-2:
fmax
fmax

8.
37’

3.22 =Y¥(2) =2 fr =yQ =y(®) =1;
3.23 =y(-3)=Yy(0)=2; f,, =y(4)=-6;324 f,, =y(0) =1,

min = Y(=2) =-3:325 f, = y@j =5 fon =y@Q) =-3;326 f, =y(-2)=3;
fmin = y(2) = y(_4) =-1;3.27 fmax = y(2) =1, fmin = y(O) =-1;

328 f . = y(— %) =5 f, =YD =-3;320 f., =yY(5) =6

fmin = y(_2) = y(l) =—2,3.30 1:max = y(_l) =0; fmin = y(o) =-5.

f
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4-masala. Yugqori tartibli hosilalar yordamida berilgan nuqta atrofida
funksiyani tekshiring.

y = 4x — x> —2cos(x — 2),

Xg = 2.
y' =4 —-2x+2sin(x—2), y'(2) =0;
y" =-2+2cos(x—2), y"(2) =0;
y" ==2sin(x — 2), y"(2) = 0;
y'v = —2cos(x —2), y'V(2)=-2

y"' %0 ekanligidan x, = 2 nugtada maksimumga erishadi.

1 y =X2 —4x—(x-2)In(x-1), Y= 6e* %2 — x* + 3% — 6,
; y=2In(x+1) — 2x + x* +1, ,Y=2x- x> —2cos(x —1),
i y =C0s% (X +1) + X% + 2, Y= 2In X+ X% —4x+3,
. y =1—2x—x?—2cos(x+1), Y= X2 +6X+8—2e2,
Y= 4x + x? — 28"+ . y = (X +1)sin(x +1) - 2x — x?,
on—l_ on_l.
1 y =61 -3x-x3, . y =2x+ X% — (x+1) In(2 + x),
- y =sin®(x+1) — 2x — x°, ) y = X? + 4X + €05? (X + 2),
i y =x2+2In(x+2), . y =4x— X + (x —2)sin(x - 2),
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y:69X—X3—3X2—6X—5, . y=X2—2X—ZeX_2,
X, =0. 'x0:2.

17.

o y =sin®(x+2) — x* —4x — 4, o y = c0s*(x —1) + x? — 2x,

X0:—2_ X0:1.
. y=x?—-2x—(x-1)Inx, 22 y = (x=1)sin(x—1) + 2x — x?,

Y= X2 — 4 + c0s* (X — 2), W= x* +4x3 +12x% + 24(x +1—€%),

. y=sin?(x—2)— x> +4x — 4, . y =6 —x3 —6x% —15x — 16,

” y =sin X +shx —2x, . y =sin?(x —1) — x% + 2x,
N y = cos X + chx, “ y=x> -2,

Funksiyaning aimptotalari

5-masala. Quyidagi funksiyaning aimptotalarini toping va grafigini
yasang.

17-x°
4X -5

1) D(y)=(— ; %jk)(%;4wbj.

2) Funksiya juft ham, toq ham emas.
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3.a) lim = —00,
X—>—-0 4X—3
_17-x?
lim = +00,
X—>>+0 4X =5

X = %—vertikal asimptota.

F0) _ i 17 — x? 1

6 k= lim __1
X—>o X X—>00 X(4X - 5) 4
— 2 —
b= lim (f () —kx) = lim| 222X 4 X | 2 i 982X __ >
o I x5 ta) T lex_20 16

1 5 .
Demak, y =—=- X ———o0g’ma asimptota.
V=74 167 P

g = = 2X(4x=5) - 417 - Xx*) _ 4x* +10x+68
(4x —5)? (4x-5)%

X =% da y' mavjud emas.

y'(x)
Y !—xx

N 54 N y(x)

5) O’qlar bilan kesishish nuqtalarini topamiz:

17
x=0day=—-—"—.
y 5

y=0da x=%4]12.



-10 -5

Lyo XrL
\Vax? -3
3y24ﬁ+9_
4X +8
x> —3

5 y=—— > |
V3x% -2

2% +2x% -3x -1

7.
y 2 — 4x2
x> —6x+4
9.y = .
3X—-2
N y__4x3—3x
| 4x% -1
X% +16
13. =
9x -8
21— x?
15. Yy =
7X+9
2% —3x% —2x+1
17. Y = :

1-3x°

2y_x3—4x
7 3x%2—4
\ _4X° +3x% -8x -2
| 2 3x2 '
2x° -6
6.y = .
X—2
8y_x3—5x
7 5-3x%
2 X2
10,y =
9x° — 4
12y_3x2—7
' 2X +1
X3 +3x% —2x -2
14. = 5
2—3X
2x% -1
16. Y = :
X2 =2
oy - x> —11
. —
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2x° -9

m.yzvq?:i.

X2 +2x -1
22 y="—""",
2X+1
X2 +6X+9
23,y = .
X+4
X2 —2X+2
25,y = .
X+3
3x? —10
27,y = .
3—2X
—8—x?
29. Y =
x> —4

X3 —2x% —3x+2

20. =
y 1— %2
. y_x3+x2—3x—1
| 2x2 -2
.y = 3x* 10
T Jax? g
26y_2x¢+b@—9x—3
| 2x% —3 '
—x? —4x+13
28. Y = :
4x + 3
9-10x>
3.y =

Jax2 -1

Funksiyalarni tekshirish va grafiklarini chizish

6—masala. Quyidagi funksiyani tekshiring va ularni grafigini yasang.

1) D(y) = (- o0; 1)U(L; +oo).

X —3x+3

x—-1

2) Funksiya juft ham, tog ham emas.

3.a) lim
X—1-0 X—1

. x?—-3x+3
lim =—227°2
X—1+0 X—1

+00

x =1-vertikal asimptota.

0) k:ImwiQQ:INn

X—0 X X—>00

x> —3x+3

x> —3x+3
X(x—1)



b= lim(f(x)—kx)= Iim[
X—>00 X—>00 Xx—-1

Demak, y = X —2—og’ma asimptota.

,_—(2x=3)(x=1) - (x* =3x+3) _x(x-2)

4 = .
)Y (x-1)? (x—1)?
X =0,
da y' =0
{x:l Y
x=1da y’ mavjud emas.
n _ 4 - y'(x)
70 N 1N 2 7w

max min
(0; —3)—funksiyaning maksimum nuqtasi
(2; 1)- funksiyaning minimum nugqtasi.

, (2x=2)(x-D)*—2(x-D(x* -2x) 2
) (x-1)* C(x-1*

5) y

x=1 da y’ mavjud emas.

N+ Y™

., = X
M9 U/ y(x)

6) O’qglar bilan kesishish nuqtalarini topamiz:
x=0day=-3.

x2 —3x+3 j . —2x+3
——————x|=1i =-2.
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y =0 da kvadrat tenglama ildizlarga ega emas. Demak funksiyaning

grafigi Ox oqi bilan kesishmaydi.
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10Ty
z" ‘ f,.ﬂ'
] e
4 | T
3T r.-r"’
5 | ;-‘.;,f
T T X
0 % 5 7 6 5 4 3 - S W 5 10
J.r‘__"’. 4
s T
- el
pat ol
.-f’fr; -5
. 2
fl-' _J.I:I_-
Ly X4 Ly X X+l sy— 2
AR | x—1 X2 42x
v 4x* Sy 12X . y_4—x3
AT T oax R
x? —4x+1 2x° +1 (x-1)°
7.y = === 0.y=""—
X—4 X X
10. Y = X 11 y—(1+—j2 12 —12_3)(2
T (x=D)° | X) X2 412
) y_9+6x—3x2 oy 8 i y_(x—ljz
Tox2-2x+13 T X% +4 X+1
3+l . 4x _8(x-1)
6.y =" 17. y = 5 18. Y = ;
X (x+1) (x+1)
19 y_1—2x3 20. Y = 4 21 Y = 4
| X2 T x*+2x-3 T 34 2x—x°
. y_x2+2x—7 - 1 N y——(ijz
Tox2+2x=-3 7 x*~a1 | X+2)
. y_x3—32 _A(x+D)? : y_3x—2
| x2 X2 +2X+4 | x>




28.
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y_x2—6x+9 29y_)@—27x+54 30y_x3—4
(x-1% X3 | | x2

Funksiyalarni tekshirish va grafiklarini chizish

7—-masala. Quyidagi funksiyani tekshiring va ularni grafigini yasang.

e2(x+1)

2(x+1)

y:

1) D(y) = (=0} (L +o).
2) Funksiya juft ham, tog ham emas.

2(x+1)

3.2) lim =
X—>—1- 02(X+1)

e2(x+1)

lim =
x—>-1+0 2(X + 1)
x = —1- vertikal asimptota.

2(x+1)
6) k=tlim "X jim & _
x—-0 X X—>—002(X+1)X

2(x+1)
k= lim T _ im &
X—>40 X X —>+00 2(X +1)X

e2(x+1)

b= lim
x—+0 2(X +]_)

Demak, y = 0—gorizpntal asimptota.

4) y’ B E . 2(X +1)ee(x+1) _eZ(X-l—l) B (2x+1)e2(x+1)
2 (X +1)2 2(x+1)?

x=-05day =0,

x=-1da y" mavjud emas.



160

Y'(x)

- - + —x
™~ ~ 05~ y(X)

min

1 . . )
(—E;ej funksiyaning minimum nugtasi.

(2x? — 2x +1)e2*D)
(x+1)°

5) y'=

x=-1da y”" mavjud emas.

N

e

Mg Uy

6) O’qlar bilan kesishish nuqtalarini topamiz:

2

e
x=0day=—.

y 2

y =0 da kvadrat tenglama ildizlarga ega emas. Demak funksiyaning

grafigi Ox oqgi bilan kesishmaydi.

1y = (2x +3)e 20D, 2y =3In—— _1.
X—3
2—X
3.y = (3—x)e* 2. Ly=>_
2—X
5.y:InXTX2+1. 6.y =(x—2)e’ %,
2(x-1)
7.y = © : 8.y=3—3lni.
2(x-1) X+ 4
2(x+2)
9. y = —(2x +1)e?(D, 10. Y = © :
2(X +2)
1.y = Iniz—Z. 12. y = (2x +5)e 2+2),
X_
3-X
13.y:e : 14.y:2lni—1.

3—X X+1



e—2(x+2)

15,y = (4 —x)e* 3, 16. Y = — .
y=4-% Y= o+ 2)
17. y:2InXL3—3. 18,y = (2x —1)e29,
X
—(x+2)
e X
19. Y = — . 20y =2In———-3.
y X+ 2 y X—4
X+3
21,y = —(x +1)e*+?, 22y =— :
X+3
23 Y = Inis—l. 2.y = —(2x + 3)e2**2),
X +
e—Z(X—l) X_5
25. Yy =— . 2.y =In——+2.
2(x-1) X
X—3
27y = (X + 4)e 3, 28. Y = — € 3
X_
20 y=InXt0 1 0 y=2nX"ti1
X X

Funksiyalarni tekshirish va grafiklarini chizish

8-masala. Quyidagi funksiyani tekshiring va ularni grafigini

yasang.

y = 3{/(2 —X)(x% = 4x +1).
1) D(y) = (= o0;+o0).

2) Funksiya juft ham, tog ham emas.

3. a) vertikal asimptotalari yo’q.

6) k= tim-* _ jim U(2=X)( - 4x+1) ~ 1

X—w X X—>00 X

161
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b= lim G/(2—x)(x* - 4x+1) —x) =

X—>+00

_ lim (2-x)(x* —4x+1) - x° _

1>23/(2 - )2 (X2 — 4x +1)? + x3/(2 - X)(x2 — 4x +1) + X2

2 —9x +6x° —2x° ~2
= lim = =2.

032 - x)2(x2 - 4x+1)? +x3(2 - x) (2 —dx+1) +x2  —1

Demak, y =—x+ 2—-o0g’ma asimptota.

1 —9+12x —3x° — X% +4x-3
hy=7 =

3 32— %202 —4x+1)?  32-x)2(E—ax+1)?

day 0,

, da y" mavjud emas.

r—/%\f—/;\

~ . N - - y'(x)
NoBAN 1A 27 3 N 2.8N y(x)
min max

(; —3/2)- funksiyaning minimum nugasi
(3; 3/2)~funksiyaning maksimum nugtasi .

— (4x* —=16x3 +14x* —8x +10)

5) y" =
)Y 3/(2-%)°(x% - 4x +1)°

x =-0,94;
{ ad y" =0,

x=0,73

X=2,
. da y" mavjud emas.
{x =2+4/3. g .

- - " + " T y'(x)
L% = - ,x
Mp94 M2-B\Jo73\ 2 M 2.B\J y(x)
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6) O’qglar bilan kesishish nugtalarini topamiz:

x=0day=%72.

0dal ™
=0 da
d X=2+-/3.
!
\“n_\?—-
) ——
] X
4 -3 2 1 0 ' 1 ?__2 3 4 5
_2__ T - -
.
Ll
Ll
1y =-3/(x+3)(x* + 6X +6). 2.y =3/(x+2)(x + 4x +1).
5y =3 (x+1)(x% +2x - 2). 5y =3 (x-1)(x% - 2x - 2).
5.y =3/(x —3)(x? — 6X +6). 6.y =3/(x2 - 4x +3)2.
7.y =3/x*(x +2)°. 8.y =3/x*(x—2)°.
0. y =3(x* —2x-3)°. 10y =3/x%(x + 4)°.
11, y =3/x?(x — 4)°. 12,y =3/(x +3)x°.
13y =3 (x—1)(x + 2)°. 0y =3(x-1)? —3/x2.
15. Y =3/(X + 6)x°. 16,y =3/ (x— 4)(x + 2)°.
17y =3 (x-1)2 -3/(x-2)°. 18,y =3/ (x +)(x - 2)2.
19.y =3/(x—3)x2. 20,y =3/(x—2)% =3/(x-3)2.
21y =3 (x +2)(x - 4)2. 2.y =3/(x —6)X°.

2y =3/x% —3/(x-1)2. 2.y =3/x(x —3)°.

25. y = 3/x(x +3)°. 26y =3/(x+2)? —3/(x+3)2.
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27. y =3/x(x —6)°. 28. Y =3/ x(X +6)°.
20,y =3(x +1)% —3/(x +2)2. 30. y =3/x(x —1)°.

Funksiyalarni tekshirish va grafiklarini chizish

9-masala. Quyidagi funksiyani tekshiring va ularni grafigini yasang.

sin X+4cos X

y=E¢
1) D(y) = (~o0;-+e0).
2) Funksiya juft ham, tog ham emas.
3. a) — vertikal asimptotalari yo’q.
0) og’ma asimptotalari yo’q .

4) davriy funksiya

T:—£+7zn, neZ.
4

5) y = esin X+C0S X

V2 cos(x-")

y=¢ Y,
] J2 cos(x-")
y'=—\/§sm(x—%) 4

y' =0, u holda sin(x - %) =0,
4

T

X=—+7K, keZ.
4

R ) i y'(x)
=X
A w4 N 54 A y(x)

max min
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y'=-2 cos(x - zjeﬁcos(x_ﬁ +

+\/_S|n( 4) \/_sm(x——) ﬁCOS(X_Zj:
/3 cos X_z

o))
A el

y”:o HpH X:i%‘l‘%'l'zm, nez !

6)

N——

/A T
X=—+—+2/M, ne’Z. T
4 4 x:§+27zn,nez.

X=—%+%+2ﬂk, keZ. X=27K, keZ.

X e %+27m; 27k | da funksiya botig, chunki y” > 0.

X €| 27K; E+27zn da funksiya gavariq, chunki y” <0.

Egilish nuqtasi:
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(sin X + cos x)

Ly= arctg( N

(i)
SIN X+ COS X

5. y =arctgsinx.

(o)
7.y=|— _
Sin X — COS X

0y = arctg(sm X — COS x).
V2
1
(sin X+ cos x)?
13. Y = —arctg COS X.
1
(sinx cosx)?
17. y =3¥/sinx
oy = sin x—cosx.
J2
2fosx
Jcosx.
\/sm X + COS X
5
27. y =-/sinx.
\/sm X + COS X
.

1.y =

15. Y =

y
y
y

20. Y =

= In(cos x +sin x).

4y = eﬁsin X
6. Y = In(y/2sin x).
8.y :esin X—CO0S X

10. Y = In(sin X — cos x).

0y = e—ﬁcosx.
14. y = In(—,/2cos X).
16. Y = e—sin X—CoSX

18. Y = In(—sin x — cos x).
—J/2sin x

20 y=e 21,
22. y =In(—/2sin x). 23,
24, y — eCOSX—Sln X. o5

26. Y = In(cos x —sin x).

28,y = eﬁcosx

30. Y = In(,/2cos X).
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VvV BOB. ANIQMAS INTEGRAL

ANIQMAS INTEGRALNING TA’RIFI VA XOSSALARI

Berilgan F(x) funksiyani differensiallashda uning f(x)=F'(x)
hbsilasini topish talab gilinadi. Masalan: F(x)=x* f(x)=3x*. Teskari
masalani ko’raylik: berilgan f(x) hosilasi bo’yicha shunday F(x)
funksiyani topingki, uning hosilasi f(x) ga teng, ya’ni F'(x) = f (x) bo’lIsin.

1- ta’rif. Hosilasi f(x) ga teng bo’lgan F(x) funksiya f(x)
funksiyaning boshlang’ich. funksiyasi (boshlang ichi) deyiladi.

1- misol. Berilgan: f(x)=3x*. F(x) boshlang’ich funksiyani toping.

Echish. F(x) = x*,chunki

F'(x) = (x*)" =3x°.

2- misol. Berilgan: f(x):%. F(x) ni toping.
1

Echish. F(x)=+/x, chunki F'(x)=(v/x)’ N
X

Ravshanki, agar F(x) funksiya f(x) funksiyaning boshlang’ichi
bo’lsa, u holda F(x)+C ko’rinishdagi istalgan funksiya ham (bu yerda S
— ixtiyoriy o’zgarmas) f(x) ning boshlang’ich funksiyasi bo’ladi, chunki

[F(x)+C] = f(X).

3 3
Masalan, agar f(x)=x* bo’lsa, u holda F(x):%+2; F(x):%—S;

3 3 , 3 , 3 ,
F(x):X—+In6, chunki [X—+2} :(X——S} :(X—+In6j = Xx°.
3 3 3 3
2- ta’rif. Agar F(x) funksiya f(x) funksiyaning boshlang’ichi
bo’lsa, u holda F(x)+C ifoda f(x) futsksiyaning anigmas integrali

deyiladi: va quyidagicha belgilanadi:
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j £ (x)dx
Shunday qilib, ta’rifga ko’ra agar F'(x)=f(x) bo’lsa,
Jf(x)dx:F(x)+C.
Bu yerda f(x) — integral ostidagi funksiya, f(x)dx — integral
ostidagi ifoda, j — integral belgisi, x — integrallash o’zgaruvchisi.

f(x) ning boshlang’ich  funksiyasini topish amali funksiyani
integrallash (integral olish) deyiladi.
Anigmas integralning xossalari
Agar F'(x)= f(x) bo’lsa, u holda

| Uf(x)dx),z F(x).

| dU f (x)dx) — f(x)dx

[N

N

3. [dE()=F(x)+C.

s [ Af (x)dx:Ajf(x)dx, bu yerda A=const.

5. [[£,00+ f,00]dx= j £ (x)dx + _[ £, (x)dx

Bu xossalarning to’g’riligi differensiallash orqgali tekshiriladi.

Integrallashning asosiy usullarini garab chigishdan avval asosiy

integrallar jadvalini jiddiy kengaytiradigan bir muhim integrallash

goidasini ko’rib chiqamiz. Agar Jf(x)dx:F(x)+C va z=¢(x) bo’lsa, u
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holda
If(z)dx: F(z)+C. (1)

Bu qoida. integrallash formulasining ko’rinishi integrallash
o’zgaruvchisining xarakteriga bog’liq emasligini bildiradi. Bu qoidaning
to’g’riligi (1) tenglikning har ikki tomonini differensiallash orqali oson

tekshiriladi. Jumladan,

1 If(ax)dx:l_[f(ax)d(ax):llz(ax)+c.
a a
2 If(axib)dx:lj'f(axib)d(axib):EF(axib)+c.
a a

Masalan:

sin3xdx = %J.sin 3xd (3x) = —%cos?)x +C.
.ezdx:zj‘ezd(

[_dx :lfd(?’x‘5):1|n|3x—5|+c.
JaxZ573) 3x—5 "3
INTEGRALLASHNING ASOSIY USULLARI

Quyidagilar integrallashning asosiy usullari hisoblanadi:

X

szzez +C.
2

1. Yoyib integrallash usuli.
2. Bevosita integrallash usuli.
3. O’rniga qo’yish usuli.
4. Bo’laklab integrallash usuli.
Yoyish (integral ostidagi ifodani yoyib integrallash) usuli
Agar f(x)=f,(x)+ f,(x) bo’lsa, u holda 1- § dagi 5- xossaga ko’ra

yozish mumkin:

j f(X)dx = _[ [£,0) % f,00]dx = j £ (x)dx+ I f,(x)dx
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1 [ (2-3vx)%dx = [ (8- 36+xdx +54xdx - 27/x%)dx =
=8jdx—36j&dx+54jdx—27j~°ﬁdx:

x2 X2 x2
=8x-36- ?+54 ?—27 ?+C—
2 2

=8x—24x\/§+27x2—%x%/§+c.

Shuni gayd qilib o’taymizki, har qaysi qo’shiluvchini
integrallagandan so’ng ixtiyoriy o’zgarmasni yozish shart emas, chunki bu
o’zgarmaslarning yig’indisi yana o’zgarmas bo’lib, uni biz eng oxirida
yozishimiz yetarli.

3 52
J~x 2X +3X+1dx:.|(x—2+§+ijdx:

NG X X2

dx

z—jxdx Zjdx+3j 2

2

X oxs3in|x|-tic
2 X

X 1 1 1 1 :
3, Icoszde:—j(1+cos)dx=Ejdx+—_[cosxdx=—(x+sm X)+ C.

jctg xdx = J(sm X—ljdx=j3|n de de——ctgx X+ C.

Bu misollardan ko’rinadiki, yoyish usuli bilan integrallaganimizda
integral ostidagi funksiyani elementar matematika vositalari yordamida
shunday qo’shiluvchilarga yoyganimizda ulardan olingan integral
jadvaldagi integraldan iborat bo’lsin.

Bevosita integrallash usuli

Bu usul asosida (1) qoida yotadi. Unga ko’ra anigmas integrallarni
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hisoblaganda integrallash o’zgaruvchisi x erkli o’zgaruvchi yoki z = ¢(x)
funksiyadan iborat bo’lishidan gat’i nazar 1- § da bayon gilingan 1 — 5
xossalarni va I — XVI jadval integrallarni tatbiq gilish mumkin.

Bu usulni tadbig’ini quyidagi misollarda ko’rsatamiz.

) P jd(?’ X)_—In|3—x|+C.
) dzx 1909 Ligrxac.
Jcos?7x T77cos?7x 7
'(2—3x)5dx=—%j(2—3x)5d(2—3x)=

a6

:_l.ﬂJrC:_i(z_gx)BJrc_
3 6 18

j I d(gx)zzlarctg3x+c.
1+9x* 371+(3x)* 3

Ko’pchilik hollarda dastlab integral ostidagi funksiyani yoyib olib,
so’ngra bevosita integrallashni tatbiq qilishga to’g’ri keladi.

jtg (ax)dx = I(cos ’(a )—ljdx:itg(ax)—x+c.
X

2, sz_ldx:jwdx:j(l— 4 jdx:
2X+3 2X+3 2X+3

= x4 X _2In|2x+3|+C.
2X+3

Iiszde:j%dx:j(x+2+éjdx:

_(x+2)°

+7In|x-2|+C.

Integral ostidagi kasrning surati maxrajining differensalidan iborat

bo’lsa, integral maxrajning logarifmiga teng bo’ladi.
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" j(x —Ddx Id(x —4x+1) 1In‘x4—4x+q+c.
_4x+1 4 —4x+1
foO (8 e
X(1+ Inx) 1+Inx

3 3,1 2 B
5 Ix 1dx:J.X +1 2dx:j(x+1)(x X+1) de
X+1 X+1

2 3 2
:I XTox+l 2 dx=2—X L x_2In|x+1|+C.
X+1 X+1 3 3

1-masala. Anigmas integralni toping.

_ X—sinx=t
[ 1 C_OSX2 = =jd—2t=—t‘1+C=— 1_ +C.
(x —sin x) (1-cosx)dx=dt| -t X —Sin X
L [(4-3x)e ¥dx. 2 [arctgv/4x—1dx. 3. [ (3x+ 4)e>dx.
s [(4x—2)cos2xdx. s [(4-16x)sindxdx. 6 [(5x—2)e¥dx.
7. [ (L-6x)e**dx. 8. [ In(x® + 4)dx. 0. [ (2—4x)sin 2xdx.

0. [arctgv/6x —1dx. 11 [(4x -3 Pdx. 12 [(2-9x)e”dx.

13. [arctgv2x—1dx. 14 [arctgy/3x—1dx. 15 [arctgv/5x —1dx.

6. [ (5X +6)cos 2xdx. 17. [(3x—2)cos5xdx. 18 [(x~/2 —3)cos 2xdX.
19. [ (4x+7)cos3xdx. 20 [(2x—5)cos4xdx. 21 [(8—3x)cos5xdx.
22. [(x+5)sin3xdx. 23 [(2—3x)sin2xdx. 24 [(4x+3)sin5xdx.

25, [(7x—10)sin4xdx. 26. [ (V2 —8x)sin 3xdx. 27. [ dx.

COS X

20. [ xsin? xdx. [ X_COSS X

. dx.
sin? x sin” X

28. |
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1++/x%+1

X

Javoblar. 1.1 — In

1
+C; 12In|x|+2In X+C; 13—arcsmﬁ+C;
X

2
X 1
14— +In?x+C:15=In
2 2

x2+%+\/x4+x2+1 +C

In? cosx

+C:18

1 4
16 ——-(arccosx)” +arccosx+C; 1.7 — 88— ——+
4 2c0s°(x +1)

+C;

1.9%-In(x2+1)+ 21 +C:1.10— +C:111 —

2ix° +1 X —Sin X X-sin X

X2—%+\/X4—X2—1
114— 3(x-1)° + {/(x=1)%+C;115In(x-1)+ 2Inz(x—1)+C;

116 — = L +C; 117 l(4arctgzx— In(1+ xz))+C
12 (x* +3x+1D* 2

1.121-In‘x4+4+l-arctgx2+C;1.13£-In +C;
4 2 2

1.18 %xz —2In(x? +4)+C;1.19%-In‘x2 +2sin x‘+C;

1.20 — ! ~+C 121 In‘1+4x2‘—%-arct922x+C;

2 - (2sin x —3c0osx)
1+vx% +1
X

1 +C; 1231 arctgx’ +C; 124 Vx> +1—1n
X+ X 2

25 /X2 +1—§I

\/x+ -1
VxZ +1+1

5
27 % : In‘1+ xz‘ —@+C :1.28 %(XZ —In(x? +1))+C

+C:1.26 %(arctgzx +In(1+ x2))+ C

1.29 % - (arcsin x)° + arcsin x + C ; 1.30 2arctg~/x — In | x +1| +C.
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Bo’laklab integrallash usuli.

Bo’laklab integrallash usuli quyidagi formula orgali topiladi:
Iudv= uv—jvdu, (2)
bunda, u(x), v(x) lar uzluksiz differensiallanuvchi funksiyalar.

(2) formula bo’laklab integrallash formulasi deyiladi.
Bo’laklab integrallashning mohiyati shundan iboratki, berilgan integralni

hisoblashda integral ostidagi f (x)dx ifodani u-dv ko’paytma shaklida
tasvirlab va (2) formulani tatbiq qilib, berilgan Iudv integralni Ivdu

jadval itegrali yoki osongina olinadigan integral bilan almashtiriladi.

2—masala. Anigmas integralni toping.

u=In(4x*+1) dv=dx 2
[In(4x* +1)dx = 8X = xIn(4x* +1) - 8[——dx =
du=4x2+1 V=X 4x° +1

= xIn(4x® +1) — 2](1— jdx = xIn(4x® +1) — 2(x—%arctg2xj+c =

4x% +1
= xIn(4x? +1) + arctg2x — 2x + C.
Maple 7 dasturi yordamida

Int(In(4*x"2+1),x)=int(In(4*x"2+1),X);

fln(4 X%+ 1) dx=x In(4x2+ 1) — 2 x + arctan(2 x)

tekshirib ko’ring.

1I dx zj1+|nxdx 3f dx
x4l X Cxdx? -1
x% +In x? X arccos® x—1
4, | ——dx. 5, dx. 6. dx.
I X Ix/x4+x2+1 I V1-x?
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7. | tgx - In cos xdx. : 90 | ———
g cos? (x +1) (x% +1)?
0. sin X_C_OSX5dx. 11.jX'COS)_(+S'2nde. 12.[X4+de.
(cos x +sin x) (x-sin x) +1
X X 1+ In(x—1)
13. dx. 14 [———dx 15, [————=dx
Ix*t—x% -1 Vx? -1 x—1
_ 3
f (x% +1)dx . I4arctgx2 X dx 16, | 2x dx
(3 +3x+1)° 1+ X +4
1o, [ XFCOSX X + COS X 2 | 2.C0S X + 3sin X dx. 21 I8x arctg2x «
2+23|nx . T (2sinx—3cosx)® 1+ 4x>
X+ 1
X
2 [2X \/_+X) dx. 23IX +1 X. 24.jmdx.
X—1 arctgx + x x — (arctgx)”
X
25.Imdx. 26.J.de. 27J‘ 1+X d
3 : 2
(arcsin x)“ +1
28, sz—+ldx. 20. | e dx. I\/_(x+1)

Javoblar. 2.1 (X —1)e™* + C; 2.2 x - arctg~/4x — —% AAX-1+C;
23 (x+1)e* +C; 24 (2x—1)sin2x + cos2x +C;

25 (4x —1)cos4x —sin4x +C; 26 % .(15x —11)e* +C;

27(2 - 3x)e** + C;28xIn(x? +4) — 2x + 4arctg(§) +C;

29 (2x—1)cos2x —sin2x + C; 2.10 X - arctg~/6x — —%-«/6x—1+C;
1 —2X l -3X

211 E-(1—4x)e +C;212 5-(1+ 9x)e™ +C;

2.13 X - arctg~/2x — —%-\/2x—1+C;2.14 X -arctg~/3x — —%-\/3x—1+C;
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2.15 x-arctg\/Sx—l—é-\/Sx—1+C :2.16 %(5x+6)sin 2x+%cost+C;
217 l(3x—2)sin5x+ic055x+c;2.18 1(x\/§—3)sin2x+£cost+C;
5 25 2 4
1 : 4 1 : 1
2.19 5(4x+7)sm3x+§cos3x+C;2.20 Z(Zx—5)sm4x+§cos4x+c;
1 : 3 1 1.
2.21=(8—3x)sin5x ——cosbx + C; 222— = (x+5)c0s3x + =sin3x + C;
5 25 3 9
1 3 . 1 4
2.23 E(SX —2)C0S2X — Zsm 2X+C ;224 — §(4x + 3)COS5X + 2—55|n 5x+C;

2.25 — Zxcos4x - lsin 4X + gcos4x +C; 2.26%(8X —/2)cos3x — gsin 3X+C;

227 X - tgx+ In|cosx| + C ; 2.28— X - ctgx + In[sin x| + C ;

X . 1 X2 X 4+ COSX - Sin X
229 ——-SIN2X—=-C0S2X+—+C; 230 — — +C
5 8 4 2sin“ X

Kvadrat uchhadni o0’z ichiga olgan
funksiyalarning integrallari
Kvadrat uchhadni 0’z ichiga olgan

Ax+B AX+ B
I 2 ax; I
ax“ +bx+c Jax2 +bx +c

dx; f\/ax2 +bx+c dx

funksiyalarni integrallash jadvalidagi fomulalarga keltirib integrallash

uchun avvalo kvadrat uchhaddan to’liq kvadratni ajratib olish kerak

bo’ladi. Bu holda ax® +bx + ¢ kvadrat uchhad quyidagi ko’rinishga keladi:
2
ax? +bx+c:a(x2 +9x+3j=a[(x+9)x2 +E+E_b_2J:
a a a a a 4a

[(;)k]

So’ngra almashtirishlar yo’li bilan yuqoridagi integrallarni

integrallash jadvalidagi formulalarga keltirish mumkin.
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Masalan,

J‘ dx :J' dx _
X*+Bx+7 Yy2, 5.9, 25 25 4
2 4 4
dx 2 arcthJr
2 3 BNE V3
2
2 2X+5
= —arct + C.
BT
3
J‘ 3x+1 J‘ _ZX_E dx_
\ - X2 £ X+ 2 V2 +X— X2
d(x—1]
:__J' 2X — 2 » __§J~d(2+x X) 5J‘ 2 _
V24 x— X2 V24 x— X2 \/—(x—ljz
4 2

=-3 2+x—x2+garcsin +C.

I x? — 2x —1dx = J'w/(x 1) —2dx =
:—(x DVx2 —2x—1- In‘x 1+x% —2x-1

+C.

1 .
3—masala. j— dx aHMKMac MHTETPATHA XUCOOTAMIINK:

X+ X—-2
e e [ v LB it o P g &
X+ X—2 (X=D(x+2) 3V x-1 Y x+2
Lo =tingxa2psc =X 2t e
3 3 X+ 2

Maple 7 dasturi yordamida

> Int(1/(xN2+x-2),x)=int(1/(x2+x-2),X);
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tekshirib ko’ring.

1J' dx
X2+ x4+5

10 | 5—F
" X°—-x+14

13.

m.'z
Y X“+8x+18

19 [ 212
%2 -2x-3

2. |\ —5————
X +2Xx-3

%.'2
X +4x-12

%-.2
X —-6x+34

Javoblar. 3.1

X+ 2

Y x4 2x+3

5x -7

' x> +3x+8

dx

X+4

Y X%+ X+9

3x-11

dx

dx

dx

X+ 2

X+2

dx

dx

dx

dx

dx

1
X2+ x—2

dx

2.“.\/6—4x—2x2

5.

" J5—4x —Xx?

dx

dx

I 24 3x—2x2

" IL
x4 2x+6

dx

14.
I\/3x2—6x+9

ﬂ.'z
Y X +5x+17

20.

" X% —6X+3

m.'z
" X“+7x+14

26. [
) 32 —6x+12

29.

2X+1

2
V19

arctg

+
V19

7X—8

dx

dx

3x+4 dx

dx

X+7 dx

Y X% 111X+ 42

J2

1 1
dx:—éln(x+2)+§ln(x—1)

3IJx2+8x+2&M

6.IV84—2x—-x2dx

12. [ 5
7 3x°—-8x+9
18.

21.

24.

m.'z X
Y X —-9x+ 23

X+7 dx

15.

Y% +Xx+5

[\/5+ 4x — x2dx

Y X% 411X + 42

X

dx

X2 + 4x +13dx

2X—3 dx

X dx

) 3x% +4x+5

X—3

dx

30,
J-x2+6x+34

C.32 iarcsinx—+1 +C.

3.3 %4 X2 +8X + 25 +%In‘x+4+\/x2+8x+25‘+c.
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4 %In(x2 +2x+3) arctg +1+C. 35 arcsinx%z+c.

V27T 2

2

3.6X—_1 8+2x—X +garcsinx—_1+C.
2 2 2

2X+3 1 . 4x-3

S (2
3.7 =In|lx“+3x+8 rct +C.3.8—=arcsin +C.
3l b e
1 2 2x+11 2x -1
3.9 —In{x° +11x+ 42 rct +C. 310 arct +C
2 ( k2 Ja7 " g J55 9 Js

3.11\/_arctg \/_ +C 312—In(3x2—8x+9) \/_arctng_S

3.13§In(x +x+9) \/_arctgzj/(_1+c 314\/_In‘x —1++/3x% —6X+9 ‘+C
3.15X+2\/x2+4x+13+EIn‘x+2+\/x +4x+13‘+C.

3.16 gln (x2 +8X +18) \/_ arctg Xj_4

3.17 %In (x2 +5x +17)— NI arctg 23%5 +C.

3.18 In(x2 + X+ 5)— N arctg 2\)/(%1 +C.

3.19 —%In|x+l|+%ln|x—3|+C. 3.20 In‘x—3+\/x2—6x+3‘+c.

2

31 X225 ax—x2 + Darcsin X =2 4 C. 322 1hn |x+3|+§ln | x—1]+C.
2 2 2 4 4

3 2 2X+7
3.23 —In{x“ +7x+14 arct +C.

2 : - f T

1 2 6X+4 -2
3.24 —In{3x“ +4x+5)- arct +C.3 —In +C

6 ( ) 11 g V11 X+6
3.26 iIn‘x—1+\/3x2—6x+12‘+C.

V3

1 2 3 2x—-9
3.27 —In{x° —9x + 23+ arct +C.

2 ( ) 11 J V11

3 2x+11

3.28 %arctg%3 +C.3.29 %In (x2 +11x + 42)+

3.30 larcthLB +C.
5 5
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Ratsional kasrlarni integrallash.

Ratsional kasr deb,

Q%) _ bpx™ +blxm1+ +b
P.(X)  agx" +ax" 1y +a,

Ko’rinishdagi kasrga aytiladi, bu yerda P,(x) va Q,(x)— darajalari mos
ravishda n va m ga teng bo’lgan X ga nisbatan butun ko’phadlar.

Agar n>m bo’lsa, ratsional kasr noto’g’ri, n<m bo’lsa, to’g’ri kasr
deyiladi.

Har qanday noto’g’ri kasrning suratini maxrajiga bo’lish natijasida
butun qismini ajratib, uni biror ko’phad va to’g’ri kasr yig’indisi shaklida

yozish mumkin:

Q, (%) Q)
B0 IWTR gy K
4

X" +4 , . : .. .. y
Masalan, ———— noto’g’ri kasrning suratini maxrajiga bo’g’sak,
X2 +3x—1

quyidagiga ega bo’lamiz:

4
X" +4 2 3% 4104+ 3x+14

x? +3x—1 x2+3x—1
4-masala. Anigmas integralni toping.

I x3 —3x% —12 i
(X=4)(x=3)(x-2)

Kasrni bo’lamiz



x3 —3x%—12
x> —9x?% + 26X — 24
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X3 —9x% +26x—24
1

6X° — 26X +12

I x3 —3x%-12
(X=4)(x-3)(x—2)

i - ;[

6X° — 26X +12
1+
(Xx=4)(x-3)(x—2)

]dx

6x° — 26X +12
(Xx—=4)(x-3)(x-2)

ko’rinishida yozamiz:

to’g’ri1 kasrni sodda ratsional kasrlar yig’indisi

6x° -26x+12 A , B _C _
(x=4)(x-3)(x—2) x—4 x-3 x-2
_ A(X=3)(x=2)+B(x—=4)(x-2) +C(x—4)(x-3)
- (x—4)(x=3)(x-2) |

A(x —3)(X = 2) + B(x —4)(x — 2) + C(x — 4)(x —3) = 6x* — 26X +12.
A, B, C noma’lum koeffitsiyentlarni topish uchun maxrajni nolga

aylantiradigan son giymatlarni xning o’rniga qo’yish bilan topamiz.

Odatda, bu usulni xususiy giymatlar usuli deyiladi.

X=4da, 2A=4= A=2;
X=3da, —-B=-12=B=12;
Xx=2da 2C=-16=>C =-8

]dx j(1+

Bundan
i1+ 6x° — 26X +12
(Xx=4)(x=3)(x-2)
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= x+2Inx—4/+12In|x -3 —-8In|x — 2|+ C.

Maple 7 dasturi yordamida

> Int((1+(6*xN2-26*x+12)/((X-4)* (X-3)*(X-2)),X))=int((1+(6*Xx"2-26*x+12)/((X-4)*(x-3)*(X-2)),X));

J1+ 5 fi‘;(_xzfé‘;(iz_ 2y =X+ 2In(x—4) + 12 In(x - 3) -8 In(x - 2)

tekshirib ko’ring.
3
X" +1 3x3 +1
1, dx. 2.
Ix2—x e NG —1
3
x° =17 2x3 +5
3. [—————dx.
Ix2—4x+3 v S 2—x 2
2+x 6 2+3x+2

X2 +2x% +3

7. | dx
(x=D(x-2)(x-3)

X3

9. | dx
(X=D(x+D(x+2)

4x3 +x% +2

11. X
X(X=1(x—-2)

3x3 +2x% +1

8. | dx
(X+2)(x—2)(x-1)

x3 —3x%2 -12

10. | X
(Xx—=4)(x=3)-x

3x% -2

12. dx.
J X3 —x

x> —3x* -12 x°—x>+1
13. X 14, jz—dx.
(X—=4)(x—-2)x X% — X
5 3_ .
15-IX +23x 1dx. 16-f2X 8x° +3d
X+ X x> —2x
5_ 3_ . 5 3
. I3x 212x 7dx. 18-1 X :9x +4dx.
X+ 2X X +3X
—x°+25x° +1 X2 —5x? +5x + 23
19. | > dx. 20. | X
X% +5x (x=(x+1)(x-5)
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x> +2x* —2x% +5x° = 7x+9 2x* —5x° —8x—8
21| dx. 22 |
(x=3)(x-1)x X(X=2)(X+2)
4x* +2x* —x-3 3x* +3x% —5x* +2
23. | dx. 24. |
X(Xx=1)(x+1) X(x=1)(x+2)
2x* +2x3 —41x* + 20 x> —x* —6x%+13x+6
25. | dx. 26. |
X(X—=4)(x+5) X(X—=3)(x+2)
3% —x? —12x -2 2x* +2x3 =3x% +2x -9
21. | dx. 28. |
X(X+1)(x—2) X(X =1 (x+3)
3. y2 7y 3 _
2 I2x X —7x-12 dx. o I 2X° —40x -8 dx
X(x—3)(x+1) X(X+4)(x—2)

2
X
Javoblar. 4.1 7+x—|n|x|+2|n|x—1|+C;

3x?
4.2 T+2In | x=1|+In|x+1|+C;

2
4.3x7+4x+8ln |X—1]+5In | x — 3| +C:

44 X2 +2X+7In|x=2|=In|x+1]|+C;

45 X2 —=2x+11-In| x+3|+3-In|x—2|+C;
3x°
4.67—9x+22ln|x+1|—ln|x+2|+C;

47 X+3In|x-1|-19In | x—2|+24In | x —3|+C;
48 3x—1,25In | x+2|8,25In | x — 2| -2In | x —=1| +C;

4.9 x+1-ln|x—1|+1-ln|x+1|—§-ln|x+2|+C;
6 2 8

410 X+In|x—=4|+4-In|x-3|-In|x|+C;
411 4X+In | x|=7-In|x=1|-19-In|x-2|+C;

4.123x+2-|n|x|+%-ln|x—1|—§-ln|x+1|+C;

4.13 x+%-ln|x—4|+4-|n|x—2|—g-ln|x|+C;
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x* X3
414 —+——In|x|+In|x-1]+C;
4 3

4 3
4.157—%+2x2—4x—|n|x|+5|n|x+1|+C;

4 3
016+ P 3|+ x—2]+C
23 2 2

4
X o~ i x|+ L x+2|+C.
4 2 2

4
4.18—X—+x3+ﬂln|x|—fln|x+3|+C;
4 3 3

x* 5x% 1
419 ——+——+—
4 3 5
420 X—=3-In|x=1|+In|x+1|+2-In|x-5]|+C;

In|x|—%ln|x+5|+C;

3
4.21%+x+4-ln|x+3|+2-|n|x—1|—3-|n|x|+C;

4.22 x2+2-In|x|—g-ln|x—2|—§-ln|x+2|+C;
423 2x* +3-In|x|+In|x=1]|+2In | x +1| +C;

3x?
4.24T—In|x|+ln|x—1|+ln|x+2|+C;

4.25 x2—In|x|+%-ln|x—4|—%-ln|x+5|+C;

3
4.26%—In|x|+3-|n|x—3|—2-ln|x+2|+C;

4271 3X+In | x|+2-In | x+1|-In|x-2|+C;

4.28 x2—2x+3-ln|x|—§-ln|x—1|+1—21-ln|x+3|+C;

429 2X+4-In|x|+In|x—-3|-2-In|x+1|+C;
430 2X+In | x|+In|x+4|-6-In|x—-2|+C.

417
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Noma’lum koeffitsiyentlar usuli.

Agar integral ostidagi kasr to’g’ri (n>m) bo’lsa, quyidagicha ish
tutamiz:
1. Q,,(X) maxrajni ko’paytuvchilarga yoyamiz. Aytaylik,

Qn(X) = (x—2) - (Xx=b)* - (x* + pX+ ) - (X° + PX + )"
bo’lsin, bu yerda a—sodda haqiqiy ildiz, b —karraligi ¢ bo’lgan haqiqiy
ildiz, x? + p;x+q, va X+ p,X+0, — okmpleks qo’shma ildizlarga ega
bo’lgan uchhadlar.

Qn(X)

Pa(X)

kasrni

Alebradagi teoremaga ko’ra to’g’ri ratsional

quyidagicha yozish mumkKin:

a

n

P(X) x-a x-b (x-b)? (Xx=h)* X2+ px+q
M X+ N; N M,x+ N, -
> .
X“+p,x+d, (x2+pyx+q7)z (x2+ p7x+qy)ﬁ

Qm(x): A n Bl n Bg I B + Mx+ N

Mﬁx+Nﬂ

Masalan, agar Q,,(x) = (x—1)(x +2)*(x* + 2x + 2)(x* +3x +5)? bo’lsa, u
holda yoyilma quyidagicha bo’ladi:
Qm(x): A 4 Bl n Bg .t B3 4 2|\/|X+N
P,(X) Xx-1 Xx+2 (x+2)° (x+2)° Xx“°+2x+2
M X+ N; M,X+ N,
+— +— 5
X“+3x+5 (X“+3x+5)

Bu yerda A,B;,B,,B;,M,N,M;,N;,M,,N,— hozircha noma’lum

koeffitsiyentlar. Bu koeffitsiyentlarni topish uchun yoyilmaning o’ng
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tomonini umumiy maxrajga keltiramiz va chap hamda o’ng tomondagi
suratlarni aynan tenglaymiz. Hosil bo’lgan ayniyatda X ning o’ngdagi va
chapdagi bir xil darajalari oldidagi koeffitsiyentlarni tenglab, noma’lum
koeffitsiyentlarni topish uchun tenglamalar sistemasi tuziladi. Tenglamalar
sistemasini yechish bilan noma’lum koeffitsiyentlar topiladi. Bu usulni

odatda noma ’lum koeffitsiyentlar usuli deyiladi.

5-masala. Anigmas integralni toping.

Ix3 +6Xx%+13x+9

(X +1)(x +2)° ax

X2 +6x2+13x+9
(X +)(x +2)°

to’g’ri kasrni sodda ratsional kasrlar yig’indisi

ko’rinishida yozamiz:
x}+6x° +13x+9 A L, B B B _
(x+D(x+2)°  x+1 x+2 (x+2)? (x+2)°

CAX+2) + B (X +D)(X+2) + By (X +1)(Xx +2) + By (x+1)
- (X+D)(x+2)° '

AX+2)% + B, (X +D)(x+2)% + By (X +1)(X + 2) + By (x +1) = x> + 6x* +13x +9

x=-1da, A=1],
X=-2da, -By=-1=B; =1,

x ning bir xil darajalari oldidagi koeffitsiyentlarni tenglaymiz:
x>: A+B =1=B,=0;

x": 8A+4B,+2B,+B;,=9=B, =0



Demak,

x}+6x° +13x+9 1

(x+D(x+2)° X1 (x+2)%

Bundan:

[Pt
x+1 (x+2)°

Maple 7 dasturi yordamida

]dx: In\x+ﬂ—#+c.

2(x + 2)?

INt((X"N3+6*xN2+13*x+9)/((x+1)* (x+2)"3),X)=int((X*3+6*x2+13*x+9)/((X+1)* (x+2)"3),X);

X2+ 6x2+13Xx+9

(x+1) (x+2)°

tekshirib ko’ring.

1 jx3 +6x°+13x+8
| x(x +2)*

X2 +6x% +14x+10
(x+1)(x+2)*

3. |

3 2
5.jx + 6X +11x+7dx

(x+1)(x+2)*

x> +6x% +10x +10
(x=1)(x+2)*

7|

x3 —6x%+13x—8

9. | dx.

x(x —2)*

X2 —6x% +14x—6

11, | dx.

(x+1)(x - 2)°

3
13. | X+—X+2dx.

(x+2)x*

dx:ln(x+1)—;(
X

dx.

1
+2)°

X3 —6X% +13x — 6
(x+2)(x-2)*

2 |

4. |

(x+2)(x—2)*

2x3 +6X% +7x+1
6. | 5 dx
(x=D(x+1)

. I2x3+6x2 FTIXA+2
| X(x +1)°

X3 —6x% +13x—7

10. | dx.

(x+1)(x-2)*

x3 —6x% +10x —10

12. | dx.

(x+1)(x-2)*

3x3 +9%% +10X + 2

14. | dx.

(x-1)(x+1)°

X3 —6x% +11x —10
dx

dx.

187
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3
s [ZOHXEL Y

(x+1)x°
2x3 +6x% +5x
(x+2)(x+1)*

17. |

2x3 +6Xx° +5x+4
(x=2)(x+1)°

19. |

X2 +6x% +14x+ 4
(x—=2)(x+2)*

21. |

X2 4+ 6x% +10x +12

23. |

(x=2)(x+2)°

X3 +6X% +15X + 2
(x=2)(x+2)°

25. |

2x° —6X% + 7
2. | 5 dx
(X+2)(x-1)

29. |

(x=2)(x+2)*

Javoblar. 5.1 In | x| —
2(x+2

53In|x+1|—

2)?

s5In|x+1|+

2(x + 2)°

57In|x-1|+

(X +2)?

59 In|x]|—

1
2(x — 2)?

x2 —6x% +13x -6
dx

+C;52In|x+2|-

+C;54In|x+2|+

+C;562In|x-1|-

+C;s582In|x|-

+C;s10In|x+1|-

b@+6x2+7x+4dx
(X +2)(x +1)°

16. |

2x3 +6%% + 7
(x=2)(x+1)*

18. |

X2 + 6X% + 4X + 24
(x-2)(x+2)*

20. |

x> +6x% +18x—4
(x—=2)(x+2)*

22.

X3 —6x% +14x—4
(X+2)(x=2)°

24. |

2x% —6X° +7Xx—4
(x—2)(x-1)°

26. |

x3+6x2—10x+52dX
(x-2)(x+2)*

28. |

x3+6x2+13x+6dX
(x=2)(x+2)*

30. |

1

> +C
2(x —2)

1 +C

2(x — 2)?

1 +C

2(x +1)*

+C

2(x +1)?
1
2(x — 2)?

+C
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+C

s11dn|x+1|— +C;s12In|x+1|+

(x—2) (x—2)?
;+C
2(x +1)?
#+C
2(x +1)*

5.17 2In|x+2|+%+c; 5.18 2In|x—2|—%+
2(x+1) 2(x +1)

5.13 In|x+2|—2—12+C; 514 3In | x-1|-
X

5.15 2In|x+1|—2i2+C; 516 2In | X+ 2| -
X

5.192In|x—2|+%+c;5.2oln|x—2|+ +C;

2(x+1

5.212In|x—2|—;2+c;5.22 In|x-2|—
2(x+1)

(X +2)?
3

+C
(x+2)?

523In|x—-2|+ +C

+C;524In|x+2|—

2)?

(x-2)°
3 1

525N [X~2|-———5+C;5262:-IN|X-2|-———5+
2(x+2) 2(x 1)

52121 |X+2]—— 4+ Cissln[x—2[+ =

2(x-1) (xX+2)
33x + 34
—2+
4(x+2)

+C

5.29i-ln|x—2|+E-ln|x+2|+
16 16

1

530 IN[X-2|-——5+C
2(X+2)

Maxrajining ildizlari kompleks va karrali.

6-masala. Anigmas integralni toping.

Ix3+5x2 112X+ 4

(X +2)%(x? + 4) dx
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X3 +5x% +12x+4

5 to’g’r1 kasrni sodda ratsional kasrlar yig’indisi
(X+2)°(x"+4)

ko’rinishida yozamiz:
x> +5x%+12x+4 A B Cx+D
20,2 - + 2t 2 -
(X+2)°(x“+4) X+2 (x+2) X“+4
_A(X+2)(X* +4) + B(X* +4) + (Cx + D)(x + 2)*
(x+2)2(x* +4) '

A(X + 2)(x? +4) + B(X® + 4) + (Cx + D)(X* + 4x + 4) = x® + 5x° +12x + 4.
x=-2da, 8B=-8=B=-1,
x ning bir xil darajalari oldidagi koeffitsiyentlarni tenglaymiz:
x>: A+C=1=A=0;
X: 4A+4C+4D=12=C =1,
x:  8A+4B+4D=4=D=2

Bundan:

1 X+ 2 1 1 2X dx
I - 2+ 2 dx = +_.[ 2 +2J‘ 2 -
(x+2)° x“+4 X+2 2°\(x*+4 X° +4

:i+iln‘x2+4‘+arctg5+c.
X+2 2 2

Maple 7 dasturi yordamida

INt((X"3+5*X"2+12%x+4)/((x+2) 2% (X\2+4)), X)=iNt((XN3+5*XA2+1 2% x+4) ((x+2) 2% (X 2+4)),X);
X2+5x2+12x+4 1
2 /.2 X =
(Xx+2)* (x*+4) X+ 2

+ ; In(x*+ 4) + arctan@ x)

tekshirib ko’ring.

|

X2 +4x% +4X+2 i : jx3+4x2+3x+2
(X+1)?(x®> +x+1) S (x+D2(x2 +))




2% +7x% +7x -1
&j > dx
(X+2)°(x°+x+1)

I X2 +6X% +9X+6 .
(X+2)?(X* +2X + 2)

3x° + 6x° +5x—1
Ij s dx
(x+1D“(x“+2)

X2 +6x°+8x+8
gj 5 dx
(X+2)°(x°+4)

—3x3 +13x2
(x=2)*(x* = x+1)

1. |

3x3 +x+46
13j 2,02 X
(x=1D°(x“+9)

I2x3+3x2+3x+2

> 5 dx.
(X“+x+1(x° +1)

15.

2
17. | X4 X+3 dx.

(X2 + X +1)(x* +1)

2x3 +7X% +7X+9

19. |

(X% + X +1)(x* + X+ 2)

3x3 + 4x? + 6X

—13x+1dx

dx.

21. | 5 . dx.

(X“+2)(X“+2x+2)

X2 +x%+1
3. [— 5 dx.
(X +1D(x° —x+1)

2x3 +2x +1

25. | 5 7 dx.

(X +D(x*—x+1)
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2x3 +4x° +2x -1
4j 5 dx
(X+1)°(X° +2x+2)

2x3 +11x° +16x+10d
(X +2)%(x? +2x+3)

6. |

X3 +9x% +21x + 21
8 | 5 dx
(X+3)°(x° +3)

2x3 —4x% 16X — 12d
(x—1)?(x* + 4x +5)

10. |

X2 + 2x% +10x
(X+21)(x* = x+1)

12. |

Ax3 + 24x%% + 20x — 28d
(X+3)%(x* +2x+2)

14. |

3
" I X" +X+1 dx

(X% +x+D(x* +1)

3 2
18[ 2X7 +4X° +2X+2 dx

(X2 + X+)(X* + X +2)

4% +3x+4

20. | dx.

(x® +1)(x* +x+1)

2x% —x+1

22. | dx.

(x? = x+1)(x* +1)

3
. f X"+ x+1 dx.

(x? +1)(x* = x+1)

I X2+ 2x% + X +1
(X2 +1)(x* +x+1)
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X+4 2%3 +2x° +2x +1
j 5 5 dx. 28.j' > 5 dx
(X“+2)(X“+x+2) (X +D(x“+x+1)
3 2 3 2
29.j AXT+T7X+12x+6 dx j2x + 3X +3x+2dx

5 5 .30 | — 5
(X + X+ 3)(X* +2x+3) (X*+D(x° +x+1)

Javoblar. 6.1 —i+£-ln(x2 + x+1)+i-arctg(zx+1j+c;

X+1 2 J3 J3

6.2 ——+— In‘x +]4+arctgx+C

1 5 2 2x+1
63 —— +In(x“ +x+1)——-arctg ——— |+ C:
( )" 73 g( j

X+ 2 V3
64—+ In(x* + 2x + 2) —arctg(x +1)+ C;
X+1

6.5 —i+lln(x2 +2x+2) +arctg(x +1)+C;
X+1 2

2 ) (x+1j
66 ———+In(x“ +2x+3 -arct +C:
( ) — f g NG

X+ 2

6.7i+§In(x2 +2)+i-

arctgL+C
Xx+1 2 ﬁ V2

1 X
68 — —— 4+ — Inx +3+ -arct +C;
it 7 A g(ﬁj

e.9——+lln(x2 +2)+E-arctg§+c;
2 2 2 2

66— + In(x* + 4x +5) —arctg(x + 2)+ C;

Xx—-1
1 3 5 2x -1
611 — ——— ——.In(x>* =x+1) —~/3-arctg| =2— |+ C:
2 2 M ) g( V3 j
3 1 2 7 2x—1
612 —— 4+ —-In(x* = x+1)+—-arctgl ——— |+ C:
SRR ) 3 g( V3 j

6.13—i+§-ln(x2+9)+1-arctg Xlic.
1 2 3 3



6.14 —i3+2In(x2 +2x+2) —8arctg(x +1)+C ;
X +

6.15 % In(x? + x+1) + 1. arctg(zx—ﬂ) + % -In(x? +1) + arctgx + C;

V3 V3
6.16 In(x? +x+1)—%-ln(x2 +1)+C;

2X +1
V3
6.18 — IN(X* + X +1) +£-arctg(2X+l

V3 V3
8 2x+1 )
6.19 — -arctg] —— |+ In(x* +x+2)+C;
7 g( Jé) ( )

6.17IN(x% + X +1) + 2. arctg(

—In(x? +1) + arctgx + C;
NE j ( ) g

j+2ln(x2+x+2)+C;

2 2X+1
6.20 3-arctgx + — - arctg| ——— |+ C:;
AN g( NE j

621 IN(X2 +2) +%- In(X? + 2x + 2) — arctg(x +1) + C

1., 1 2x-1) 1 ..,
6.22 —-In(x° —x+1) +—-arctg| ——— |—=-In(x° +1) + arctgx+ C;
623£-In(x2—x+1)+i-arctg(Lj+arctgx+C-
2 J3 V3 ’
2 2x-1) 1 5
6.24 — - arctg| —— |+ =In(x* +1) +C;
NE g( R j o "¢+
1, 1, 2x—1
6.5 —-In(x® =X +1) —=-In(x? +1) + +/3arct +C:
> ( ) > ( ) 9( 7 j
2 2x+1) 1 5
6.26 — -arctqg] —— [+ =-In(x* +1) +C;
s G LG
1 X
6.27 IN(X® + X+ 2) = In(x? + 2) + — - arct (—)+C;
( ) —In( ) 7 g 5

1 ) 1 2x+1
6.28 — - In(x° + x+1)+ —-arctqg| ———
5 e NE g[ N

626 In(x2+x+3)+%-ln(x2+x+3)+C;

j+%-ln(x2+1)+c;

193
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1 9 1 2x +1
6.30 —-In(x“ +x+1)+—-arctg] ———
2 ( ) J3 g( V3

Ixm(a+bx”)pdx differensial binomlari integrali,

jJr%-ln(x2 +1) + arctgx+C.

bu yerda a, b —o’zgarmas sonlar, m, n va p-ratsional sonlar.
Ixm(a+bx”)pdx ko’rinishdagi integrallarni hisoblash m, n va p

ratsional sonlarga bog’ligligini rus matematigi P.L.Chebishev ko’rsatgan

va uchta holdagina elementar funksiyalar orgali ifodalanadi.
1. Agar p-butun son bo’lsa, u holda integral X =t° 0’rniga qo’yish
yordamida (bunda s —kasrlar maxrajining m va n ning eng kichik

umumiy karralisi) ratsional funksiya integraliga keltiriladi.

IW(2+\/§)2dx integralda p = 2 —butun son. Hisoblaymiz

1 1
1 1 m:—; n=—
jxs(x+xz)dx= 3 2 :jt2(2+t3)26t5dt=
x =t°, dx=6t>dt
= 6j(4t7 +4t° + %) dt = 6(1t8 LA +it14j+c =
2 11 14

:‘t=W‘=3W+%W+§W+C.

2. Agar m+l —butun son bo’lsa, u holda integral a+bx" =t° o’rniga
n

qo’yish bilan ratsional funksiya integrallanadi, bunda s son p kasrning

maxraji.
SW . 2 m+1 5+1
Ix (1+x*)“dx integralda m=5, n=3, ng, =3 =2 —butun

son. s=3,ya’ni p kasrning maxraji.

Tegishli 0’rniga qo’yishdan, 1+ x3 =t3, x=(t3 —1)%, dx =t*(t> —1)_% dt.
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Demak,
[ -1 (° -1 dt= [ (- Dt*dt=[ (t" -t*)dt =
8 5 3
LA P LS e
8 5 8 5

X o’zgaruvchiga qaytib, uzil-kesil topamiz:
] 3
[ xyax= 1+ x3)3[1+TX—%j+C.

3. m+l + p—butun son bo’lganda ax " +b =t° 0’rniga qo’yish bilan, bu

n
yerda s son p kasrning maxraji.

7—masala. Anigmas integralni toping.
J'S\/].-I—?{/;
x-3/x?
5«\/ 3 7 1.1
1: Ux = J. X °(1+ x?)*dx ko’rinishda yozib
x-3/x?

olamiz. Integral ositidagi ifoda x™(a+bx")P ekanligidan

Berilgan integralni _[

m——Z n—1 p== m+1+p——1
5 3 5 n '

X +1=t> 0’rniga qo’yishdan foydalanamiz.
X = <t5 —1)_3, dx =-3(t> —1)"*5t*dt ga egamiz.

(-15)t*
t°-1)°

) 6 3 ¢
=—Et6+C:—§(x_3+1)g+C:—§ 143_—\/; +C.
6 2 2\ 3¥Ux

[xtaedytdx= [ -0+ -0 dt =
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x-3/x?
31+'°1/?

31+ /x

2. |

dx.

1+x/§

x-4x3

L |

x-3/x8
1+31/?

X2

5. |

dx.

31+3/x
x-3x*

4. |

8. |

dx.

3 (1+?</?)2
x? -{x

7. |

dx.

3L+ W)S
x> -8/x

12. |

41+ %/;)3 dx
X'12 X?

4L++/x)°
10. | i dx. 11|

dx.

=

+4 X3)2

15. jg C

dx.

X2

R1+4/x3

14. |

dx.

1+‘{/F

x% -8/x

L+ %/?)4

x% -}/x

1+W
x% -]/x

18. |

dx.

/@+¥/x)*

dx. 17. ]

J(L+A/x)*

w109

21 |

5 1+5X4
( : )dx
XZ' 5Xll

dx. 20. |

2. 207
3 1+51X4
x> - K/x
31+4/x
X -3/x

5 (1+4 X3)4

19. |

+ W)3
5\/?

24, j4 d

dx.

+51X4)2
x%-3/x

1

dx. 23 j’g (

2. |

41+3/x

X'12 X5

27. |

dx.

1

31+3/x

) &

3/(1+4/x)?

26. |

dx.

25. |

N
)5
a5
|_|6
=Tl
™
—
o
(9]
X

d

20. |

dx.

41+'°1/?

x-3/x°

28. |

+C;

1+3/x)3
X

+C:73-2

3@+ /x)*
23/x?

+C:72 —

34/x

4 (L ++/x)°

Javoblar. 7.1 —



5
9 1+3{/F 1+W 1+Xx ’
77 ——| 3 +C;78 +C:79——| |—— | +C;
100\ 3/x? X X
7 Y4
1+ X 12 [(1+¥x) 6.4+ 37
710 ——| 4 +C;711——14 +C:712—- +C:
\/; 7 ?\’/; 76 x7

3
4/.,3 3 4/.,3 3 5
7.13—§4 [1+ X ] +C;714 — L+ VX +C;7.15—g(x_4+1)3+c;

5

5
721 ——- +C:7220 - +C:723 — +C:
6 X -&/x 16 .2/ 23/x4
7 4 4o\°
7.24—§(x_g+1)4+C;7.25—3(x_‘1‘+13+C;7.26—ES 1+4x +C;
7 5 4/x

5
12( [1+3/x 6-4(1+3x2)5 15(1 + +/x
727 ——| 4| ——— | +C:7.28 — +C:720 — +C:
5 3/x

e T g

VI BOB. Aniq integral.

9 9 9
3 3/,2
7.16—10(5 1+&J +C;7.17—§[5 1+\/§] +C;7.18—g[5 1+ VX ] +C:
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Aniq integral mavzusida Nyuton—Leybnits formulasi bilan tanishasiz

va uni aniq integrallarni yechishdagi tatbiqi, hamda boshlang’ich

funksiyalarni topishda qo’llaysiz. Undan tashqari geometrik masalalarni

aniq integrallar yordamida yassi figuralarning yuzi, egri chiziq yoyi
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uzunligi va jismning hajymini topish bilan bog’liq masalalarni
o’zlashtirasiz.

Agar F(x) funksiya [a,b] da uzluksiz f(x) funksiyaning

boshlang’ichi bo’lsa, u holda quyidagi formula o’rinlidir:

b b
I f(x)dx=F(x)| =F()-F(a). (1)

a

Nyuton—leybnits formulasi deb ataluvchi (1) formula anigmas integral

bilan aniq integral o’rtasidagi bog’lanishni ifodalaydi.
Aniq integralda o’zgaruvchini almashtirish.

Bu holda ushbu formula o’rinli bo’ladi:

b B
j f (x)dx = j f[p(t)]- @' (t)dt,

bu yerda ¢(t) va ¢'(t) lar, [, £] kesmada uzluksiz funksiyalar, a= (),
b=p(B).

8
xdx . L - :
Masalan, integralni topish talab etilsin. v1+ x =t belgilash
i«/1+ X

kiritamiz, u holda 1+ x =t°, dx=2tdt. Yangi 0’zgaruvchi t ning o’zgarish
chegaralarini topamiz: x o’zgaruvchi [3, 8] intervalda o’zgaradi. x =3 da

t=v1+3=2; x=8dat=+/1+8=3.

Demak,

8 3.2 3 3 3

J~ xdx :J.(t 1)2tdt=2-[(t2—l)dt=2 t——'[ =¥.
s V1I+X t ! 3 5

1-masala. Aniq integralni hisoblang.



1/2

2
9 1+4x

- In‘1+ 4x2\

1/21
0o 2

¢+ + In(x —1) i

L

e+l x-1

1 —
. f 4arctgx — X

, dx.
0 1+ X2

2
X+ COS X
5. I dx.

» X2 +2sin x

11.

1
13. | X dx.
0

15. [ —————dX

17.

j 8x—arctg2de: I

— Zarctg?2x

2 16

199

1/2

dx — Iarctg 2xd (arctg2x) =
0

1 72 2

32

. (x? +1)dx
0 (G +3x+1)%

2 o3
4.jxdx

0X2+4

714 92c0s X +3sin X

6. J. dx.

o (2sinx—3cosx)?

V3 x — (arctgx)” i

12
g 1+ X2
sin1 ; 2
| (arcsin x)° +1 dx
0 1—x2
V8 dx
16. [ ———.
BxIx%+1
2 dx

18. | ———

Jaxx2—1

1
20. | X dx.

ovX* +x%+1
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l4
21. 22. | tgxIncos xdx.
I(x +1) g
0 tg(x+1) /32 (arccos x)°® -1
23, j—d 24. | dx.
2105 (X +1) 0 V1-Xx2
27 1—c0S X 714 5in X — COS X
2. | —dx. 2. | ———-0x.
7 (X=sinXx) 0 (x—=sinx)
zl?2 ; 1,3
X COS X + Sin X X° + X
21. | ———dX. 28._[ i dx.
214 (XSinX) +1
s f xdx . T xdx
. . 13 .
JAxt —x? -1 2 Ux—1
Javoblar. 1.1 21 12 i 3L"In2 42—-2In2;151In2; 16—% 17% 18%

191+In\/7 1101+In\/7 111—+In2 112 _In2;1.14ﬂ;
5.3° 2 3
b 3 3 T e? +1 3+23
115 ——In2:116In./—:117 —:1.18 —; 1.19 :1.20 In :
6 2 2 12 2 3

In4-1 1,2 tg’r 1572 &« 1 3
- 1.22 -In - 1.23 - 1.24 — 125 —:1.26 — —:
2 2 2 210 4 27 16

WN2-2  Ind+x 5+2+/5
:1.28 3 :1.29 1IN i1

T

30 231.

Bo’laklab integrallash.

Agar u(x) va v(x) lar [a, b] kesmada differensiallanuvchi

funksiyalar bo’lIsa, u holda ushbu formula o’rinlidir:

b b b
Iudv:uv —jvdu.

a
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2—masala. Anig integralni hisoblang.

0 u=x*-4 dv=cos3xdx
[ (x* —4)cos3xdx =

-2

du=2xdx v= %sin 3X

U=Xx dv=sin3xdx

1, : 0 20 B B
_§(X —4)sm3x_2—§_j2xs|n3xdx_du:OIX v:—%cos3x_

2( 1
=——| —=XC0S3X
3( 3

0 10
+= [cos3xdx |=
2 35

0
2 —Zcos6+lsin3x =ﬂc036—£sin6.
3L 3 9 2) 9 27
0 0
1. [(X* +5x+6) cos 2xdx. 2. [(x* +4x+3) cos xdx.
) -1
0 0
3. [ (x+2)* cos3xdx. 4. [ (X* + 7x+12) cos xdx.
-2 -4
5. [ (2x° + 4% + 7) cos 2xdx. 6. [ (9%* +9x +11) cos 3xdx.
0 0
V4 2
7. [ (8x* +16x +17) cos 4xdx. 8. [(3x* +5)cos 2xdx.
0 0
2 2
0. [(2x* —15)cos 3xdx. 10. [(3-7x%)cos2xdx.
0 0
2 0
11. [ (1-8x*)cos 4xdx. 12. [(X* +2x +1)sin 3xdx.
0 -1

3 V4
13. [ (x* = 2x) sin 2xdx. 14, [ (x* —3x + 2)sin xdx.
0 0
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zl2

[ (x* —5x + 6) sin 3xdx.
0

wld
17. [(x* +17,5)sin 2xdx.
0

3
19. [(3x—x%)sin 2xdx.
wld

21.

2
ejln2 xdx
1

Jx

23 }(x +1) In?(x +1)dx.
0

0
25. [ (x+2)° In®(x + 2)dx.
-1

e
27. [/x In? xdx.
1

1
29. [ x2e3*dx.
0

0
16. [ (X® + 6+ 9)sin 2xdx.
3

wl2
18. [ (1—5x%%)sin xdx.
0

2
20. [ xIn® xdx.
1

8 In? xdx

22j%/>

24, f(x—1)3 In?(x —1)dx.
2

2
26. [ (x+1)° In®(x +L)dx.
0
1
28 sze_X/de.
-1

0
3. [(x* +2)e* dx.
2

Javoblar. 21 >~ COSj —SIN4 5 4-2cos1-2sinl; 2.3%;

247+C0S4—-2siN4d;25 7:26—27m—2:2771:28 27z;2.98§;2.10—77z;2.11—27z;

7+ 2c0S3 3sin6+cosb6 —1 67 — 37 17 + cos6
212 — :2.13 214 72 =37 215 1216 ————;

27 4

7 —6+2c0s6—6sin6
8

2.17£+£;2.181l—572';2.19 - 2.20 2In22—2ln2+§;
2 8 4

22188 —16;2226IN*8—-36IN8+54:223 2In22—2ln2+§;

224 4In%2 — 2In2+E 2254In%22 — 2In2+E 226 9IN%3— 6In3+1§
32° 32 27

2.27106\/—L16 —§+10\/E 229 2 20—ﬁ

27 Je 27 e
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R(sinX, cosx)dx ko’rinishdagi integrallar

R(sinx, cosx)dx ko’rinishdagi integralar (R —sinx va cos x larga
nisbatan ratsional funksiya) tg g =t almashtirish yordamida ratsional

funksiyalarning integrallariga keltiriladi.

X
. 295 o
sinx = 12
1Jr,[gzi 1+t
2
2 X
et g 2
Sin X = T2
1+tg2— 1+t
2
X =2arctgt; dx= dt.
) 1+t2
2
R(sin X, COSX)dXZIR[lfiz ’1+:2j.1idtt2 ko’rinishga keladi. Bunday

almashtirish universal almashtirish deyiladi.

3—-masala. Anig integralni hisoblang.

. Xy _t2 11—t2 2t
7 : Z= COS X = -
I cosx—sinx , _ 95 1412 :_[1”2 142 2dt _
(1+sin x)° dx — 2t | . 2 14t
1+t 1+t +1+t2

J1-2(1 2t — t)
5 (1+t)
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20-2t-t%) . ., .. . . e e
A th) to’g’r1 kasrni sodda ratsional kasrlar yig’indisi ko’rinishida
yozamiz:
2-4t-2t%) A B C D
= + +

@+t)* 1+t (1+1)? (1+t3)+(1+t)4:
CAQ+))+ B+ +C(L+t)+D
- 1+1)* '

AQ+t)®+B@A+t)> +C(A+t)+ D=2—4t—2t°
t=-1da, D=4;

x ning bir xil darajalari oldidagi koeffitsiyentlarni tenglaymiz:
t2:  A=0;
t*: 3A+B=-2=B=-2
t: 3A+2B+C=-4=C=0;

Demak,
1
4 2 1
I( 4 Zjdt:(_ 4 3-|- 2 j :_i+1+ﬂ_2:l_
5 1+1) (1+1) 31+t)° 1+t 3-8 3 6
2arctg2 dx 712 cosxdx
R I : 2. | .
212 Sin“ X(1—cosx) o 2+COSX
. 2arctg2 dx . 712 cosxdx
5, sin? x(L+cosx) 'Zarctg% (1-cosx)®
i 2arftg3 dx 6 2ar.(|3tg§ dx
| 2arctg2 COS X(1-cos X)l | 2arctg! sin x(1—sin X).
72 dx 712 cos xdx

g |

7. . .
sarctgt (L+iN X — COS X)? o 5+4c0S X



2713 1 4sin X
9. j dx.

o l+cosx+sinx

712 (14 cos X)dx

1. |

5 1+cosx+sinx

219 1 4+ sin X
13. J. —————dx

o (L-sinx)?

2arctg; cos Xdx

15.

0 cos xdx

17. : 5
_x12 (14 cosx—sin x)

281tz (1 —sin x)dx

9. |

b COSX(L+cosXx)

712 sin xdx

21. _ 5
o (L+sin X+ cosx)
0 cos? xdx

23. —
_oz/3 (L+€0S X —Sin X)
2713 cos? xdx

25. —
o (L+cosx+sinx)

21. |

o (L+sin x+cosx)?

zl4 dx

29. [

5 cos X(L+cosx)’

Javoblar. 3.1 —;
96 18

3 T

3.7g—ln—;s.a——§-arctg£;3.9£+ln2;3.1o1-In2—£;3.11£-ln2+—;
3 3 2 1

3 2 8 6

5 (L+cosx)(1—sinx)

55 3.2 M;aﬂ%;u—4;3.5%+In2—ln3;3.6 N3—-In2+1:

0 ”fz cos xdx
" Tal4sinx—cosx

12.

”fz sin xdx
5 1+cosx+sinx

COS X
o1+ COS X +sin X

14, dx.

— oy

0 cos xdx
6. |

", 3l+cosx—sinx

ml2 cos xdx

18. -
o (L+cosx+sinx)

712 sin xdx
o (L+sinx)

0 sin xdx

212 (L+cosx —sin x)?

22.

72 sin? xdx

24, —
o (L+cosx+sinx)

2arctg2 dx

2. |

o sinx(L+sinx)

712 sin xdx

28. —,
0 2+sInX

712 sin xdx

30. _
o 9+3sIinXx

T

205
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3.12—E-In2+z;3.13§;3.14z—£|n2;3.15—1—2ln3;3.16Z—InZ;
2 4 3 4 2 3 3 3

3.17—1+In2;3.18—1+ln2;3.19—£+2In§;3.202;3.21In2—£;3.22l—ln2;
2 2 2 2 3 2

V3

3.23—3—In2;3.24l—lln2;3.25——In2;3.26 InZ—E;
2 2 2 2

T 2r J2-2

3271—-In2;328 — —
2

7 —5arctg2 + arctg 3
$3.29 —In(~/2 =1) ;330 =3
3V3 J2 ( ) 6

Itg Mxdx va Itg Mxdx (bu yerda m —butun musbat son) ko’rinishdagi

integrallarda mos ravishda

dt
tgt =T, dx =
J 1+t2
dt
ctgt =t, dx=—
J 1+t2
sin 2x = 2tg>; = 2 5
1+tg°x 1+t
o’rniga qo’yish orqali hisoblanadi.
4-masala. Aniq integralni hisoblang.
arctg3 dx gx =t ot
| : = dt  sin2x=—|=
14 (Btgx+5)sin2x |dx = 5 1+t
1+t
dt _1p dt

I
B —w

(3t + 5) 2(1 +12) 21t(3t+5)



1 _é+ B  A(Bt+5)+Bt
t(Bt+5) t 3t+5 t(3t+5)
A(3t+5)+ Bt =1.

t=0 da, A:E;
5
t:—§ da, B:—g;
3 5

Shunday qilib,

3 3

1 (}— & jdt:i(ln\t\—ln\SHS\ -1 n3-mn14-0+1n8g)=

103\t 3t+5 10 1 10
1..24 1, 12

B P P Pl
10 14 10 7

, /4 2ctgx +1 dx arCCos(f’ A7) 3+ 2tgx

arccosia/ 17y (2Sinx+cosx)? 5 2sin®x+3cos®x-1
arctg3 Atgx —5 ] aretg; (8 + tgx) ]

3, _ >— dX. 4. | — >— dx.

/a4 1—SIN2X +4C0s“ X o 18sin“ X+ 2c0s” X
arccos,/2/3 tgx + 2 g wl4 6thdX

5. X. 6. .

g sin® x + 2cos® x — 3 arcsin(L/ 37y 3SIN 2X +5€08° X

. ”f“ 2tg*x —11tgx — 22 i . }’ 3tgx +1

5 4 — tgx ' arcig/3) 25iN 2X —5c082x +1
arctg3 arccos(L/~/3)

9, _ L+ ctgx 5 dx. 10. | — tgx 5 dx.
214 (SIN X+ 2C0S X) /4 SIN“X—=5c0s° x+4
wl4 i 2 arctg3

1. | Osin” x dx. 12. | 4+19x dx.

o 3c0s2x—4 0 2sin® x+18cos” x

dx.

207
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arctg2 12+th arctg(2/3) 6+th
13. i’ —Ox. 11 — >—dx.
o 3SIN“ X+12c0s” X o 9sIn“ x+4cos® X
arcsin~/3/7 2 wl4
tg “xdx 7 + 3tgx
15. . 16. dx.
(I) 3sin® x +4cos® x—7 g (sin x + 2cos x)°
aesin@I0) pgx + 0 3tg?x-50
17, g _5 18, [ S1g X=oU dx.
arcsin(2//5) (5—tgx)sin 2x _arccos(L/ /10) 2tgx+7
714 5tgx + 2 arcsin(2/+/5) 4tgx —5 ;
19. I m 20. I 4 5 - X.
0 7/4 COS” X—SIn2x+1
arcsin /718 G sin? xdx 0 11-3tgx
21 | . 22, | 0 ) ¢
0 4 + 3C0S 2X _arccos@/V5) 19X+ 3
arcsin(3//10) 2tgx —5 arccos(l/ /26) 36dx
23, dx. 2. . .
0 (4cos x —sin x)* 7,{4 (6 —tgx)sin 2x
714 4 _ Ttgx 7i4 2 —tgx
2. | - 3th dx 26, _ g 5 dx.
0 9 —arcsin(2//5) (sin x +3cos X)
. arcsinj 2/3 8thdX . arccos(}/m 12dx
 Za 3c08PX+8SiN2X—T  arecosty iy (B +5tgX)sin 2x
7l3 tQZX arccos(l/ /6) 3t92X 1
2. | 30, ]  ———dx
o 4+3cos2x 0 tg“xX+5
1 3 1 33 T 7 In2
Javoblar. 41 2In2-=; 4. arct INn—:;432IN2——;44 —+—;
avoblar. 4.1 42\/5 g4\/§+ P 43 2 443 26
4.5 —M;m §Inﬁ;u 2In3-6IN2-57 ;48 1In§;4.9 1Ing+i;
4 11 4 4 4 5 15
4.10%In%;4.11 —%+%arctgﬁ;4.12 %+In72;4.13£ In_2_4. %Jrl:_:;

415 — — + ——

V3 V3r

;416 3In§+l;4.17 2In§;4.18 —lln7—ln10—7arctg?>;
2 6 2 2
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5 J7

4.19 1 In E; 420 2In = — 1arctg 1 a0 M arctg~/7 ; 422 In 45 + 3arctg2;
2 5 4 2 2 4

4.23%—In16;4.24 In?5;4.25 2In5—3ln2—%;4.26E—ln4;

4.27i.|n 7ﬁ_2_ﬂ-ln‘2—\/§‘;4.28 |n%;4.29\/§—ﬁ'arCtg\/§;
21 5 3 93 7
T

430 — — arct \/g.
J5 A

Isinm x-cos" xdx ko’rinishdagi integrallar,

bu yerda m va n—butun sonlar.

1. Agar m va n sonlarning hech bo’lmaganda bittasi toq musbat son,

masalan, m=2k +1 bo’lsa bo’lsa, u holda quyidagicha yo’l tutamiz:
J‘sin2k+1 X - cos" xdx :jsin2k x-cos" X -sin xdx =
= [ (1—cos? x)" - cos" xd (cos X).

Masalan,

jsin5 X - 0s% xdX = jsin4 X - 0S% X - sin xdx =

= —j (1—cos? x)? - cos? xd (cos X) =
_ L eos3x+ 2c0s® x + Scos” X+ C.
3 5 7

Agar m va n sonlardan biri tog musbat son, boshgasi istalgan

haqiqiy son bo’lsa ham xuddi yuqoridek yo’l tutamiz.
2. Agar m va n juft musbat sonlar bo’lsa, integralni

. 1. . 1—cos2x 2 1+ cos2x
smx-cosx=§sm2x, sin x:T cos“ X =——"=%

Trigonometrik formulalar yordamida hisoblaymiz.

Masalan,
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jsinz X cos* xdx = j(sin X - c0s X)* cos® xdx =

sin® 2x 1+ cos2X

> :%j(sinz2x+sin22x-0052x)dx:

zlj-l—cos4xdx+ 1 jSiﬂZZXd(SiHZX)z
8 2 8-2
_Losndx) 1 s ot
16 48
1 sindx  sin®2x
=—| X— + +C.
16 4 3

3. Agar m va n juft-togligi bir xil bo’lgan butun manfiy sonlar
bo’lsa, integral
1 1+tg°x

, 1—ctg®x= yoki —
cos® X sin® x sinx  tg°x

1+tg°x =

formulalar yordamila hisoblanadi.

dx 1 dx 2. \2
J.cos“ X :-[ oS’ X CosZX j(1+tg x)"d(tgx) =
3

:tgx+thX+C.

5-masala. Anig integralni hisoblang.

I24 coss(zjdx =
2

0

1

cosz(zj = = (14 cosX)
2) 2

1+ cosx)*dx = '[(1+ 2C0S X + €0s% X)?dx =
0

Oty Oy

(1+3cos X + 6c0s° X + 4¢os> X + cos” x)dx =



J

(35
8

35

T
1. [2%sin® xdx.
wl2

2r
3. [sin® xcos* xdx.
0

0
5. [2%sin® xdx.
-2

T
7. [2%sin” xcos* xdx.
0

2r
[ cos® (Ejdx.
0 4

0
11. [2°sin® xcos® xdx.

-7

©

T
13. [ 2% sin® x cos® xdx.
0

2 . 8 X
15. [ sin® = dx.
0 4

0
17. [2%sin® xcos* xdx.

—-l2

v
19. [ 2* cos® xdx.
0

—X+3sinx+ Zsin 2X + isin 4x)
4 32

= == 7+ 4(sin x— Lsin3 X) ==
8 3

(— +3C0S X + ;COSZX + ;cos4x)dx+ 4[(L—sin® x) cos xdx =

0

" 4] sin?X)d (sin x) =
0 0

T
2. [2%sin® xcos® xdx.
0

2r
s | sinz(fj cos6(§jdx.
o \a)7 e

T
6. [2%sin® xcos® xdx.
wl2

2r
8. [sin®xcos® xdx.
0

0. [ 2 sin ( jdx

0

2

12. [2%sin® xcos* xdx.
wl2
2r

14, [cos® xdx.
0

6. [ 2% sin® (Ej cos” (ijdx.
) 2 2

Va
18. [2°%sin® xcos® xdx.
wl2
2r 8
20. [sin® xdx.
0

211
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2z (X o X

21. [ sin (—jcos (—jdx.
o \4 4

0
2. [2%sin? xcos® xdx.
-2

T
25. [ 2% sin® xdx.
0

2r
27. | sin4(§j cos4(§)dx.
o \a)7 a4

0
2. [2°cos® xdx.

22. [2%sin 4(5) cos‘(zjdx.
) 2 2

T
24. [2° cos® xdx.
wl2

2r
26. [sin® xcos® xdx.
0

28. [ 2 sin 2(5) cosG(ijdx.
) 2 2

2r
30. [sin®3xcos” 3xdx.

—l2 0
Javoblar. 5.1 357 :5.2 5—ﬂ; 5.3 3—” : 5.4 5—7T; 55357:56 5—7T; 5.7 3—” :5.8 5—7T;
8 64 64 16 4 26
3571 3571 57 3571 3571
5.9 - 5.10 -511107:51297;:513 — ;514 —— ;515 —— ;
64 8 8 64 64

57 3571 3571 57 3T
5.16 — : 5.17 377 ;5.18 b7 5.19 :5.20 1521 — ;522 —;
8 8 64 64 8

5.23 5775241057 ;5.25 35—” :5.26 5—7[; 5.27 3—” 1 5.28 5—ﬂ; 5.29 3577 ; 5.30 3—”
8 64 64 8 64

P

P P2
IR x,(aXer)ql ,(aXerjqz ,... [dX ko’rinishdagi integrallar, bu
cX +d cX +d

yerda p;, ¢, P,,Q,.... —butun sonlar. Agar barcha q;,d,,... maxrajlarning

ax+b

=t o’rniga
cx+d

eng kichik karralisi k bo’lsa, u holda ushbu integral

qo’yish yordamida ratsional funksiyadan olingan integrallarga keltiriladi.

6—masala. Anig integralni hisoblang.



9-2x

2x —21
12t

T (2 +1)
t=tga
“ldt = di
COS  a

2

_1j

(t% +1)°

— t2
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U gt=

=12|t
j (t* +1)?

dt

=12[tg” cos” ada =

=12[sin® ada = 6[ (1 - cos 2a)da =6arctgT — 3sin(2arctgt) =

9-2x
2x—-21

= [6artctg

— 3sin(2arctg

9-2x
2X—21

JI-

= Barctg~/3 — 3sin(2arctg+/3) — 6arctg % + 3sin(2arctg %) =

=27 — 35|n2———7z+33|n——7r 3—+
3 3

1 A1—x —+/3x +1

({ (m + 4\/EX3X +1)°

I 6~/ X+ 2
14715 (X +2)%x +1

dx.

1.

-7/8

3. dx.

12
5. [
8

10/3

X +2 +4/x=2 »
5,2(Jx+2—Jx—2)(x—2)2

X+ /33X — 10
N3X—2+7
(42 —x — /2% +2)
(V2x+2 +4J2 = x)(2x + 2)*

7

2

9.j

1

2
11, |
0

V3 43

2

= .
2

64

2. |

1 X+

1f+2?v_
2ff

- S
(5+ x)V/25 - x°

1-x

1+x

5
4. [e
0
dx

L+ x)V1-x2

50X+ 24
(X + 24)? f

10
10.
6

0

J

-1/2

1
6. [e
0

8
8. |
1

xdx

2 +/2x+1
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4—x
o felin O
0 (4 + X)V16 — x*

. } 3/3x+5 +2
_5/31+'\/3X+

. } v X+ 25dx
o (x+25)2Ux+1
2—X
o felin O
0 (2+ X)V4 - x°

1}3 5«/x+1
1/24 (X +1)2\/—

T (4v1-x—/2x+1)dx

21.

235(42x+1+441—xx2x+32

4/3 4\/_
2. |
16/15 X*~/X 1

64 6 x+4/x
21. | dx.

VX —7x—6%x°
3 e1/(3—x)/(3+x)dx

” £(3+ X)V9—x2

1
28. |
0

30.

1 15x+3

Jg(x+3) N

3—-2X

16. dx.
S\ 2X—7

2 (4J2—x —~/3x+2)dx

I@/3x+ + 432 - x)(B3x +2)?

) _
20. | de.
3VX—6

15 _
2. | 6-x dx.
oV x—18
64 (2+3/x)dx
1@ % + 28X +VXOVX
? e“/(G_X)/(GJrX)dX
26. .
0 (6+ X)v/36 — x?

(41— x —/x +1)dx
(WXx+1+41-x)(x+1)?

2 (4J2—x —~/x+2)dx
o (WX +2+4J2-x)(x+2)?

Javoblar. 6.1 iIn 5:62 6Inﬂ;6.3 1:64 e—_1;6.54—7[;6.6 e—1:67 1+ In2;
16 3 5 3 2

e.sl;e.g —g;6.104—ﬂ-; 6.11 i|n5;6.12Z—3|n§;6.13£-(e—1);6.143;
3 24 6 2 4

8 T 1 1 e T
6.15—+1IN3:6.16 —:6.17 —:6.18 —IN5;6.19 ——:6.20 — ;6.21 3:
3 40 32 2 3

6.22 277 ; 6.23 iIn 5:6.24 30In§—6;6.25 2:6.26 e—_1;6.27 4In( ) 6.28 1In5;
12 2 6 242 +
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6.29 —8_1;6.30 1In5.6.1 iIn5;6.2 6|nﬂ;6.31;6.4 S ;6.54—72-;6.6 e—1;6.7l+ln2;
3 4 16 3 5 3 2
6.81;6.9—§;6.1O4—ﬂ.; 6.11i|n5;6.12Z—3|n§;6.13l-(e—1);6.143;
8 27 3 24 6 2 4

8 T 1 1 e—1 27
6.15—+1IN3:6.16 —:6.17 —:6.18 —IN5:6.19 ——:6.20 — : 6.21 3:
3 3 40 32 2 3

242 +

6.22 277 ; 6.23 éln 5:6.24 30In§—6;6.25 2:6.26 %_1;6.27 4In( ) 6.28 1In5

6.29 e—_l - 6.30 lIn 5.
3 4

R(X, Va® £ x? ) va R(X, Vx% —a? ) ko’rinishdagi integrallar.
R( Va? —x )j

1.

R e

R(x Va® +x )j

2.

R e

Rlx % —a? Jix

3.

R e

bu yerda R —ratsional funksiya.
Agar a) x=asint yoki x=acost
b) x=atgt yoki Xx=actgt
c) x=asect yoki x=acosect
trigonometrik o’rniga qo’yishlardan foydanilsa, bu integrallar

I R(sint,cost)dt ko’rinishdagi integrallarga keltiriladi.

7—masala. Anig integralni hisoblang.
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X = 3tgt

3 zl4
|- —an 3/2  |dx = 3dt | = 23d;/2 2.~
0(9+x ) cos’tl O (9+9tg“t)”' < cos“t
rl4 3 nl4d zl4
_ 3 7cos tdt:i | costdt:isint —Q.
27 3 cost 27 g 277 |, 18

16 1
1. [v/256 - x*dx. 2. [ x*+/1-x*dx.
0 0

5 dx ﬁ’ 2 dx
3. 4. —_.
| @5yl s Iy

2\x? -1 V212 yAdx
5 [ " o [ X
1 X 0 A(1-x%)°

V3 dx 1 x4dx
7. | ——. 8.]—2 575"
0 /(4—x?)° 0(2-x%)

2 |2 2
0. [ dx_ 10. [V4-xdx.
0 0

4
1. [ X*+/16 - x*dx.
0

16+ x2)3/2’

5/2 ZdX 5 ) 5
13, X. 14. | X“4/ 25— x“dx.
I 0 V25— X2 !)

4 43 dx
15. 16— x2dx. 16. .
£ g (64— x%)3

242,/x2 _2 242 x*dx

17. | 18

dx. . :
n X g (16 — x?)1/16 — x?

3 3
19. [X*V9—xdx. 20 ji
3 1 AL+ x%)3



. T dx . f x*dx
0+/(16—x?)3 04/(8=x?%)°
62 1

23, jx n 9dx. 24. [V4 - x2 dx.
3 X 0
4Ux%* -4 2 dx

25. dx. 26. .
£ x* £(4+ X2 )N 4 + x?
V2 y4dx 1/+2 dx

27. I W 28. J. .
0o (4—X7) 0 (1—x*)V1-x?

x2dx 312 y2dx
30.

1

29.] . .
04— x? 0 V99— x>

7 N2 3 V3 5 37z 3 5 3x
7.3 ;7.4 ;7.5 07 7 :

Javoblar. 7.1 647 :72 —:
16

50 15 8 4 8 4 2 4°

7.9 4—” — 2\/5; 7.10 77;7.11 —2; 7121677 :7.13 25—” — %; 7.14 6257 1715 477 ;
3 32 12 8 6
V3 V3 81r J3-42 V3 V3
716 — ;717 —:718 20— 67;7.19 —: 7.20 0721 —:7.2210—-37:723 —;
64 16 8 2 48 12
T \/§ J3 J2 3T T \/§ 3r 93
7.24 — + :7.25 :7.26 :7275——:7281:729 —— —:730 — — ——.
3 2 32 8 2 3 2 4 8

Yassi figuralar yuzlarini hisoblash

1. Uzluksiz y = f(x) (f(x)>0) egri chizig, x=a, x=b to’g’ri
chiziglar hamda Ox o’qning [a, b] kesmasi bilan chegaralangan egri

chiziqli trapetsiyaning yuzi
b
S = f(x)dx
a

formula bilan hisoblanadi.

217
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2. Uzluksiz x =¢(y) (p(y) =0) egri chizig, y=c, y=d to’g’ri
chiziglar hamda Oy o’qning [c, d] kesmasi bilan chegaralangan egri

chiziqli trapetsiyaning yuzi
d
S = [p(y)dy
c
formula bilan hisoblanadi.

8—-masala. y =(x-2)°, y =4x-8 chiziglar bilan chegaralangan

figuraning yuzini toping.

2 2
S =2[(4x-8—(x—2)%)dx =2[(4x—8— x> + 6x* —12x + 8)dx =
0 0

2 2
=2[(6x° —x3—8x)dx:2(2x3—%x4—4x2) :4-23—%-24—8-22 =8.
0 0

1L y=xV9-x%, y=0, (0<x<3).
2. y=4—x%, y=x*-2x

3. y=sinxcos”x, y=0, (0<x<Z).

4 y="4-x*, y=0, x=0, x=1.



5. y=x°vV4—x%, y=0, (0<x<2).
6. y =cosxsin’x, y=0, (0<x<7).

7.y=+e"-1, y=0, 0<x<In2.

1 y-o0 x=1 x=é
X~/1+ InX

o. Yy =arccosx, y=0,x=0.

8.y

10.y=(x+1)?, y>=x+1.

11 y=2X—x*+3, y=x*-4x+3.
12.y=x\/ﬂ, y=0, (0<x<6).
13. y=arccosy, x=0, y=0.

14. y =xarctgx, y=0, Xx=+/3.

15 y=x2\8—x2, y=0 (0<x<2,2).
16.y:m, x=0, y=In2.

17.y=xv4-x*, y=0 (0<x<2).

X
18. Y = ,
y 1+ \&

y=0, x=1

19.

20 X=(y-2)%, x=4y-8.
21. y=00s°Xsin2x, y=0, (0<x<Z).

_ X
(x* +1)%°

Il
=

22. Y y=0, X

23 Xx=4—y% x=y?-2y.

219
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2 X=—E . x=0 y=1 y=e¢’
ellx

5.y =—5, y=0, x=2, x=1
X

26. y=x°16—x>, y=0 (0<x<4).
27. X=+/4—y?, x=0, y=0, y=1.

28.y=(x-12% y*=x-1.
20. y=x?cosx, y=0, (0<x<7x/2).

0. X=4—(y=1?, x=y?>—4y+3.
Javoblar. 8.1 9;8.2 9;8.31;8.4£+—3;8.57;;8.61;8.7 ~0,43;88 2 ;89 1;8.101;
3 3 2 3 3

T

V3

8.119;81272;8131;8.14 In2;8.15 47 ;816 ~0,429 ; 8.17 g - 8.18 g— 2In2;819 2;

8.208;8.212;8.22l;8.23 9:824 2;825 e—\/2;8.26167z;8.27£+£;8.281;
7 4 2 3 3

2
8.297[——2;8.30 9.
4

Yassi figuralar yuzlarini hisoblash

3. Uzluksiz y = f,(x) va y = f,(x) (f(x) < f,(x)) egri chiziglar
hamda, x=a, x=b (a<b) to’g’ri chiziqlar bilan chegaralangan

figuraning yuzi
b
S = [(f,(x) - f,(x))dx
a

formula bilan hisoblanadi.

4. Uzluksiz y = @ (X) va y =, (x) (¢ (X) <@,(X)) egri chiziglar



hamda, y=c, y=d (c<d) to’g’ri chiziglar bilan chegaralangan

figuraning yuzi
d
S = _[402()() (01()()
C

formula bilan hisoblanadi.

9-masala. Quyidagi chiziglar bilan chegaralangan shaklning

yuzasini hisoblang.

=/2sin’t,
x=1(x >1).

{x = 242 cos®t,

J\y

T1
- . ?ﬁ\\FEHQ
-1 |0 1/

B
S = [ y(t)x'(t)dt.

X

2\/§C083t21:>tEI:—%+27ZH;%+27ZH:|.

wl4
-rl4
zl4

221

12[sin*tcos”tdt —1=12 | %(cos4t 4c0s2t +3)- —(1+c052t)dt 1=

- l4
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-rl4
=— —Cc0S4t — —cos 2t + —cosot + t—1=
1275 Ccosa ; 2 ; 6t + )dt 1

1 zl4d

- l4
:Eg(—1§n4t—£§n2t+££ﬁn6t+fj -1=1"7.
16\ 4 4 12 714
X = 4+/2 cos* t, X = /2 cost,
L |y =242sin’t, 2 |y =2J2sint,
X=2(x2=2). y=2(y > 2).
X = 4(t —sint), x =16c0s°t,
3. |y =4(1-cost), 4. |y =2sin3t,
y=40<x<8x,y=>4). X =2(x>2).
X = 2C0st, X =2(t —sint),
5. |y =6sint, 6. |y =2(1-cost),
y =3(y = 3). y=30<x<4r,y=>3).
x =16c0s°t, X = 6 cost,
7. y:sin3t, 8. |y =2sint,
X = 6:3(x > 6+/3). y =+3(y 2 3).
X = 3(t—sint), x =8+/2 cos’t,
9. |y =3(—cost), 10. |y =+/2sin3t,
y=3(0<x<6x,Yy2>3). X = 4(x > 4).
X = 2-/2 cost, {x=6@—ﬁn0,
1. |y =34/2sint, 12. |y = 6(t —cost),
y =3(y > 3). y=90<x<127,y >9).
X =32c0s°t, X = 3¢ost,
13. |y =sin’t, 14. |y =8sint,

X = 4(x > 4). y=4(y=4).



X =6(t —sint),
15. |y = 6(1—cost),
y=6(0<x<127,y >6).

X = 6c0s°t,
17. |y = 4sin’t,
y =2/3(y = 24/3).

X = /2 cost,
19. |y = 4+/2sint,
y=4(y=4).

X =8cos°t,
21. |y =8sin®t,
X=1(x >1).

X =8(t —sint),
23. |y =8(1—cost),

y=12(0<x <167,y >212).

X = 3C0st,

25. |y =8sint,
X =4/3(y = 44/3).
X = 4~/2 cos’ t,

21. |y =+/25sin°t,
X=2(x2=2).
X =4(t —sint),

29. |y = 4(1—cost),
y=6(0<x<8x,Yy=>6).

X =8co0s’t,
16. |y =4sin’t,
x = 3./3(x > 34/3).
X =10(t —sint),
18.

y =10(1 - cost),
y=15(0 < x< 207,y >15).

X =t-sint,
20. |y =1-cost,

y=10<x< 27,y 21).

X = 9cost,

22. |y =4sint,
y=2(y=2).
X = 24¢0s°t,

2. |y = 2sin’t,
x = 9+/3(x > 94/3).
X =2(t—sint),

26. |y = 2(1—cost),
y=2(0<x<4r,y=2).

X = 2+/2 cost,
28 {y =5+/2sint,
y =5(y 25).
X =32c0s° t,
30. {y=33in3t,
x =12+/3(x >12+/3).

223
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Javoblar. 9.1 gﬁ—Z; 92 1—2;93247x+64;9447;95 47z—3\/§; 9.6 2\/§;

9.7 7;98~112;99 2—277z+36;9.1o gﬂ+2;9.11 37 —6:912 367 +81/3:

913 47 +33:914 87 —6+/3:915 1877 + 72 : 916 27 — 333 : 917 471 — 63
9.18 10077 + 225+/3;9.19 277 — 4;9.20 %+ 2:921 879221277 — 93
9.23 48+/3:9.24 37 — # :9.25 2174 ;926 2r +8;9.27 377[ :9.28 57 —10;

9.29 1677 + 36+/3;9.30 677 —9/3.

Figuraning yuzini qutb koordinalar sistemasida hisoblash

Qutb koordinatalar sistemasida berilgan uzluksiz r =r(¢) egri chiziq

va p=a,p=/L (a</f) nurlar bilan chegaralangan figuraning yuzi
S = LTy d
= Eir (p)dg

formula bilan hisoblanadi.
10-masala. Tenglamalari qutb koordinatalari sistemasida berilgan

chiziglar bilan chegaralangan shaklning yuzasini hisoblang.

r=4cosp, r=2 (r=2).

AY

T3

v

.--—-‘/. -11/3

—
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4c0s3p > 2,

1
CoS3p > —.
=5
Demak

—%+zm33¢s%+2mmnez

_Z 2m3¢<£+2—m,n62,

—+ <
9 3 9 3

50
120 T &0

150 T el

120 } } } } | } } 1 0
e
210 1 330

240 1 300
270

s—lﬁ2 d
_E('[r (p)do,

0 0
- % j 16c0323(od(0=24 J(L+6cosp)de =
—x/ -3

0
:24(O+O+z+£0)=87r.
3 6

=24(p+ 1s;in 6¢)
6 ~7/3

1. T =C0S2¢.

2.1 =~/3c0sp, r=sing (0<p<rl2).
3. r=4sin3p, r=2 (r >2).

. r=2c0sp, r=2/3sing (0<p<xl2).

5. I =Sin 3.
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6.

7.

r =6sin3gp,

I = oS 3p.

r=3(r=3).

8.1 =C0Sp, r=~2sin(p—rxl4) (-xld<ep<rl?2).

o.r =sing, r=-/2cos(@—r/4) (0<@<3xl4).

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

. =6C0s3p,

r —1+sin
: > 0.

r=3 (r=3).

.r=cosp, r=sing (O<Lep<rl/2).

r=~2cos(p-

wl4), r=2sin(p-7l4) (xl4<p<3rld).

.r=Ccos¢e, I =2c0Se.

r=sing, r=2sing.

r=1++/2cosg.
r—1+cos

. > Q.
r=1++/2sinep.
r—§sin r—§sin
=5 ?, > @.
r—gcos r—§cos
: 5 ?, 5 @.
.r=4cos4gp.

. I =sin6g.
.r=2cose, r =3Cosq.

.r =CoS@+Sing.

. =2sin4ep.
. =2c0s6¢.

.r=Ccos@—sing.

. r=3sing,

r =5sing.
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20. F =2Sing, r=4sing.
30. F =6sing, r=4sing.

4
Javoblar. 10.1 z :10.2 5—7[ - ﬁ; 10.3 il + 2\/§; 10.4 5—7[ ~J3= 0,88; 105 z :
2 24 4 3 6 4

94/3 e 1 -1

10.6 37 + — ;107 — ~ 0,78 ; 108 z_ —;10.9——;10.10 9—7[; 10.11 3—”; 10.12 l ;
2 4 4 4 4 2 4 2

T+ 2
10.13

3T 3T 3T
:10.14 — ;10.15 —;10.16 11,94 ; 10.17 — ; 10.18 277 ; 10.19 77 ; 10.20 7 ;
4 4 4
T 57 T T T
10.21 877 ; 10.22 Z :10.23 T; 10.24 E :10.25 E :10.26 277 ; 10.27 E :10.28 477 :10.29 377 ;

10.30 577

Yoy uzunligini hisoblash

Agar y = f(x) funksiya [a, b] da silliq egri chiziq (ya’ni f'(x)

uzluksiz) bo’lsa, u holda uning yoyi uzunligi
b

I =I 1+ y"?dx
a

formula bilan hisoblanadi. Bunda a va b yoy uchlarining abssissalaridir
(a<b).
Agar egri chizig x=¢(y) (c<y<d) ko’rinishda berilagn bo’lsa,

yoy uzunligi
d
I =Ix/l+ X' dy
C
formula bilan hisoblanadi.

11-masala. Tenglamalari to’g’ri burchakli koordinatalar sistemasida

berilgan egri chizig yoyining uzunligini hisoblang.
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'—I

8/9

I d =

y=+v1-x% +arcsinx, 0<x<

:_z(m_ﬁ):_zmuﬁ:%.

n

w

4

ol

o

~

©

©

y=Inx, +/3<x</15.

2

5——m§ 1<x<2.

4
y=+1—x%+arcsinx, 0<x<
y:h%i,\ESXSJg

2X
.y=—Incosx, 0<x<7x/6.
y=e*+6, InJ/8<x<In15.

7

9

y:2+wme§+Vx—%,-%gng

=In(x* -1),

= In(1— x?),

2<Xx<3.

OSXSE.
4

y = x 1  -1-X
J1I-x% A1=x%2 A1-x2
b
| = [1+(y)?dx,
a
8/9 (X+D » %le—x2+x2+2x+1dx_8f
1- X2 0
8/9 8/9 8/9
-2 =T
1-X 1-xX

oo

(o]




10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

y=2+chx, 0<x<1l

y=1-Incosx, 0<x<rx/6.

y=e"+13, InJ/15<x<In/24.
y =—arccos~/x +/x-x?, OSXS%.

y=2-¢e* InJ3<x<In8.
y =arcsin x—v1-x%, 03x££.

y=1-Insinx, #z/3<x<zx/2.

y=1-In(x*-1), 3<x<A4.

y =+/x—x? —arccos/x +5,

1ngl.
9

y =—arccosXx++v1-x?+1, 0< x< 2.

16
y=Insinx, 7z/3<x<7/2.

y=In7-Inx, 3<x<8.

y=chx+3, 0<x<Il
y =1+arcsin x —1—x?, OSXS%

y=Incosx+2, 0<x<7x/6.

y=e*+26, In/8<x<In+/24.

—X
+3, 0<x<2

y = arccos~/x —x— x% + 4, OSXS%.

e?X 1 e ¥ 43

= , 0<x<2.
y 3

229
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2. y=e*+e, In/3<x<In+/15.

_ X _ A X
3o.y:1 e2 € , 0<x<3.

242

Javoblar. 11.1 1In g+ 2:112 §+lln 2:113——: 114 1+lln§; 115 IN /3 ;
2 5 4 2 3 2 2

11.6 1+lln§;11.7 1+In§;11.8 1;11.9In§—1;11.1o shl: 1111 In+/3: 11121+ EIn E;
2 5 2 3 4 2 9

11.131;11.14 1+ % In g :11.15 i; 11.16'”—3; 11171+ In 9 :11.18 ﬂ : 11.19i; 11.20 %In 3;

V2 2 5 3 V2

11211+ % In g -11.22 Shl:11.23 V2 :11.24 In~/3:11.25 2 + %In g; 11.26 %(ez —e? );

1127 /2 ;1128 1(e“ - e‘4); 11202+ 210 2. 1130 l(e3 —e‘3).
2 2 5 2
Parametrik ko’rinishda berilgan egri chiziq yoyining uzunligi

Agar egri chiziq

X=p(t)
y=w(t)

ko’rinishida berilgan bo’lib, ¢'(t), w(t) uzluksiz funksiyalar bo’lsa, u

}, a<t<p

holda egri chiziq yoyining uzunligi

B
1= [ g @) + (@) dt

Formula bilan hisoblanadi. Bunda « va g lar t parametrning yoy

uchlariga mos giymatlaridir (< ).

12-masala. Parametrik ko’rinishda berilgan egri chiziq yoyining

uzunligini hisoblang.
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X =4(cost+tsint),
{y:4(sint—tcost),
0<t<2r.
X'=4(-sint+sint +tcost) = 4t cost,
y' =4(cost —cost +tsint) = 4tsint.

¢ 2
= [0 + (ypt,
a
2r 2 2 2 o2 2 2|27 2 2
| = [ J16t2cos?t+16t2sin’tdt = [4tdt=2t2| =2.(27)* =8x2.
0 0 0
X =5(t —sint), X =3(2cost — cos 2t),
1 |y =5(-cost), 2. |y=3(2sint —sin 2t),
0<t<r. 0<t<L2r.
X = (t2 — 2)sint + 2t cost, {X=1OCos3t,
3 |y =(2—t%)cost + 2tsint, 4 |y =10sin°t,
0<t<r. 0<t<rx/2.
x = e'(cost +sint), {x:3(t—sint),
5 |y =e'(cost —sint), 6.y =3(t —cost),
0<t<r. T <t<L2n.
( 1 1
XZECOSt_ZCOSZt’ {x=3(cost+tsint),
7. 8. |y =3(sint —
yzlsint—lsinZt, y =3(sint —tcost),
2 4 0<t<nx/3.
ml2<t<2x/3.
X = (t* — 2)sint + 2t cost, X =6c0s° 1,
9 |y =(2—t%)cost + 2tsint, 10. |y = 6sin’t,

0<t<nl/3. 0<t<x/3.



x = e'(cost +sint),
11. {x =e'(cost —sint),
wl2<t<r.

X =3,5(2cost — cos 2t),
13. {y =3,5(2sint —sin 2t),
0<t<xnl/2

X = (t* —2)sint + 2t cost,
15, {y = (2—t%)cost + 2tsint,
0<t<nxl/2.

x =e'(cost +sint),
17. {y =¢'(cost —sint),
0<t<L2r.

X =2(2cost —cos 2t),
1. {y:Z(Zsint—sin 2t),
0<t<rx/3.

X = (t* —2)sint + 2t cost,
21. {y =(2 —tz)cost + 2tsint,
0<t<2nr.

x =e'(cost +sint),
23. {y =¢'(cost —sint),
0<t<3x/2.

X = 4(2cost — cos 2t),
25. {y = 4(2sint —sin 2t),
0<t<r.

X = (t* —2)sint + 2t cost,
27. {y = (2—t%)cost + 2tsint,
0<t<3r.

12. |y =25(1-cost),

rl2<t<r.

X =6(cost +tsint),
14. |y =6(sint —tcost),

O<t<r.

X =8c0s°t,
16. |y =8sin’t,

0<t<rx/6.
X =4(t —sint),
18. |y = 4(1—cost),
rl2<t<2x/3.

x =8(cost +tsint),
20. |y =8(sint —tcost),
0<t<rl/A4.
X = 4cos’t,
22. |y =4sint,
rl6<t< /4.
24. |y = 2(1—cost),
0<t<rxl/2.
X =2(cost+tsint),
26. |y =2(sint —tcost),
0<t<rxl/2.
X = 2¢0s°t,
2. |y =2sin’t,

0<t<r/4.



x =e'(cost +sint), X = (t° —2)sint + 2t cost,
29. | y =e'(cost —sint), 0. |y =(2-t?)cost + 2tsint,
rl6<t<xlA4. 0<t<r.

3 2
Javoblar. 12.1 20; 122 48; 123 %; 12415;125 2(€” —1) ;126 12;127 /2 —1; 128 % ;

3
12.9 %; 12.10 %7; 1211 2(e” —e™'?); 1212 5/2 ;1213 14(2 — ~/2) ; 12.14 372,

3 2

12.15 2—4; 1216 3; 1217 2- (€2 —1); 1218 8(~/2 —1) ; 12.19 8(2 — +/3) ; 12.20 % ;

3 2
12.21 8%; 1222 +00;12.23 2(€%'2 —1) ; 12.24 4(2 = ~/2) ; 12.25 32 ; 12.26 T ;

3 7
1227 97%; 1228 = ; 1220 2(€™'* —e™'%) ;1230 =

Qutb koordinatalari sistemasida berilgan egri chiziq

yoyining uzunligi

Qutb koordinalar sistemasida berilgan sillig egri chiziq

p=T(p), 9, << @ yoyining uzunligi

(2]
|= [V p?+p%de
Do
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orgali hisoblanadi. Bunda ¢, va ¢,—qutb burchagi ¢ ning yoy uchlaridagi

qiymatlari (¢, < ¢).

13—-masala. Tenglamalari qutb koordinatalari sistemasida berilgan

egri chizig yoyining uzunligini hisoblang.

p — 2e4(p/3’

—ml2<p<nl2.



234

. p =6e
—rl2<p<nl2.

10.

B

L=[p*+(p)dy;

p 3e3(p/4

—7r/2<qo<7z/2.

12¢/5
,P= J2e?,
O<go<7r/3

p=1-sing,
—ml2<p<-1/6.

o =4(1—-sin @),
13,

16.

0<p<rl6.

o =T1(1-sin @),
—7l6<p<xl6.

' §e4¢)/3
3
-rl2 9 —l2
2 27
es —e 3 J=5 sh 2%
2.p=\/§e(p, 3.P=595¢/12,
—ml2<p<nl2. —ml2<p<nl2.
p 383(p/4 p 4e4(p/3
O<(p<7r/3 0<(p<7r/3
p 5e5¢)/12 ,0 12e12(p/5
O<¢<7z'/3 O<(p<7r/3
0 =2(1-cos ), ” o =3(+sing),

'—ﬁSgoS—ﬁ/Z.

o =5(-cosg),
14.

—7l/3<p<0.

0 =8(1—cos ),

17.
—2713<¢p<0.

—716<p<0.

0 =6(1+sin @),
15.

—7l2<p<0.

= 2§D’

18,
0<p<3/4



=20, p =29, p =20,
®0<p<al3 P o<o< T o<p<t?
A Y10 ~ g
=5p,
p =49, P =39, P
22. 23, 24, 12
0<p<3/4, 0<p<4/3. OS(DSE.
0 = 2C0S @, 0 =8C0S @, £ =6C0S p,
25. 26. 27.
0<p<xl6. O0<p<rxl4. 0<p<xl3.
P = 2sin g, o =8sin g, 0 =6sin g,
29. 30.
0<go<7z/6 0<p<rlA4. 0<p<rxl3.

Javoblar. 13.1 10 -sh?’—7Z 132 4-sh” ;133 26-sh5—7[; 13.4 13-Sh6—ﬂ; 1355- (74 —1);
8 2 24 5
3.6 g (e*° —1);1372- (™% —1) ;138 13- (€¥/* 1) ; 13913 (e**'° - 1) ;
1310 2; 1311 — 4~/2 ;1312 6(x/3 —/2) ;1313 8(x/3 = +/2) ; 13.14 20(1— \Ej

1315 12(2 — ~/2) ;1316 10,249 ; 13.17 16 ; 1318(5 ¢2+1+%|n‘¢+ (p2+1‘;
13.19%+In3;13.20E+In§;13.21@+5;13.22%+In4;13.23%+gln3;

2

78 5 T T
13.24 ? + Eln 5:1325 5 ©13.26 277 ; 13.27 277 ; 13.28 5 :13.29 277 :13.30 271 .

Aylanma jism sirining yuzi

1. y=1f(x) (a<x<Db) sillig egri chizig yoyining Ox o’qi atrofida

aylanishidan hosil bo’lgan jism siritining yuzi

235
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b
S :Zﬂjy 1+ y"?dx
a

formula bilan hisoblanadi.
2. Agar sillig egri chiziq
X = cn(t)}
y=w(t)]

Parametrik ko’rinishda berilgan bo’lsa, sirt yuzi

a<t<p

B
S = 27zj y(t)y/ X% + y'?dt

formula bilan hisoblanadi.
3. Agar sillig egri chizig qutb koordinalar sistemasida
p=1(X), @@
ko’rinishda berilgan bo’lsa, uning qutb o’qi atrofida aylanishidan

hosil bo’lgan jism sirtining yuzi
21
S=2x Ipsin o\ p° + p'?do
®o

formula bilan hisoblanadi.

Jismlarning hajmini ularning ko’ndalang kesimlari bo’yicha

hisobalash

Agar ko’ndalang kesim yuzi S ni Ox o’qqa perpendikulyar tekislik
orgali x ning funksiyasi sifatida S = S(x) kabi ifodalash mumkin bo’lsa, u
holda hajm differensiali uchun asosi S, balandligi dx bo’lgan silindrning
hajmi olinadi, ya’ni

dV = S(x)dx.
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[a, b] intervalda integral olib, berilgan jismning hajmini hisoblash uchun

formula hosil gilamiz:
b
V = j S(x)dx.
a

14-masala. Quyidagi sirtlar bilan chegaralangan jismning hajmini

toping.

Jismning ko’ndalang kesimida z = const ellips hosil bo’ladi:

¥yt

9 16 64
2 y2
—+ F =1 ko’rinishidagiellipsning yuzi 7-a-b ga teng.
a

Ellipsning radiusini topamiz:

2 2
X y _1

+
2 2
'z —64 16-2 —064
64 64

9
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a=§\/22—64; a=%\/22—64

S :ﬂabzﬂ-g-x/zz—64:%-(22—64).

16

ke 38 3r(z°
V=IS(z)dz:—J'(22—64)dz:— £ 64z
) 16 16| 3 6

3 3
37118 6416-8 L6458
16| 3 3

=1(3-@—3.1024—3-5—12+3-512j=
16" 3 3

- %(4096—3072—512+1536):1287z.

2
.3+y2:1, z=y, z=0 (y=0).

Z=x2+4y?, =2

2 2
XY 21 7-0 z=3
9
2 2 2
XY f g =10
9 4 36
2 2 2
.X—+y—+—:—1, z=1 z=0
16 9

24 y?-z%=1 z=0, z=3.
4
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10 —+—+—=1 z=2, z=0.

11.

12.7=2x>+8y?, z7=4.

3y Y 2.1 720 z=2.
81 25
2 2 .2
14.X—+y——z—:—1, z=12
4 9 36
2 2 2
15.X—+y— Z—:, z=3, z=0
16 9 36
LY J3, 2=0 (y=0
6. —+—=1 z= , 2= > 0).
T y (y=0)
17.Z:X2+5y2, z="5.
2 2
8 vy 7221 7=0, z=4
9 4
2 2 2
19.X—+y——z—:—1, z=20.
9 25 100
2 2
Xy y
20 —+-—=1 z=—"-, z2=0 > 0).
27 25 V3 (y=0)

21, 7 =4x* +9y?, z=6.

22, X2+yZ—ZZ =1 z=0, z=3.

23.X—+y———:—1, z=20.
25 9 100
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24.—+y—+z—:1, z=5 7=0.
16 9 100
2
X 2 y
5. —+y =1 z=—"F-—, 72=0 > 0).
277 V3 (y=0)

26. 7 = 2x> +18y?%, 7 =6,

X2 2

7 XY g2 =1, z=0, z=2,
25 9
2 2 2
28.X— y_r_ =-1 z=16.
16 9 64
72
29.— y— —=1 z=6, z=0.
16 9 144
/2
30.— y— —=1 z=7, z=0.
16 9 196

Javoblar. 14.1 2;142 ;143 127 ;144 487 ;145111 ; 146 26 ; 14.7 37”; 148127 ;
14.9 4477 :14.10 227 ;1411 32 ;1412 277 ; 1413 21077 ; 14.14 4877 : 14.15 337 ;

14.16 32 ; 14.17 7S :14.18 152 77: 14.19 20077 ; 14.20 1250 ; 14.21 377 ; 14.22 24717 ;

14.23 20077 ; 14.24 5577 ; 14.25 2 ; 14.26 377 ; 14.27 1077 ; 14.28 12877 ; 14.29 6617 ;
1430 717 .
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To’g’ri burchakli dekart koordinatalar

sistemasida aylanma jism hajmi

1. y= f(x) egri chizig Ox o’qva X=a, Xx=Db to’g’ri chiziqlar bilan
chegaralangan egri chizigli trapetsiyaning Ox o’q atrofida aylanishidan

hosil bo’lgan jism hajmi
b b
V=7 [(f(x)?dx =7z y’dx
a a

formula bilan hisoblandi.
2. x= f(y) egri chizig Oy o’qva y=c, y=d to’g’ri chiziqlar bilan
chegaralangan egri chizigli trapetsiyaning Oy o’q atrofida aylanishidan

hosil bo’lgan jism hajmi
d d
V =7 [(p(y))’dy = 7| x*dy
c c

formula bilan hisoblandi.
3. y=T(x) egri chizig Ox o’qva x=a, y=Db to’g’ri chiziqlar bilan
chegaralangan egri chizigli trapetsiyaning Oy o’q atrofida aylanishidan

hosil bo’lgan jism hajmi
b
V =2x j Xydx
a

formula bilan hisoblandi.
4. Umumiy holda, y = f;(x), y= f,(x) (0< f,(x) < f,(x)) egri
chiziglar va x=a, y=Db to’g’ri chiziqlar bilan chegaralangan egri

chiziglar bilan chegaralangan figuraning Ox va Oy o’qlari atrofida
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aylanishidan hosil bo’lgan jism hajmi mos ravishda quyidagi

b
Vi =7 [ (££(x) = 2 (x))dx

b
V, =2z j x(f, (X) - f, (X))dx

formula bilan hisoblandi.

15-masala. Quyidagi chiziglar bilan chegaralangan shaklni Ox o’qi
atrofida aylantirishdan hosil bo’lgan jismning hajmi toping.

y=2X—X%, y=—X+2.

N

Ox 0’q atrofida aylantirishdan hosil bo’lgan figuraning hajmi:

Echim:

b
V =z y*dx.
a

Natijada:
Yy=2X—X°=—X+2=% =1 X, =2.
Sirtning hajmi:
V=V,-V,,
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bunda

3 X4 X5

2 2
Vi =7 [(2x=x%)?dx =7 [(4X* = 4x° + x*)dx =7 - VRAINYRARENRAN [
1 1 3 4 5

. (49_4@ %) (41_41 1) ﬂ(g_m L3241
3 4 5 3 4 5 3 3 3 5

28 31) 7[.28-5—15-15+31-3_ 8

=x-|—-15+ =
3 15 15

2

2 2 X2 X3
V, =7 [(-x+2)°dx=7-[(4—4x+Xx*)dx =7 - 4x—4?+? =
1 1

N

Demak,

V:V1—V2:7z-§—7z-1:728 >_3 :17&
15 3 15 15 5

15-masala. Quyidagi chiziglar bilan chegaralangan shakini (1-16
variantlarda) Ox o’qi atrofida, (17-30 variantlarda) Oy o’qi atrofida

aylantirishdan hosil bo’lgan jismning hajmi toping.

1. y=—x*+5x—-6, y=0.

2. 2x—x?—y=0, 2x*—4x+y=0.
3. y=3sinx, y=sinx, 0<x<r.

0, x=>0.

4.y =5C0SX, Yy=COSX, X

5. y=sin®x, x=x/2, y=0.
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6. x=3y—2, x=1, y=1.
7.y=xe*, y=0, x=L1

8. y=2X—X>, y=-x+2, x=0.

1.

o.y=e"%, y=0, x=0, X
0. y=x%, y>—x=0.

1. X% +(y—2)% =1.

2. y=1-x°, x=0, x=.y-2, x=1
13.y=x>, y=1 x=2.

1 y=x3, y=Jx

. 7IX 2
15. yISm?, y=X".

X
16. Y = arccosg, y =arccosx, Yy=0.

X : 7T
17.y:arcsmg, y =arcsin X, y:?

18 y=x%, x=2, y=0.
19.y=x+1 y=x, x=0, x=L1.

20.y=~/x-1, y=0, y=1 x=0,5.
21. y=Inx, x=2, y=0.

2 y=(x-1)7% y=1.
23 y2=x-2, y=0, y=x°, y=1.
. y=x3, y=x°

X X
zs.y:arccosg, y=arccos§, y =0.

26. y =arcsinx, y=arccosx, y=0.



27. y=x>—2x+1, x=2, y=0.
28.y=X3, y=x.
29. y =arccosx, Yy=arcsinx, x=0.

20 y=(x-1)% x=0, x=2, y=0.

372 A4 e? -1

T 167 9
Javoblar. 151 — ;152 ——:1534x°;154 47 ;155 —— ; 156 — ; 15777 -
30 5 16 7

15.8 9{; 159 277 - (€% —1); 1510 i—g :15.11 47%; 1512 5775 1513 26—”; 15.14 5—ﬁ;

15.15 0,377 15.16 19,739 15.17 6772 : 15.18 877 : 15.19 5?7[; 15.20 97—7[

60
1521 7| 4In2— § :15.22 8—” : 15.23 24—”; 15.24 1; 15.25 477° - 15.26 z :
2 3 5 10

V81 4 7wl T
15.27 — : 1528 — ; 15.29 — + — : 1530 — .
6 15 2 4 3

245
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llovalar

Elementar funksiyalarning hosilalari jadvali

u=u(x), v=v(x) funksiyalar differensiallanuvchi funksiyalar
bo’lsin.
1.y=C, y' =0.
2. y=U+V+w, Yy =u"+V'+W,
3.y=Cu, y'=Cu".
4.y=uv, y' =uv.
5.y=u", y=nu"u".

, _uv—uv'

- y
V' V2

6.y=

7.y=a",y'=a"lna-u".

8.y=e", y =¢e"u.

9.y=lInu, y’:u—.u>0
u
,_u
10. y =log, u, y'=—log, eu >0
u
11. y =sinu, y’ =u'cosu.

12. y=cosu, y' =-u'sinu.

!

13. y=tgu, y' =

cos? x
[

14. y=ctgu, y'=-

sin®u

15. y=arcsinu, y' =
1-u?



16. y=arcsinu, y' =— 4
1-u?
17.y=arctgu, y :1+u2'
18. y=arcctgu, y' =— u' >
1+u
19.y = f(u), u=u(x), y'= f;(u)-u}

20.x=X(0), Y=y, yi = 2.

t

Asosiy integrallar jadvali

3 m+1

. | xdx == +C, (m=-1).
+1

I. %:In|x|+C.
X

1. | sin xdx=—-cosx + C.

IV. | cosxdx =sin x + C.

X

i a
V. |a*dx=
. Ina

+C.

VI. | e*dx=e* +C.

* dx

VII. >—=1gx+C.
J COS™ X

VAT
J SIN" X

IX. dX2 =arctgx + C.
J1+X

=arcsinx + C.

J J1-x2

247
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XI.

XIl.

X1

XIV.

XV.

XVI.

tgxdx=—1In|cosx|+C.

ctgxdx=In |sin x|+C.

* dx 1 X
—— =—arctg—+C.

a“ + X a a

* dx . X
=arcsin—+C

a? - x? a

* dx
—:In‘x+\/xzia2
x> +a?
* dx 1, la+X
5 2=—In—+C.
a‘ —x 28 |a—X

+ C.
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11.

12.

13.

14.

15.
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